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A MODERATE DEVIATION PRINCIPLE FOR STOCHASTIC
HAMILTONIAN SYSTEMS

JIE XUut*®, JiIAYIN GONG! AND JIE REN?

Abstract. We prove a moderate deviation principle for stochastic differential equations (SDEs) with
non-Lipschitz conditions. As an application of our result, we also study the stochastic Hamiltonian
systems.
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1. INTRODUCTION

Large deviation principle (LDP) for SDEs with small noise has been extensively studied since the original
work of Freidlin and Wentzell [10]. The Freidlin-Wentzell type LDP describes the asymptotic behavior of the
trajectory of stochastic dynamical system with small noise. A general approach for studying LDP is based
on the discretization method and contraction principle (see, e.g. [7, 11, 20]). Later, Budhiraja, Dupuis and
Maroulas in [2, 3] proposed the weak convergence method to establish the LDP that is based on a variational
representation. This method amounts to establishing the weak convergence of perturbations of SDEs with small
noise in the random directions of the Cameron-Martin space of the driving Bronwnian motion. It is completely
different from the proof of Freidlin and Wentzell, it can avoid some complicated discretization approximations
and exponential probability estimates, and only needs to verify moment estimations and moment convergences.
Recently, the method has been widely applied in many papers (see, e.g. [1, 4, 15, 17, 24, 28]).

Like LDP, the moderate deviation principle (MDP) has rightly received considerable attention. MDP gives
estimates on probability of deviations of a smaller order than LDP and with a rate function that is a quadratic
form. There are many results on the MDP in various frameworks, for example, [22] for 2D stochastic Navier-
Stokes equations, [23] for stochastic reaction- diffusion equations with multiplicative noise, [21] for stochastic
differential delay equations with polynomial growth and [14] for dynamical systems with small random pertur-
bation. Moreover, the MDP has been extensively investigated for stochastic dynamical system with irregular
coefficients (cf. [6, 18, 19, 30, 31], etc.).

Specially, the Donsker-Varadhan type long time LDP and MDP for stochastic damping Hamiltonian systems
were established by Wu [25]. The Freidlin-Wentzell type LDP for stochastic Hamiltonian systems was studied
by the third author of this paper in [16]. It is natural to ask whether the MDP continues to hold for stochastic
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Hamiltonian systems. In this paper, we will give a positive answer. Our proof is based on the weak convergence
approach. The core idea is to characterize the tightness by Arzela-Ascoli theorem. The main difficulty of this
paper is to deal with the non-Lipschitz property of the coefficients of SDEs, which requires the help of Lyapnov
function technique and exponential martingale technique and stochastic Gronwall’s inequality.

Consider the following stochastic nonlinear oscillator equation:

(1.1)

dz, =U,dt, Zy =z,
dU; =[CoU;, — V'V (Zy)]dt + VeO(Z)dWy, Uy = u,

where Cy € R, V € C%(R) and VV(-) satisfies (A1) in Section 4, © € C?(R) has a bounded first order derivative,
and W; is a one-dimensional Brownian white noise.
Intuitively, we can see that (1.1) is equivalent to the following SDEs:

dXy = fi(Xp)dt + Veg (Xy)dWy,  Xo =,

where x = (2, u), fi(z) = fi(z,u) := (u, Cou — VV (1)), g:(z) = g(z,u) := (0,0(z)).
Consider the following general SDEs with small perturbation:

where b: RT x R — R? and o : R x R? — R? x R™ are Borel measurable, and {W;};>¢ is an m-dimensional
standard Brownian motion on the classical Wiener space (€,.%, P). Moreover, the coefficients are non-global
Lipschitz and super-linear growth. Under assumptions (H1)—(H3) (see Sect. 2), by [29], there is a unique strong
solution for equation (1.2).

As € | 0, the solution X5 of equation (1.2) will tend to the solution of the following deterministic equation

dX? = b (XD)dt, X =zx. (1.3)

We shall investigate the deviations of X¢ from the deterministic solution X, as € | 0, that is, the asymptotic
behavior of the trajectory,

€ __ # € 0
Y; - \/gh(e) (Xt Xt)a te [OaT]a

—

in which h(e) is some deviation scale. In particular

(1) For h(e) = 1/4/€, it is corresponding LDP, which has been established by Ren in [16].

(2) For h(e) = 1, it is associated with the central limit theorem (CLT), which is our future work.
(3)When the deviation scale satisfies

~—

h(e) = +o00, +eh(e) =0, as €—0, (1.4)

it is concerned with MDP, which is our main interest in this article. Throughout this paper, we always assume
that h(e) satisfies equation (1.4).

The organization of the paper as follows. In Section 2, we give some preliminaries and recall some useful
results. Section 3 is devoted to the proof of the MDP. In Section 4, we apply our result to stochastic Hamiltonian
systems.

Throughout the paper, C' with or without indexes will denote different constants, whose values may change
in different places. If there is no special declaration, all expectations E are taken with respect to P.
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2. PRELIMINARIES

In this section, we recall some basic notations, notions, assumptions and give some important theorems and
lemmas that will be used later. Let us first introduce some notations and notions.
e For the simplicity of notation, we restrict our discussion to time interval [0, 1]. We shall use | - | and (-, ) to

denote the Euclidean norm and inner product. By o* and V7o we denote the transpose and the j-order gradient
of matrix o.

e We set % as the space of Re-valued continuous functions on [0, 1] with the norm:

£l = sup |f(s)]-

s€1[0,1]

e Let H be the Cameron-Martin space of functions 4 which are absolutely continuous and whose derivative
is square integrable, i.e.,

1
= (s 0.2) 5 Rl = [ JiGoPds < oo
0

Moreover, H is a Hilbert space with inner product

iy, ) ::/0 (i (5), Fa(5))ds.

e Let o denote the class of R™-valued {%#;}-predictable processes h belonging to H a.s.
e For N > 0, let

By :={heH: |z <N}.

then, by Kolmogorov and Fomin [13], it is easy to find that By is a compact Polish space under the weak
topology, By is endowed with the weak topology in this paper.
e Define

oy :={he o :heBy,as.}.

Next, we recall the definition of large deviations from [9, 10]. Let & be a Polish space with the Borel o-field

Definition 2.1. A family {Y<}.5¢ of &-valued random elements is said to satisfy the large deviation principle
on & with rate function I and with the speed function h?(e) which is a sequence of positive numbers tending
to +00 as € — 0, if the following conditions hold:

(1) I:& — [0,+00], for each a < oo, the level set {f € & : I(f) < a} is compact.
(2) for A € B(F), we define I(A) := }ngf(f),
€

1 1
——log P(Y° € A) < limsup ——

—I(A°) < liminf
(A4%) i h2(e) 0 h2(e)

log P(Y< € A) < —I(4),

where A° and A are the interior and closure of the set A.

We use the method of weak convergence to prove the MDP. By [5], it proves the equivalence of the Laplace
principle and LDP, so it is enough to prove the following theorem.
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Theorem 2.2. Suppose {I'“}.~q satisfies the following assumptions: there exists a measurable map T° : H — &
such that

(i) Consider N < oo and a family {¢°} C AN such that ¢ converges in distribution to ¢ € /N as € — 0.
Then T<(W. + ( L[5 ¢¢(s)ds) converges in distribution to TO( [, ¢(s)ds).
(ii) For every N < oo the set {PO (fy @(s)ds);¢ € By} is a compact subset of &.

Then the family {T'}eso satisfies a large deviation principle in & with rate function I given by

1 /7 )
I(g) := inf / b(s)|“ds ¢, €&,
(9= B B E N Ol

with the convention inf () = co.
The following stochastic Gronwall’s inequality can be found in [26], Lemma 3.8.

Lemma 2.3. Let £(t) and n(t) be two nonnegative cadlag Fi-adapted processes, Ay a continuous nondecreasing
Fi-adapted process with Ay = 0, My a local martingale with My = 0. Suppose that

() < n(t) + /O €(s)dA, + M, ¥t > 0.

Then for any 0 < g < kK < 1 and stopping time T , we have

(Bleer))" < (2=) " (Berarra=m) " Ey(ry), (2.1

11—k

where £(t)* := sup &(s).

s€[0,t]

We call ¥ € C?(R%) a Lyapunov function if

Y (z) > 1and lim ¥(z)=+o0.

|| =00

We give the following assumptions throughout this paper:
(H1) b and o are continuous in  and b(z) is differentiable with respect to x. For a Lyapunov function ¥ € C2(R?)
and « € [0, 1], there exist constants Cy, Cy, C3,Cy > 0 such that for all t € [0,1], z,y € RY,

o7 (z) - V¥ (2)]* < C1 - V27 %(a), (2.2)
[Vbi(x) = Vb (y)| < Co - (P (x) + 7 (y) - |z =y, (2.3)
joe(2) = ou ()] < Cs- (V@) + 7 (y)) - o — yl?, (2.4)
(@ =y be(a) = be(y)) < Ca- (V(2) + V() - Jo — y[*. (2.5)
where V is the gradient along the z direction, i.e., Vb = (—bi)1< i<d is the Jacobain matrix of b, and

d
agkagk )0i0; + > bi(x)0;

H'MR
TTMs
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(H2) There exist constants Cj, Cs € R such that for all ¢ € [0, 1],
d .
Zbi(x)afﬂ(:v) <Cs- V() (2.6)

d m
> (ool (@)0:0; (x) < Co - ¥ (). (2.7)

i,j=1k=1
(H3) There exist constants C7, Cs > 0 such that for all ¢ € [0, 1],

[be(2)| + [Vbi(2)| < C7 - (L+ 7% (@)[z]),  [ow(0)] < Cs. (2.8)
Remark 2.4. As shown below, conditions (2.2), (2.6) and (2.7) guarantee the exponential integrability; con-

ditions (2.4) and (2.5) guarantee the pathwise uniqueness; (2.3) and (2.8) are the fundamental conditions for
proving the MDP.

3. MODERATE DEVIATION PRINCIPLE

In this section, we shall prove the MDP. First of all, we give the main result of this section.

Theorem 3.1. Assume that (H1)-(H3) hold. Then Y¢ satisfies a LDP with the speed h?(e) and with the rate
function I, which is defined by

1 T )
I(g) .= = inf / p(s)|*ds ¢,
()= 3 g oy L I

where TO( [ ¢(s)ds) := Y¥() satisfies the following equation:
¢ ¢
VS = [ Vb (X))Y¥ds +/ os(X2)p(s)ds. (3.1)
0 0

Before giving the proof of Theorem 3.1, we need to give some necessary lemmas below.

Lemma 3.2. Assume that (H1)—(H3) hold, then equation (3.1) has a unique solution for any ¢ € By . Moreover,
there exists a constant C > 0 such that

sup { sup [V}¥|} <C
pEBN  t€[0,1]

Proof. By [16], Theorem 3.2, equation (1.3) has a unique solution and satisfies

sup |X?|+ sup ¥(X?) < C. (3.2)
teo,1] te[0,1]

We can obtain Y,” by introducing the following truncated equation:

n 0 n ! n 0y, :
Y _/0 Vb (XY, der/O on (X)(s)ds, (3.3)
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where

Vb () := Vbi(2)xn(2), o) (x) = or(x)xn(2)

and x, : R? = R is a family of non-negative smooth cutoff functions satisfying

1, |z| < n,
su "(z)| €1, T) =
sup IXn(@)| <1, xa(z) 0, lgl>n+l

By equation (2.8), we have
Vb (2)] < Cn, o ()] < Cn.
For any N > 0 and |z|, |y| < N, by equations (2.3), (2.4) and (2.8), we can get
ot (x) — o' ()| + VB (x) — Vb ()| < C - |2 — g

Since the classical Carathéodory’s existence theorem for ODEs in [8], (3.3) has a unique solution Y;*. For
© € By, by equations (2.4), (2.8), (3.2) and Holder’s inequality, we have

t t
7| < / Cs - (1+7(X9) | X0)|Y|ds + / (|7 (X9) — o™ (0)] + [ (0)]) - |¢(s)|ds
t t
<C / Y7 ds + / [Cs - ((X0) + 72(0)) - |XO| + Ca] - |¢(s)[ds
0 0
t t %
<c/ |YS"\ds+C(/ $(5)[%ds)
0 0
t
<c+c/ Yds.
0

Applying Gronwall’s inequality, we have

sup Y| < C, (3.4)
te(0,1]

where C is a constant independent of n. By a method similar to Lemma 3.5 below (or see [19], Lem. 3.6), we
can get {Y"},en is compatible using the stopping time and Gronwall’s inequality. Let

Y, .= lim Y,

n—oo

it is easy to verify that Y, is a non-explosive solution of equation (3.1). By equation (3.4), it is easily seen that

sup { sup |¥?[} <
pEBN  t€[0,1]

Next, we prove the uniqueness. Suppose that Y and Y2 are two different solutions of equation (3.1). By
equations (2.8) and (3.2), we have

v Y2|</ |Vbs (X2)Y)! — Vb (X0)Y2|ds
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t
< / Cr1+ (X0 XY - V2|ds
0
t
<c [ vl - v2ds.
0

Gronwall’s inequality yields the uniqueness and we complete the proof. O

Lemma 3.3. Assume that (H1)—(H3) hold, for any 0 < N < oo, the family

Ky = {F()(/o‘ gb(s)ds);ga € BN}

s compact in €.

Proof. According to the compactness of By, it is enough to prove that I'V is continuous. Let ¢, — ¢ weakly in
By, by equation (3.1), we can write

[ g =/0t Vb (X) (Y = Y#)ds + /Ot 5(XJ)(Pnls) — @(s))ds
=I7(t) + I3 (t).
By equations (2.4), (2.8) and (3.2), we have
1 1
/0 o (X9)[2ds </O (2los(X9) — 0(0)* + 2|0 (0)[*)ds

</ (0 (£ (XD) £ 70) - (X 4 C2)ds < O (3.5)
0

Since ¢, — ¢ weakly in By and using equation (3.5), we can get from the definition of weak convergence in
By

/0 02(X0)(én(s) — §(s))ds — .
Thus
I3 (t) — 0.

For ¢, ¢, € By, by equation (3.5) and Hélder’s inequality, we have

1
sup [I2(t)] < / 104(X0) (fn(5) — (5))]ds

0<t<1
(/ o (x0)Pds) " ( / (Bnls) — @(s)%ds)

<CV2N. (3.6)
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For 0 < s <t <1, 9,0, € By, by equations (2.4), (2.8), (3.2) and Holder’s inequality, we get
t
B~ BOI< [ [o/(X2)(n) - or)]du

<( [ o) ([ 1ue) - epar)’

<CF(/( (XD + 70 ))-|X£\+08)dr)
<CV2N|t — 5|2,

[N

By Ascoli-Arzeld’s lemma, equations (3.6) and (3.7) can imply that {I7},,>1 are compact in €, then
Jim [ 5 (#)]| = 0
By equations (2.8) and (3.2), we have for any u € [0, 1]

u
sup [0~V < [ Cr1 DXV - ¥elds + s |13(0)
0

0<t<u 0<t<1

u
<C [ (sup ¥ - Y Dds 4 B O

o<r<s
Using equations (3.8), (3.9) and Gronwall’s inequality, we find that

sup [V —YP| < e - [[I3(t) ]l — 0.
0<t<1

The proof is complete.

Let Y€ := (X¢— X)/\/eh(e), then Y satisfies the the following equation:

e L t U4 Veh(e)YE) — Osito'oee6
Y; _\ﬁh(e)/o [b(X0 + Veh()YE) — by(X0)]d +h(6)/0 J(XO + Veh(e) Y)W,

By the Yamada-Watanabe theorem (see [27]), there exists a measurable map I'“ : ¥’ — % such that Y.¢ =

For any ¢ € oy, we can get
/ |€(s)|? ds < 00,
that is, the Novikov’s condition holds. Then we define a probability measure P, by

1
dP. := R.dP = exp{ — h(e) /0 (s) |2d3

By Girsanov theorem, we have

W, = Wy + h(e) /O 5 (s)ds

565

T(W.).
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is a Brownian motion under the probability measure P.. Moreover, we can obtain that yer' = re (W +
h(e) [, ¢¢(s)ds) satisfies the following equation:

Yts’soE = ﬁ;(e) /0 [bs(Xg + \ﬁh(e)Y;W’e) — bs(Xg)}ds
L tJ 0 4 Jeh(e)YE¥ tg 0 RV 5 () ds
e /O (X + Ven()Y$e )dwy +/0 (X0 + Veh(e) YS9 (s)ds. (3.10)

By equations (1.3) and (3.10), let X©?" = X0 + /eh(e)Y, ¥, we can write

i t t
XY =+ / be (XS )ds + /e / 05 (XE9 )W, + /eh(e) / 05 (X9 )% (s)ds. (3.11)
0 0 0

The following exponential integrability is critical.

Lemma 3.4. For any 8> 0 and « € (0, 1], we have

B ((oxp | sup (307X 4+ V(Y] ) < 2AChaB 4 1) exp 37 (0)

t€[0,1]
where A(t) = t(|C5| + |Cs]/2 + CraB/4 + 2/(aB)) + v/ Ci fot |o€(s)|ds.
Proof. The proof is similar to [16], Lemma 3.7, so we omit the details. O

Lemma 3.5. Assume that (H1)—(H3) hold. Then equation (3.10) has a unique solution.

Proof. We denote Y; = Yf’“ae for the sake of simplicity. We use the truncation method in Lemma 3.2 to obtain
the following truncated equation :

n __ 1 ! n 0 chie ny _ pn 0 s
Y ﬁh(e)/o [03(XY + Veh(e)Y]) — bl (XJ)]d
i tO'n 0 ch(e n to_n 0 chie ™o (s)ds
" h(e)/o s (X V(Y )dWS+/0 $(X + Veh(e)Y]) ¢ (s)ds. (3.12)

Then equation (3.12) has a unique strong solution Y. For m < n, let
Zpm = Y -V
and
7o = inf{t € [0,1] : |X? + Veh(e)Y"| = n}(=1if {---} = 0).

By It0’s formula, we get

9
an 2 —_
2 = e

+ 2/0 (20, (03 (X + Veh(€)Y]") — o' (XY + Veh(e)Y™)) < (s))ds

[z O Ve b (0 Ve
0
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= (o o (XY eh(e)Y™) — o™ (X? eh(e)Y™ .
+h(e)/0<Zs (03 (X + Veh(e)Y]) — o' (X] + Veh(e)Y[™))dW)
1 t n 0 n _o_m 0 chle my |2 s
b [ IR OK VARV o (XD 4 Va1 P
= J1(t) + Jo(t) + J3(t) + Ju(t).

Noticing that

b?/\T (X‘?/\Tm, + \/Eh(E)YSW/z\T ) = b?}\‘r (XSO/\Tm + \/Eh(E)YZ;\Tm),
o-s/\‘rm (Xg/\rm + \/Eh(€)}/57;\7m) = 05/\7’,, (X.g/\rm + \/Eh(€)}/57;\7',”)'

For Jy, by equation (2.5), we derive
Ji (t A Tm)

2 nm m m
6h2 )/<Jh( )Zs/\vabs/\‘rm(Xsol\T +Jh() SATm ) bS/\T (Xg/\f +fh() SATm )>13<des

/ C4 Z;L/@:m /VQ(XS/\T +\[h’() SATm )_~_4//04( S/\T +\[h() s/\‘rm))ds

e [ 1721, as
0

For J, by equation (2.4), we have

Jg(t A Tm)

/t<Z?A”? (O Xonr, + VeR(OY S, ) — 0l (Xonr, +VeR(OYR )@ (s ATin)) ls<r, ds
<2 [ UL PO/ (X8 4 VTS ) (X, ROV, DI A )
< Cnm / 25 21655 A 7o)l ds.
Similarly, we deal with Jy. For ¢¢ € o/x, by Holder’s inequality, we have

<Cn [ 1233,

1/2
gcm(HN)(/ \zmm |4ds) + [ Js(EA )] (3.13)

|an

AT

(14 [@5nr,, )ds + [J3(E A7)

By equations (2.4), (3.13) and Burkholder-Davis-Gundy inequality, it is easy to derive that

]E( sup |Zpn |4 ngIE/O |z \4ds+C]E( sup \Jg(u/\Tm)\z)

0<u<t 0<u<t

< CmE/ |Zs/\7— 4d5.
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Combining this with Gronwall’s inequality, we have

E sup [Z73;, 1=,
oust

that is, for almost all w,

Yire, = Yinr,,:
thus 7., < 7, {Y"}nen is compatible.

Let
Too := lim 7p,.
n—oo

(3.14)

For t < 7,,,Y; := Y;". Observe that X; ¥ := X0 + \/eh(e)Y"¥" is non-explosive by Lemma 3.4. Thus 7o, = 1
and Y; = lim Y;". Moreover, we show X} is non-explosive from [16], Theorem 3.2. Then we can claim Y; is a
n— oo

non-explosive solution.

It remains to prove the uniqueness. Suppose that Y/ and Y are two different solutions to equation (3.10).

Let
7, = Y;/ N Yt”‘
By Ito’s formula we have

¢
|Ze|* = | Zo| +/ |Zs|?(dM, 4+ Nyds),
0

where

Ny = o 2220 (X0 4 VER(Y,) = bi(X0 + Veh(OY)
22220, (01 (XD 4 VER(OY]) — (XD + Veh() V)3 (D)
+ g 12l (X0 4 VER(OY) = (X0 + Veh()))
(@ (X0 + VER(OY,) — 77 (X0 + Ve,
/| (Zy, (05(X0 + Veh()Y!) — 0o(X0 + Veh()Y))dWW,),

By equations (2.4) and (2.5), we can get
b= [ 1208+ ah(Y]) — o (XD + VbV Zids
@gﬂwwufm>www%fmwms
0

and

< (2044 24/C5 + C3) (P (XY + Veh(e)Y{) + ¥ (X] + Veh(e)Y]")) - (L + & (1)]).

(3.15)

(3.16)

(3.17)
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Using Lemma 3.4, we can obtain that M; + f(f Ngds is a continuous semimartingale. Thus, the unique solution
of equation (3.15) is

1 t
|Zt|2 = |Z0|2 .exp{Mt - §<M>t +/ Nsds}.
0

For any 8 > 0 and p > 1, by equations (3.16), (3.17) and Lemma 3.4, there exists a time Ty > 0 such that

E (exp [8p*(M)1,]) +E <exp [Qp /OTO Nsds]> < C < +oo, (3.18)

where Ty = To(a7p, N, Cq,Cs, Cs, 04) > 0.
Hence, by Novikov’s criterion, for any ¢ € [1, 4p],

t— &(gM)y := exp {th - q;<M>t}

is a continuous exponential (.%;)-martingale on [0, Tp]. By similar calculations with [29], Lemma 2.3, we have

E( sup |Zt|2p> <C |7l
t€[0,To]

Combining this with Zy = 0 gives the desired result. The proof is complete. O]

Lemma 3.6. Assume that (H1)-(H3) hold. For any given N < o0, let v, p € 2N be such that <p converges in
distribution to ¢, as € — 0. Then T¢(W. + h(e fo ¢©¢(s)ds) converges in distribution to T'O( fo p(s)ds) in €.

Proof. At first, we show that {Y“®"}.c(o1) is tight in €. By virtue of the Arzela-Ascoli theorem (see [12],
Thm. 4.11), it is sufficient to verify that

(a) sup E[Y;¥'|" < oo;
e€(0,1)

(b) sup E[YS¥ —Yee | <Clt—s|'F, 0<s<t<l,
€€(0,1)

for some positive constants «, 3,7 and C.
Let

=inf{t €[0,1]: |V | = n}(=1if {---} =0).

By It0’s formula, we have for any p > 2,

t/\TT, |p = \[h / ‘ é/\Tn |P 2 }/:/\f-n bs/\‘rn (Xg/\Tn + \/Eh( )}/:/\f'n) - bs/\TT,, (Xg/\‘rn)>d8

+p/ Y8 P72 (Y8, Tonr (X0 4 Veh()YGE )< (s))ds

+ TN / | Yse/\f'"

o) [ 17 founn, (X0, + VeV

L1()+L2 ) + My (t) + Ls(t).

KA“T’,L Tsnr ( E/\T + \[h( )Yy, )dW>

ds
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For L, by equation (2.5), it is easy to derive that
Ly (1) <p04/0 (V4 (X0, + V(Y5 )+ V(X0 )IVE, [Pds.
For Loy, by equations (2.4), (2.8), (3.2) and Young’s inequality, we get
[ WP o, (Kb, VARV Pas b [ S0

t
< C [ VGG unr (X, + VMOV ) = T, (X, ) s

e / Y2 2 - (janm (X0 ) — 0ane (O + [ounr (0))ds + p / Y20 P - |65 (s)|2ds

C/ CB|Y9€/\f’n %a( S/\T +\£h(€)y96/,\f'€)+7/a( s/\'r ))dS

e / YSE P2 (/Ca(# (X0 ) + P (0))| X0 | + Cs)ds +p / YEE P - |05 (s) P ds
0

C/ YR (VO (X r,, + Ve(OYRE) + 7 (X0ur, ) + 1+ [(s)[*)ds + C.

Similarly, we deal with Lz. Putting all these estimates of L;(t) — L3(t) together, for ¢ € o7y, we can obtain
that

Ve < C/ YR2 P (VO (X, + V(YR8 ) + V(X 0r,) + 1+ [¢5(s)P)ds + Ma(t) + C.
0
By stochastic Gronwall’s inequality (2.1), for any 0 < ¢ < x < 1 and stopping time 7/, we have

; 1-1/k
]E( sup |Yt;vfn|m) < C(]E exp{LAw,}) , (3.19)
te[0,1AT'] 1-k

where
A= / (VX + Ve(YGE) + 7 (X0, ) + 1+ [¢5(s)P)ds.

Similar to the proof of equation (3.18), there exists a time T such that

E (exp {“/ (VX + \/Eh(e)ig;’ﬁ;)dsD < C < 4. (3.20)
1 0

Since A; is a continuous adapted process and we define
Ty i=inf{t € [0,1] : A, > N}(=1if {---} =0),
then

P( lim 7y = 1) =1 (3.21)

n— oo
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In equation (3.19), we replace 7" by 75 and insert equation (3.20) into it, we have

E( swp g <c
te[0,ToATY]

Letting N,n — oo, by equation (3.21) and Fatou’s lemma

]E( sup |Yf’“”€|pq) <. (3.22)
t€[0,To)

For i € N, according to the proof of [29], Theorem 2.4, by using the uniqueness of solution of equation (3.10)
and shifting time technique, we can obtain that

Ytﬁ)wg( ) Yte ng (Yzej’“fs ($7 W)v aiTo (w))v vt e [iT07 (Z + l)TO]‘
Combining this with equation (3.22) gives that

E( sup |Yt€’“"€\pq) <C. (3.23)
te[0,1]

In the sequel, by equations (2.4), (2.5), (2.8), (3.2), (3.23), Holder’s inequality and Burkholder-Davis-Gundy
inequality, we have

mnﬁ o Al
/ |bu/\7'n 2/\7 +fh() u/\‘rn) bu/\Tn( UNTp, )|du>

62hp

t
e / Ounn (X, /eh(€)Y555, ) ()| dur)

+CE‘/ Tun, ( XS/\T + Veh(e) u/\‘rn)qu
<Clt = sPIE / (X0, +ﬁh<e>ysﬁ>+7/a< X0, ) VEE, Pdu
:
e / Gunr (K, + VeR(OVEE P / ) +1]
<Ol s~ [ RO O, 4 VERYEE) + 7 (000,0) ) (BIYGE, P7}
+Clt— 8|5 'E / Cunm (X0, + VER(OYEEL) = Gunrn (Xopr,) + Tunes (X0r, )Pl

<C‘t - S|g_1E/ (/ya(XS/\‘r + \/Eh( )Yue/\f'n) + %a( uATn))p|Y7f}\f';|pdu

t
+C|t_s|%—11@/ (7 (Xoar,) + 7 (0) [ Xoar, [P + Cs]du + CJt — sf?

<Ot — s|2.
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Therefore, we can choose p > 2 such that (a) and (b) hold. Thus {Y¥"} ¢ 1) is tight in %
Consequently, it suffices to show that Y¥ is the unique limit point of {YEWS}GE(OJ). Let

I .
Mf=— / 05(X? + Veh(e) Y )dW,.
h(e) Jo

Since {Y¢ We}ee(o 1) is tight, we can choose a subsequence of (Y #° ¢, M€) convergent weakly to (Y, ,0)

as € — 0. By Skorokhod representation theorem there exist a probability space (Q F P) and on this basis,
a Brownian motion W and also a family of F- predictable process {¢}, ¢ taking values on y, such that
{(¢%, ¢, W)} has the same law as {(¢, p, W)} for each € and

lim(¢* — @,9) =0, g€H, P—a.s.
e—0

For the sake of simplicity, we drop off the ~ in the notation. Thus, we may assume

(Yoo M) = (Y, 9,0), P—as.
By virtue of the uniqueness of strong solution of equation (3.10) and taking € — 0 on both sides of equation
(3.10), we infer that Y also satisfies equation (3.1). Thus the desired assertion follows from the uniqueness. [
Proof of Theorem 3.1 By Theorem 2.2, we only need to prove that condition (i) and (ii) hold. Condition (i)
has been established in Lemma 3.6. Condltlon (ii) is fulfilled in Lemma 3.3.
4. APPLICATION TO STOCHASTIC HAMILTONIAN SYSTEMS

In this section, we shall apply the result of Theorem 3.1 to stochastic Hamiltonian systems by some examples.
Let H(x) be a Hamiltonian function given by

H(z) = H(zu) = %|u|2 LV (2),

where x = (z,u) € R? x R%, 2z and u denote the position and velocity of the motion of a particle in the statistical
physics, respectively. V(z) is a potential function bounded from below 1. Consider the following stochastic
Hamiltonian system in the phase space R?¢:

dZt :auH(Zt, Ut)dt = Utdt, ZO =2z,
dUt = — [8ZH(Zt, Ut) + (Dt(Zt, Ut)]dt + ("‘)t(Zt, Ut)th
— [VV(Zt) =+ (I)t(Zt, Ut)}dt + @t(Zt; Ut)th, U() =u,

where @, : R; x R?? — R% and ©; : R, x R?? — R? x R™. A Lyapunov function ¥ is given by
¥ (z) :==H(x)

(0 = (2u) =g ul* + V(2).

With the convention, we use 9, H(x) and V, H(x) as synonymy.
We make the following assumptions on V, ® and ©: for some « € (0, 1],

(A1)

IVV(2) = VV(2)| < Cy - (V¥(2) + V¥(2)) - |z — | (4.1)
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| (z)| < Co - V3 (x),
|®4(x) — @4(2)] < Cp - (V" (2) + V() - |z — 2,
IV, (2) — VO, ()| < Co - (V*(z) + V(7)) - |z — &
|9,(z)|> < Co - ¥17%(x),
|V.0:(z -V (),

§

(V@) + V) - |- 2
(Y B (z) 4y GBoD (@) |z — 32,

]
INCINCIN N
3

3

Now we apply our result to stochastic Hamiltonian systems.
The corresponding perturbation equation is as follows:

dZt :Utdt, ZO =z,
AU, = — [0:V(Z) + (2, Up)|dt + €0,(Z,, Uy)dWy, Uy = w.
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Theorem 4.1. Assume that V, ® and O satisfy (A1)-(A3). Then {X¢}.>o satisfies the MDP with the rate
function I(f) and with the speed h?(e).

Proof. Applying Theorem 3.1 to the following SDEs:

where

and

dXt(.’E) = bt(Xt(.’E))dt + O't(Xt(fE))th,X() = (Z7U),

be(x) :=bi(z,u) := (u, —=VV(z) — ®(z,u))

o(x) == o(z,u) :

|
N
o <o
@
~
=
S
S—
~—___

By equations (4.2), (4.5) and u < C¥2(z) , we have

(b(z), VYV (2)) = —P4(z) - u < CDy(x) - Vé(m) < Cs - ¥ (x),

o7 (2) - V¥ (2)|* = 07 (2) - ul* < C|©F () ¥ (2) < C1 - V27 (a).

By equation (4.5) and ¥'(x) > 1, we get

Combining equations (4.1), (4.3), (4.4) and (4.7) together, we verify (b, o) satisfies (H1) and (H2).

2d d+m d d
DY (ool @)0,0;7 (x) = Y (004 (x) < > (00%)7 (2)7* () < C - ¥ ().
i,j=1 k=1 ij=1 ij=1
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By equations (4.1), (4.2), (4.3) and the definition of ¥ (z), we have

b ()] < [be(2) = 0¢(0)] + [b4(0)]

<
<Gy (V@) +7°(0)) - || + [VV(0) — 4 (0)]
oy

7(1+ 7% ()]2)).
By equations (4.2), (4.3), (4.4) and (4.5), we can check (b, o) satisfies (H3). The proof is complete. O

Example 4.2. For specificity, consider the following stochastic nonlinear oscillator equation:
Zy = [CoZe = VV(Zy)|dt + ©(Ze)AWs,  (Zo, Zo) = (2,u) € R?,

where H(z,u) := 3|u[*> + V(z) for |z| > 1. Let z := (z,u), assume that V and © satisfy (Al) and (A3),
respectively. Then {X¢}.~ satisfies the MDP with the rate function I(f) and with the speed h?(e).

Note that by (A1) it is easy to derive that W <Cy-(Vo(z)+V*(2))if |z| > 1,|2| > 1,and z # Z.
Moreover, if V is second-order differentiable, we can get |V"(u)| < Cy - V*(u) from the above inequality for
|u| > 1. This is basically a bound of the second derivative of V" and implies more or less sub-exponential growth of
V. Therefore, the condition to verify whether (A1) is tenable to a certain extent is transformed into the condition
to verify whether the inequality |V (u)| < Cy - V*(u) is tenable |u| > 1. Below we give some examples of V(2)
satisfying condition (A1).

(1) If V(2) = |2|P for |z| > 1 and p > 2, then the second derivative is |V (2)| < C|z[P~2 = Cy - VpTﬂ(z) for
|z] > 1 and p > 2. Therefore, (A1) holds with « € [(p — 2)/p, 1]. Notice that if p is large then « must be close
to 1.

(2) If V(z) = el*l for |z| > 1, then (A1) holds with a = 1.

(3) If V(2) = |2|P 4 €l*l for |z| > 1, then the second derivative is [V (2)| < C(|z[P~2 +el?l) < C(|z|P +el*l) =
Cy - V(z) for |z| > 1. Thus, (A1) holds with a = 1.

(4) If V(z) = |z|Pel?! for |z| > 1, then the second derivative is |V (2)| < C(|z|P72 + |z[P~1 + |2[P)el?]) <
C|z|Pel?l = Cy - V(2) for |z| > 1. Thus, (A1) holds with o = 1.

(5) If V(2) = ePl?l 4 |sine?l?l| for B > 0 >~ and |z| > 1, then the second derivative is [V (2)] < C(ePl?! +
e"?l 4 272l sin e712|) < C(P1?l 4 | sineV#l|) = Cy - V(2) for |z| > 1. So, (A1) holds with a = 1.

(6) If V(2) = |2|P + |sin|z|?| for ¢ < 1 and |z| > 1, then the second derivative is |V (z)| < C(|2|P72 +
|2]972] cos |2]4| + |2]2972|sin |2]9]) < C(|2]P + | sin|2]9]) = Cy - V(2) for |z| > 1. So, (A1) holds with a = 1.

(7) If V(2) = el*l + |sin|2]9] for ¢ < 1 and |z| > 1, then the second derivative is |V"(z)| < C(el*l +
|2|972| cos | 29| + | 2|29 2| sin |2|9]) < C(el*l + |sin |2]7])) = Cy - V(2) for |z| > 1. Thus, (A1) holds with o = 1.
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