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A MODERATE DEVIATION PRINCIPLE FOR STOCHASTIC

HAMILTONIAN SYSTEMS
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Abstract. We prove a moderate deviation principle for stochastic differential equations (SDEs) with
non-Lipschitz conditions. As an application of our result, we also study the stochastic Hamiltonian
systems.

Mathematics Subject Classification. 60H10, 60F10, 65C20, 34F05.

Received July 12, 2022. Accepted April 2, 2023.

1. Introduction

Large deviation principle (LDP) for SDEs with small noise has been extensively studied since the original
work of Freidlin and Wentzell [10]. The Freidlin-Wentzell type LDP describes the asymptotic behavior of the
trajectory of stochastic dynamical system with small noise. A general approach for studying LDP is based
on the discretization method and contraction principle (see, e.g. [7, 11, 20]). Later, Budhiraja, Dupuis and
Maroulas in [2, 3] proposed the weak convergence method to establish the LDP that is based on a variational
representation. This method amounts to establishing the weak convergence of perturbations of SDEs with small
noise in the random directions of the Cameron-Martin space of the driving Bronwnian motion. It is completely
different from the proof of Freidlin and Wentzell, it can avoid some complicated discretization approximations
and exponential probability estimates, and only needs to verify moment estimations and moment convergences.
Recently, the method has been widely applied in many papers (see, e.g. [1, 4, 15, 17, 24, 28]).

Like LDP, the moderate deviation principle (MDP) has rightly received considerable attention. MDP gives
estimates on probability of deviations of a smaller order than LDP and with a rate function that is a quadratic
form. There are many results on the MDP in various frameworks, for example, [22] for 2D stochastic Navier-
Stokes equations, [23] for stochastic reaction- diffusion equations with multiplicative noise, [21] for stochastic
differential delay equations with polynomial growth and [14] for dynamical systems with small random pertur-
bation. Moreover, the MDP has been extensively investigated for stochastic dynamical system with irregular
coefficients (cf. [6, 18, 19, 30, 31], etc.).

Specially, the Donsker-Varadhan type long time LDP and MDP for stochastic damping Hamiltonian systems
were established by Wu [25]. The Freidlin–Wentzell type LDP for stochastic Hamiltonian systems was studied
by the third author of this paper in [16]. It is natural to ask whether the MDP continues to hold for stochastic
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Hamiltonian systems. In this paper, we will give a positive answer. Our proof is based on the weak convergence
approach. The core idea is to characterize the tightness by Arzelà-Ascoli theorem. The main difficulty of this
paper is to deal with the non-Lipschitz property of the coefficients of SDEs, which requires the help of Lyapnov
function technique and exponential martingale technique and stochastic Gronwall’s inequality.

Consider the following stochastic nonlinear oscillator equation:{
dZt =Utdt, Z0 = z,

dUt =[C0Ut −∇V (Zt)]dt+
√
εΘ(Zt)dWt, U0 = u,

(1.1)

where C0 ∈ R, V ∈ C2(R) and ∇V (·) satisfies (A1) in Section 4, Θ ∈ C2(R) has a bounded first order derivative,
and Wt is a one-dimensional Brownian white noise.

Intuitively, we can see that (1.1) is equivalent to the following SDEs:

dXt = ft(Xt)dt+
√
εgt(Xt)dWt, X0 = x,

where x = (z, u), ft(x) = ft(z, u) := (u,C0u−∇V (u)), gt(x) = g(z, u) := (0,Θ(z)).
Consider the following general SDEs with small perturbation:

dXε
t = bt(X

ε
t )dt+

√
εσt(X

ε
t )dWt, Xε

0 = x, (1.2)

where b : R+ ×Rd → Rd and σ : R+ ×Rd → Rd ×Rm are Borel measurable, and {Wt}t>0 is an m-dimensional
standard Brownian motion on the classical Wiener space (Ω,F , P ). Moreover, the coefficients are non-global
Lipschitz and super-linear growth. Under assumptions (H1)–(H3) (see Sect. 2), by [29], there is a unique strong
solution for equation (1.2).

As ε ↓ 0, the solution Xε
t of equation (1.2) will tend to the solution of the following deterministic equation

dX0
t = bt(X

0
t )dt, X0

0 = x. (1.3)

We shall investigate the deviations of Xε from the deterministic solution X0, as ε ↓ 0, that is, the asymptotic
behavior of the trajectory,

Y εt =
1√
εh(ε)

(Xε
t −X0

t ), t ∈ [0, T ],

in which h(ε) is some deviation scale. In particular
(1) For h(ε) = 1/

√
ε, it is corresponding LDP, which has been established by Ren in [16].

(2) For h(ε) = 1, it is associated with the central limit theorem (CLT), which is our future work.
(3)When the deviation scale satisfies

h(ε)→ +∞,
√
εh(ε)→ 0, as ε→ 0, (1.4)

it is concerned with MDP, which is our main interest in this article. Throughout this paper, we always assume
that h(ε) satisfies equation (1.4).

The organization of the paper as follows. In Section 2, we give some preliminaries and recall some useful
results. Section 3 is devoted to the proof of the MDP. In Section 4, we apply our result to stochastic Hamiltonian
systems.

Throughout the paper, C with or without indexes will denote different constants, whose values may change
in different places. If there is no special declaration, all expectations E are taken with respect to P .
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2. Preliminaries

In this section, we recall some basic notations, notions, assumptions and give some important theorems and
lemmas that will be used later. Let us first introduce some notations and notions.
• For the simplicity of notation, we restrict our discussion to time interval [0, 1]. We shall use | · | and 〈·, ·〉 to

denote the Euclidean norm and inner product. By σ∗ and ∇jσ we denote the transpose and the j-order gradient
of matrix σ.
• We set C as the space of Rd-valued continuous functions on [0, 1] with the norm:

‖f‖C := sup
s∈[0,1]

|f(s)|.

• Let H be the Cameron-Martin space of functions ~ which are absolutely continuous and whose derivative
is square integrable, i.e.,

H :=

{
~ : [0, 1]→ Rm; ‖~‖2H =

∫ 1

0

|~̇(s)|2ds <∞
}
.

Moreover, H is a Hilbert space with inner product

〈~1, ~2〉 :=

∫ 1

0

〈~̇1(s), ~̇2(s)〉ds.

• Let A denote the class of Rm-valued {Ft}-predictable processes ~ belonging to H a.s.
• For N > 0, let

BN := {~ ∈ H : ‖~‖H 6 N} .

then, by Kolmogorov and Fomin [13], it is easy to find that BN is a compact Polish space under the weak
topology, BN is endowed with the weak topology in this paper.
• Define

AN := {~ ∈ A : ~ ∈ BN , a.s.} .

Next, we recall the definition of large deviations from [9, 10]. Let E be a Polish space with the Borel σ-field
B(E ).

Definition 2.1. A family {Y ε}ε>0 of E -valued random elements is said to satisfy the large deviation principle
on E with rate function I and with the speed function h2(ε) which is a sequence of positive numbers tending
to +∞ as ε→ 0, if the following conditions hold:

(1) I : E → [0,+∞], for each a <∞, the level set {f ∈ E : I(f) 6 a} is compact.
(2) for A ∈ B(E), we define I(A) := inf

f∈A
I(f),

−I(Ao) 6 lim inf
ε→0

1

h2(ε)
logP (Y ε ∈ A) 6 lim sup

ε→0

1

h2(ε)
logP (Y ε ∈ A) 6 −I(Ā),

where Ao and Ā are the interior and closure of the set A.

We use the method of weak convergence to prove the MDP. By [5], it proves the equivalence of the Laplace
principle and LDP, so it is enough to prove the following theorem.
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Theorem 2.2. Suppose {Γε}ε>0 satisfies the following assumptions: there exists a measurable map Γ0 : H→ E
such that

(i) Consider N < ∞ and a family {ϕε} ⊂ AN such that ϕε converges in distribution to ϕ ∈ AN as ε → 0.
Then Γε(W· + (

√
ε)−1

∫ ·
0
ϕ̇ε(s)ds) converges in distribution to Γ0(

∫ ·
0
ϕ̇(s)ds).

(ii) For every N <∞ the set
{

Γ0(
∫ ·

0
ϕ̇(s)ds);ϕ ∈ BN

}
is a compact subset of E .

Then the family {Γε}ε>0 satisfies a large deviation principle in E with rate function I given by

I(g) := inf
{ϕ∈H;g=Γ0(

∫ ·
0
ϕ̇(s)ds)}

{1

2

∫ T

0

|ϕ̇(s)|2ds
}
, g ∈ E ,

with the convention inf ∅ =∞.

The following stochastic Gronwall’s inequality can be found in [26], Lemma 3.8.

Lemma 2.3. Let ξ(t) and η(t) be two nonnegative càdlàg Ft-adapted processes, At a continuous nondecreasing
Ft-adapted process with A0 = 0, Mt a local martingale with M0 = 0. Suppose that

ξ(t) 6 η(t) +

∫ t

0

ξ(s)dAs +Mt, ∀t > 0.

Then for any 0 < q < κ < 1 and stopping time τ , we have

(
E(ξ(t)∗)q

) 1
q

6
( κ

1− κ

)1/q(
EeκAτ/(1−κ)

)(1−κ)/κ

E(η(τ)∗), (2.1)

where ξ(t)∗ := sup
s∈[0,t]

ξ(s).

We call V ∈ C2(Rd) a Lyapunov function if

V (x) > 1 and lim
|x|→∞

V (x) = +∞.

We give the following assumptions throughout this paper:
(H1) b and σ are continuous in x and b(x) is differentiable with respect to x. For a Lyapunov function V ∈ C2(Rd)
and α ∈ [0, 1], there exist constants C1, C2, C3, C4 > 0 such that for all t ∈ [0, 1], x, y ∈ Rd,

|σ∗t (x) · ∇V (x)|2 6 C1 · V 2−α(x), (2.2)

|∇bt(x)−∇bt(y)| 6 C2 · (V α(x) + V α(y)) · |x− y|, (2.3)

|σt(x)− σt(y)|2 6 C3 · (V α(x) + V α(y)) · |x− y|2, (2.4)

〈x− y, bt(x)− bt(y)〉 6 C4 · (V α(x) + V α(y)) · |x− y|2. (2.5)

where ∇ is the gradient along the x direction, i.e., ∇b =
(
∂
∂xj

bi
)

16i,j6d
is the Jacobain matrix of b, and

Lt :=
1

2

d∑
i,j=1

m∑
k=1

(σikt σ
jk
t )(x)∂i∂j +

d∑
i=1

bit(x)∂i.
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(H2) There exist constants C5, C6 ∈ R such that for all t ∈ [0, 1],

d∑
i=1

bit(x)∂iV (x) 6 C5 · V (x), (2.6)

d∑
i,j=1

m∑
k=1

(σikt σ
jk
t )(x)∂i∂jV (x) 6 C6 · V (x). (2.7)

(H3) There exist constants C7, C8 > 0 such that for all t ∈ [0, 1],

|bt(x)|+ |∇bt(x)| 6 C7 · (1 + V α(x)|x|), |σt(0)| 6 C8. (2.8)

Remark 2.4. As shown below, conditions (2.2), (2.6) and (2.7) guarantee the exponential integrability; con-
ditions (2.4) and (2.5) guarantee the pathwise uniqueness; (2.3) and (2.8) are the fundamental conditions for
proving the MDP.

3. Moderate deviation principle

In this section, we shall prove the MDP. First of all, we give the main result of this section.

Theorem 3.1. Assume that (H1)-(H3) hold. Then Y ε satisfies a LDP with the speed h2(ε) and with the rate
function I, which is defined by

I(g) :=
1

2
inf

{ϕ∈H; g=Γ0(
∫ ·
0
ϕ̇(s)ds)}

{∫ T

0

|ϕ̇(s)|2ds
}
,

where Γ0(
∫ ·

0
ϕ̇(s)ds) := Y ϕ(·) satisfies the following equation:

Y ϕt =

∫ t

0

∇bs(X0
s )Y ϕs ds+

∫ t

0

σs(X
0
s )ϕ̇(s)ds. (3.1)

Before giving the proof of Theorem 3.1, we need to give some necessary lemmas below.

Lemma 3.2. Assume that (H1)–(H3) hold, then equation (3.1) has a unique solution for any ϕ ∈ BN . Moreover,
there exists a constant C > 0 such that

sup
ϕ∈BN

{
sup
t∈[0,1]

|Y ϕt |
}
6 C.

Proof. By [16], Theorem 3.2, equation (1.3) has a unique solution and satisfies

sup
t∈[0,1]

|X0
t |+ sup

t∈[0,1]

V (X0
t ) 6 C. (3.2)

We can obtain Y nt by introducing the following truncated equation:

Y nt =

∫ t

0

∇bns (X0
s )Y ns ds+

∫ t

0

σns (X0
s )ϕ̇(s)ds, (3.3)
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where

∇bnt (x) := ∇bt(x)χn(x), σnt (x) := σt(x)χn(x)

and χn : Rd → R is a family of non-negative smooth cutoff functions satisfying

sup
x∈Rd

|χ′n(x)| 6 1, χn(x) =

{
1, |x| 6 n,

0, |x| > n+ 1.

By equation (2.8), we have

|∇bnt (x)| 6 Cn, |σnt (x)| 6 Cn.

For any N > 0 and |x|, |y| 6 N , by equations (2.3), (2.4) and (2.8), we can get

|σnt (x)− σnt (y)|+ |∇bnt (x)−∇bnt (y)| 6 Cn · |x− y|.

Since the classical Carathéodory’s existence theorem for ODEs in [8], (3.3) has a unique solution Y nt . For
ϕ ∈ BN , by equations (2.4), (2.8), (3.2) and Hölder’s inequality, we have

|Y nt | 6
∫ t

0

C8 · (1 + V α(X0
s )|X0

s |)|Y ns |ds+

∫ t

0

(
|σns (X0

s )− σns (0)|+ |σns (0)|
)
· |ϕ̇(s)|ds

6 C

∫ t

0

|Y ns |ds+

∫ t

0

[
C3 · (V α(X0

s ) + V α(0)) · |X0
s |+ C8

]
· |ϕ̇(s)|ds

6 C

∫ t

0

|Y ns |ds+ C
(∫ t

0

|ϕ̇(s)|2ds
) 1

2

6 C + C

∫ t

0

|Y ns |ds.

Applying Gronwall’s inequality, we have

sup
t∈[0,1]

|Y nt | 6 C, (3.4)

where C is a constant independent of n. By a method similar to Lemma 3.5 below (or see [19], Lem. 3.6), we
can get {Y n}n∈N is compatible using the stopping time and Gronwall’s inequality. Let

Y ϕt := lim
n→∞

Y nt ,

it is easy to verify that Y ϕt is a non-explosive solution of equation (3.1). By equation (3.4), it is easily seen that

sup
ϕ∈BN

{
sup
t∈[0,1]

|Y ϕt |
}
6 C.

Next, we prove the uniqueness. Suppose that Y 1 and Y 2 are two different solutions of equation (3.1). By
equations (2.8) and (3.2), we have

|Y 1
t − Y 2

t | 6
∫ t

0

|∇bs(X0
s )Y 1

s −∇bs(X0
s )Y 2

s |ds
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6
∫ t

0

C7(1 + V α(X0
s )|X0

s |)|Y 1
s − Y 2

s |ds

6C
∫ t

0

|Y 1
s − Y 2

s |ds.

Gronwall’s inequality yields the uniqueness and we complete the proof.

Lemma 3.3. Assume that (H1)–(H3) hold, for any 0 < N <∞, the family

KN :=
{

Γ0
(∫ ·

0

ϕ̇(s)ds
)

;ϕ ∈ BN
}

is compact in C .

Proof. According to the compactness of BN , it is enough to prove that Γ0 is continuous. Let ϕn → ϕ weakly in
BN , by equation (3.1), we can write

Y ϕnt − Y ϕt =

∫ t

0

∇bs(X0
s )(Y ϕns − Y ϕs )ds+

∫ t

0

σs(X
0
s )(ϕ̇n(s)− ϕ̇(s))ds

:=In1 (t) + In2 (t).

By equations (2.4), (2.8) and (3.2), we have

∫ 1

0

|σs(X0
s )|2ds 6

∫ 1

0

(
2|σs(X0

s )− σs(0)|2 + 2|σs(0)|2
)
ds

6
∫ 1

0

2
(
C3 · (V α(X0

s ) + V α(0)) · |X0
s |2 + C2

8

)
ds 6 C. (3.5)

Since ϕn → ϕ weakly in BN and using equation (3.5), we can get from the definition of weak convergence in
BN ∫ t

0

σs(X
0
s )(ϕ̇n(s)− ϕ̇(s))ds→ 0.

Thus

In2 (t)→ 0.

For ϕ,ϕn ∈ BN , by equation (3.5) and Hölder’s inequality, we have

sup
06t61

|In2 (t)| 6
∫ 1

0

|σs(X0
s )(ϕ̇n(s)− ϕ̇(s))|ds

6
(∫ 1

0

|σs(X0
s )|2ds

) 1
2
(∫ 1

0

|ϕ̇n(s)− ϕ̇(s)|2ds
) 1

2

6C
√

2N. (3.6)
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For 0 6 s 6 t 6 1, ϕ,ϕn ∈ BN , by equations (2.4), (2.8), (3.2) and Hölder’s inequality, we get

|In2 (t)− In2 (s)| 6
∫ t

s

∣∣σr(X0
r )(ϕ̇n(r)− ϕ̇(r))

∣∣du
6
(∫ t

s

|σr(X0
r )|2dr

) 1
2
(∫ t

s

|ϕ̇n(r)− ϕ̇(r)|2dr
) 1

2

6C
√

2N
(∫ t

s

(
C3 · (V α(X0

r ) + V α(0)) · |X0
r |+ C8

)
dr
) 1

2

6C
√

2N |t− s| 12 . (3.7)

By Ascoli-Arzelà’s lemma, equations (3.6) and (3.7) can imply that {In2 }n>1 are compact in C , then

lim
n→∞

‖In2 (t)‖C = 0. (3.8)

By equations (2.8) and (3.2), we have for any u ∈ [0, 1]

sup
06t6u

|Y ϕnt − Y ϕt | 6
∫ u

0

C7(1 + V α(X0
s )|X0

s |)|Y ϕns − Y ϕs |ds+ sup
06t61

|In2 (t)|

6C
∫ u

0

( sup
06r6s

|Y ϕnr − Y ϕr |)ds+ ‖In2 (t)‖C . (3.9)

Using equations (3.8), (3.9) and Gronwall’s inequality, we find that

sup
06t61

|Y ϕnt − Y ϕt | 6 eC · ‖In2 (t)‖C → 0.

The proof is complete.

Let Y ε := (Xε −X0)/
√
εh(ε), then Y ε satisfies the the following equation:

Y εt =
1√
εh(ε)

∫ t

0

[
bs(X

0
s +
√
εh(ε)Y εs )− bs(X0

s )
]
ds+

1

h(ε)

∫ t

0

σs(X
0
s +
√
εh(ε)Y εs )dWs.

By the Yamada-Watanabe theorem (see [27]), there exists a measurable map Γε : C → C such that Y ε· = Γε(W·).
For any ϕε ∈ AN , we can get

E
(

exp
{h2(ε)

2

∫ 1

0

|ϕ̇ε(s)|2ds
})

<∞,

that is, the Novikov’s condition holds. Then we define a probability measure Pε by

dPε := RεdP = exp
{
− h(ε)

∫ 1

0

ϕ̇ε(s)dWs −
h2(ε)

2

∫ 1

0

|ϕ̇ε(s)|2ds
}

dP.

By Girsanov theorem, we have

W̃t = Wt + h(ε)

∫ t

0

ϕ̇ε(s)ds
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is a Brownian motion under the probability measure Pε. Moreover, we can obtain that Y ε,ϕ
ε

· = Γε
(
W· +

h(ε)
∫ ·

0
ϕ̇ε(s)ds

)
satisfies the following equation:

Y ε,ϕ
ε

t =
1√
εh(ε)

∫ t

0

[
bs(X

0
s +
√
εh(ε)Y ε,ϕ

ε

s )− bs(X0
s )
]
ds

+
1

h(ε)

∫ t

0

σs(X
0
s +
√
εh(ε)Y ε,ϕ

ε

s )dWs +

∫ t

0

σs(X
0
s +
√
εh(ε)Y ε,ϕ

ε

s )ϕ̇ε(s)ds. (3.10)

By equations (1.3) and (3.10), let Xε,ϕε

t = X0
t +
√
εh(ε)Y ε,ϕ

ε

t , we can write

Xε,ϕε

t = x+

∫ t

0

bs(X
ε,ϕε

s )ds+
√
ε

∫ t

0

σs(X
ε,ϕε

s )dWs +
√
εh(ε)

∫ t

0

σs(X
ε,ϕε

s )ϕ̇ε(s)ds. (3.11)

The following exponential integrability is critical.

Lemma 3.4. For any β > 0 and α ∈ (0, 1], we have

E
(

exp

[
sup
t∈[0,1]

(
β(e−λ(t)V α(X0

t +
√
εh(ε)Y ε,ϕ

ε

t )
)])

6 2(C1(αβ)2 + 1) · exp
[
β · V α(x)

]
where λ(t) = t(|C5|+ |C6|/2 + C1αβ/4 + 2/(αβ)) +

√
C1

∫ t
0
|ϕ̇ε(s)|ds.

Proof. The proof is similar to [16], Lemma 3.7, so we omit the details.

Lemma 3.5. Assume that (H1)–(H3) hold. Then equation (3.10) has a unique solution.

Proof. We denote Yt = Y ε,ϕ
ε

t for the sake of simplicity. We use the truncation method in Lemma 3.2 to obtain
the following truncated equation :

Y nt =
1√
εh(ε)

∫ t

0

[
bns (X0

s +
√
εh(ε)Y ns )− bns (X0

s )
]
ds

+
1

h(ε)

∫ t

0

σns (X0
s +
√
εh(ε)Y ns )dWs +

∫ t

0

σns (X0
s +
√
εh(ε)Y ns )ϕ̇ε(s)ds. (3.12)

Then equation (3.12) has a unique strong solution Y nt . For m < n, let

Znmt := Y nt − Y mt

and

τn := inf{t ∈ [0, 1] : |X0
t +
√
εh(ε)Y nt | > n}(= 1 if {· · · } = ∅).

By Itô’s formula, we get

|Znmt |2 =
2√
εh(ε)

∫ t

0

〈Znms , bns (X0
s +
√
εh(ε)Y ns )− bms (X0

s +
√
εh(ε)Y ms )〉ds

+ 2

∫ t

0

〈Znms , (σns (X0
s +
√
εh(ε)Y ns )− σms (X0

s +
√
εh(ε)Y ms ))ϕ̇ε(s)〉ds
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+
2

h(ε)

∫ t

0

〈Znms , (σns (X0
s +
√
εh(ε)Y ns )− σms (X0

s +
√
εh(ε)Y ms ))dWs〉

+
1

h2(ε)

∫ t

0

|σns (X0
s +
√
εh(ε)Y ns )− σms (X0

s +
√
εh(ε)Y ms )|2ds

=: J1(t) + J2(t) + J3(t) + J4(t).

Noticing that

bns∧τm(X0
s∧τm +

√
εh(ε)Y ns∧τm) = bms∧τm(X0

s∧τm +
√
εh(ε)Y ns∧τm),

σns∧τm(X0
s∧τm +

√
εh(ε)Y ns∧τm) = σms∧τm(X0

s∧τm +
√
εh(ε)Y ns∧τm).

For J1, by equation (2.5), we derive

J1(t ∧ τm)

=
2

εh2(ε)

∫ t

0

〈
√
εh(ε)Znms∧τm , b

m
s∧τm(X0

s∧τm +
√
εh(ε)Y ns∧τm)− bms∧τm(X0

s∧τm +
√
εh(ε)Y ms∧τm)〉1s6τmds

6 2

∫ t

0

C4|Znms∧τm |
2(V α(X0

s∧τm +
√
εh(ε)Y ns∧τm) + V α(X0

s∧τm +
√
εh(ε)Y ms∧τm))ds

6 Cm

∫ t

0

|Znms∧τm |
2ds.

For J2, by equation (2.4), we have

J2(t ∧ τm)

= 2

∫ t

0

〈Znms∧τm ,
(
σms∧τm(X0

s∧τm +
√
εh(ε)Y ns∧τm)− σms∧τm(X0

s∧τm +
√
εh(ε)Y ms∧τm)

)
ϕ̇ε(s ∧ τm)〉1s6τmds

6 2

∫ t

0

C3|Znms∧τm |
2(V α(X0

s∧τm +
√
εh(ε)Y ns∧τm) + V α(X0

s∧τm +
√
εh(ε)Y ms∧τm))|ϕ̇ε(s ∧ τm)|ds

6 Cm

∫ t

0

|Znms∧τm |
2 · |ϕ̇ε(s ∧ τm)|ds.

Similarly, we deal with J4. For ϕε ∈ AN , by Hölder’s inequality, we have

|Znmt∧τm |
2 6 Cm

∫ t

0

|Znms∧τm |
2(1 + |ϕ̇εs∧τm |)ds+ |J3(t ∧ τm)|

6 Cm(1 +N)
(∫ t

0

|Znms∧τm |
4ds
)1/2

+ |J3(t ∧ τm)|. (3.13)

By equations (2.4), (3.13) and Burkholder-Davis-Gundy inequality, it is easy to derive that

E
(

sup
06u6t

|Znmu∧τm |
4
)
6 CmE

∫ t

0

|Znms∧τm |
4ds+ CE

(
sup

06u6t
|J3(u ∧ τm)|2

)
6 CmE

∫ t

0

|Znms∧τm |
4ds.
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Combining this with Gronwall’s inequality, we have

E sup
06u6t

|Znmu∧τm |
4 = 0,

that is, for almost all ω,

Y nt∧τm = Y mt∧τm ,

thus τm 6 τn, {Y n}n∈N is compatible.
Let

τ∞ := lim
n→∞

τn. (3.14)

For t < τn, Yt := Y nt . Observe that Xε,ϕε

t := X0
t +
√
εh(ε)Y ε,ϕ

ε

t is non-explosive by Lemma 3.4. Thus τ∞ = 1
and Yt = lim

n→∞
Y nt . Moreover, we show X0

t is non-explosive from [16], Theorem 3.2. Then we can claim Yt is a

non-explosive solution.
It remains to prove the uniqueness. Suppose that Y ′ and Y ′′ are two different solutions to equation (3.10).

Let

Zt = Y ′t − Y ′′t .

By Itô’s formula we have

|Zt|2 = |Z0|2 +

∫ t

0

|Zs|2(dMs +Nsds), (3.15)

where

Nt :=
2√
εh(ε)

|Zt|−2〈Zt, bt(X0
t +
√
εh(ε)Y ′t )− bt(X0

t +
√
εh(ε)Y ′′t )〉

+ 2|Zt|−2〈Zt, (σt(X0
t +
√
εh(ε)Y ′t )− σt(X0

t +
√
εh(ε)Y ′′t ))ϕ̇ε(t)〉

+
1

h2(ε)
|Zt|−2tr[(σt(X

0
t +
√
εh(ε)Y ′t )− σt(X0

t +
√
εh(ε)Y ′′t ))

· (σ∗t (X0
t +
√
εh(ε)Y ′t )− σ∗t (X0

t +
√
εh(ε)Y ′′t ))],

Mt :=
2

h(ε)

∫ t

0

|Zs|−2〈Zs, (σs(X0
s +
√
εh(ε)Y ′s )− σs(X0

s +
√
εh(ε)Y ′′s ))dWs〉.

By equations (2.4) and (2.5), we can get

〈M〉t =
4

h2(ε)

∫ t

0

|Zs|−4 · |(σ∗s (X0
s +
√
εh(ε)Y ′s )− σ∗s (X0

s +
√
εh(ε)Y ′′s ))Zs|2ds

6 4C3

∫ t

0

(V α(X0
s +
√
εh(ε)Y ′s ) + V α(X0

s +
√
εh(ε)Y ′′s ))ds (3.16)

and

Nt 6 (2C4 + 2
√
C3 + C3)(V α(X0

t +
√
εh(ε)Y ′t ) + V α(X0

t +
√
εh(ε)Y ′′t )) · (1 + |ϕ̇ε(t)|). (3.17)
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Using Lemma 3.4, we can obtain that Mt +
∫ t

0
Nsds is a continuous semimartingale. Thus, the unique solution

of equation (3.15) is

|Zt|2 = |Z0|2 · exp

{
Mt −

1

2
〈M〉t +

∫ t

0

Nsds

}
.

For any β > 0 and p > 1, by equations (3.16), (3.17) and Lemma 3.4, there exists a time T0 > 0 such that

E
(
exp

[
8p2〈M〉T0

])
+ E

(
exp

[
2p

∫ T0

0

Nsds

])
6 C < +∞, (3.18)

where T0 = T0(α, p,N,C1, C2, C3, C4) > 0.
Hence, by Novikov’s criterion, for any q ∈ [1, 4p],

t 7→ E (qM)t := exp

{
qMt −

q2

2
〈M〉t

}
is a continuous exponential (Ft)-martingale on [0, T0]. By similar calculations with [29], Lemma 2.3, we have

E
(

sup
t∈[0,T0]

|Zt|2p
)

6 C · |Z0|2p.

Combining this with Z0 = 0 gives the desired result. The proof is complete.

Lemma 3.6. Assume that (H1)-(H3) hold. For any given N <∞, let ϕε, ϕ ∈ AN be such that ϕε converges in
distribution to ϕ, as ε→ 0. Then Γε(W· + h(ε)

∫ ·
0
ϕ̇ε(s)ds) converges in distribution to Γ0(

∫ ·
0
ϕ̇(s)ds) in C .

Proof. At first, we show that {Y ε,ϕε}ε∈(0,1) is tight in C . By virtue of the Arzelà-Ascoli theorem (see [12],
Thm. 4.11), it is sufficient to verify that

(a) sup
ε∈(0,1)

E|Y ε,ϕ
ε

t |γ <∞;

(b) sup
ε∈(0,1)

E|Y ε,ϕ
ε

t − Y ε,ϕεs |α 6 C|t− s|1+β , 0 6 s 6 t 6 1,

for some positive constants α, β, γ and C.
Let

τn := inf{t ∈ [0, 1] : |Y ε,ϕ
ε

t | > n}(= 1 if {· · · } = ∅).

By Itô’s formula, we have for any p > 2,

|Y ε,ϕ
ε

t∧τn |
p =

p√
εh(ε)

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p−2 · 〈Y ε,ϕ

ε

s∧τn , bs∧τn(X0
s∧τn +

√
εh(ε)Y ε,ϕ

ε

s∧τn)− bs∧τn(X0
s∧τn)〉ds

+ p

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p−2 · 〈Y ε,ϕ

ε

s∧τn , σs∧τn(X0
s∧τn +

√
εh(ε)Y ε,ϕ

ε

s∧τn)ϕ̇ε(s)〉ds

+
p

h(ε)

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p−2 · 〈Y ε,ϕ

ε

s∧τn , σs∧τn(X0
s∧τn +

√
εh(ε)Y ε,ϕ

ε

s∧τn)dWs〉

+
p(p− 1)

2h2(ε)

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p−2 · |σs∧τn(X0

s∧τn +
√
εh(ε)Y ε,ϕ

ε

s∧τn)|2ds

=: L1(t) + L2(t) +M1(t) + L3(t).
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For L1, by equation (2.5), it is easy to derive that

L1(t) 6 pC4

∫ t

0

(V α(X0
s∧τn +

√
εh(ε)Y ε,ϕ

ε

s∧τn) + V α(X0
s∧τn))|Y ε,ϕ

ε

s∧τn |
pds.

For L2, by equations (2.4), (2.8), (3.2) and Young’s inequality, we get

L2(t) 6 p

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p−2 · |σs∧τn(X0

s∧τn +
√
εh(ε)Y ε,ϕ

ε

s∧τn)|2ds+ p

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p · |ϕ̇ε(s)|2ds

6 C

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p−2 · |σs∧τn(X0

s∧τn +
√
εh(ε)Y ε,ϕ

ε

s∧τn)− σs∧τn(X0
s∧τn)|2ds

+ C

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p−2 ·

(
|σs∧τn(X0

s∧τn)− σs∧τn(0)|2 + |σs∧τ (0)|2
)
ds+ p

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p · |ϕ̇ε(s)|2ds

6 C

∫ t

0

√
C3|Y ε,ϕ

ε

s∧τn |
p · (V α(X0

s∧τn +
√
εh(ε)Y ε,ϕ

ε

s∧τn) + V α(X0
s∧τn))ds

+ C

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p−2 ·

(√
C3(V α(X0

s∧τn) + V α(0))|X0
s∧τn |+ C8

)
ds+ p

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p · |ϕ̇ε(s)|2ds

6 C

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p · (V α(X0

s∧τn +
√
εh(ε)Y ε,ϕ

ε

s∧τn) + V α(X0
s∧τn) + 1 + |ϕ̇ε(s)|2)ds+ C.

Similarly, we deal with L3. Putting all these estimates of L1(t) − L3(t) together, for ϕε ∈ AN , we can obtain
that

|Y ε,ϕ
ε

t∧τn |
p 6 C

∫ t

0

|Y ε,ϕ
ε

s∧τn |
p · (V α(X0

s∧τn +
√
εh(ε)Y ε,ϕ

ε

s∧τn) + V α(X0
s∧τn) + 1 + |ϕ̇ε(s)|2)ds+M1(t) + C.

By stochastic Gronwall’s inequality (2.1), for any 0 < q < κ < 1 and stopping time τ ′, we have

E
(

sup
t∈[0,1∧τ ′]

|Y ε,ϕ
ε

t∧τn |
pq
)
6 C

(
E exp{ κ

1− κ
A1∧τ ′}

)1−1/κ

, (3.19)

where

At =

∫ t

0

(V α(X0
s∧τn +

√
εh(ε)Y ε,ϕ

ε

s∧τn) + V α(X0
s∧τn) + 1 + |ϕ̇ε(s)|2)ds.

Similar to the proof of equation (3.18), there exists a time T0 such that

E

(
exp

{
κ

1− κ

∫ T0

0

(V α(X0
s∧τn +

√
εh(ε)Y ε,ϕ

ε

s∧τn)ds

})
6 C < +∞. (3.20)

Since At is a continuous adapted process and we define

τ ′N := inf{t ∈ [0, 1] : At > N}(= 1 if {· · · } = ∅),

then

P
(

lim
n→∞

τ ′N = 1
)

= 1. (3.21)
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In equation (3.19), we replace τ ′ by τ ′N and insert equation (3.20) into it, we have

E
(

sup
t∈[0,T0∧τ ′N ]

|Y ε,ϕ
ε

t∧τn |
pq
)
6 C.

Letting N,n→∞, by equation (3.21) and Fatou’s lemma

E
(

sup
t∈[0,T0]

|Y ε,ϕ
ε

t |pq
)
6 C. (3.22)

For i ∈ N, according to the proof of [29], Theorem 2.4, by using the uniqueness of solution of equation (3.10)
and shifting time technique, we can obtain that

Y ε,ϕ
ε

t (x, ω) = Y ε,ϕ
ε

t−iT0
(Y ε,ϕ

ε

iT0
(x, ω), θiT0

(ω)), ∀t ∈ [iT0, (i+ 1)T0].

Combining this with equation (3.22) gives that

E
(

sup
t∈[0,1]

|Y ε,ϕ
ε

t |pq
)
6 C. (3.23)

In the sequel, by equations (2.4), (2.5), (2.8), (3.2), (3.23), Hölder’s inequality and Burkholder-Davis-Gundy
inequality, we have

E|Y ε,ϕ
ε

t∧τn − Y
ε,ϕε

s∧τn |
p

6
C

ε
p
2 hp(ε)

E
(∫ t

s

|bu∧τn(X0
u∧τn +

√
εh(ε)Y ε,ϕ

ε

u∧τn)− bu∧τn(X0
u∧τn)|du

)p
+ CE

(∫ t

s

|σu∧τn(X0
u∧τn +

√
εh(ε)Y ε,ϕ

ε

u∧τn)ϕ̇ε(u)|du
)p

+ CE
∣∣∣ ∫ t

s

σu∧τn(X0
u∧τn +

√
εh(ε)Y ε,ϕ

ε

u∧τn)dWu

∣∣∣p
6C|t− s|p−1E

∫ t

s

(
V α(X0

u∧τn +
√
εh(ε)Y ε,ϕ

ε

u∧τn) + V α(X0
u∧τn)

)p|Y ε,ϕεu∧τn |
pdu

+ CE
(∫ t

s

|σu∧τn(X0
u∧τn +

√
εh(ε)Y ε,ϕ

ε

u∧τn)|2du
) p

2
[( ∫ t

s

|ϕ̇ε(u)|2du
) p

2

+ 1
]

6C|t− s|p−1

∫ t

s

{
E
(
V α(X0

u∧τn +
√
εh(ε)Y ε,ϕ

ε

u∧τn) + V α(X0
u∧τn)

)2p} 1
2
{
E|Y ε,ϕ

ε

u∧τn |
2p
} 1

2 du

+ C|t− s|
p
2−1E

∫ t

s

|σu∧τn(X0
u∧τn +

√
εh(ε)Y ε,ϕ

ε

u∧τn)− σu∧τn(X0
u∧τn) + σu∧τn(X0

u∧τn)|pdu

6C|t− s|
p
2−1E

∫ t

s

(
V α(X0

u∧τn +
√
εh(ε)Y ε,ϕ

ε

u∧τn) + V α(X0
u∧τn)

)p|Y ε,ϕεu∧τn |
pdu

+ C|t− s|
p
2−1E

∫ t

s

[(
V α(X0

u∧τn) + V α(0)
)p|X0

u∧τn |
p + C8

]
du+ C|t− s|p

6C|t− s|
p
2 .
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Therefore, we can choose p > 2 such that (a) and (b) hold. Thus {Y ε,ϕε}ε∈(0,1) is tight in C .

Consequently, it suffices to show that Y ϕ is the unique limit point of {Y ε,ϕε}ε∈(0,1). Let

M ε
t =

1

h(ε)

∫ t

0

σs(X
0
s +
√
εh(ε)Y ε,ϕ

ε

s )dWs.

Since {Y ε,ϕε}ε∈(0,1) is tight, we can choose a subsequence of (Y ε,ϕ
ε

, ϕε,M ε) convergent weakly to (Y , ϕ, 0)

as ε → 0. By Skorokhod representation theorem there exist a probability space (Ω̃, F̃ , P̃ ), and on this basis,
a Brownian motion W̃ and also a family of F̃ -predictable process {ϕ̃}, ϕ taking values on AN , such that
{(ϕε, ϕ,W )} has the same law as {(ϕ̃ε, ϕ̃, W̃ )} for each ε and

lim
ε→0
〈ϕ̃ε − ϕ̃, g〉 = 0, g ∈ H, P̃ − a.s.

For the sake of simplicity, we drop off the ·̃ in the notation. Thus, we may assume

(Y ε,ϕ
ε

, ϕε,M ε)→ (Y , ϕ, 0), P̃ − a.s.

By virtue of the uniqueness of strong solution of equation (3.10) and taking ε → 0 on both sides of equation
(3.10), we infer that Y also satisfies equation (3.1). Thus the desired assertion follows from the uniqueness.

Proof of Theorem 3.1 By Theorem 2.2, we only need to prove that condition (i) and (ii) hold. Condition (i)
has been established in Lemma 3.6. Condition (ii) is fulfilled in Lemma 3.3.

4. Application to stochastic Hamiltonian systems

In this section, we shall apply the result of Theorem 3.1 to stochastic Hamiltonian systems by some examples.
Let H(x) be a Hamiltonian function given by

H(x) := H(z, u) :=
1

2
|u|2 + V (z),

where x = (z, u) ∈ Rd×Rd, z and u denote the position and velocity of the motion of a particle in the statistical
physics, respectively. V (z) is a potential function bounded from below 1. Consider the following stochastic
Hamiltonian system in the phase space R2d:

dZt =∂uH(Zt, Ut)dt = Utdt, Z0 = z,

dUt =− [∂zH(Zt, Ut) + Φt(Zt, Ut)]dt+ Θt(Zt, Ut)dWt

=− [∇V (Zt) + Φt(Zt, Ut)]dt+ Θt(Zt, Ut)dWt, U0 = u,

where Φt : R+ × R2d → Rd and Θt : R+ × R2d → Rd × Rm. A Lyapunov function V is given by

V (x) :=H(x)

(x = (z, u)) =
1

2
|u|2 + V (z).

With the convention, we use ∂uH(x) and ∇uH(x) as synonymy.
We make the following assumptions on V , Φ and Θ: for some α ∈ (0, 1],
(A1)

|∇V (z)−∇V (z̃)| 6 CV · (V α(z) + V α(z̃)) · |z − z̃|. (4.1)
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(A2)

|Φt(x)| 6 CΦ · V
1
2 (x), (4.2)

|Φt(x)− Φt(x̃)| 6 CΦ · (V α(x) + V α(x̃)) · |x− x̃|, (4.3)

|∇Φt(x)−∇Φt(x̃)| 6 CΦ · (V α(x) + V α(x̃)) · |x− x̃|. (4.4)

(A3)

|Θt(x)|2 6 CΘ · V 1−α(x), (4.5)

|∇uΘt(x)|2 6 CΘ · V α(x), (4.6)

|Θt(x)−Θt(x̃)|2 6 CΘ · (V α(x) + V α(x̃)) · |x− x̃|2, (4.7)

|∇uΘt(x)−∇uΘt(x̃)|2 6 CΘ · (V (3α−1)(x) + V (3α−1)(x̃)) · |x− x̃|2. (4.8)

Now we apply our result to stochastic Hamiltonian systems.
The corresponding perturbation equation is as follows:{

dZt =Utdt, Z0 = z,

dUt =− [∂zV (Zt) + Φt(Zt, Ut)]dt+ εΘt(Zt, Ut)dWt, U0 = u.

Theorem 4.1. Assume that V , Φ and Θ satisfy (A1)-(A3). Then {Xε}ε>0 satisfies the MDP with the rate
function I(f) and with the speed h2(ε).

Proof. Applying Theorem 3.1 to the following SDEs:

dXt(x) = bt(Xt(x))dt+ σt(Xt(x))dWt, X0 = (z, u),

where

bt(x) := bt(z, u) := (u,−∇V (z)− Φt(z, u))

and

σt(x) := σt(z, u) :=

(
0, 0

0, Θt(z, u)

)
.

By equations (4.2), (4.5) and u 6 CV
1
2 (x) , we have

(b(x),∇V (x)) = −Φt(x) · u 6 CΦt(x) · V 1
2 (x) 6 C̃5 · V (x),

|σ∗t (x) · ∇V (x)|2 = |Θ∗t (x) · u|2 6 C|Θ∗t (x)|2 · V (x) 6 C̃1 · V 2−α(x).

By equation (4.5) and V (x) > 1, we get

2d∑
i,j=1

d+m∑
k=1

(σikt σ
jk
t )(x)∂i∂jV (x) =

d∑
i,j=1

(ΘΘ∗)ij(x) 6
d∑

i,j=1

(ΘΘ∗)ij(x)V α(x) 6 C̃6 · V (x).

Combining equations (4.1), (4.3), (4.4) and (4.7) together, we verify (b, σ) satisfies (H1) and (H2).
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By equations (4.1), (4.2), (4.3) and the definition of V (x), we have

|bt(x)| 6 |bt(x)− bt(0)|+ |bt(0)|
6 C̃4 · (V α(x) + V α(0)) · |x|+ |∇V (0)− Φt(0)|
6 C̃7(1 + V α(x)|x|).

By equations (4.2), (4.3), (4.4) and (4.5), we can check (b, σ) satisfies (H3). The proof is complete.

Example 4.2. For specificity, consider the following stochastic nonlinear oscillator equation:

Z̈t = [C0Żt −∇V (Zt)]dt+ Θ(Zt)dWt, (Z0, Ż0) = (z, u) ∈ R2,

where H(z, u) := 1
2 |u|

2 + V (z) for |z| > 1. Let x := (z, u), assume that V and Θ satisfy (A1) and (A3),
respectively. Then {Xε}ε>0 satisfies the MDP with the rate function I(f) and with the speed h2(ε).

Note that by (A1) it is easy to derive that |∇V (z)−∇V (z̃)|
|z−z̃| 6 CV · (V α(z) +V α(z̃)) if |z| > 1, |z̃| > 1, and z 6= z̃.

Moreover, if V is second-order differentiable, we can get |V ′′(u)| 6 CV · V α(u) from the above inequality for
|u| > 1. This is basically a bound of the second derivative of V and implies more or less sub-exponential growth of
V . Therefore, the condition to verify whether (A1) is tenable to a certain extent is transformed into the condition
to verify whether the inequality |V ′′(u)| 6 CV · V α(u) is tenable |u| > 1. Below we give some examples of V (z)
satisfying condition (A1).

(1) If V (z) = |z|p for |z| > 1 and p > 2, then the second derivative is |V ′′(z)| 6 C|z|p−2 = CV · V
p−2
p (z) for

|z| > 1 and p > 2. Therefore, (A1) holds with α ∈ [(p− 2)/p, 1]. Notice that if p is large then α must be close
to 1.

(2) If V (z) = e|z| for |z| > 1, then (A1) holds with α = 1.
(3) If V (z) = |z|p + e|z| for |z| > 1, then the second derivative is |V ′′(z)| 6 C(|z|p−2 + e|z|) 6 C(|z|p + e|z|) =

CV · V (z) for |z| > 1. Thus, (A1) holds with α = 1.
(4) If V (z) = |z|pe|z| for |z| > 1, then the second derivative is |V ′′(z)| 6 C(|z|p−2 + |z|p−1 + |z|p)e|z|) 6

C|z|pe|z| = CV · V (z) for |z| > 1. Thus, (A1) holds with α = 1.
(5) If V (z) = eβ|z| + | sin eγ|z|| for β > 0 > γ and |z| > 1, then the second derivative is |V ′′(z)| 6 C(eβ|z| +

eγ|z| + e2γ|z|| sin eγ|z||) 6 C(eβ|z| + | sin eγ|z||) = CV · V (z) for |z| > 1. So, (A1) holds with α = 1.
(6) If V (z) = |z|p + | sin |z|q| for q 6 1 and |z| > 1, then the second derivative is |V ′′(z)| 6 C(|z|p−2 +

|z|q−2| cos |z|q|+ |z|2q−2| sin |z|q|) 6 C(|z|p + | sin |z|q|) = CV · V (z) for |z| > 1. So, (A1) holds with α = 1.
(7) If V (z) = e|z| + | sin |z|q| for q 6 1 and |z| > 1, then the second derivative is |V ′′(z)| 6 C(e|z| +

|z|q−2| cos |z|q|+ |z|2q−2| sin |z|q|) 6 C(e|z| + | sin |z|q|) = CV · V (z) for |z| > 1. Thus, (A1) holds with α = 1.
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