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IMPRECISE MARKOV SEMIGROUPS AND THEIR ERGODICITY

Michele Caprio1,* and Mengqi Chen2

Abstract. We introduce the concept of an imprecise Markov semigroup Q, a tool that represents
ambiguity around both the transition probabilities and the invariant measure of a continuous-time
Markov process via a collection of Markov semigroups, each associated with a (possibly different)
Markov process. We use techniques from topology, geometry, and probability to analyze ergodic limits
under model uncertainty encoded by Q. We establish long-term bounds that are uniform in the initial
state and identify regimes in which the imprecision in these bounds collapses asymptotically. Our
results are proved in progressively more general settings. We first assume that Q is compact and that
the state space is Euclidean or a Riemannian manifold, working with a fixed bounded observable.
We then allow the state space to be standard Borel, while keeping Q compact and the observable
fixed. Finally, we drop compactness and work on Polish metric spaces of finite diameter, where we
treat arbitrary bounded Lipschitz observables. The importance of our findings for the fields of artificial
intelligence and computer vision is also discussed at a high level; In particular, in the study of how the
probability of an output evolves over time as we perturb the input of a convolutional autoencoder.
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1. Introduction

When dealing with a stochastic phenomenon whose future evolution is independent of its history, it is cus-
tomary to model its behavior via a stochastic process enjoying the Markov property. Loosely, this means that
the law of the realization XT of the process (Xt)t≥0 at time T , given what happened up to time s < T , is
equivalent to the law of XT , given only Xs. We can of course express this property in a slightly more general
way, by saying that the expectation of a generic bounded measurable real-valued function f̃ of XT , given what
happened in the past up to time s < T , is equal to the expectation of f̃(XT ), given only Xs. Notice that in
the present paper we perpetrate a terminology abuse, and refer to real-valued functions on the state space E
as “functionals”. In addition, we only consider continuous-time processes (Xt)t≥0.

Two elements play a key role in a process enjoying the Markov property. The first is the law of the initial
state X0, and the second is the transition probability from the initial state X0 to any state Xt of the process,
i.e. the probability that, given that the process begins at X0, it “reaches a certain value” at time t. In many
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applications, relaxing the hypothesis that one or both of them are precise is natural, and leads to less precise
but more robust results.

Imprecise probability [1–3] is a field whose techniques naturally lend themselves to be used for this purpose.
In fact, imprecise Markov processes are a flourishing area of the imprecise probability literature [4–14],1 with
numerous applications e.g. in engineering [15], Chapter 4, including aerospace engineering [16], Chapter 5, and
economics [17–19]. As the name suggests, imprecise Markov processes allow to take into account imprecision in
the initial and transition probabilities (and also in the invariant measure, when it exists) of a Markov process.

In this paper, we introduce a new concept that we call an Imprecise Markov Semigroup. It is a collection
Q of (precise) Markov semigroups, each associated with a Markov process.2 Modeling the imprecision on the
transition probabilities and on the invariant measure (whenever it exists) via such a collection, instead of using
lower previsions [2] or Choquet integrals [20], allows us to combine geometric and probabilistic techniques based
on the Markov diffusion operators literature [32] that make the study of the limiting behavior of imprecise
Markov processes (captured by the limit behavior of the imprecise Markov semigroup) easier. In particular, we
are able to relate such a behavior to the curvature of the state space – that is, the space E that the elements of
the process (Xt)t≥0 take values on. This also links the present work to the study of the geometry of uncertainty
[21].

Our goal is to study what we call the ergodic property of an imprecise Markov semigroup. Throughout the
paper we use “ergodicity” in the semigroup/long-term sense: We study the asymptotic behavior, as t → ∞,
of conditional expectations of observables under the Markov evolution, i.e. Ptf(x) = E[f(Xt) | X0 = x]. In
Sections 3 and 4, the bounds we derive are formulated for a fixed (bounded) test functional f̃ ; Accordingly, the
conclusions should be read as long-term bounds for the expectation of f̃ whose limiting constants do not depend
on the initial state, rather than as full distributional convergence – which would correspond to convergence for
all f ∈ B(E). In contrast, in Section 5 we work on the larger class Lipb(E) of bounded Lipschitz functionals
and obtain uniform-in-x limits for the static upper and lower envelopes T t and T t of Q, respectively, and
for the time-consistent (upper/lower) Nisio semigroups when switching is allowed. Such results are derived for
every bounded Lipschitz observable f , which is closer in spirit to distributional stability. Finally, we emphasize

that our limits are not Cesàro time averages: We do not prove statements of the form 1
T

∫ T

0
f(Xt)dt →

∫
fdµ.

Rather, we establish convergence of the semigroup as t → ∞ (equivalently, convergence of one-time marginals
and/or of their upper/lower envelopes when switching is allowed). When appropriate (e.g. under standard
invariance/ergodicity assumptions), classical ergodic theorems can then be invoked to relate such semigroup
convergence to time average statements, but this is not the object of the present results.

The similarities and differences between our results and the existing ones in the imprecise Markov literature
and in imprecise ergodic theory [22–29], are discussed in Sections 2 and 3, and 5.

Besides being interesting in their own right (and because they provide new techniques to the fields of impre-
cise Markov processes), we believe that our findings will prove useful in future research in machine learning,
artificial intelligence, and computer vision. Let us add a high-level discussion on this topic. In recent works
on convolutional autoencoders, images (or, more in general, inputs from an input space X ) are “projected”
onto a low-dimensional manifold E by an encoding function ϕenc : X → E. Different “portions” of the sur-
face S(E) of such a manifold capture different features of the input image [30]. For instance, a portion of the
surface may correspond to the feature “dog”, so that dog images are projected there. This means that we
can consider a partition E = {Ej}Jj=1 of S(E) whose elements correspond to “feature portions”. For example,
J could be equal to the cardinality |Y| of the output space Y in the case of classification problems. Then,
a decoding function ϕdec : E → ∆Y returns the probabilities of yj ∈ Y being the correct output for the input
x ∈ X . Here ∆Y denotes the space of countably additive probabilities on Y. For example, in a classification case,
(ϕdec ◦ ϕenc)(x) = (P (y1), . . . , P (yJ))

⊤, where Y = {y1, . . . , yJ} is the label space, and P (yj) is the probability
estimated by the model that yj is the correct label for input x, j ∈ {1, . . . , J}. A visual representation is given
in Figure 1.

1Much of the existing literature focuses on discrete-time processes.
2Here, by “precise” we refer to the classical notion of a Markov semigroup.
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Figure 1. In this figure, we provide a visual representation of the functioning of a convolutional
autoencoder in an image classification problem. The input image of a pug is mapped by encoding
function ϕenc to the surface area Edog ∈ E corresponding to the feature “dog”. Such a projection
is then mapped by decoding function ϕdec to the probability space over the labels. In this simple
example the model gives a high probability to the first label, i.e. “dog”.

Now, imagine that we want to study a smooth transition between a dog and a cat image. Intuitively, this
corresponds to a “walk” from the “dog portion” Edog of the manifold’s surface S(E) to the “cat portion”
Ecat [31]. A visual example is given in Figure 2. Our results, and especially Corollaries 3.3 and 5.10, may be
very useful when (i) such a “walk” is not deterministic, but rather modeled via a Markov process; (ii) the
user is uncertain about which transition probabilities to choose (and on the nature of the invariant measure);
and (iii) we are interested in the dynamics of the probability of a particular label during such a walk. For
example, if we are interested in how the probability of the first label evolves over time, we could consider
function z 7→ f̃(z) = e⊤1 ϕdec(z), where e1 = (1, 0, 0, . . . , 0)⊤ is a J-dimensional standard basis vector, and f̃ is
an example of a bounded functional on E, as discussed earlier in this section.

Our paper is structured as follows. Section 2 introduces the concept of an Imprecise Markov Semigroup Q.
Section 3 derives our results when state space E is a Euclidean space or a Riemannian manifold, Q is compact,
and the bounded test functional f̃ is fixed. Section 4 generalizes the findings in Section 3 to the case of E being
an arbitrary measurable space, while keeping Q compact and the bounded test functional f̃ fixed. Section 5
further extends our results: It is only required that E is Polish metric with finite diameter and that the test
map is any bounded Lipschitz functional. Section 6 concludes our work. We prove Theorem 4.2 in Appendix A,
and we provide a primer on Markov semigroups and diffusion Markov triples in Appendix C.

2. Imprecise Markov semigroups

In this section, we introduce the concept of an Imprecise Markov Semigroup. Its definition hinges on the
notions of Markov processes, Markov semigroups, carré du champ and iterated carré du champ operators, and
Bakry-Émery curvature. We refer the unfamiliar reader to Appendix C.1.

The following is introduced in [32], Chapter 1.1. It is the minimal structure we require throughout the paper
for the space where our stochastic processes of interest live.

Definition 2.1 (Good Measurable Space [32]). A good measurable space is a measurable space (E,F) for which
the measure decomposition theorem applies, and for which there is a countable family of sets which generates
the σ-algebra F .
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Figure 2. In this figure, we represent the smooth transition between a dog and a cat pic-
tures. Moving a cursor between the pictures causes a walk from the “dog portion” Edog of the
manifold’s surface S(E) to the “cat portion” Ecat, depicted as a purple smooth curve. The
results we present in this paper are useful to determine the behavior of a similar walk that
is not deterministic, when it is not possible to determine exactly transition probabilities (and
the invariant measure, when it exists), and when we are interested e.g. in the evolution of the

probability of the first label, y1 = “dog”, captured by the functional z 7→ f̃(z) = e⊤1 ϕdec(z).

Here, the measure decomposition theorem refers to the disintegration theorem (existence of regular conditional
distributions). Concretely, if µ is a probability measure on (E × E,F ⊗ F) and µ1 is its first marginal, then
there exists a Markov kernel k(x, dy) (measurable in x) such that µ(dx, dy) = k(x, dy)µ1(dx). Equivalently, µ
decomposes into the conditional laws of the second coordinate given the first. This is typically guaranteed on
standard Borel spaces (in particular, Polish spaces with their Borel σ-algebras).

In this work, we are interested in Markov semigroups P = (Pt)t≥0 associated with (time homogeneous)
Markov processes (Xt)t≥0. For such a Markov semigroup, for every t ≥ 0, operator Pt is such that

Ptf(x) := E [f(Xt) | X0 = x] =

∫
E

f(y)pt(x, dy), f ∈ B(E), x ∈ E,

where B(E) is the space of bounded measurable functionals on E, and pt is the probability kernel describing
the evolution of the Markov process. In words, operator Pt applied on f ∈ B(E) gives us the expected value of
f(Xt), “weighted by” the transition probability (from the starting value X0 = x to Xt) of our Markov process.
We focus on this type of Markov semigroups because studying their (ergodic) behavior informs us about the
(ergodic) behavior of the associated Markov processes.

Throughout the paper, we will assume that the semigroups we consider always have an invariant probability
measure µ, so that the elements of P = (Pt)t≥0 are bounded operators in Lp(µ), p ∈ [1,∞). In fact, most
semigroups of interest have an invariant measure [32], Section 1.2.1. A way to derive µ as a weak limit of a
“reasonable” initial probability measure µ0 is inspected in [32], p. 10. For a discussion on this matter, we refer
the interested reader to Remark C.2 in Appendix C.1.
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We now introduce a space that will play a pivotal role in the definition of an Imprecise Markov Semigroup.
Recall that, for all t ≥ 0, the t-th element Pt of Markov semigroup P = (Pt)t≥0 is a linear operator that sends
bounded measurable functionals on E to bounded measurable functionals on E. In formulas, we can write this
as Pt : B(E) → B(E), or equivalently, Pt ∈ B(E)B(E). In turn, this implies that a Markov semigroup P can be
seen as a function mapping bounded measurable functionals f on E to nets of bounded measurable functionals
Pf = (Ptf)t≥0 on E. In formulas, P : B(E) → B(E)

R+ , or equivalently, P ∈ (B(E)
R+)B(E).

Definition 2.2 (Imprecise Markov Semigroup (IMSG)). An Imprecise Markov Semigroup is a nonempty col-

lection Q of Markov semigroups (MSGs) associated with Markov processes. That is, Q ⊂ (B(E)
R+)B(E) such

that

Q ⊆ Q := {P ∈ (B(E)
R+)B(E) : P is an MSG associated with a Markov process}. (2.1)

In Sections 3 and 4, we will work with compact IMSGs. To do so, we need to introduce a notion of compactness
in the space (B(E)

R+)B(E). Such a notion hinges on the possibility of comparing the elements of Q, when they
are evaluated at some functional f̃ ∈ B(E).

First, suppose we are able to define a total preorder ⪯tot
f̃

so that

P ⪯tot
f̃

P′ ⇐⇒ Ptf̃ ≤ P ′
t f̃ , ∀t ≥ 0.

This relation is always reflexive and transitive on Q; It need not be antisymmetric, since distinct semigroups
may coincide on f̃ . We therefore introduce the equivalence relation

P ∼f̃ P′ ⇐⇒ Ptf̃ = P ′
t f̃ for all t ≥ 0,

and work on the quotient set Qf̃ := Q/ ∼f̃ . The preorder ⪯tot
f̃

induces a genuine total order on Qf̃ by

[P] ⪯tot
f̃

[P′] ⇐⇒ P ⪯tot
f̃

P′,

which is well-defined and antisymmetric by construction. Of course, here the square brackets denote equivalence
classes. We have that, for all [P], [P′] ∈ Qf̃ , either [P] ⪯tot

f̃
[P′] or [P′] ⪯tot

f̃
[P]. In addition, the notions of

maximal and greatest elements of (Qf̃ ,⪯tot
f̃

) coincide, and correspond to the classical notion of maximum (with

respect to the total order ⪯tot
f̃

). Similarly, minimal and least element notions coincide, and correspond to the

classical notion of minimum.
Now, let τ⪯tot

f̃
be the order topology on Qf̃ . That is (provided |Qf̃ | ≥ 2), τ⪯tot

f̃
is the topology whose base

is given by the open rays {[P] : [P1] ≺tot
f̃

[P]} and {[P] : [P] ≺tot
f̃

[P2]}, where ≺tot
f̃

is the strict counterpart of

⪯tot
f̃

, for all [P1], [P2] in Qf̃ , and by the open intervals ([P1], [P2]) = {[P] : [P1] ≺tot
f̃

[P] ≺tot
f̃

[P2]}. This means

that the τ⪯tot
f̃
-open sets in Qf̃ are the sets that are a union of (possibly infinitely many) such open intervals

and rays.
Assume that Qf̃ is τ⪯tot

f̃
-compact. This implies that Qf̃ contains the minimum and the maximum (with

respect to the total order ⪯tot
f̃

), which we denote by [P]
f̃
and [P]f̃ , respectively. We fix arbitrary representatives

Pf̃ ∈ [P]
f̃
and Pf̃ ∈ [P]f̃ . In turn, since Pf̃ ,Pf̃ ∈ Q, they both are (precise) Markov semigroups associated

with Markov processes by (2.1).
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Suppose now that the induced relation is not total. More formally, the preorder ⪯part

f̃
on Q is defined similarly

to before by

P ⪯part

f̃
P′ ⇐⇒ Ptf̃ ≤ P ′

t f̃ , ∀t ≥ 0.

Consider its induced relation (a genuine partial order) on the quotient Qf̃ . Contrary to before, this time there

might exist [P], [P′] ∈ Qf̃ such that [P] ̸⪯part

f̃
[P′] and [P] ̸⪰part

f̃
[P′]. A remark is in order.

Remark 2.3 (Antisymmetry and Identifiability). Fix f̃ ∈ B(E) and consider the preorder on Q defined by

P ⪯f̃ P′ ⇐⇒ Ptf̃ ≤ P ′
t f̃ , ∀t ≥ 0.

This preorder is antisymmetric on Q (hence a genuine partial order on the semigroups in Q) if and only if the
orbit map

P 7→ (Ptf̃)t≥0 ∈ B(E)R+

is injective on Q, i.e. whenever Ptf̃ = P ′
t f̃ for all t ≥ 0, it follows that P = P′ as semigroups. Equivalently, f̃

separates the elements of Q through their time evolution. In general, a single functional f̃ will not be separating,
so assuming antisymmetry from f̃ can be a strong identifiability restriction on Q. However, antisymmetry can
hold in structured families (e.g. low-dimensional parametric classes) when f̃ is chosen so that the trajectories
t 7→ Ptf̃ uniquely identify the underlying semigroup within Q. Identifiability of Markov kernel/semigroup can be
guaranteed via a separating (measure-determining) class of test functions rather than on a single f̃ [33, 34]. In
this paper we instead allow an arbitrary, application-driven choice of f̃ and handle potential non-antisymmetry
by working with the quotient Qf̃ := Q/ ∼f̃ . In the special case where f̃ is separating on Q, the equivalence
relation ∼f̃ is trivial and the quotient poset becomes unnecessary.

Let us now introduce three set theoretic concepts, inspired by [35], that will allow us to properly define a
compact Imprecise Markov Semigroup even when only a partial order can be determined.

Definition 2.4 (Up/Down-Directed Subsets of Qf̃ ). A subset S of Qf̃ is up-directed if for all [P], [P′] ∈ S,

there exists [P′′] ∈ S such that [P] ⪯part

f̃
[P′′] and [P′] ⪯part

f̃
[P′′]. We say that S is down-directed if the opposite

holds. That is, if for all [P], [P′] ∈ S, there exists [P′′] ∈ S such that [P′′] ⪯part

f̃
[P] and [P′′] ⪯part

f̃
[P′].

Definition 2.5 (Dedekind-Closed Subsets of Qf̃ ). A subset K of Qf̃ is Dedekind-closed if whenever S is an

up-directed subset of K, and [P] is the ⪯part

f̃
-least upper bound of S (or S is a down-directed subset of K, and

[P] is the ⪯part

f̃
-greatest lower bound of S), then [P] ∈ K.

Definition 2.6 (Incomparability, Diversity, and ⪯part

f̃
-Width of Qf̃ ). Two elements [P], [P′] ∈ Qf̃ are incom-

parable if [P] ̸⪯part

f̃
[P′] and [P] ̸⪰part

f̃
[P′]. A subset S of Qf̃ is diverse if [P], [P′] ∈ S and [P] ̸= [P′] implies

that [P] and [P′] are incomparable. Finally, we define the ⪯part

f̃
-width of Qf̃ to be the supremum of the set

{k : k is the cardinality of a diverse subset of Qf̃}.

Definitions 2.4, 2.5, and 2.6 are needed to introduce the concept of ⪯part

f̃
-compatible topology. Requiring that

Qf̃ is compact in such a topology (together with other assumptions) will ensure us that it possesses least and

greatest elements (with respect to the partial order ⪯part

f̃
).
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Definition 2.7 (⪯part

f̃
-Compatible Topology [35]). A topology τ⪯part

f̃

on Qf̃ is ⪯part

f̃
-compatible if

� every τ⪯part

f̃

-closed set is also Dedekind-closed

� every set of the form {[P] ∈ Qf̃ : [P′] ⪯part

f̃
[P] ⪯part

f̃
[P′′]} is τ⪯part

f̃

-closed.

The next remark explores the connections between the (generic) partial-order-compatible and the interval
topologies.

Remark 2.8 (Interval Topology vs ⪯-Compatible Topologies). Let (X,⪯) be a partially ordered set. [35]
considers two topologies naturally associated with the order.
(1) Interval topology. The interval topology TI is the topology for which the family of order intervals

[a, b] := {x ∈ X : a ⪯ x ⪯ b}, a, b ∈ X,

forms a closed subbasis. Equivalently, TI is the coarsest topology on X for which every interval [a, b] is closed.
(2) ⪯-compatible topology. A topology T on X is said to be ⪯-compatible if: (i) every T -closed set is
Dedekind-closed, and (ii) every interval [a, b] is T -closed.
Relationship. Condition (ii) implies that any ⪯-compatible topology must contain the interval topology,

TI ⊆ T .

Moreover, if TD denotes the topology whose closed sets are exactly the Dedekind-closed subsets of X, then
condition (i) yields the upper bound

T ⊆ TD.

Hence, ⪯-compatible topologies are precisely those lying between TI and TD,

TI ⊆ T ⊆ TD.

In particular, TI is the minimal ⪯-compatible topology requirement (it enforces closed intervals only), whereas
TD is the maximal one (it enforces all Dedekind-closed sets to be closed). In special situations these two coincide
(e.g. under finite ⪯-width, similarly to Lem. 2.9), yielding uniqueness of the ⪯-compatible topology.

The following lemma summarizes some useful topological (and order-theoretic) properties of Q.

Lemma 2.9 (Topological Properties of Qf̃ ). If Qf̃ has finite ⪯part

f̃
-width, then ⪯part

f̃
-compatible topology τ⪯part

f̃

is unique. If in addition (a) Qf̃ is τ⪯part

f̃

-compact, (b) ⪯part

f̃
has closed graph, that is, the set

Graph(⪯part

f̃
) := {([P], [P′]) ∈ Qf̃ ×Qf̃ : [P] ⪯part

f̃
[P′]}

is closed in the product topology τ⪯part

f̃

× τ⪯part

f̃

, and (c) Qf̃ is both up- and down- directed, then Qf̃ admits

⪯part

f̃
-least and ⪯part

f̃
-greatest elements. We denote them by [P]

f̃
and [P]f̃ , respectively.

Proof. The first part of the lemma is a consequence of [35], theorem, p. 528, which also shows that (Qf̃ , τ⪯part

f̃

)

is Hausdorff.
For the second claim, assume that Qf̃ is τ⪯part

f̃

-compact and that ⪯part

f̃
has closed graph. Consider the family

C := {↓ [P] : [P] ∈ Qf̃}, ↓ [P] := {[R] ∈ Qf̃ : [R] ⪯part

f̃
[P]}.
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Each ↓ [P] is nonempty and closed: Indeed,

↓ [P] = {[R] ∈ Qf̃ : ([R], [P]) ∈ Graph(⪯part

f̃
)},

so it is the preimage of the closed set Graph(⪯part

f̃
) under the continuous map [R] 7→ ([R], [P]). Order C by reverse

inclusion. Let K ⊂ C be a chain for this order, i.e. a nested family of nonempty closed sets. By compactness,⋂
C∈K C ̸= ∅; Pick [P] ∈

⋂
C∈K C. Fix C ∈ K. Since C =↓ [Q0] for some [Q0] ∈ Qf̃ and [P] ∈ C, we have

[P] ⪯part

f̃
[Q0]. If [R] ⪯part

f̃
[P], then by transitivity [R] ⪯part

f̃
[Q0], hence [R] ∈ C. Thus ↓ [P] ⊆ C. Hence ↓ [P]

is an upper bound of K in the reverse-inclusion order. Therefore, by Zorn’s lemma, C has a maximal element
↓ [P∗] (with respect to reverse inclusion). We claim that [P∗] is ⪯part

f̃
-minimal in Qf̃ . Indeed, if [R] ⪯part

f̃
[P∗],

then ↓ [R] ⊆↓ [P∗]. By maximality of ↓ [P∗] in C (reverse inclusion), we must have ↓ [R] =↓ [P∗], which
implies [P∗] ⪯part

f̃
[R]. By antisymmetry of ⪯part

f̃
on Qf̃ , [R] = [P∗]. Hence [P∗] is minimal. The existence

of a maximal element follows analogously by applying the same argument to the closed principal upper sets
↑ [P] := {[R] ∈ Qf̃ : [P] ⪯part

f̃
[R]}. Finally, assume Qf̃ is down-directed. Let [P∗] be a ⪯part

f̃
-minimal element.

For any [P] ∈ Qf̃ , by down-directedness there exists [R] ∈ Qf̃ with [R] ⪯part

f̃
[P∗] and [R] ⪯part

f̃
[P]. By

minimality of [P∗] we must have [R] = [P∗], hence [P∗] ⪯part

f̃
[P]. Thus [P∗] is the least element. The argument

for a greatest element is analogous using up-directedness.

Let us add a discussion on why the conditions in Lemma 2.9 ensure that the greatest and least elements for
Qf̃ exist. Compactness with respect to the topology τ⪯part

f̃

can be read as a “no escape” condition: Whenever

we approximate an extremal element by moving along a chain, the corresponding limit points – when they
exist – remain inside Qf̃ . In other words, τ⪯part

f̃

-compactness ensures that Qf̃ does not “escape to infinity” in

a topological sense: It prevents extremal candidates from slipping out of the model class.
Finite ⪯part

f̃
-width restricts the degree of “spread” in the poset Qf̃ , preventing it from having arbitrarily

large levels of incomparability. In other words, it ensures that the “pathological elements” of Qf̃ – i.e. the

incomparable ones – are controllably few. This helps bridge the gap with the totally ordered case ⪯tot
f̃

, where

no incomparable elements exist and extremal elements are conceptually straightforward.
The closed-graph condition for ⪯part

f̃
(on the quotient poset Qf̃ ) plays a complementary topological role. It

says that comparability is stable under limits: If [Pn] ⪯part

f̃
[P′

n] for all n and [Pn] → [P], [P′
n] → [P′] in τ⪯part

f̃

,

then necessarily [P] ⪯part

f̃
[P′]. In particular, each principal lower set ↓ [P] := {[R] ∈ Qf̃ : [R] ⪯part

f̃
[P]} and

principal upper set ↑ [P] := {[R] ∈ Qf̃ : [P] ⪯part

f̃
[R]} is τ⪯part

f̃

-closed. This prevents the order relation from

“breaking” at the boundary of Qf̃ and is what allows compactness arguments (via intersections of closed sets)
to produce genuine extremal elements inside Qf̃ .

Finally, the up-directed and down-directed assumptions ensure that these extremal elements are not merely
maximal/minimal in the partial order, but are in fact greatest/least. Down-directedness means that any two
models admit a common lower bound in Qf̃ ; Thus, once a ⪯part

f̃
-minimal element [P]f̃ exists, it must lie

below every other element (otherwise one could find a strict lower bound for it), hence it is the least element.
The analogous statement holds for the greatest element under up-directedness. In short, compactness and
closed graph yield existence of minimal/maximal elements, while two-sided directedness upgrades them to
least/greatest, which is precisely what we need to identify the extremal elements within Qf̃ .

We now give a simple example of a collection Q and a test function f̃ that satisfy (2.1) and the hypotheses
of Lemma 2.9, without the additional complications arising from equivalence classes.

Example 2.10 (A Compact Family with Closed Order and Least/Greatest Elements). Let E = {0, 1} with the
discrete σ-algebra F = 2E , and fix the test function f̃ : E → R given by f̃(x) = x. For each parameter a ∈ [0, 1],
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let µa be the Bernoulli(a) law on E, i.e.

µa({1}) = a, µa({0}) = 1− a.

Define the Markov operator Ka by

(Kag)(x) :=

∫
E

g(y)µa(dy), g ∈ B(E),

so that Kag is constant in x. Notice that Ka is idempotent, K2
a = Ka.

For t ≥ 0, define

P a
t := e−tI + (1− e−t)Ka.

Then Pa = (P a
t )t≥0 is a Markov semigroup. Indeed, using K2

a = Ka and IKa = KaI = Ka,

P a
t P

a
s =

(
e−tI + (1− e−t)Ka

)(
e−sI + (1− e−s)Ka

)
= e−(t+s)I +

(
1− e−(t+s)

)
Ka = P a

t+s.

Let

Q := {Pa : a ∈ [0, 1]}.

With respect to the order ⪯part

f̃
(i.e. P ⪯part

f̃
P′ ⇐⇒ Ptf̃ ≤ P ′

t f̃ for all t ≥ 0), we have

P a
t f̃(x) = e−tf̃(x) + (1− e−t)µa(f̃) = e−tx+ (1− e−t)a,

and therefore

Pa ⪯part

f̃
Pb ⇐⇒ a ≤ b.

Hence Q is a chain (so it has finite width 1).
Endow Q with the topology induced by the identification a 7→ Pa. Then Q is compact and Hausdorff

(homeomorphic to [0, 1]), and the order graph is closed since it corresponds to

{(a, b) ∈ [0, 1]2 : a ≤ b},

which is closed in [0, 1]2. In particular, every order interval {P ∈ Q : Pa′ ⪯part

f̃
P ⪯part

f̃
Pa′′} is closed.

Finally, Q admits a least and a greatest element:

Pf̃ = P0, Pf̃ = P1.

We are now ready for the full definition of a compact Imprecise Markov Semigroup.

Definition 2.11 (Compact Imprecise Markov Semigroup). Let Q be an IMSG, that is, a subset of the space

(B(E)
R+)B(E) that satisfies (2.1). Fix any f̃ ∈ B(E), and recall the quotient poset Qf̃ = Q/ ∼f̃ introduced

above. If the induced order ⪯tot
f̃

on Qf̃ is total, then we say that Q is a compact Imprecise Markov Semigroup

if Qf̃ is τ⪯tot
f̃
-compact.
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If instead the induced order ⪯part

f̃
on Qf̃ is only partial, then we say that Q is a compact Imprecise Markov

Semigroup if Qf̃ has finite ⪯part

f̃
-width, it is τ⪯part

f̃

-compact, it is both up- and down-directed, and ⪯part

f̃
has

closed graph.
In both cases, we denote by [P]

f̃
and [P]f̃ the ⪯f̃ -least and ⪯f̃ -greatest elements of Qf̃ , respectively.

Remark 2.12 (Notation: Quotient Poset, Representatives, and Shorthands). Fix f̃ ∈ B(E). Whenever we
invoke order-theoretic or topological notions associated with ⪯f̃ , we work on the quotient poset Qf̃ = Q/ ∼f̃

endowed with the induced antisymmetric order, and we use bracket notation to emphasise equivalence classes.
In particular, [P]

f̃
and [P]f̃ denote the ⪯f̃ -least and ⪯f̃ -greatest equivalence classes in Qf̃ .

When we drop the brackets and write Pf̃ or Pf̃ , we mean that we have fixed (once and for all in the relevant

argument) a representative Markov semigroup in the corresponding class, i.e. Pf̃ ∈ [P]
f̃
and Pf̃ ∈ [P]f̃ . Any

operator-level statement involving Pf̃ or Pf̃ (e.g. generators, invariant measures, curvature conditions) is to
be understood as a statement about the chosen representatives. For notational simplicity, in the remainder of
this section, and in Sections 3 and 4, we adopt the following abuse of notation, Pf̃ ≡ P and Pf̃ ≡ P, with the

understanding that the dependence on the chosen function f̃ is implicit.

At this point, the reader may ask themselves why we went to such great lengths to ensure that Q possesses
the least and greatest elements P and P, respectively. Informally, the reason is that studying their limiting
behavior (that is, studying the limits limt→∞ P tf̃ and limt→∞ P tf̃) will inform us on the limiting behavior of
all the elements of Q evaluated at f̃ . This intuition is made formal in Corollaries 3.3 and 4.3. In addition, since
P and P are (precise) Markov semigroups, we can use techniques developed in the Markov diffusion operators
literature [32] to carry out such a study.

Notice also that the framework of Definition 2.11 is deliberately non-switching. That is, we model ambiguity
by a set of precise Markov semigroups Q, but we do not allow the decision-maker to concatenate two different
models over successive time intervals. Concretely, given P,P′ ∈ Q, we do not assume that there exists P′′ ∈ Q
such that

P ′′
t+s = P ′

t ◦ Ps, for some t, s ≥ 0,

nor do we interpret P ′
t as acting on the random output Psf̃ produced under a different model P. Allowing such

concatenations corresponds to admitting switching controls, and typically leads to a time-consistent upper (or
lower) expectation that is no longer representable by a single precise semigroup: The resulting one-step kernels
need not be dominated by a fixed probability kernel and may instead be described by nonlinear transition
operators – e.g. capacities in the sense of [20].

In Sections 3 and 4 we therefore restrict attention to ambiguity represented by a collection of precise semi-
groups without switching. By contrast, in Section 5 we explicitly allow switching and construct the associated
(Nisio) nonlinear semigroups, which lets us dispense with compactness while retaining robust long-term behavior.

Furthermore, it is worth mentioning that in Sections 3 and 4 we focus our attention on orders (total and
partial) associated with a particular function f̃ . Indeed, if one were to consider the “global” comparison

P ⪯ P′ ⇐⇒ Ptf ≤ P ′
tf, for all t ≥ 0 and all f ∈ B(E),

then this relation is in fact trivial : Applying it to −f yields Ptf ≥ P ′
tf , hence Ptf = P ′

tf for all t ≥ 0 and
f ∈ B(E). In other words, such an order collapses to equality and cannot distinguish distinct semigroups.
Therefore, to obtain a nontrivial comparison and meaningful extremal elements, one must restrict the function
class, which we do here by working with orders induced by a fixed f̃ . We note that even under a restricted
order, there are families Q satisfying (2.1) that still fail to possess a least element P with respect to that order,
see [9], Example 6.2.
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As we can see, the choice of f̃ is then crucial, and it should be driven by the application of interest. For
example, as we discussed in Section 1, in the case of a convolutional autoencoder, we can pick f̃(z) = e⊤1 ϕdec(z)
to study how the probability of the first label evolves over time. In quantitative finance, we could pick f̃(z) =
min{(K−zi)+,M}, z ∈ Rd

+, where (·)+ = max(·, 0),K is the strike, andM a truncation level. This is a truncated
put-option payoff on the i-th asset; The resulting lower and upper semigroups yield worst-case option prices
under model uncertainty. In reliability/survival analysis, a viable choice is f̃(z) = Ind{z≤θ}, for a failure threshold
θ, where Ind{·} denotes the indicator function. The functional tracks the probability that the degradation index
Xt remains in the “healthy” region, yielding robust upper and lower survival curves.

Let us now link the least element P with lower previsions [2], sometimes also referred to as lower expectations,
a crucial concept – perhaps the most important one – in imprecise probability theory.3 Given a generic set P of
countably additive probability measures on E, the lower prevision for a (measurable bounded) functional f̃ on
E is given by E(f̃) = infP∈P EP (f̃), whenever the expectations exist. Alternatively, a superadditive Choquet
capacity P can be considered, and the lower prevision is computed according to the Choquet integral

∫
E
f̃dP

[20]. These two definitions only coincide if P is 2-monotone [24], Section 2.1.(ii). Conditional lower previsions
are defined analogously [2, 36]. In our imprecise Markov semigroup framework of Sections 3 and 4, we have
that for every t ≥ 0, the lower conditional prevision E(f̃(Xt) | X0) is equal to P tf̃ , which in turn is a linear
conditional expectation. This is because P is the least element of Q, so P ∈ Q, which by (2.1) implies that P
is a (precise) Markov semigroup associated with a (linear) Markov process. Working with compact Imprecise
Markov Semigroups (IMSGs) lets us represent, within a single object, the agent’s ambiguity about both (i) the
long-run law (invariant measure) and (ii) the short-run dynamics (transition probabilities) of a Markov process.
In Section 5, instead, we do not require Q to be compact, so we are able to explicitly relate imprecise Markov
semigroups to both the lower envelope E(f̃) and the Choquet integral

∫
E
f̃dP .

In the imprecise probability literature, ambiguity about invariant behavior is often encoded directly at the
level of stationary objects, for instance through an invariant Choquet capacity [6]. Ambiguity about the dynamics
is instead typically modeled by sets of transition probabilities (in discrete time) or sets of transition rate
matrices (in continuous time), frequently assumed convex so that worst/best-case evaluations can be computed
via linear-programming-type procedures [9, 10].

A Markov semigroup does not, by itself, specify an initial distribution: It encodes only the transition mech-
anism (Pt)t≥0, while an initial law ν ∈ ∆E must be supplied separately to determine the full process law; Here
∆E denotes the space of countably additive probability measures on E. In this paper, we represent ambiguity
about the dynamics by an imprecise Markov semigroup Q, i.e. a family of precise semigroups P = (Pt)t≥0. Each
P ∈ Q determines a candidate collection of transition probabilities and (when it exists) an associated invariant
measure µ ≡ µP. Hence Q captures ambiguity both about transition probabilities and about invariant/long-
run behavior, by allowing these objects to vary across P ∈ Q. If one also wishes to model ambiguity about
the initial distribution, this can be done exogenously by specifying a set of priors N ⊆ ∆E and considering
{νPt : ν ∈ N,P ∈ Q}; Our results primarily focus on the robust long-term behavior induced by uncertainty in
the semigroup itself.

As we shall see in Sections 3, 4, and 5, taking an (imprecise Markov) semigroup route allows us to explicitly
account for the geometry of the state space E when we study the ergodic behavior of P and P (a perspective
that is new to the literature), and to work in continuous time (whereas the majority of the results in the
literature pertain the discrete time case). The price we pay in Sections 3 and 4 for these gains is the need
for compactness of the equivalence class space under our chosen preorder. This is because, as a consequence
of Lemma 2.9, P,P ∈ Q, and so we can use techniques developed for (precise) Markov semigroups to study
the ergodic behavior of P and P, and in turn of all the elements of Q. In Section 5, instead, we allow Q
to be non-compact, thus making our approach closer to the frameworks introduced e.g. in [18, 19, 37–41],4

where nonlinear Markov semigroups (and in particular Markov semigroups associated with nonlinear Markov
processes) are studied.

3A similar argument holds for P and upper previsions.
4In those papers, the curvature of the state space E is not considered by the authors when deriving their results.
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Figure 3. In this figure, M is a Riemannian manifold in R3, x ∈ M is an element of the mani-
fold, and TxM is the tangent space of M at x (the set of all tangent vectors to all smooth curves
on M passing through x). γ(t) is a C1 curve passing through x, and v ≡ v(x) = (vi(x))i∈{1,2,3}
is a vector field.

3. Ergodicity in the Riemannian manifold case – compact Q

In this section, we begin our inspection on how the geometry of the state space E informs us around the
ergodicity of an imprecise Markov semigroup Q. Our journey starts by letting E = Rn, or E = M , a complete
(with respect to the Riemannian distance) Riemannian manifold [42].5

Loosely, a complete Riemannian manifold M can be thought of as a “smooth” subset of Rn, equipped with
a complete metric that depends in some sense on the elements x ∈ M . A visual representation of a Riemannian
manifold in R3 is given in Figure 3. In this context, the carré du champ and the iterated carré du champ operators
associated with a Markov semigroup are easily computed (see Appendix C.1.1). Recall from Remark 2.12 that,
in the following theorem, we have P ≡ Pf̃ , a fixed chosen representative from [P]

f̃
, and similarly for P.

Theorem 3.1 (Limiting Behavior of P and P, E Euclidean space or Riemannian manifold). Let E be Rn or a
smooth complete connected manifold. Let A0 be the class of smooth (C∞) compactly supported functionals f on
E.6 Fix any f̃ ∈ B(E), and assume that we can define the partial order ⪯part

f̃
or the total order ⪯tot

f̃
that we

introduced in Section 2. Let Q be a compact imprecise Markov semigroup. Denote by P and P the greatest and
least elements of Q,7 respectively, with invariant measures µ and µ, and associated infinitesimal generators L
and L, respectively. Suppose that the following three conditions hold,

(i) L and L are elliptic diffusion operators, symmetric with respect to µ and µ,8 respectively;

(ii) L and L satisfy the Bakry-Émery curvature conditions CD(ρL,∞) and CD(ρL,∞), respectively, for some
ρL, ρL ∈ R;

(iii) The carré du champ algebra for both the carré du champ operators Γ and Γ of the Markov generators L
and L, respectively, is A0.

5For a primer on Riemannian geometry, we refer the reader to [32], Appendix C.3
6Recall that a smooth function on a closed and bounded set (and hence, in this framework, compact by Heine-Borel, or

Hopf-Rinow for Riemannian manifold) is itself bounded.
7With respect to ⪯part

f̃
or ⪯tot

f̃
.

8The symmetric assumption tell us that the law of the Markov processes associated with P and P are “reversible in time”.
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Then, we have that

∀f ∈ L2(µ), lim
t→∞

P tf = Eµ [f ] =

∫
E

fdµ, µ-a.e.

and

∀f ∈ L2(µ), lim
t→∞

P tf = Eµ [f ] =

∫
E

fdµ, µ-a.e.

in L2(µ) and in L2(µ), respectively. In addition, if the invariant measure for P is equal to that of P, and if we
denote it by µ, then

∀f ∈ L2(µ), lim
t→∞

P tf = lim
t→∞

P tf = Eµ [f ] =

∫
E

fdµ, µ-a.e. (3.1)

in L2(µ).

If E is a complete Riemannian manifold, the Bakry-Émery curvature condition CD(ρL,∞) in Theorem 3.1.(ii)
is related to the notion of Ricci tensor at every point of E, and in turn to the Ricci curvature of the manifold
E (for more, we refer the reader to Appendix C.1.1).9 We see, then, how the geometry of the state space E
influences the ergodic behavior of an imprecise Markov semigroup.

Proof of Theorem 3.1. We begin by pointing out that, as a consequence of Lemma 2.9, P and P are (precise)
Markov semigroups, and so the infinitesimal generators L and L are well-defined.

We first focus on the greatest element P of Q. Recall that the variance Varµ(f) of function f ∈ L2(µ) is
given by

Varµ(f) :=

∫
E

f2dµ−
(∫

E

fdµ

)2

, (3.2)

and that the Dirichlet form E(f) at f ∈ A0 of the carré du champ operator Γ of the Markov generator L is
given by

E(f) :=
∫
E

Γ(f)dµ.

Pick any f ∈ A0. Given our hypotheses, by [32], Theorem 3.2.3, we have that for every t ≥ 0, the following
gradient bound holds

Γ
(
P tf

)
≤ e−2tρLP t

(
Γ(f)

)
. (3.3)

Then, by [32], Theorem 4.7.2, equation (3.3) implies that the following local Poincaré inequality holds for all
t ≥ 0,

P t(f
2)−

(
P tf

)2 ≤ 1− e−2tρL

ρL
P t

(
Γ(f)

)
. (3.4)

9A similar argument holds for the infinitesimal generator L associated with Markov semigroup P.
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Here the factor 1−e
−2tρ

L

ρL
needs to be understood as 2t when ρL = 0. Following [43], Theorem 2.35, taking the

limit as t → ∞ on both sides of (3.4) yields the following Poincaré inequality

Varµ(f) ≤
1

ρL
E(f). (3.5)

Here it is implicitly assumed that ρL > 0; We expand on this in Remark 3.2. In addition, recall that for the
Dirichlet form E(f) we have that

E(f) = −
∫
E

fLfdµ. (3.6)

Combining (3.6) with (3.5), we have that if function f is such that Lf = 0, then E(f) = 0. In turn, this implies
that Varµ(f) = 0, and so the function f must be constant µ-a.e. Moreover, A0 is a core for L, i.e. it is dense in
D(L) for the graph norm ∥f∥D(L) = ∥f∥L2(µ) + ∥Lf∥L2(µ).

10 Therefore, equations (3.2)–(3.6) established on A0

extend to D(L) by approximation. This implies that every f ∈ D(L) such that Lf = 0 is constant, and so that
L is ergodic according to [32], Definition 3.1.11. Then, since µ is finite, by [32], Proposition 3.1.13 we have that

∀f ∈ L2(µ), lim
t→∞

P tf =

∫
E

fdµ, µ-a.e.

in L2(µ). This concludes the first part of the proof. The second part, that is, the one pertaining the least element
P of Q, is analogous. The last statement of the theorem is immediate once we let µ = µ = µ.

Remark 3.2. Let us add a technical remark to Theorem 3.1. If we do not know whether the (reversible
invariant) measures µ and µ are finite, then in the statement of condition (ii) of Theorem 3.1 we must require
that ρL, ρL > 0 [32], Theorem 3.2.7, so that (3.3) holds.

Theorem 3.1 is about the chosen representatives P ∈ [P]
f̃
and P ∈ [P]f̃ : the invariant measures µ, µ and

generators L,L are associated with these representatives. The proof uses only assumptions (i)–(iii) on the
representative generator; Extremality is not used beyond selecting which semigroups are considered. Hence, the
same convergence conclusion holds for any representative in Q (in particular, in the extremal classes) satisfying
(i)–(iii). Moreover, if two representatives P,P′ lie in the same class [P] = [P′] and both satisfy the conclusion
with invariant measures µ, µ′, then they necessarily satisfy

∫
f̃dµ =

∫
f̃dµ′, since Ptf̃ = P ′

t f̃ for all t.
Examples of semigroups for which the conditions (i)–(iii) of Theorem 3.1 are met are the Ornstein-Uhlenbeck

and Laguerre semigroups (whose Markov generators satisfy the Bakry-Émery curvature condition with ρ > 0; In
particular, ρ = 1 for the former, and ρ = 1/2 for the latter). In addition, an example of two Markov semigroups
having the same invariant measure (as required for (3.1) to hold) are the Brownian motion with quadratic
potential, and the Ornstein-Uhlenbeck semigroup with volatility parameter equals to

√
2. Indeed, for both, the

invariant measure is a Gaussian with mean 0, and variance the inverse of the rate of mean reversion.
The following is an important corollary that subsumes the ergodic behavior of the elements of Q when applied

to f̃ ∈ B(E). We denote by µ, µ the invariant measures of the chosen representatives of the extremal classes
from Theorem 3.1.

Corollary 3.3 (Ergodicity of Compact Imprecise Markov Semigroup Q, E Euclidean space or Riemannian
manifold). Retain the assumptions of Theorem 3.1, and let f̃ ∈ B(E) be the same functional that we fixed in

10This norm and its properties are recalled in Appendix C.2.



424 M. CAPRIO AND M. CHEN

Theorem 3.1. Then, for all P = (Pt)t≥0 ∈ Q, we have that

lim
t→∞

Ptf̃ ≥
∫
E

f̃dµ, µ-a.e. (3.7)

in L2(µ), and

lim
t→∞

Ptf̃ ≤
∫
E

f̃dµ, µ-a.e. (3.8)

in L2(µ). In addition, if the invariant measure for P is equal to that of P, and if we denote it by µ, then

lim
t→∞

Ptf̃ =

∫
E

f̃dµ, µ-a.e. (3.9)

in L2(µ).

Proof. Immediate from Theorem 3.1, and the fact that – as a consequence of Lemma 2.9 and Definition 2.11 –
P and P are the greatest and least elements of Q, respectively.

Let us add a few comments on Corollary 3.3. If µ is an invariant measure for a (precise) semigroupP = (Pt)t≥0,
then by definition µPt = µ for all t ≥ 0; Equivalently,

∫
E
Ptfdµ =

∫
E
fdµ for every bounded f . This is a

stationarity statement and holds for every t as soon as the initial law is chosen to be µ. Corollary 3.3, however,
is of a different nature: It provides long-term bounds for the conditional expectation Ptf̃(x) = E[f̃(Xt) | X0 = x]
(uniformly in the initial state, and robustly over Q), for a fixed f̃ , which is not implied by invariance alone and
typically requires mixing/ergodicity assumptions. In particular, in the case µ = µ = µ, the bounds collapse to
the same constant,

lim
t→∞

P tf̃(x) = lim
t→∞

P tf̃(x) =

∫
E

f̃dµ,

so the imprecision about the long-run expectation of f̃ vanishes, even though the short-run values may differ
across models in Q. Finally, we emphasize that the limits in Corollary 3.3 are not Cesàro time averages along a
single trajectory; Rather, they concern convergence of the semigroup (one-time marginals) as t → ∞. Motivated
by (3.7)–(3.9), we say that Q is f̃ -lower ergodic if it satisfies (3.7), f̃ -upper ergodic if it satisfies (3.8), and
f̃ -ergodic if it satisfies (3.9).

As we pointed out in Section 2, there are two main differences with respect to the existing literatures on
imprecise Markov processes and ergodicity for imprecise probabilities. We are the first to explicitly exploit the
geometry of the state space E via the Bakry-Émery curvature condition to derive our results. In addition,
in Theorem 3.1 and Corollary 3.3 we represent the scholar’s ambiguity about the invariant measure and the
transition probability via a compact imprecise Markov semigroup Q. We briefly mention that our approach
differs slightly from the imprecise ergodic literature [22–29], where ambiguity around measure µ is typically
represented via a Choquet approach involving a superadditive Choquet capacity.

We conclude this section with a corollary that further informs us on the geometrical properties of E in
the ergodic regime of Q, when E is a complete Riemannian manifold. Let us denote by En

K the complete n-
dimensional simply connected space of constant sectional curvature K ∈ R,11 and by B(p, r) the ball of radius
r at point p, defined with respect to the Riemannian distance function. Once again, the values that we study
are tied to the choice of the representatives P and P.

11The Ricci curvature of En
K is constant and equal to (n− 1)K.
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Corollary 3.4 (Bishop-Gromov Inequality). Let E ⊆ Rn be a complete Riemannian manifold. Retain the first
part of Theorem 3.1, and assume that condition (ii) holds. Then,

Vol [B(p, r)] ≤ Vol [B(pK , r)] ,

for all p ∈ E, all pK ∈ En
K , all r ∈ (0,∞), and some K that depends on ρL and ρL. Here, Vol[·] denotes the

volume operator.

Proof. Given our assumptions, we know that CD(ρL,∞) and CD(ρL,∞) both hold. Let us define ρ⋆ :=

min{ρL, ρL}, and put ρ⋆ = (n− 1)K, so that K = ρ⋆/(n− 1). The Bakry-Émery curvature assumptions imply
that the Ricci tensor at every point of E is bounded from below by ρ⋆.

12 In turn, we have that the Ricci
curvature Ric of E is lower bounded by (n− 1)K, that is, Ric ≥ (n− 1)K. The result then follows from [44].

Corollary 3.4 tells us that – under the Bakry-Émery curvature condition (ii) of Theorem 3.1 – the volume of
a ball around any element of the manifold E is upper bounded by the volume of a ball around any element of
En

K having the same radius. Further comparison results like Corollary 3.4 that hold in the ergodic regime of Q
will be the subject of future study.

4. Ergodicity in the general case – compact Q

In this section, our goal is to extend Theorem 3.1 and Corollary 3.3 to the case where (E,F) is an arbitrary
good measurable space, while retaining the assumptions that Q is compact and f̃ is fixed. To do so, we need
to introduce the concept of an Imprecise Diffusion Markov Tuple, the imprecise version of a diffusion Markov
triple; The latter is recalled in Appendix C.2. Similarly to Section 3, in the following definition, theorem, and
corollary we have that P ≡ Pf̃ , a fixed chosen representative from [P]

f̃
, and similarly for P.

Definition 4.1 (Imprecise Diffusion Markov (5-)Tuple). Fix any f̃ ∈ B(E), and assume that we can define the
partial order ⪯part

f̃
or the total order ⪯tot

f̃
that we introduced in Section 2. An imprecise diffusion Markov tuple

(E,µ, µ,Γ,Γ) is a 5-tuple such that the following holds.

� (E,F) is a good measurable space.
� µ and µ are (σ-finite) measures on F .

� Aµ
0 and Aµ

0 are vector spaces of bounded measurable functionals dense in all Lp(µ) and all Lp(µ) spaces,
1 ≤ p < ∞, respectively, and stable under products.

� (E,µ,Γ) and (E,µ,Γ) are diffusion Markov triples having associated algebras Aµ
0 and Aµ

0 , respectively,

and carré du champs operators Γ and Γ, respectively.
� The Markov semigroups P = (P t)t≥0 and P = (P t)t≥0 associated with Γ and Γ are the greatest and least
elements of a compact imprecise Markov semigroup Q,13 respectively.

We are now ready for the main result of this section. It hinges on the concepts of adjoint operator, self-
adjointness, essential self-adjointness (ESA), extended algebra A of the algebra A0 associated with a diffusion
Markov triple, connexity, and weak hypo-ellipticity. They are brushed off in Appendix C.2. As its proof technique
is similar to that of Theorem 3.1 (despite exploiting different, more general results), we defer it to Appendix A.

Theorem 4.2 (Limiting Behavior of P and P, General). Fix any f̃ ∈ B(E), and assume that we can define
the partial order ⪯part

f̃
or the total order ⪯tot

f̃
that we introduced in Section 2. Let (E,µ, µ,Γ,Γ) be an impre-

cise diffusion Markov tuple, and denote by Aµ and Aµ the extended algebras of Aµ
0 and Aµ

0 associated with
(E,µ,Γ) and (E,µ,Γ), respectively. If the connexity and weak hypo-ellipticity assumptions hold for both (E,µ,Γ)

and (E,µ,Γ), and if the Bakry-Émery curvature conditions CD(ρL,∞) and CD(ρL,∞) are met by both the

12This is discussed in Appendix C.1.1.
13With respect to ⪯part

f̃
or ⪯tot

f̃
.
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infinitesimal generators L and L associated with Γ and Γ, respectively, for some ρL, ρL ∈ R, then the following
hold

∀f ∈ L2(µ), lim
t→∞

P tf = Eµ[f ] =

∫
E

fdµ in L2(µ), µ-a.e.

and

∀f ∈ L2(µ), lim
t→∞

P tf = Eµ[f ] =

∫
E

fdµ in L2(µ), µ-a.e.

In addition, if µ = µ = µ, then

∀f ∈ L2(µ), lim
t→∞

P tf = lim
t→∞

P tf = Eµ[f ] =

∫
E

fdµ in L2(µ), µ-a.e.

The connexity and weak hypo-ellipticity assumptions allow to “import” some of the geometric structure
of the Riemannian manifolds considered in Section 3 to the more general diffusion Markov triple setting,
and to relax the requirement in Theorem 3.1 that L and L are elliptic operators. This is expanded upon
in Appendix C.2.

Similarly to what we pointed out in Remark 3.2, if we do not know whether the (reversible invariant) measures
µ and µ are finite, then in the statement of Theorem 4.2 we must require that ρL, ρL > 0 [32], Theorem 3.3.23.

Similarly to Corollary 3.3, the following is an important result that subsumes the ergodic behavior of the
elements of a compact IMSG Q when applied to f̃ ∈ B(E).

Corollary 4.3 (Ergodicity of Compact Imprecise Markov Semigroup Q, General). Retain the assumptions of
Theorem 4.2, and let f̃ ∈ B(E) be the same functional that we fixed in Theorem 4.2. Then, for all P = (Pt)t≥0 ∈
Q, we have that

lim
t→∞

Ptf̃ ≥
∫
E

f̃dµ, µ-a.e.

in L2(µ), and

lim
t→∞

Ptf̃ ≤
∫
E

f̃dµ, µ-a.e.

in L2(µ). In addition, if the invariant measure for P is equal to that of P, and if we denote it by µ, then

lim
t→∞

Ptf̃ =

∫
E

f̃dµ, µ-a.e.

in L2(µ).

Proof. Immediate from Theorem 4.2, and the fact that – as a consequence of Lemma 2.9 and Definition 2.11 –
P and P are the greatest and least elements of the compact IMSG Q, respectively.

5. Ergodicity in the general case – Q not necessarily compact

In this section, we show that the long-term conclusions suggested by our imprecise Markov semigroup view-
point can be obtained without requiring the existence of least/greatest semigroups in Q (hence without any
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compactness assumption; We also do without the notational convention of Remark 2.12). To do so, we need the
following.

Let (E, d) be a Polish metric space, F its Borel σ-algebra, and assume

diam(E) := sup
x,y∈E

d(x, y) =: D < ∞. (5.1)

For instance, (5.1) holds when E is compact under d. To avoid measurability pathologies for pointwise suprema
over uncountable index sets (and over switching times), we work with the universal completion F⋆ of F , and
interpret envelopes as universally measurable; We expand on this in Appendix B. We require the following.

Assumption 5.1 (Standard Borel Parametrization and Jointly Measurable Kernels). The family Q satisfying
(2.2) is parameterized asQ = {Pθ}θ∈Θ for a standard Borel space Θ, where Pθ = (P θ

t )t≥0 is a Markov semigroup
with transition kernels pθt (x, dy). For every A ∈ F , the map (t, x, θ) 7→ pθt (x,A) is Borel measurable on R+ ×
E ×Θ.

Assumption 5.1 is a standard measurability hypothesis from stochastic control: It rules out pathological
nonmeasurable envelopes when taking the supremum over θ and when switching along partitions. It is typ-
ically satisfied for parametrized SDE/semigroup families with measurable dependence on θ, and imposes no
compactness requirements on Θ.

Let ∆E be the set of Borel probability measures on (E,F) and ∆1
E := {µ ∈ ∆E :

∫
E
d(x0, x)µ(dx) < ∞}

for some (hence any) x0 ∈ E. Under (5.1), we have ∆1
E = ∆E . For a bounded function f : E → R define the

oscillation

osc(f) := sup
x∈E

f(x)− inf
x∈E

f(x).

Denote by Lipb(E) the space of bounded d-Lipschitz functions, equipped with the seminorm

Lip(f) := sup
x ̸=y

|f(x)− f(y)|
d(x, y)

∈ [0,∞).

Let us now recall the definition of the 1-Wasserstein metric; It is instrumental to the second assumption we
need to study the ergodicity of a non-compact Q.

Definition 5.2 (1-Wasserstein Distance). For µ, ν ∈ ∆1
E , let W1(µ, ν) denote the 1-Wasserstein distance,

characterized by the Kantorovich-Rubinstein duality

W1(µ, ν) = sup

{∫
E

φd(µ− ν) : φ ∈ Lipb(E),Lip(φ) ≤ 1

}
. (5.2)

Equivalently,

W1(µ, ν) = sup

{∣∣∣∣∫
E

φd(µ− ν)

∣∣∣∣ : φ ∈ Lipb(E),Lip(φ) ≤ 1

}
,

since φ is admissible if and only if −φ is admissible, that is, if φ has Lipschitz constant ≤ 1, then −φ also has
Lipschitz constant ≤ 1, hence both are allowed as test functions in the supremum.

Assumption 5.3 (Uniform Exponential 1-Wasserstein Contraction). There exists λ > 0 such that for every
θ ∈ Θ and every t ≥ 0,

W1(µP
θ
t , νP

θ
t ) ≤ e−λtW1(µ, ν), ∀µ, ν ∈ ∆1

E , (5.3)
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where µP θ
t (A) :=

∫
E
pθt (x,A)µ(dx), for all A ∈ F , and similarly for νP θ

t .

Assumption 5.3 is a uniform exponential mixing/stability condition in the 1-Wasserstein distance W1: For
every candidate model Pθ, the semigroup contracts distances between laws at rate e−λt, uniformly over θ.

In many diffusion settings, a Bakry-Émery curvature lower bound can yield a contraction of the form (5.3)
(possibly in W1, in the 2-Wasserstein distance W2, or for the intrinsic distance associated with the carré du
champ), via gradient estimates and the duality between gradient bounds and Wasserstein contraction. The
following is an example.

Example 5.4 (Ornstein-Uhlenbeck Family: A θ-Parametrized Curvature-Driven W1 Contraction). Let E = Rd

with Euclidean distance d(x, y) = ∥x− y∥. Of course, Rd does not have finite diameter: Assumption (5.1) is not
needed for this example. Fix a parameter set Θ and, for each θ ∈ Θ, consider the Ornstein-Uhlenbeck generator

Lθf(x) = tr
(
aθ∇2f(x)

)
− ⟨bθx,∇f(x)⟩,

where aθ is a symmetric positive semidefinite d× d matrix and bθ is a d× d matrix whose spectrum is contained
in (0,∞) (so the drift is mean-reverting). Let Pθ = (P θ

t )t≥0 be the associated Markov semigroup.
Equivalently, Pθ is the transition semigroup of the linear SDE

dXt = −bθXtdt+
√
2aθdWt,

where (Wt)t≥0 is a standard d-dimensional Brownian motion, and the Mehler formula yields, for bounded
measurable f ,

P θ
t f(x) = E

[
f
(
e−tbθx+ Zθ

t

)]
, Zθ

t ∼ N
(
0,Σθ

t

)
,

where N
(
0,Σθ

t

)
denotes a Gaussian distribution with mean 0 and covariance Σθ

t =
∫ t

0
e−sbθ (2aθ)e−s(bθ)⊤ds.

If f ∈ Lipb(E), then for all x, y ∈ Rd,

|P θ
t f(x)− P θ

t f(y)| ≤ E
[∣∣f(e−tbθx+ Zθ

t )− f(e−tbθy + Zθ
t )
∣∣] ≤ Lip(f)∥e−tbθ (x− y)∥.

Hence

Lip(P θ
t f) ≤ ∥e−tbθ∥opLip(f) ∀t ≥ 0,

where ∥ · ∥op denotes the operator norm. If, in addition, there exists λ > 0 such that

sup
θ∈Θ

∥e−tbθ∥op ≤ e−λt ∀t ≥ 0,

(e.g. it suffices that infθ∈Θ λmin

(
(bθ + (bθ)⊤)/2

)
≥ λ), then for all θ ∈ Θ and t ≥ 0,

Lip(P θ
t f) ≤ e−λtLip(f).

By Kantorovich-Rubinstein duality, this is equivalent to the uniform 1-Wasserstein contraction

W1(µP
θ
t , νP

θ
t ) ≤ e−λtW1(µ, ν), ∀µ, ν ∈ ∆1

E ,∀t ≥ 0,∀θ ∈ Θ,

i.e. Assumption 5.3 holds with such a λ.
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Example 5.4 can be viewed as a prototype of the general principle “Bakry-Émery curvature lower bounds
=⇒ gradient estimates for (Pt)t≥0 =⇒ Wasserstein contraction of µ 7→ µPt”, with a precise equivalence
between suitable gradient bounds and Wp-contraction given by Kuwada-type duality [45, 46]. We formalize
such a principle in Lemma 5.6.

In this section, we take (5.3) as a compactness-free replacement for the existence of extremal semigroups:
It is strong enough to yield uniform ergodic control (hence a robust limit) for the sublinear Nisio semigroup
introduced in Section 5.2. Moreover, (5.3) is verifiable in concrete model classes via metric contractive couplings
or, in diffusion settings, via gradient estimates (e.g. stemming from Bakry-Émery curvature lower bounds) and
their dual formulation in Wasserstein distance. We now record the dual (Lipschitz) form of Assumption 5.3.

Lemma 5.5 (Wasserstein Contraction ⇐⇒ Lipschitz Contraction). We have that (5.3) holds if and only if

Lip(P θ
t f) ≤ e−λtLip(f), ∀f ∈ Lipb(E),∀θ ∈ Θ,∀t ≥ 0. (5.4)

Proof. Assume (5.3). Fix θ, t and f ∈ Lipb(E). For x ̸= y, by (5.2) and (5.3),

|P θ
t f(x)− P θ

t f(y)| =
∣∣∣∣∫

E

fd(δxP
θ
t − δyP

θ
t )

∣∣∣∣ ≤ Lip(f)W1(δxP
θ
t , δyP

θ
t ) ≤ Lip(f)e−λtd(x, y).

Taking the supremum over x ̸= y gives (5.4).
Conversely, assume (5.4). Fix µ, ν ∈ ∆1

E and φ ∈ Lipb(E) with Lip(φ) ≤ 1. Then, by (5.4), Lip(P θ
t φ) ≤ e−λt

and ∣∣∣∣∫
E

φd(µP θ
t − νP θ

t )

∣∣∣∣ = ∣∣∣∣∫
E

(P θ
t φ)d(µ− ν)

∣∣∣∣ ≤ Lip(P θ
t φ)W1(µ, ν) ≤ e−λtW1(µ, ν).

Taking the supremum over φ with Lip(φ) ≤ 1 and using (5.2) yields (5.3).

The next result uses the equivalence in Lemma 5.5 to show that a (uniform) Bakry-Émery curvature condition
on Q implies our Assumption 5.3.

Lemma 5.6 (Bakry-Émery Curvature =⇒ W1-Contraction). Let (E,µ,Γ) be a diffusion Markov triple with
Markov semigroup (Pt)t≥0 and generator L. Let A be an algebra of bounded functionals, stable under products
and invariant under (Pt)t≥0, such that Γ is well-defined on A. Define the intrinsic (pseudo-)distance on E
associated with Γ by

dΓ(x, y) := sup
{
u(x)− u(y) : u ∈ A, ∥

√
Γ(u)∥∞ ≤ 1

}
∈ [0,∞]. (5.5)

Assume that dΓ is finite and separates points, so that (E, dΓ) is a metric space, and that (E, dΓ) is Polish with
Borel σ-algebra F . Assume also the following density condition,

∀φ ∈ Lipb(E, dΓ) with LipdΓ
(φ) ≤ 1,∃(fn)n≥1 ⊂

{
f ∈ A : ∥

√
Γ(f)∥∞ ≤ 1

}
such that ∥fn − φ∥∞ → 0. (5.6)

For ν1, ν2 Borel probability measures with finite first moment with respect to dΓ, let W1,dΓ(ν1, ν2) denote the
1-Wasserstein distance associated with dΓ – equivalently given by the Kantorovich-Rubinstein duality on (E, dΓ).

If the Bakry-Émery curvature condition CD(ρ,∞) holds for some ρ ∈ R, then for all t ≥ 0 and all such
ν1, ν2,

W1,dΓ
(ν1Pt, ν2Pt) ≤ e−ρtW1,dΓ

(ν1, ν2). (5.7)
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In particular, for an imprecise Markov semigroup Q = {Pθ = (P θ
t )t≥0}θ∈Θ, assume that for each θ we have

a diffusion Markov triple (E,µθ,Γθ) with intrinsic distance dΓθ
, and that

dΓθ
= dΓ for all θ ∈ Θ and inf

θ∈Θ
ρθ ≥ λ > 0,

where CD(ρθ,∞) holds for the θ-model. Then, Assumption 5.3 holds on (E, dΓ) with rate λ.

Assumption (5.6) is standard density property: It holds in many standard settings. For example, in the
Riemannian manifold case it follows from smooth approximation of Lipschitz functions with almost-preserved
Lipschitz constant [47].

Proof of Lemma 5.6. Step 1: Gradient Estimate under CD(ρ,∞). Assume that the Bakry-Émery curvature
condition CD(ρ,∞) holds. Then the Bakry-Émery gradient estimate holds on A: for all t ≥ 0 and all f ∈ A,

Γ(Ptf) ≤ e−2ρtPtΓ(f) µ-a.e. (5.8)

Step 2: Contraction of the Γ-Seminorm. If ∥
√
Γ(f)∥∞ ≤ 1, then 0 ≤ Γ(f) ≤ 1 µ-a.e., hence by positivity and

constant-preservation of Pt,

0 ≤ PtΓ(f) ≤ 1 µ-a.e.

Combining this with (5.8) yields

Γ(Ptf) ≤ e−2ρt µ-a.e., so ∥
√

Γ(Ptf)∥∞ ≤ e−ρt.

Equivalently, if ∥
√

Γ(f)∥∞ ≤ 1, then ∥∥∥√Γ
(
eρtPtf

)∥∥∥
∞

≤ 1. (5.9)

Step 3: Intrinsic Lipschitz Bound. We claim that for every g ∈ A,

LipdΓ
(g) ≤ ∥

√
Γ(g)∥∞. (5.10)

Indeed, if ∥
√
Γ(g)∥∞ < ∞, then for any x, y ∈ E the function u := g/∥

√
Γ(g)∥∞ satisfies ∥

√
Γ(u)∥∞ ≤ 1, hence

by the definition (5.5) of dΓ,

g(x)− g(y)

∥
√
Γ(g)∥∞

= u(x)− u(y) ≤ dΓ(x, y).

Swapping x, y gives |g(x)− g(y)| ≤ ∥
√
Γ(g)∥∞dΓ(x, y), proving (5.10).

As a consequence of (5.10) and Step 2, for every f ∈ A with ∥
√
Γ(f)∥∞ < ∞ we have the estimate

LipdΓ
(Ptf) ≤ ∥

√
Γ(Ptf)∥∞ ≤ e−ρt∥

√
Γ(f)∥∞. (5.11)

Step 4: W1,dΓ
-Contraction via Kantorovich-Rubinstein Duality and a Core Density. Let

F :=
{
f ∈ A : ∥

√
Γ(f)∥∞ ≤ 1

}
.
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By (5.10), every f ∈ F is 1-Lipschitz w.r.t. dΓ, hence is an admissible test function in the Kantorovich-Rubinstein
duality for W1,dΓ

.
Fix ν1, ν2 with finite first moment with respect to dΓ. For any f ∈ F, define gt := eρtPtf . By (5.9) we have

gt ∈ F, and therefore ∫
E

Ptfd(ν1 − ν2) = e−ρt

∫
E

gtd(ν1 − ν2) ≤ e−ρtW1,dΓ(ν1, ν2),

where the last inequality follows from (5.2) since LipdΓ
(gt) ≤ 1. Taking the supremum over f ∈ F yields

sup
f∈F

∫
E

Ptfd(ν1 − ν2) ≤ e−ρtW1,dΓ
(ν1, ν2). (5.12)

To pass from the restricted supremum to the full Kantorovich-Rubinstein supremum, we use Assumption (5.6).
Let φ ∈ Lipb(E, dΓ) with LipdΓ

(φ) ≤ 1 and pick fn ∈ F with ∥fn − φ∥∞ → 0. Since Pt is a contraction on L∞,
we have that ∥Ptfn − Ptφ∥∞ ≤ ∥fn − φ∥∞ → 0. Hence, from (5.12) it follows that∫

E

Ptφd(ν1 − ν2) = lim
n→∞

∫
E

Ptfnd(ν1 − ν2) ≤ e−ρtW1,dΓ
(ν1, ν2).

Taking the supremum over all such φ and using Kantorovich-Rubinstein duality (5.2) (with respect to dΓ) gives

W1,dΓ
(ν1Pt, ν2Pt) ≤ e−ρtW1,dΓ

(ν1, ν2),

which is (5.7).
Final statement for Q. For an imprecise Markov semigroup Q = {Pθ = (P θ

t )t≥0}θ∈Θ, apply the above argu-
ment to each θ. If dΓθ

= dΓ for all θ and infθ∈Θ ρθ ≥ λ > 0, then (5.7) holds with rate λ uniformly in θ, which
is exactly Assumption 5.3 on (E, dΓ).

The key structural requirement in Lemma 5.6 is the compatibility between the carré du champ and the
metric, here encoded by the intrinsic distance dΓ – or more generally by a domination of

√
Γ(f) in terms of

Lip(f). This is not overly restrictive: It is automatically satisfied in the classical Riemannian setting (where
Γ(f) = |∇f |2 and dΓ coincides with the geodesic distance) and, more broadly, for strongly local regular Dirichlet
forms where dΓ yields the natural geometry of the diffusion. In such cases, a curvature lower bound CD(ρ,∞)
directly translates into exponential contraction in W1 for the intrinsic metric.

We also prove that a contraction in the Lipschitz seminorm implies contraction of oscillations.

Lemma 5.7 (Lipschitz Contraction Implies Oscillation Contraction). Assume (5.1). Then, for every f ∈
Lipb(E),

osc(f) ≤ DLip(f).

In particular, under Assumption 5.3, for every θ ∈ Θ and t ≥ 0,

osc(P θ
t f) ≤ De−λtLip(f), f ∈ Lipb(E).

Proof. For any x, y ∈ E, |f(x)− f(y)| ≤ Lip(f)d(x, y) ≤ DLip(f). Taking supx,y gives osc(f) ≤ DLip(f). The
second claim follows from Lemma 5.5.

We now turn to the two complementary extensions that avoid compactness of Q. First, in Section 5.1, we
analyze static upper/lower envelopes (optimizing only at the terminal time), which yield ergodic limits without
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any attainment. That is, without needing the supremum/infimum to be achieved by some θ⋆ ∈ Θ, or equivalently
any “extremal” semigroup/model.

Second, in Section 5.2 we construct time-consistent (Nisio) nonlinear semigroups by allowing switching, thus
going beyond Definition 2.11 which explicitly excludes switches, and prove their robust ergodicity under uniform
contraction.

In both sections we retain Assumptions 5.1 and 5.3. By Lemma 5.6, the latter can be ensured by asking the
elements of Q to all have positive Bakry-Émery curvature condition. This viewpoint gives the present analysis
a geometric flavor, as illustrated for instance by the Ornstein-Uhlenbeck family in Example 5.4.

5.1. Static envelopes: robust limits on Lipb(E)

For f ∈ Lipb(E) define the static upper and lower envelopes

T tf(x) := sup
θ∈Θ

P θ
t f(x), T tf(x) := inf

θ∈Θ
P θ
t f(x), t ≥ 0, (5.13)

interpreted as F⋆-measurable envelopes – see Appendix B, where the interested reader can find a discussion on
the measurability of x 7→ T tf(x) and x 7→ T tf(x), and of the switching operators introduced in Definitions 5.11
and 5.16.

In Imprecise Probability terminology, given a set P of probability measures on (E,F), the upper and lower
expectations of a bounded observable f are defined by

E(f) := sup
P∈P

∫
E

fdP, E(f) := inf
P∈P

∫
E

fdP.

The operators in (5.13) can be viewed as a dynamic analogue of this construction: For fixed t ≥ 0 and initial
state x ∈ E, each candidate model θ induces the law δxP

θ
t of Xt under Pθ, so that P θ

t f(x) =
∫
E
fd(δxP

θ
t ) is

the corresponding (precise) expectation. Thus, the envelopes

T tf(x) = sup
θ∈Θ

P θ
t f(x) = sup

θ∈Θ

∫
E

fd(δxP
θ
t ), T tf(x) = inf

θ∈Θ

∫
E

fd(δxP
θ
t ),

are exactly the upper and lower expectations of f with respect to the time-t set Pt(x) := {δxP θ
t : θ ∈ Θ} of

one-time marginals.
We first prove a model-wise ergodic estimate that will later be used to identify the upper and lower bounds

for the long-term behavior of the envelopes associated with the imprecise Markov semigroup Q.

Proposition 5.8 (Unique Invariant Law and Uniform Ergodic Bound in W1). Let Assumptions 5.1 and 5.3
hold, and assume (5.1). Fix θ ∈ Θ. Then, there exists a unique invariant probability measure µθ ∈ ∆E such that
for all t ≥ 0,

W1(δxP
θ
t , µθ) ≤ De−λt, ∀x ∈ E. (5.14)

Consequently, for every f ∈ Lipb(E),

sup
x∈E

∣∣P θ
t f(x)− µθ(f)

∣∣ ≤ De−λtLip(f), (5.15)

where µθ(f) :=
∫
E
fdµθ.
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Proof. Fix θ and t0 > 0. By (5.3), the map Φ : ∆1
E → ∆1

E , Φ(ν) = νP θ
t0 , is a strict contraction in W1 with

constant e−λt0 < 1. Since (∆1
E ,W1) is complete and ∆1

E = ∆E under (5.1), Banach’s fixed point theorem yields
a unique fixed point µθ and νP θ

nt0 → µθ in W1.
Notice that invariance extends to all t ≥ 0: for any s ≥ 0, µθP

θ
s is also a fixed point of Φ (by the semigroup

property), hence equals µθ by uniqueness.
For (5.14), by (5.3) and invariance,

W1(δxP
θ
t , µθ) = W1(δxP

θ
t , µθP

θ
t ) ≤ e−λtW1(δx, µθ).

Under (5.1), W1(δx, µθ) =
∫
E
d(x, y)µθ(dy) ≤ D, yielding (5.14). Finally, (5.15) follows from (5.2),

|P θ
t f(x)− µθ(f)| =

∣∣∣∣∫
E

fd(δxP
θ
t − µθ)

∣∣∣∣ ≤ Lip(f)W1(δxP
θ
t , µθ) ≤ De−λtLip(f).

We are now ready to study the ergodicity of Q.

Theorem 5.9 (Static Envelope Limits Under Wasserstein Contraction). Let Assumptions 5.1 and 5.3 hold,
and assume (5.1). Then for every f ∈ Lipb(E),

lim
t→∞

T tf(x) = sup
θ∈Θ

µθ(f), (5.16)

lim
t→∞

T tf(x) = inf
θ∈Θ

µθ(f), (5.17)

and the convergence is uniform in x. Quantitatively,

sup
x∈E

∣∣∣T tf(x)− sup
θ∈Θ

µθ(f)
∣∣∣ ≤ De−λtLip(f), sup

x∈E

∣∣∣T tf(x)− inf
θ∈Θ

µθ(f)
∣∣∣ ≤ De−λtLip(f).

Proof. By Proposition 5.8, for every θ and x ∈ E,

P θ
t f(x) = µθ(f) + εθ,t(x), |εθ,t(x)| ≤ De−λtLip(f).

Taking the supremum (resp. infimum) over θ yields the desired bounds and limits.

Similarly to Corollaries 3.3 and 4.3, the following is an important result that subsumes the ergodic behavior
of the elements of an IMSG Q that is not assumed to be compact, and that holds for all bounded Lipschitz
functions on a finite-diameter Polish metric state space E. It follows immediately from Theorem 5.9.

Corollary 5.10 (Pointwise Ergodic Limit for Each Model). Assume the hypotheses of Proposition 5.8. Then,
for every f ∈ Lipb(E) and every θ ∈ Θ,

lim
t→∞

P θ
t f(x) = µθ(f) uniformly in x ∈ E.

In particular, for all θ ∈ Θ and all x ∈ E,

lim
t→∞

P θ
t f(x) ∈

[
inf
θ∈Θ

µθ(f), sup
θ∈Θ

µθ(f)

]
.



434 M. CAPRIO AND M. CHEN

5.2. A time-consistent sublinear semigroup (Nisio) and robust ergodicity

Notice that the static envelopes T t in Section 5.1 need not satisfy the semigroup property. That is, it need
not hold that for all t, s ≥ 0, T t+s = T t ◦T s.

14 We now build a time-consistent sublinear semigroup by switching
along partitions, which satisfies the semigroup property.

Definition 5.11 (Time-Consistent Switching, Nisio Semigroup). For t ≥ 0 and f ∈ Lipb(E), define the one-
step upper envelope T tf as in (5.13). Let Πt be the set of all finite partitions π = (t0, . . . , tn) of [0, t] with
0 = t0 < · · · < tn = t. For π = (t0, . . . , tn) ∈ Πt, define

Tπ
t f := T tn−tn−1

◦ · · · ◦ T t1−t0f,

and define the pasted semigroup (Tt)t≥0 by the envelope

Ttf := sup
π∈Πt

Tπ
t f, t ≥ 0, (5.18)

interpreted as a universally measurable envelope.

The static envelopes T tf(x) = supθ∈Θ P θ
t f(x) and T tf(x) = infθ∈Θ P θ

t f(x) should be viewed as the one-step
upper and lower expectations of the observable f(Xt) under a family of models: Starting from X0 = x, the
set of candidate one-time marginals at time t is {δxP θ

t : θ ∈ Θ}, so T tf(x) (resp. T tf(x)) is the upper (resp.
lower) expectation of f over that set. The Nisio (switching) semigroup (Tt)t≥0 refines this viewpoint by allowing
time-consistent recombination of models: Informally, Ttf(x) corresponds to optimizing over adapted switching
rules that select, over successive time intervals, which semigroup P θ governs the evolution, yielding a dynamic
programming principle Tt+s = Tt ◦ Ts. In this sense, (Tt) plays the role of a dynamic upper expectation (and
its lower analogue of a dynamic lower expectation), exactly as in robust control.

This dynamic upper/lower expectation perspective is closely related to Choquet capacities: If we encode
ambiguity at time t by set functions on events,

Pt(A | x) := sup
θ∈Θ

(δxP
θ
t )(A), Pt(A | x) := inf

θ∈Θ
(δxP

θ
t )(A), A ∈ F ,

then for bounded measurable f the corresponding upper/lower expectations can be expressed via the associated
(upper/lower) Choquet expectations. In general, however, the switching/Nisio operators Tt and their lower
counterparts are best understood as time-consistent (sub/super)linear envelopes of conditional expectations
(given by iterated one-step suprema/infima along partitions), rather than as integration with respect to a
single fixed capacity on path space; Allowing switches typically leads to a nonlinear, dynamically consistent
evaluation that subsumes (and may be strictly richer than) the one-step Choquet upper/lower expectations at
fixed horizons.

The Nisio Semigroup satisfies the semigroup property.

Remark 5.12 (Semigroup Property). Under Assumption 5.1, the family (Tt)t≥0 is the (upper) Nisio semigroup
associated with (T t)t≥0 and satisfies the semigroup property (sometimes referred to as the dynamic programming
principle),

Tt+s = Tt ◦ Ts, ∀t, s ≥ 0.

To see this, we refer the reader to standard treatments of Nisio semigroups/stochastic control such as [48],
Chapter III.

14The same holds for the static lower envelopes T t.
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The switching construction yields a time-consistent nonlinear evolution: It satisfies the dynamic programming
principle and acts as a coherent (sublinear) upper expectation on test functions. We summarize the resulting
semigroup and regularity properties in the next proposition.

Proposition 5.13 (Sublinear Markov Semigroup on Lipb(E)). The family T = (Tt)t≥0 of Definition 5.11
satisfies

(i) T0 = Id on Lipb(E);
(ii) Tt+s = Tt ◦ Ts for all t, s ≥ 0;
(iii) Each Tt is monotone, constant-preserving, sublinear, and translation invariant: Tt(f + c) = Ttf + c for

all c ∈ R;
(iv) ∥Ttf − Ttg∥∞ ≤ ∥f − g∥∞ for all f, g ∈ Lipb(E).

Proof. (i) For t = 0, Π0 contains only π = (0), hence Tπ
0 f = f and T0f = f .

(ii) This is the semigroup property, see Remark 5.12.
(iii) Each Tu is monotone, constant-preserving, sublinear and translation invariant (as a pointwise supremum

of linear Markov operators). These properties are preserved under composition (thus for Tπ
t ) and under pointwise

suprema over π, hence they hold for Tt.
(iv) If ∥f − g∥∞ ≤ ε, then g − ε ≤ f ≤ g + ε. By monotonicity and translation invariance, Ttg − ε ≤ Ttf ≤

Ttg + ε, yielding the claim.

To obtain long-term stability and an ergodic limit for the Nisio semigroup, we need a quantitative regulariza-
tion property. The next lemma shows that the one-step Lipschitz/Wasserstein contraction propagates through
switching, yielding the same contraction (hence oscillation decay) for (Tt)t≥0. As a byproduct, the next lemma
shows also that Tt maps Lipb(E) into Lipb(E), hence Ttf is in fact Borel measurable.

Lemma 5.14 (Lipschitz contraction for T t and Tt). Let Assumption 5.3 hold. Then, for all t ≥ 0 and f ∈
Lipb(E),

Lip(T tf) ≤ e−λtLip(f), Lip(Ttf) ≤ e−λtLip(f). (5.19)

Consequently, under (5.1),

osc(Ttf) ≤ De−λtLip(f). (5.20)

Proof. Fix t ≥ 0 and f ∈ Lipb(E). For each θ, Lemma 5.5 gives Lip(P θ
t f) ≤ e−λtLip(f). Since the pointwise

supremum of L-Lipschitz functions is L-Lipschitz,15 T tf = supθ P
θ
t f satisfies Lip(T tf) ≤ e−λtLip(f).

For Tt, fix π = (t0, . . . , tn) ∈ Πt. Iterating the previous bound along the composition defining Tπ
t yields

Lip(Tπ
t f) ≤ e−λtLip(f). Taking the supremum over π preserves the Lipschitz constant, so Lip(Ttf) ≤

e−λtLip(f). Finally, (5.20) follows from Lemma 5.7.

We are now in a position to state the first main conclusion of this section: The time-consistent sublinear
(Nisio) semigroup inherits the uniform Wasserstein/Lipschitz contraction and therefore admits a robust ergodic
limit. In particular, for every bounded Lipschitz test functional f , the worst-case value function Ttf converges
uniformly to a constant (a sublinear “equilibrium expectation”), independently of the initial state.

Theorem 5.15 (Robust Ergodicity of the Nisio Semigroup Under Wasserstein Contraction). Let Assump-
tions 5.1 and 5.3 hold, and assume (5.1). Then for every f ∈ Lipb(E) there exists a constant R(f) ∈ R such
that

lim
t→∞

∥Ttf −R(f)∥∞ = 0.

15Indeed, for any x, y ∈ E, supi ui(x) − supi ui(y) ≤ supi
(
ui(x) − ui(y)

)
≤ Ld(x, y), and swapping x, y gives | supi ui(x) −

supi ui(y)| ≤ Ld(x, y).
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Moreover, fixing t0 > 0 and setting κ := e−λt0 ∈ (0, 1), we have that, for all t ≥ 0,

∥Ttf −R(f)∥∞ ≤ Ct0De−λtLip(f), Ct0 := eλt0
2− κ

1− κ
.

Finally, R is monotone, constant-preserving, sublinear, and satisfies R(Ttf) = R(f), for all t ≥ 0.

Proof. Fix f ∈ Lipb(E) and t0 > 0. Set S := Tt0 and κ = e−λt0 . By Lemma 5.14, osc(Snf) ≤ DLip(Snf) ≤
DκnLip(f).

Pick x0 ∈ E and define an := Snf(x0). Since S is monotone and constant-preserving, inf g ≤ Sg ≤ sup g
pointwise for every bounded g. Applying this to g = Snf yields that both an and an+1 lie in the interval
[inf Snf, supSnf ]; Hence,

|an+1 − an| ≤ osc(Snf) ≤ DκnLip(f).

Thus (an) is Cauchy; Define R(f) := limn→∞ an.
For any x ∈ E, |Snf(x)− an| ≤ osc(Snf) ≤ DκnLip(f), and therefore

∥Snf −R(f)∥∞ ≤ DκnLip(f) +

∞∑
k=n

|ak+1 − ak| ≤ DκnLip(f) +

∞∑
k=n

DκkLip(f) = D
2− κ

1− κ
κnLip(f).

For general t ≥ 0, write t = nt0 + r with r ∈ [0, t0). By the semigroup property, Ttf = Tr(S
nf). Using

nonexpansiveness in ∥ · ∥∞ and constant preservation,

∥Ttf −R(f)∥∞ = ∥Tr(S
nf)− Tr(R(f))∥∞ ≤ ∥Snf −R(f)∥∞ ≤ D

2− κ

1− κ
κnLip(f) ≤ Ct0De−λtLip(f).

The remaining properties of R follow by taking limits of the maps f 7→ Snf(x0) and using the corresponding
properties of S from Proposition 5.13.

Of course, we have a similar result for the conjugate of the Nisio semigroup, a superlinear semigroup acting
as a lower expectation.

Definition 5.16 (Lower Nisio Semigroup). Let (Tt)t≥0 be the upper Nisio semigroup built from the one-step
envelopes T tf = supθ∈Θ P θ

t f . Define the lower Nisio semigroup (T−
t )t≥0 on Lipb(E) by

T−
t f := −Tt(−f), t ≥ 0.

Equivalently, with the one-step lower envelope T tf := infθ∈Θ P θ
t f , we have

T−
t f = inf

π∈Πt

(
T tn−tn−1

◦ · · · ◦ T t1−t0
f
)
,

interpreted as a universally measurable envelope.

Theorem 5.17 (Robust Ergodicity of the Lower Nisio Semigroup). Let Assumptions 5.1 and 5.3 hold, and
assume (5.1). Then, for every f ∈ Lipb(E) there exists a constant R−(f) ∈ R such that

lim
t→∞

∥T−
t f −R−(f)∥∞ = 0.
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Moreover, fixing t0 > 0 and setting κ := e−λt0 ∈ (0, 1), we have that for all t ≥ 0,

∥T−
t f −R−(f)∥∞ ≤ Ct0De−λtLip(f), Ct0 := eλt0

2− κ

1− κ
.

Finally, R− is monotone, constant-preserving, superlinear (i.e. concave):

R−(f + g) ≥ R−(f) +R−(g), R−(αf) = αR−(f)(α ≥ 0),

it is translation invariant R−(f + c) = R−(f) + c, and it satisfies R−(T−
t f) = R−(f) for all t ≥ 0.

Proof. Let R be the limit functional from Theorem 5.15. By definition,

T−
t f = −Tt(−f).

Applying Theorem 5.15 to −f yields

∥Tt(−f)−R(−f)∥∞ → 0

with the stated rate. Hence,

∥T−
t f − (−R(−f))∥∞ → 0,

with the same bound. Define R−(f) := −R(−f). All stated properties of R− and (T−
t )t≥0 follow by conjugation

from the corresponding sublinear properties of R and (Tt)t≥0.

Theorems 5.15 and 5.17 give us the following reflection.

Remark 5.18 (Relationship Between Static and Pasted Limits). Let Assumptions 5.1 and 5.3 hold, and assume
(5.1). Consider the upper Nisio semigroup (Tt)t≥0 built from the one-step envelopes T tf = supθ∈Θ P θ

t f as in
Definition 5.11 (and define analogously the lower Nisio semigroup (T−

t )t≥0 from T tf = infθ∈Θ P θ
t f). Then, for

every t ≥ 0 and f ∈ Lipb(E),

Ttf ≥ T tf = sup
θ∈Θ

P θ
t f, T−

t f ≤ T tf = inf
θ∈Θ

P θ
t f.

Indeed, the one-block partition π = (0, t) belongs to Πt, so Tπ
t f = T tf and Ttf = supπ∈Πt

Tπ
t f ≥ T tf ; The

lower bound is analogous.
Consequently, if R(f) and R−(f) denote the ergodic limits from Theorems 5.15 (upper) and 5.17 (lower),

respectively, then

R(f) ≥ sup
θ∈Θ

µθ(f), R−(f) ≤ inf
θ∈Θ

µθ(f),

where µθ is the unique invariant law of Pθ from Proposition 5.8. In general, these inequalities may be
strict, reflecting the additional flexibility of state-dependent switching allowed by the pasted (time-consistent)
construction.

6. Conclusion

In this work, we introduced the concept of an imprecise Markov semigroupQ, and studied its ergodic behavior
(i) when the state space E is a Euclidean space or a Riemannian manifold and Q is compact; (ii) when E is
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allowed to be an arbitrary good measurable space and Q is compact; and (iii) when E is a generic Polish metric
space with finite diameter, and Q is not assumed compact.

In future work, we plan to extend the results of Section 5 beyond the function class Lipb(E) and to relax the
finite-diameter assumption (5.1). We also plan to extend our theory to explicitly model ambiguity in the initial
distribution of a Markov process.

Furthermore, we aim to apply these results to machine learning and computer vision, thereby making the
high-level discussion in the Introduction more concrete, and to develop robust reinforcement learning methods,
where Markov processes are used for planning by autonomous agents.

We are also interested in extending to the imprecise setting the types of inequalities developed in
[32], Chapters 6–9. In particular, we are interested in deriving imprecise optimal transport inequalities,
in the spirit of [49, 50], for application to distribution shift problems in machine learning and computer
vision [51].
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Appendix A. Proof of Theorem 4.2

We begin by pointing out that, as a consequence of Lemma 2.9 and Definition 4.1, P and P are (precise) Markov
semigroups, and so the operators Γ, Γ, L and L are well-defined.

We first focus on the diffusion Markov triple (E, µ,Γ). By [32], Proposition 3.3.11 and P = (P t)t≥0 being a (precise)
Markov semigroup, the fact that L is essentially self-adjoint follows from the connexity, weak hypo-ellipticity, and
completeness assumptions. Pick any f ∈ Aµ

0 . The fact that L satisfies ESA, together with our assumption that it satisfies
the curvature condition CD(ρL,∞), for some ρL ∈ R, implies – by [32], Corollary 3.3.19 – that for all t ≥ 0, the following

https://web.math.princeton.edu/~rvan/APC550.pdf
https://arxiv.org/abs/2302.10341
mailto:subscribers@edpsciences.org
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gradient bound holds

Γ
(
P tf

)
≤ e−2tρ

LP t

(
Γ(f)

)
. (A.1)

Then, by [32], Theorem 4.7.2, equation (A.1) implies that the following local Poincaré inequality holds for all t ≥ 0,

P t(f
2)−

(
P tf

)2 ≤ 1− e−2tρ
L

ρL
P t

(
Γ(f)

)
. (A.2)

Here the factor needs to be understood as 2t when ρL = 0. Following [43], Theorem 2.35, taking the limit as t→ ∞ on
both sides of (A.2) yields the following Poincaré inequality

Varµ(f) ≤
1

ρL
E(f). (A.3)

As in the proof of Theorem 3.1, here it is implicitly assumed that ρL > 0. In addition, we know that

E(f) = −
∫
E

fLfdµ. (A.4)

Combining (A.4) with (A.3), we have that if function f is such that Lf = 0, then E(f) = 0. In turn, this implies that
Varµ(f) = 0, and so the function f must be constant µ-a.e. Notice now that, since L satisfies the ESA property, Aµ

0 is
dense in D(E) in the topology induced by the Dirichlet norm ∥ · ∥E .

16 Thanks to this, (A.1)–(A.4) hold for all f ∈ D(E)
by an approximation argument. This implies that every f ∈ D(E) such that Γ(f) = 0 is constant, and so that L is ergodic
according to [32], Definition 3.1.11. Then, since µ is finite, by [32], Proposition 3.1.13 we have that

∀f ∈ L2(µ), lim
t→∞

P tf =

∫
E

fdµ, µ-a.e.

in L2(µ). This concludes the first part of the proof. The second part, that is, the one pertaining the least element P of
Q, is analogous. The last statement of the theorem is immediate once we let µ = µ = µ.

Appendix B. Measurability of envelopes and switching operators

Under Assumption 5.1, for each t ≥ 0 and bounded Borel f , the map (x, θ) 7→ P θ
t f(x) is Borel measurable (by a

standard monotone class argument, starting from indicators 1A). Now, let us denote by F⋆ the universal completion
of F , and by B⋆(E) the space of bounded F⋆-measurable real-valued functionals on E. Since f is F⋆-measurable, it is
measurable with respect to the completion of pθt (x, ·) for every (t, x, θ); Hence we may extend P θ

t to B⋆(E) by

P θ
t f(x) :=

∫
E

f(y)pθt (x, dy), f ∈ B⋆(E),

which is well-defined and F⋆-measurable in x.
Consequently, for each fixed t ≥ 0 and bounded Borel f , the envelope x 7→ supθ∈Θ P

θ
t f(x) is upper semianalytic,

hence F⋆-measurable. Likewise, the time-consistent switching operator introduced in Definition 5.11 is obtained by
composing the one-step envelopes T along a finite partition of [0, t] and then taking a supremum over partitions.17

Since upper semianalytic functions are stable under application of Borel kernels – i.e. g 7→ (x 7→
∫
g(y)p(x, dy)) – and

under pointwise suprema, for bounded Borel f each Ttf is upper semianalytic and therefore F⋆-measurable. For general
f ∈ B⋆(E) the same conclusion holds at the level of universal measurability, so all operators are interpreted as acting on
B⋆(E).

16This norm is recalled in Definition C.9.(DMT4) in C.2.
17Similarly for the lower Nisio semigroup in Definition 5.16.
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Appendix C. Background notions

In an effort to keep the paper self-contained, we present in this section the preliminary concepts needed to appreciate
the main results in our work.

C.1 Background on Markov semigroups

Let us briefly recall what a (precise) Markov process is; To do so, we borrow the notation and terminology from [32],
Chapter 1.1. Let (Xt)t≥0 be a measurable process on a probability space (Ω,Σ,P), such that Xt ≡ Xt(ω) is an element
of the good measurable state space E from Definition 2.1, for all t ≥ 0 and all ω ∈ Ω. Denote by Ft := σ(Xu : u ≤ t),
t ≥ 0, the natural filtration of (Xt)t≥0.

The Markov property indicates that for t > s, the law of Xt given Fs is the law of Xt given Xs, as well as the law of
Xt−s given X0, the latter property reflecting the fact that the Markov process is time homogeneous, which is the only
case that we consider in the present work. As a consequence, throughout the paper we focus our attention on the law of
Xt given X0, for a generic t ≥ 0.

For any t ≥ 0, we can describe the distribution of Xt starting from X0 = x via a probability kernel pt(x,A), that
is, a function pt : E × F → [0, 1] such that (i) pt(x, ·) is a probability measure, for all x ∈ E, and (ii) x 7→ pt(x,A) is
measurable, for every measurable set A ∈ F .

We now introduce one of the main concepts that we use in the present paper, namely a Markov semigroup. We follow
the presentation in [32], Chapter 1.2. Let B(E) denote the set of bounded measurable functionals on (E,F). A Markov
semigroup P = (Pt)t≥0 is a family of operators that satisfies the following properties.

(i) For every t ≥ 0, Pt : B(E) → B(E) is a linear operator (linearity).
(ii) P0 = Id, the identity operator (initial condition).
(iii) Pt1 = 1, where 1 is the constant function equal to 1 (mass conservation).18

(iv) For every t ≥ 0, f ≥ 0 =⇒ Ptf ≥ 0 (positivity preserving).
(v) For every t, s ≥ 0, Pt+s = Pt ◦ Ps (semigroup property).

One extra condition – continuity at t = 0 – is needed to fully define a Markov semigroup P = (Pt)t≥0. To present it
though, we first need to introduce the concept of invariant (or stationary) measure.

Let P = (Pt)t≥0 be a family of operators satisfying (i)–(v). Then, a (positive) σ-finite measure µ on (E,F) is called
invariant for P if for every bounded positive measurable functional f on E, and every t ≥ 0,

∫
E

Ptfdµ =

∫
E

fdµ. (C.1)

Notice that, as a consequence of (iii), (iv), and Jensen’s inequality, we have that if a measure µ is invariant for P,
then, for every t ≥ 0, Pt is a contraction on the bounded functions in Lp(µ), for any 1 ≤ p ≤ ∞.

We are now ready for the complete definition.

Definition C.1 (Markov Semigroup). Let (E,F) be a good measurable space. A family P = (Pt)t≥0 of operators Pt

is called a Markov semigroup if it satisfies (i)–(v), there exists an invariant measure µ for P, and the following extra
condition is satisfied

(vi) For every f ∈ L2(µ), limt→0 Ptf = f in L2(µ) (continuity at t = 0).

Notice that, since (Pt)t≥0 is a contraction (as pointed out after equation (C.1)) and a semigroup (by condition (v)),
property (vi) expresses that t 7→ Ptf is continuous in L2(µ) on R+. In addition, we could have required convergence in
Lp(µ) for any p ∈ [1,∞), but we stick to p = 2 for simplicity and to align with [32]. Before moving on, let us add a
remark on invariant measures.

Remark C.2 (Spotlight on Invariant Measures). In general, an invariant measure µ for a Markov semigroup P need
not be a probability measure.19 In addition, it need not always exist; Necessary and sufficient conditions for its existence
may be found in [52, 53]. That being said, most semigroups of interest do have an invariant measure [32], Section 1.2.1.

18In general, we write Pt(f) ≡ Ptf , for all f ∈ B(E), for notational convenience.
19If it is a finite measure, it is customary to normalize it to a probability measure. It is then usually unique [32], p. 11.
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A way to derive µ as a weak limit of a “reasonable” initial probability measure µ0 is inspected in [32], p. 10. A typical
example of a Markov semigroup having an invariant measure is the heat or Brownian semigroup on Rn, whose invariant
measure is (up to multiplication by a constant) the Lebesgue measure.20

As pointed out in [32], Section 1.2.1, when the invariant measure µ is a probability measure, it has an immediate
interpretation. If the Markov process (Xt)t≥0 starts at time t = 0 with initial distribution µ, i.e. if X0 ∼ µ, then it keeps
the same distribution at each time t ≥ 0; Indeed,

E[f(Xt)] = E[E(f(Xt) | X0)] = E[Ptf(X0)] =

∫
E

Ptfdµ

=

∫
E

fdµ = E[f(X0)],

for all f ∈ B(E) and all t ≥ 0. Functionals f , then, have to be understood as classes of functions for the µ-a.e. equality,
and equalities and inequalities such as f ≤ g are always understood to hold µ-a.e.

We now continue our presentation of the concepts related to Markov semigroups that are crucial to derive our main
results. An important property of a Markov semigroup is its symmetry [32], Definition 1.6.1.

Definition C.3 (Symmetric Markov Semigroup). Let P = (Pt)t≥0 be a Markov semigroup with (good) state space
(E,F) and invariant measure µ. We say P is symmetric with respect to µ – or equivalently, that µ is reversible for P –
if, for all functions f, g ∈ L2(µ) and all t ≥ 0, ∫

E

fPtgdµ =

∫
E

gPtfdµ.

The probabilistic interpretation of Definition C.3 is straightforward. As pointed out in [32], Section 1.6.1, the name
“reversible” refers to reversibility in time of the Markov process (Xt)t≥0 associated with the Markov semigroup P
whenever the initial law µ is the invariant measure. Indeed, from (C.1), we know that if the process starts from the
invariant distribution µ, then it keeps the same distribution at each time t. Moreover, if the measure is reversible, and
if the initial distribution of X0 is µ, then for any t > 0 and any partition 0 ≤ t1 ≤ · · · ≤ tk ≤ t of the time interval [0, t],
the law of (X0, Xt1 , . . . , Xtk , Xt) is the same as the law of (Xt, Xt−t1 , . . . , Xt−tk , X0). Hence, we can say that the law of
the Markov process is “reversible in time”.21

We now need to introduce the concept of infinitesimal generator of a Markov semigroup P = (Pt)t≥0 [32], Definition
1.4.1. By Hille-Yosida theory [54],22 there exists a dense linear subspace of L2(µ), called the domain D of the semigroup
P, on which the derivative at t = 0 of Pt exists in L2(µ).

Definition C.4 (Infinitesimal Generator). Let P = (Pt)t≥0 be a Markov semigroup with (good) state space (E,F) and
invariant measure µ. The infinitesimal generator L of P in L2(µ) is a linear operator L : D → L2(µ),

f 7→ Lf := lim
t→0

Ptf − f

t
.

The domain D is also called the domain of L, denoted by D(L), and depends on the underlying space L2(µ). Two
comments are in place. First, as indicated by [32], Chapter 1.4, the couple (L,D(L)) completely characterizes the Markov
semigroup P acting on L2(µ). Second, the infinitesimal generator L has a natural interpretation. As pointed out by Dan
MacKinlay, L is a kind of linearization of the local Markov transition kernel for the Markov process (Xt)t≥0 associated
with the Markov semigroup P; This is because L is defined as a derivative.

The infinitesimal generator L of a Markov semigroup P is sometimes referred to as the Markov generator (of P). We
can express the reversibility property of Definition C.3 in terms of L as

∫
E

fLgdµ =

∫
E

gLfdµ, ∀f, g ∈ D(L). (C.2)

20The invariant measure is in general only defined up to a multiplicative constant.
21For examples of symmetric Markov semigroups, we refer the reader to [32], Section 1.6.1, Appendices A.2, A.3.
22A more modern reference for this result is [32], Appendix A.1.

https://danmackinlay.name/notebook/infinitesimal_generators.html
https://danmackinlay.name/notebook/infinitesimal_generators.html
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The Markov generator is thus symmetric, however it is unbounded in L2(µ).
Next, we present the carré du champ operator, that measures how far an infinitesimal generator L is from being a

derivation [55].23

Definition C.5 (Carré du Champ). Let P = (Pt)t≥0 be a Markov semigroup with (good) state space (E,F) and
invariant measure µ. Let L be its infinitesimal generator with L2(µ)-domain D(L). Let A ⊆ D(L) be an algebra. Then,
the bilinear map

Γ : A×A → A, (f, g) 7→ Γ(f, g) :=
1

2
[L(fg)− fLg − gLf ]

is called the carré du champ operator of the Markov generator L.

The carré du champ operator is symmetric and is positive on A, that is, Γ(f, f) ≥ 0, for all f ∈ A.24 In this work,
we write Γ(f, f) ≡ Γ(f), f ∈ A, to lighten the notation. In addition, notice that the definition of the carré du champ
operator is subordinate to the algebra A. For this reason, we call the latter the carré du champ algebra.

We now ask ourselves whether it is enough to know the Markov generator L on smooth functionals on E in order to
describe the associated Markov semigroup P = (Pt)t≥0. The answer is positive, provided L is a diffusion operator [32],
Definition 1.11.1.

Definition C.6 (Diffusion Operator). An operator L, with carré du champ operator Γ, is said to be a diffusion operator
if

Lψ(f) = ψ′(f)Lf + ψ′′(f)Γ(f), (C.3)

for all ψ : R → R of class at least C2, and every suitably smooth functional f on E.25

Together with the following [32], Section 1.16.1, the notion of diffusion operator will allow us to link the probabilistic
properties of a Markov semigroup to the geometry of the state space E.

Definition C.7 (Iterated Carré du Champ Operator). Let P = (Pt)t≥0 be a symmetric Markov semigroup with (good)
state space (E,F) and invariant reversible measure µ. Let L be its infinitesimal generator with L2(µ)-domain D(L), and
denote by A the algebra on which the carré du champ operator Γ of L is well defined. The iterated carré du champ
operator of the Markov generator L is defined as

A ∋ Γ2(f, g) :=
1

2
[LΓ(f, g)− Γ(f, Lg)− Γ(Lf, g)] , (C.4)

for every pair (f, g) ∈ A×A such that the terms on the right hand side of (C.4) are well defined.

As for the carré du champ operator Γ, we write Γ2(f, f) ≡ Γ2(f) to lighten the notation. Unlike Γ, Γ2 is not always
positive. As we will see more formally in C.1.1, Γ2 is positive if and only if the state space E has “positive curvature”.
This high-level intuition, together with the fact that many differential inequalities can be expressed via Γ2 and Γ, justifies
the following definition [32], Definition 1.16.1.

Definition C.8 (Bakry-Émery Curvature). Let P = (Pt)t≥0 be a symmetric Markov semigroup with (good) state space
(E,F) and invariant reversible measure µ. Let L be its infinitesimal generator with L2(µ)-domain D(L), and assume it
is a diffusion operator. Denote by A the algebra on which the carré du champ operator Γ of L is well defined.26 Operator
L is said to satisfy the Bakry-Émery curvature condition CD(ρ, n), for ρ ∈ R and n ∈ [1,∞], if for every functional f in
A, the following holds µ-a.e.

Γ2(f) ≥ ρΓ(f) +
1

n
(Lf)2. (C.5)

23Here, “derivation” refers to the differential algebra meaning of the term [56].
24This is a fundamental property of Markov semigroups [32], Section 1.4.2.
25Typically of class at least C2.
26e.g. the algebra of functionals of class at least C2 on E.
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Of course, equation (C.5) becomes Γ2(f) ≥ ρΓ(f) for n = ∞.

C.1.1 Riemannian manifold

When E = Rn, or E =M , a complete (with respect to the Riemannian distance) Riemannian manifold (see Fig. 3),
the carré du champ and the iterated carré du champ operators are easily computed.

For example, if A0 is the class of smooth (C∞) functionals with compact support27 – i.e. such that supp(f) =
{x ∈ E : f(x) ̸= 0} is compact in the Euclidean topology – and L = ∆ (the standard Laplacian on Rn), then
Γ(f) = |∇f |2 and Γ2(f) = |∇∇f |2, where ∇∇f = Hess(f) = (∂ijf)i,j∈{1,...,n} is the Hessian of f . Let instead L be
the Laplace-Beltrami operator ∆g on an n-dimensional Riemannian manifold (M, g). Here g is the Riemannian co-metric
g ≡ g(x) = (gij)i,j∈{1,...,n} = ((gij)i,j∈{1,...,n})

−1 = G−1, where G is the positive-definite symmetric matrix that gives
the Riemannian metric. Then, Γ(f) = |∇f |2 and – thanks to the Bochner-Lichnerowicz formula [32], Theorem C.3.3 –
Γ2(f) = |∇∇f |2 +Ric(∇f,∇f), where Ric = Ricg is the Ricci tensor of (M, g).28 This implies that

Γ2(f) ≥ ρΓ(f) = ρ|∇f |2, ∀f ∈ A0 ⇐⇒ Ric(∇f,∇f) ≥ ρ|∇f |2,

that is, the Bakry-Émery curvature condition CD(ρ,∞) holds if and only if the Ricci tensor at every point is bounded
from below by ρ. In turn, Γ2 is positive if and only if the Ricci curvature Ric of the manifold is positive. This makes more
precise the idea we expressed in the previous section that Γ2 is positive if and only if the state space E has “positive
curvature”.

We now introduce the concept of elliptic diffusion operator. First, notice that when E is Rn or a Riemannian manifold
M , we can rewrite condition (C.3) for L to be a diffusion operator as

Lf =
∑

i,j∈{1,...,n}

gij∂2
ijf +

n∑
i=1

bi∂if, f ∈ A0. (C.6)

Here, g ≡ g(x) = (gij(x))i,j∈{1,...,n} is a smooth (C∞) n × n symmetric matrix-valued function of x ∈ E (e.g. the
co-metric of M at x), and b ≡ b(x) = (bi(x))ni=1 is a smooth (C∞) Rn-valued function of x ∈ E (e.g. a vector field).
In turn, this implies that we can write the carré du champ operator as Γ(f, g) =

∑
i,j∈{1,...,n} g

ij∂if∂jg, f, g ∈ A0. A

diffusion operator as in (C.6) is said to be elliptic if

g(V, V ) =
∑

i,j∈{1,...,n}

gij(x)ViVj ≥ 0, ∀V = (Vi)
n
i=1 ∈ Rn

and

g(V, V ) = 0 =⇒ V = 0.

Loosely, the fact that a diffusion operator L is elliptic is important because it ensures that any solution on [0, s]×O
of the heat equation ∂tu = Lu, u(0, x) = u0, where s ∈ R>0 and O ⊆ Rn is open in the Euclidean topology, is C∞ on
(0, s)×O, no matter the initial condition u0.

C.2 Background on Diffusion Markov Triples

We first introduce Diffusion Markov Triples.

Definition C.9 (Diffusion Markov Triple). A Diffusion Markov Triple (E,µ,Γ) is composed of a measure space (E,F , µ),
a class A0 of bounded measurable functionals on E, and a symmetric bilinear operator (the carré du champ operator)
Γ : A0×A0 → A0, satisfying properties D1-D9 in [32], Section 3.4.1. We report them here to keep the paper self-contained.

27The reason for subscript 0 in A0 will be clear in Section C.2.
28Loosely, the Ricci tensor gives us as measure of how the geometry of a given metric tensor differs locally from that of ordinary

Euclidean space. Intuitively, it quantifies how a shape is deformed as one moves along the geodesics in the Riemannian manifold.
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(DMT1) Measure space (E,F , µ) is a good measure space, that is, there is a countable family of sets which generates F
(up to sets of µ-measure 0), and both the decomposition and bi-measure theorems apply. Measure µ is σ-finite
and, when finite, assumed to be a probability.

(DMT2) A0 is a vector space of bounded measurable functionals on E, which is dense in every Lp(µ), 1 ≤ p <∞, stable
under products (that is, A0 is an algebra) and stable under the action of smooth (C∞) functions Ψ : Rk → R
vanishing at 0, i.e. such that Ψ(0) = 0.

(DMT3) The carré du champ operator Γ is positive, that is, Γ(f) ≡ Γ(f, f) ≥ 0, for all f ∈ A0.
29 It satisfies the following

diffusion hypothesis: for every smooth (C∞) function Ψ vanishing at 0, and every f1, . . . , fk, g ∈ A0,

Γ(Ψ(f1, . . . , fk), g) =

k∑
i=1

∂iΨ(f1, . . . , fk)Γ(fi, g). (C.7)

(DMT4) For every f ∈ A0, there exists a finite constant C(f) such that for every g ∈ A0,∣∣∣∣∫
E

Γ(f, g)dµ

∣∣∣∣ ≤ C(f)∥g∥2.

The Dirichlet form E is defined for every (f, g) ∈ A0 ×A0 by

E(f, g) =
∫
E

Γ(f, g)dµ,

and we write E(f, f) ≡ E(f) for notational convenience. The domain D(E) of the Dirichlet form E is the
completion of A0 with respect to the norm ∥f∥E = [∥f∥22 + E(f)]1/2. The Dirichlet form E is extended to D(E)
by continuity together with the carré du champ operator Γ.

(DMT5) L is a linear operator on A0 defined by and satisfying the integration by parts formula∫
E

gLfdµ = −
∫
E

Γ(f, g)dµ,

for all f, g ∈ A0. A consequence of condition (DMT3) is that

L (Ψ(f1, . . . , fk)) =

k∑
i=1

∂iΨ(f1, . . . , fk)Lfi

+

k∑
i,j=1

∂2
ijΨ(f1, . . . , fk)Γ(fi, fj),

(C.8)

for a smooth (C∞) functions Ψ : Rk → R such that Ψ(0) = 0, and f1, . . . , fk ∈ A0. Hence L too satisfies the
diffusion property as we introduced it in Definition C.6.

(DMT6) For the operator L defined in (DMT5), L(A0) ⊂ A0, i.e. Lf ∈ A0, for all f ∈ A0.
(DMT7) The domain D(L) of the operator L is defined as the set of f ∈ D(E) for which there exists a finite constant

C(f) such that, for any g ∈ D(E),

|E(f, g)| ≤ C(f)∥g∥2.

On D(L), L is extended via the integration by parts formula for every g ∈ D(E).
(DMT8) For every f ∈ A0,

∫
E
Lfdµ = 0.

(DMT9) The semigroup P = (Pt)t≥0 is the symmetric semigroup with infinitesimal generator L defined on its domain
D(L). In general, it is sub-Markov, that is, Pt(1) ≤ 1, for all t ≥ 0, where 1 is the constant function equal to
1. For it to be Markov, Pt(1) = 1 must hold for all t ≥ 0. Moreover, A0 is not necessarily dense in the domain

29The carré du champ operator Γ also satisfies [32], Equation (3.1.1), that is,
∫
E Γ(g, f2)dµ+ 2

∫
E gΓ(f)dµ = 2

∫
E Γ(fg, f)dµ.



IMPRECISE MARKOV SEMIGROUPS AND THEIR ERGODICITY 447

D(L) with respect to the domain norm ∥f∥D(L) = [∥f∥22 + ∥Lf∥22]1/2 ≡ ∥f∥L2(µ) + ∥Lf∥L2(µ). By (DMT8), we
have that µ is invariant for P. In addition, from the symmetry of Γ we have that µ is reversible for P.

Given Definition C.9, we see how L is a second order differential operator, Γ is a first order operator in each of its
arguments, and Γ2 (see Def. C.7) is a second order differential in each of its arguments.

Before recalling adjoints and essential self-adjointness, we briefly fix notation on the graph norm and closedness for
unbounded operators, since we will use approximation on D(L) through a core.

Let (H, ∥ · ∥H) be a Banach space and let A : D(A) ⊂ H → H be a linear operator. The graph of A is

Graph(A) := {(f,Af) : f ∈ D(A)} ⊂ H ×H,

and the associated graph norm on D(A) is

∥f∥D(A) := ∥f∥H + ∥Af∥H .

We recall that A is closed if and only if Graph(A) is closed in H ×H. Equivalently, A is closed if and only if (D(A), ∥ ·
∥D(A)) is a Banach space. Indeed, the map f 7→ (f,Af) is an isometric embedding of D(A) into H ×H endowed with
∥(u, v)∥H×H := ∥u∥H + ∥v∥H , and completeness is equivalent to closedness of the range. In our setting, H = L2(µ) and
the generator L of the strongly continuous Markov semigroup (Pt)t≥0 is closed; Hence, D(L) is complete for the graph
norm ∥ · ∥D(L).

When we write that A0 is dense in D(L) for the graph norm, we mean that A0 is a core for L: For every f ∈ D(L)
there exists (fn)n ⊂ A0 such that

∥fn − f∥L2(µ) + ∥Lfn − Lf∥L2(µ) → 0.

This approximation is precisely what allows us to extend identities first proved on A0 (e.g. integration by parts and the
Poincaré inequality) to all f ∈ D(L) by continuity.

We now introduce the concepts of adjoint operator, self-adjointness and essential self-adjointness (ESA) [32], Sec-
tion 3.4.2. The latter allow us in Theorem 4.2, to relax the requirement in Theorem 3.1 that L and L are elliptic
operators.

Definition C.10 (Adjoint Operator). Let (E,µ,Γ) be a diffusion Markov triple, and consider the operator L associated
with it. The domain D(L∗) is the set of functions f ∈ L2(µ) such that there exists a finite constant C(f) for which, for
all g ∈ A0, ∣∣∣∣∫

E

fLgdµ

∣∣∣∣ ≤ C(f)∥g∥2.

On this domain, the adjoint operator L∗ is defined by integration by parts: For any g ∈ A0,

L∗(f) =

∫
E

fLgdµ =

∫
E

gL∗fdµ.

By symmetry of L – as we have seen in (C.2) – it holds that (in general) D(L) ⊂ D(L∗), and L = L∗ on D(L). That is,
L is self-adjoint on D(L). Being self-adjoint on D(L), though, does not mean that L = L∗. The self-adjointness property
of L refers to the dual operator constructed in the same way as L∗, but where D(L) replaces A0. In other words, as
we have seen in Definition C.9.(DMT9), A0 is not necessarily dense in D(L) with respect to the domain norm ∥ · ∥D(L).
This happens if and only if D(L) = D(L∗). In this case, the extension of L from A0 to a larger domain as a self-adjoint
operator is unique.

Definition C.11 (Essential Self-Adjointness – ESA). The operator L is said to be essentially self-adjoint ifD(L) = D(L∗)
(recall that D(L∗) is defined with respect to A0). Equivalently, A0 is dense in D(L) in the topology induced by ∥ · ∥D(L).

As we can see, the ESA property depends on the choice of A0. In addition, ESA holds for all elliptic operators on
complete Riemannian manifolds where A0 is the class of smooth compactly supported functions. That is, it is always
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satisfied when E is a Euclidean space or a complete Riemannian manifold. The other implication, though, need not hold
– that is, there are ESA operators that are not elliptic as in C.1.1. As we shall see, ESA alone is enough to guarantee
ergodicity à la Corollary 3.3.

The ESA property does not automatically hold for a diffusion Markov triple (E,µ,Γ). To derive sufficient conditions
for it, we need to introduce the concept of an extension of A0 [32], Section 3.3.1.

Definition C.12 (Extended Algebra A). Let A0 be the algebra associated with a diffusion Markov triple (E,µ,Γ). A is
an algebra of measurable functions on E containing A0, containing the constant functions, and satisfying the following
requirements.

(i) For all f ∈ A and all h ∈ A0, hf ∈ A0.
(ii) For any f ∈ A, if

∫
E
hfdµ ≥ 0 for all positive h ∈ A0, then f ≥ 0.

(iii) A is stable under composition with smooth (C∞) functions Ψ : Rk → R.
(iv) The operator L : A → A is an extension of the infinitesimal generator L on A0. The carré du champ operator Γ

is also defined on A×A as in Definition C.5, with respect to the extension of L.
(v) For every f ∈ A, Γ(f) ≥ 0.
(vi) The operators Γ and L satisfy (C.7) and (C.8), respectively, for any smooth (C∞) functions Ψ : Rk → R.
(vii) For every f ∈ A and every g ∈ A0, the following holds

E(f, g) =
∫
E

Γ(f, g)dµ = −
∫
E

gLfdµ = −
∫
E

fLgdµ.

(viii) For every f ∈ A0 and every t ≥ 0, Ptf ∈ A.

When E is a Euclidean space or a complete Riemannian manifold, we have that A0 is the class of smooth (C∞)
compactly supported functionals on E, while A is the class of smooth (C∞) functionals. We now present two concepts,
connexity and weak hypo-ellipticity, that allow to “import” some of the geometric structure of the Riemannian manifolds
considered in C.1.1 to the more general diffusion Markov triple setting [32], Section 3.3.3. In addition, as we can see in
the proof of Theorem 4.2, in the context of imprecise diffusion Markov tuples they are sufficient for the ESA property
to hold.

Definition C.13 (Connexity and Weak Hypo-Ellipticity). Let (E,µ,Γ) be a diffusion Markov triple, and let A be the
extension of the algebra A0 associated with (E,µ,Γ). Then, (E,µ,Γ) is said to be connected if f ∈ A and Γ(f) = 0 imply
that f is constant. This is a local property for functionals in A. (E,µ,Γ) is weakly hypo-elliptic if, for every λ ∈ R, any
f ∈ D(L∗) satisfying L∗f = λf belongs to A.

Notice also that in this more general setting, the Bakry-Émery curvature condition is the same as that in Definition C.8,
where the sufficiently rich class corresponds to the extended algebra A.
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