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CONSISTENCY OF SPECTRAL SERIATION

AMINE NATIK! AND AARON SMITH??*

Abstract. Consider a random graph G of size N constructed according to a graphon w : [0,1]* —
[0,1] as follows. First embed N vertices V' = {v1,v2,...,vn} into the interval [0, 1], then for each ¢ < j
add an edge between v;, v; with probability w(v;, v;). Given only the adjacency matrix of the graph, we
might expect to be able to approximately reconstruct the permutation o for which v, 1) < ... < vo(ny if
w satisfies the following linear embedding property introduced in [Janssen et al. Electron. J. Statist. 16
(2022) doi:10.1214/21-EJS1940]: for each z, w(z,y) decreases as y moves away from z. For a large and
non-parametric family of graphons, we show that (i) the popular spectral seriation algorithm [Atkins
et al., SIAM J. Comput. 28 (1998) 297-310] provides a consistent estimator & of ¢, and (ii) a small
amount of post-processing results in an estimate & that converges to o at a nearly-optimal rate, both
as N — oo.
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1. INTRODUCTION

In this paper, we study a statistical version of the seriation problem, first introduced by Robinson in [1] as a
combinatorial problem. In this problem, we get to observe a graph, and our goal is to order the vertices in such a
way that more similar items are placed near to each other. The pioneer of seriation is considered to be Flinders
Petrie, an Egyptologist, who called it sequence dating in [2]. While the seriation originates from archaeology, it
has recent applications to ecology, sociology, biology, and other topics. See [3] for a historical overview on the
seriation problem.

We relate the seriation problem from [2] to the notation used in this article. We begin with a collection
of N € N objects, with the i'th object associated with an unobserved point v; € [0,1]. In [2], these objects
corresponds to a set of graves, with v; the age of the i’th grave. We then get to observe a symmetric graph
G = (V, E) with vertex set V = {vy,v2,...,vx}. Informally, we expect that an edge is more likely to appear
between vertices v; and v; that are closer together. Continuing the example of [2], the observed graph is
constructed by putting an edge between v; and v; if we find the same type of artifacts in both the i’th and j’th
graves. This co-occurrence is more likely when the two graves have similar ages. The goal in seriation is then to
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find an ordering o : V — {1,2,..., N} for which
V(1) < Vg(2) < - < Ug(N)-

In [2], this means inferring a chronological ordering of the true ages of the set of graves by observing the different
types of archaeological finds on each grave.

Many versions of the seriation problem have been studied. Perhaps the simplest occurs when the observed
graph satisfies the following property: for all v; < v; < vy,

(vi,v5) € E = (v;,v;) € E and (vj,v) € E. (1.1)

Graphs satisfying this property are called Robinsonian, named after Robinson who first introduced this property
in [1]. We call this the noiseless seriation problem, as there will never be any “missing” edges and a perfect
ordering exists.

Remark 1.1 (Reversals and Recovery). Since we can only observe the graph G, there is no way to distinguish
between an ordering ¢ and its reversal rev(c), defined by

rev(o)(i) = N +1—o(i). (1.2)

This means that, although we say that we wish to find an ordering & that is close to the ordering ¢ that satisfies
Vo(1) < Vg(2) < --- < Ug(n), the best that we can hope for is an ordering & that is close to either o or rev(c).
We expect that this non-identifiability is rarely a problem in practical applications: even a small amount of
additional information lets you distinguish between the extremely different estimates & and rev(d).

To avoid repeatedly discussing this small non-identifiability issue, we usually hide it by the following small
abuse of notation. For any metric d that can be applied to orders, we always intend the symmetrized version

d(o1,02) = min(d(o1,02), d(rev(oy), 02)) (1.3)

unless we explicitly say otherwise. We only need to pay attention to this issue in step 3 of our post-processing
algorithm (Alg. 3), where we consider several different estimated orderings and must “align” them.

This noiseless version of the seriation problem has been well-studied in the computer science literature, and
there are several algorithms that are known to return a correct o very quickly; we believe that [4] is the fastest.
Of the provably-correct algorithms, one of the simplest and best-known is the spectral seriation algorithm (see
Alg. 1 below) introduced in [5]. This algorithm is based on the spectrum of the Laplacian of the observed graph.

In realistic examples, the data is noisy and (1.1) will not hold exactly. This motivates the statistical seriation
problem, in which the edges of the graph G are seen as random and (1.1) only holds “on average”. We study
the following natural generalization introduced in [6]: for all v; < v; < vy,

P ((vi,v) € E) <min (P ((v;,v;) € E), P((vj,v,) € E)). (1.4)

Random graphs satisfying this inequality are known as Robinsonian. In this situation we typically can’t
recover ¢ exactly, and so the goal becomes estimating o. Algorithm 1, the spectral seriation algorithm, is
commonly applied to the statistical seriation problem as well as the noiseless seriation problem.

We give the usual spectral algorithm below, but first set notation. For any integer n € N define [n] =
{1,2,...,n}. For any set S and any function f : S+ R, define the associated ordering oy : S — [|S]|] by the
formula

op(i)=HieS: f() < f@)}, (1.5)
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breaking ties in f arbitrarily to make the resulting function bijective. If S = [N] and f does not contain any
repeated values, it is clear that f(aj?l(l)) < f(afl(Q)) <. < f(afl(N)).

The spectral seriation algorithm is based on the eigenvalues of a related Laplacian matrix, rather than the
adjacency matrix itself. We recall that the (unnormalized) Laplacian matrix of a graph with N vertices and
adjacency matrix A = (a; ;j)1<i,j<n is given by Ly = (D — A), where the degree matrizc D = (d;j)1<: j<n is the

diagonal matrix with entries d;; = > ._; a;;. The spectral seriation algorithm introduced in [5] is as follows:

Jj=1

Algorithm 1: The spectral seriation algorithm.

Input : A graph G.

Compute the adjacency matrix A of the graph G.

Compute the Laplacian matrix Ly4.

Find the eigenvector ¢ of L4 with second-smallest eigenvalue, called the Fiedler vector.
Compute the permutation o4 according to equation (1.5).

Output: The permutation og.

W N =

As shown in [5], under the satisfying property (1.1) this algorithm always returns a correct permutation. The
same algorithm also gives a popular estimator for the statistical seriation problem. The main contribution of
this paper is the study of the performance of this algorithm for the statistical seriation problem under fairly
general conditions, which we now introduce.

A graphon is a measurable function w : [0,1]? — [0, 1] which is symmetric (i.e., w(z,y) = w(y,x)). See [7]
for a general introduction to graphons, and [6] for previous work on graphons in the context of seriation. In this
paper, we say that a random graph G = (V, E) with N vertices is sampled from a graphon w and write G ~ w
if: (i) the vertices of the graphs V = {v1,va,...,vn} are identified with their embedding v; = % € [0,1] in a
latent space and (ii) the edges of G are sampled independently with probabilities:*

P ((vi,v5) € E) = w (i, 05) (1.6)

for i # j.

Our paper includes two main results on this problem. We now give weak but-easy-to-state versions of our
main theorems, applying to the following family of geometric random graphs with smooth and monotone link
functions:

Definition 1.2 (“Nice” Random Graphs). We say that a graphon w is “nice” if w can be written as w(zx,y) =
R(|lz — yl) for all z,y € [0,1], where R : [0,1] — (0,1] is a C' function such that sup,(o ;) R'(z) < 0.

To give simple concrete families of examples: (i) the graphons w(z,y) = 1 — p|z — y|? belong to this family

—(z—y)*
202

when 0 < p <1 and 1< ¢ < oo, and (ii) the graphons w(z,y) = exp
RBF kernel) also belong to this family.

Denote by idx the identity permutation on [N], and for all v > 1 and N > 1 define e, (V) := exp (— log”(N)).
For v € RY | denote by |[v||; = > |vjl and ||Jv]les = max; [v(j)| the usual L' and L> norms. The following is
an immediate consequence of Theorems 2.8 and 2.13, as we show in Section 7:

) for any o > 0 (known as the

Theorem 1.3. Let w be a graphon of the form given in Definition 1.2. Consider a family of random graphs
{GMN)} yen where each GN) has exactly N vertices, and is sampled from w in the sense of equation (1.6) (i.e.,
GWN) ~w), and let &) be the output of Algorithm 1 with input G™N). For any fired € € (0,1) and n € (0,1/3),

TIn the larger graphon literature, it is more common to view v; as being i.i.d. samples taken uniformly from [0,1]. The analysis
in this paper can be carried out in that case with a few small adjustments (the initial spectral argument loses factors of log(n) to
ensure that the spacing is not too far from uniform; these losses are eliminated in the cleanup algorithm of Section 6, which already
uses subsamples of the vertices that are not exactly evenly spaced). We use this embedding to more closely match previous work

on special cases of the seriation problem, such as [8-10].
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there exists a positive constant C' = C(w) < oo and an integer Ng = No(w,e,n) so that for all N > Ny
P (H&W) - idNH < ONH) >1-e. (1.7)
1

Furthermore, denote by ¢(N) the “post-processed” estimate obtained from Algorithm 3 with input GN) and
parameters o = 0.05, § = 0.31. Then for any v > 1 and € > 0, there exist a positive constant § = 6(w,~,€) and
an integer Nog = No(w,~,€) so that

P (Ha—m - z’dNHOO < EW) >1-&(N) (1.8)

for all N > Ny.

We note that Inequality (1.8) (which follows from Thm. 2.13) is much stronger than (1.7) (which follows
from Thm. 2.8) in at least two ways: the norm in which convergence is measured is much stronger, and the
rate of convergence is much faster (even after rescaling to account for the different norms). The question of
rate-optimality for this problem turns out to be slightly subtle, and we discuss it at greater length in Section 8.
However, we can say that it is not possible to do substantially better than Inequality (1.8) for all reasonable
graphons - see [11] for a proof that the bound in Inequality (1.8) is optimal (up to a factor of polylog(N)) for
a broad class of graphons that are similar to those studied in this paper.

1.1. Previous work and main contributions

Informally, the main results of our paper are that (i) the popular spectral embedding algorithm gives reason-
ably good results for the seriation problem under reasonable assumptions on the nonparametric graphon model,
and (ii) a simple post-processing step can be added to obtain very good results. We view this as important
reassurance for practitioners: spectral embedding algorithms are very popular, but there was little theoretical
support for using these algorithms to fit anything but a few small parametric families of models. Our results
provide evidence for the folk belief that spectral algorithms, with appropriate coarse post-processing, are quite
insensitive to the details of the generating process w.

There are many papers in the literature that have either similar-looking results or similar-looking methods,
so we give a quick survey and then summarize the most interesting differences.

1.1.1. Previous work: similar algorithms and proofs, different questions

Spectral embedding algorithms are very popular in many contexts, especially in the spectral clustering litera-
ture (see e.g. [12, 13] and variants such as [14-16]). The idea behind all these algorithms is to calculate the first
few eigenvectors of a matrix related to your data matrix, use these to embed your data in a low-dimensional
space, then use a popular clustering algorithm such as k-means to cluster points in this representation. As with
the seriation problem, this is known to give exactly the desired answer in simple “noiseless” situations.

In “noisy” situations, the most common analyses follow the approach of [17]. In that paper, the authors
show that, under appropriate conditions, the eigenvectors of the observed data matrix will converge to the
eigenfunctions of a certain limiting operator. When this convergence happens, the associated spectral embedding
will also converge to an embedding related to the limiting operator. One can then bound the difference between
the clustering associated with the observed data and the limiting operator, obtaining a consistency result.

The proof of our first main bound, Inequality (1.7), follows essentially this approach. We emphasize two main
differences:

1. Definition of “correct” answer: In both seriation and spectral clustering, we typically observe a
graph constructed from unobserved latent points, and we try to analyze our algorithms by analyzing the
convergence of this graph to a limiting operator. One striking difference is that it is common to define
the goal of a spectral clustering algorithm in terms of that limiting operator (see e.g. results 1 and 2 of
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[17]), while in spectral seriation we have an independently-defined goal (see Eq. (1)) and use that limiting
operator only as a proof technique.

The main consequence of this difference is that, even after proving convergence to some limiting operator,
we must check that the seriation obtained from the limiting operator actually agrees with the desired
ordering. Checking this turns out to be non-trivial unless the generating graphon w is very special, and
relating the limiting operator to the embedded positions takes up most of Section 3.

2. Difficulty of problem: In spectral clustering, the “correct” clustering maps vertices to a finite set
{1,2,...,k}, where k does not grow with the size N of the observed graph. In seriation, the “correct”
ordering is a permutation on {1,2,..., N}. The fact that the seriation problem attempts to estimate a
much higher-dimensional object makes the problem substantially messier in a few ways. For example, it
is often possible to perfectly recover the correct clustering with a finite sample size even without precise
information about the data-generating process (see e.g. [18]), but it is usually not possible to perfectly
recover the solution to the seriation problem without having very accurate a priori knowledge of the
graphon w (see e.g. [19]).

We next relate our second main result, Inequality (1.8), to the existing literature.

Although analysis of the spectral embedding gives useful information, there are many possible spectral
embeddings and it is difficult to find and analyze the “best” one (see e.g. the discussion of various Laplacians
n [17]). An alternative is to use a simple spectral embedding to obtain an initial rough solution, then use a
simple post-processing algorithm to refine it. This is known to work well for the stochastic block model, the
most popular toy model for the spectral clustering problem [20].

We take a similar approach here to prove Inequality (1.8). The main novelty is that we need to develop a
post-processing algorithm, as the algorithms used for spectral clustering are not appropriate. Again, the fact
that exact recovery is impossible adds some complication to our analysis.

1.1.2. Previous work: similar questions

Our work was inspired by [21, 22], which studied random graphs that were very similar, respectively, to the
one-parameter graphon w(x,y) = p1j,—y|<o.5 for some p € [0,1] and the single graphon w(z,y) =1 — [z — y|.
Like us, [22] follows in the footsteps of [17] and analyzes the spectral seriation algorithm as a perturbation of a
limiting algorithm. The main differences between our paper and [21, 22] are:

1. Inequality (1.7): We deal with a large nonparametric family of models, while [21, 22] are both restricted
to small parametric families. Furthermore, we allow for sequences of graphs with total degree growing
more slowly with N than those in [22], and we allow more noise than [21].

2. Inequality (1.8): Using our post-processing algorithm, we obtain sharper results than previous work
(even in the special cases that were focused on).

3. Technical differences: Both [21, 22] rely on detailed knowledge of the spectrum of a limiting operator,
which is only possible because they study rather special families of graph models. Since we deal with the
nonparametric case, we do not have access to this information and need substantially different arguments.

The results in this paper are also closely related to those in [19], which share an author. Both papers study
a large nonparametric family of graphons, both papers study convergence in the same pseudometric, and both
results apply to the same simple “toy” models. The main difference is that the present paper analyzes the
very popular and relatively simple spectral seriation algorithm, while [19] develops new and rather complicated
algorithms. As a secondary difference, the assumptions in our papers are not comparable. In particular, [19]
requires that the square of the adjacency matrix satisfy a weaker version of the Robinsonian property, and (as
shown in [19]) this does not always hold even for graphons satisfying Assumption 1.2.

Finally, we note that there is a related literature on detecting and recovering embeddings on the torus [0, 1]
rather than the interval [0, 1], such as [8-10]. These papers cover a wider range of algorithms than ours, including
some analyses (e.g. of row-correlation) that are quite different from ours. However, they have essentially the
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same goal. The largest difference is that, like [21, 22], the papers [8-10] are concerned with parametric families
of graph with few parameters, and take advantage of this in developing and analyzing their algorithms.

We note that the independent work [23] covers a very similar problem in a nonparametric setting, and was put
on arXiv within a few months of this paper. There are many technical differences that make direct comparisons
difficult - for example, our graph models are not quite the same, and their main conclusion concerns the relative
error of an estimate of the latent position of the vertices rather than the absolute error of an estimate of their
ordering. The assumptions also do not translate precisely. However, the results are qualitatively quite similar:
they study graphs sampled from a nonparametric collection of bi-Lipschitz model operators, and show that a
quantity closely related to the sup-norm error of the estimated ordering converges at roughly the statistical rate

of ﬁ

1.1.3. Previous work: summary and further reading

Our work belongs to a very large literature on spectral embedding methods, and a smaller literature on
attempting to order or embed vertices on an interval or cycle. The most important differences are:

1. In contrast to most previous work on related questions, we consider a large nonparametric family of
graphons. In particular, while our assumptions appear more technical than theirs, this is largely because
we are considering a much broader class of models - they are often straightforward to check for the most
common explicit parametric families.

2. In contrast to previous work on spectral clustering, we must check that the embeddings associated with
our limiting operators correspond to the original latent positions.

3. In contrast to our own previous work [19], we consider both a large nonparametric families of graphons
and a simple algorithm based on a widely-used approach.

Finally, we mention recent work on several problems that have a similar feel to seriation, but which are
not directly comparable to our note. Several papers, such as [24] and [25], have studied what amount to other
relaxation of the condition in equation (1.1). These relaxations are also reasonable versions of the “statistical”
or “approximate” seriation problem, though the details are quite different.

Since our preprint was written, the very interesting paper [26] carefully compares the best rates of several
reasonable algorithms, showing that in their problem (as we suspect in this problem) spectral seriation is
provably far from optimal. While the details of the problem in [26] are very different from the problem studied
here (they assume that their graphs have a Toeplitz structure, which is a much larger restriction that the “soft”
assumptions in this paper; they consider additive continuous noise rather than sampled discrete edges; etc),
and so it is not straightforward to directly translate results, we expect qualitatively-similar results to hold for
seriation as well. There have also been many articles on the closely-related problem of estimating a permutation
from pairwise comparisons (see e.g. [27]) or other estimates related to the entries of a random matrix whose
expected value is a Robinsonian matrix. See the longer paper [19] for a longer section relating our statistical
seriation question to this work.

1.2. Paper Guide

In Section 2, we introduce the main pieces of notation used throughout the rest of the paper and formally
state Theorems 2.8 and 2.13, stronger versions of the first and second parts of Theorem 1.3.

In Section 3, we check that a conjectured limit of the graph Laplacian has certain good properties - primarily
that an associated eigenfunction is monotone. In Section 4, we check that our graph Laplacian really does
converge to this conjectured limit in a sufficiently strong sense. In Section 5, we put together the bounds in
Sections 3 and 4 to prove Theorem 2.8.

In Section 6, we introduce the new post-processing algorithm and prove Theorem 2.13.

In Section 7, we check that the assumptions of Theorems 2.8 and 2.13 are weaker than the assumptions of
Theorem 1.3. Finally, we have a short concluding discussion in Section 8.
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2. NOTATION AND MAIN RESULTS

We use standard big-O notation when measuring the running times of algorithms. In particular, for two
functions f,g : N [0,00), we say f = O(g) if there exists a constant C' such that f(z) < Cg(x) for all z.
Similarly, we say f = O(g) if both f = O(g) and g = O(f).

2.1. Notation for random graphs

Let w : [0,1]2 — [0,1] be a graphon. For each integer N, consider the partition (ZV);—1, . n of the interval

(3

[0, 1] defined by Z¥ = [0,1/N] and ZV = ((i — 1)/N,i/N] for i = 2,..., N. For a given graphon w we define the
model matriz PN) € [0, 1]V*N by Pl,(jN) :=w(i/N,j/N) for all 4,5 € {1,2,...,N}.

For each N € N, we consider the sequence of random graphs GV) ~ pyw, where py € (0,1] is a sequence
regulating the sparsity of the graph. We denote by PW) the adjacency matrix of the graph GV). We recall
that, the graph G™) has N vertices and the edges are constructed as follows: for each 1 < i < j < N, we
add an undirected edge between the ¢’th and j’th vertices with probability pNPi(jN); these edges are added
independently. In other words,

P ™ Bernoulli (pr(]i[, JJV)) . (2.1)

We view the graphon pyw as the limit of the sampling matrices P¥) under suitable rescaling (see [28] for
an explanation of how this notion of “graph limit” can be made precise). This motivates the graphon analogue
to property (1.4): for z,y,z € [0, 1],

{z <y <z} = {w(z,z) <min(w(z,y),w(y,z)} (2.2)

In analogy to (1.4), we call graphons with this property Robinsonian (these are also what [6] calls diagonally
increasing).
We define the sampled graphon wy by

N

N@y) =33 P g (@)1 ()

i=1 j=1

for all (z,y) € [0,1]%
Similarly, the random graphon wy is defined by:

Z Z P(N) 1IN 1ZN (y)

=1 j=1

2.2. Review of relevant facts from spectral theory

We next need some basic notation related to operators. We denote by L2([0,1]) the usual Hilbert space
on (equivalence classes of) functions f : [0, 1] — R, with inner product given by (f,g) fo x)dz and
norm denoted ||f||. For any function f or operator T, denote by rg(f) (respectively rg(T)) the range of the
function (respectively operator). Let e € L2([0, 1]) denote the constant function, e(z) := 1 for all x € [0, 1]. We
use blackboard bold symbols, such as T, to denote linear operators acting on L?([0, 1]). The induced (operator)
norm is defined as

T = sup ITf] .
FEL2([0,1)) s.t. | f]=1
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For a self-adjoint bounded linear operator T we denote by o(T) the spectrum of T, which consists of the set
of all A € R such that T — Al is not bijective. For any operator T, we denote by ker(T) the kernel of T. We recall
some basic facts about the spectrum (see e.g. [29]). The spectrum is always non-empty, closed and bounded.
We define the discrete spectrum o4(T) to be the part of o(T) which consists of all isolated points with finite
algebraic multiplicity?. If A € 4(T), then \ is an eigenvalue of T - that is there is some non-zero f € L?([0, 1])
such that Tf = Af. We also define the essential spectrum oess(T) = o(T) \ 0a(T). According to [30] the essential
spectrum oess(T) is the set of all numbers A in the spectrum o(T) of T such that at least one of the following
conditions holds:

(i) the range rg(T — AI) of T — Al is not closed;
(ii) A is a limit point of o(T);
(iil) US4 ker((T — AI)") is infinite dimensional.

The essential spectrum is always closed, and the discrete spectrum can only have accumulation points on
the boundary to the essential spectrum. For more results on the spectrum of linear operator we suggest [29].
Denote by Amax(T) the spectral radius of T,

Amax(T) =sup {|A| : A € o(T)}.

Note that Amax(T) < || T|ll-

2.3. Spectral theory of the graphon-laplacian

We define the graphon-Laplacian operator L for a given graphon w as

<Lﬁuw=[;wuwxﬂ@—f@»@ (2.3)
=ﬂmmw—Aquawﬂw@,

where

1
M@:Aw@w@

is the degree of x. The operator L for the graphon w is the analogous of the Laplacian matrix of a graph.
Similarly, let Ly and Ly denote the Laplaman operators associated to graphons wy and @y respectively,
as defined in equation (2.3). Finally, let L) L) denote the Laplacian operators on RY associated to the
matrices PY) and P®Y) respectively.

We make some remarks on the spectrum of L. Note that the operator (Wf)(z fo y)dy is a
Hilbert-Schmidt operator (see e.g. [29]), thus W is compact. Nevertheless, L is generally not compact since it
is the sum of the compact operator W and the multiplication operator f(z) — d(z)f(x). It is well known that
adding a compact operator does not change the essential spectrum (see e.g., [31]), so the essential spectrum of
L is the same as the essential spectrum of the multiplication operator f(z) — d(z)f(x). The essential spectrum
of this operator is known to be the range of the degree function d, i.e., oess(IL) = rg(d) (see, e.g., [17] ). Note
that the linear operator L is self-adjoint, bounded and positive.

?Recall that the algebraic multiplicity of X is the dimension of Ugker((T — A)*).
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It is easy to see that Le = 0, which means that A\; = 0 is an eigenvalue of LL. In fact it is the smallest
eigenvalue, as:

W =5 [ | wlewnre - o) o (24)

If Lf =0 and w(zx,y) is strictly positive for almost all x,y, then Inequality (2.4) implies that f € Vect(e)?.
Thus, A\; = 0 is a simple eigenvalue. Denote A\; =0 < Ay < A3 < --- the eigenvalues of L in increasing order.
We call the Fiedler value the smallest non-zero eigenvalue (i.e., A3) and any corresponding eigenfunction ¢ a
Fiedler function.

2.4. Statement of main mesults

We replace the simple but very strong assumptions of Theorem 1.3 by a series of weaker but more complicated
assumptions, then state our main results. Although our main results are more general than Theorem 1.3, we
don’t aim for maximum generality. Instead, we aim for conditions related to familiar quantities where possible,
and give remarks on how these assumptions relate to our toy examples and proofs. Although our assumptions are
all stated without reference to the eigenvalues and eigenfunctions of our operators, several of the more technical
remarks refer to the “Fiedler” eigenfunction. This eigenfunction is closely analogous to the usual “Fiedler”
eigenvector of a matrix already defined, and is discussed more carefully in Section 3.

Assumption 2.1 (Lipschitz graphon). There exists a constant K > 0 such that
lw(z,y) —w(@,y)| < K(lz —2'[ + [y — ¢/])

for all pairs (z,y) € [0,1]%, (2, y') € [0,1]2

Assumption 2.2 (Differentiable graphon). The partial derivative dw(zx,-)/0x both exists and is non-zero
almost everywhere.

Remark 2.3 (Fixing Assumptions 2.1 and 2.2 for Flat Graphons). We note that Assumptions 2.1 and 2.2
are violated for simple graphons such as w(x,y) = 0.51|,_y|<0.5- This is somewhat unsatisfying, as this simple
graphon (and other similar ones) were studied in [8, 9, 22].

Fortunately, these problems are not too difficult to fix, and our arguments were written with this in mind. The
proof of Theorem 2.8 only uses Assumption 2.2 (i) inside of the proofs of the intermediate results Theorems 3.1
and 3.2, and (ii) at one step in the proof of Lemma 4.1. Similarly, Assumption 2.1 is only used (i) inside of the
proofs of the same intermediate results Theorems 3.1 and 3.2, and (ii) at one step in the proof of Lemma 4.1
and Theorem 4.2.

Thus, both the conclusion and the proof of Theorem 2.8 remain correct if we (i) assume the conclusions of
Theorems 3.1 and 3.2 directly and (ii) calculate the three integrals where Assumptions 2.1 and 2.2 are used in
the proofs of Lemma 4.1 and Theorem 4.2. These turn out to be straightforward calculations for this toy model.

We can give a slightly more generic version of this discussion. Theorem 2.8 remains true as stated if we
substitute the following pair of assumptions for Assumption 2.2:

1. There exists a Fiedler function ¢ € C1([0,1]) and L > 0 such that infep0,1] ¢'(x) = L (this corresponds to
Thm. 3.1).

2. The eigenspace corresponding to eigenvalue A is one-dimensional (this corresponds to Thm. 3.2).
Assumption 2.4. The derivative d'(z) exists for all x € [0,1] and the set N := {x € [0,1] : d'(z) = 0} is
discrete.

3We note here that any Robinsonian graphon w that satisfies Assumption 2.2 will satisfy w(z,y) > 0 for almost all x,y. For
that reason, the calculations in this paragraph will hold wherever Assumption 2.2 holds.



CONSISTENCY OF SPECTRAL SERIATION 129

Remark 2.5 (Non-Triviality of Asm. 2.4). Note that Assumption 2.4 does not imply that d is monotone or
unimodal - d(x) is allowed to oscillate. In particular, Assumption 2.4 doesn’t imply that you can recover a good
ordering of the vertices by just “sorting by degree”.

Remark 2.6 (Where is Assumption 2.4 Used?). Unlike the other assumptions in this section, we don’t recall
having seen assumptions similar to Assumption 2.4 in other analyses of spectral algorithms. It also seems
rather strong, since it requires d’(z) # 0 almost everwhere. In fact, this assumption is much stronger than what
we really require, and our proofs apply as-written to many examples for which d~!(x) is of large measure.
Assumption 2.4 is included large as a simple-to-check sufficient condition.

In our proofs, Assumption 2.4 is only used in a few steps of the proofs of Theorems 3.1 and 3.2. These theorems
state that the Fiedler eigenfunction is monotone and the corresponding eigenspace is one-dimensional. Thus,
this assumption can be dropped if there is an alternative way to check these conditions (e.g. the eigenfunction
and eigenspace can be computed explicitly for the toy example, as in [22]; alternatively, perturbation bounds
can be used to compare the eigenfunctions to those of an operator for which they can be computed explicitly).

As a consequence, we note that our proof applies as-written to many examples for which d is not nonzero
almost-everywhere.

Assumption 2.7. Let

1 1
H = {f e 12([0,1]) : / F(t)dt = 0 and / F2(1)dt = 1},
0 0
and L be the graphon-Laplacian operator associated with w. Assume that

flrel?f{GLf, f) < zéﬂ)f,u d(z).

Note that inf(cess(IL)) = inf,ejo,1) d(x). Applying this with the mini-max principle for self-adjoint operators
(see [32]), Assumption 2.7 ensures that the Fiedler value satisfies Ay < inf,¢jo 1) d(7).

Although these assumptions may seem complicated, especially Assumption 2.7, all “nice” graphons in the
sense of Definition 1.2 satisfy these assumptions. For the proof of this result, see Section 7. Furthermore,
note that the most complicated assumption, Assumption 2.7, can be vastly simplied for graphons of the form
w(z,y) = R(|Jz — y|): it holds under the weaker (and easier to state) assumption that R is continuous and
satisfies R(1) < R(0) (see [33]). In practice, we suspect that a practical approach to Assumption 2.7 would be
to check that it held for a sampled observed graph.

Our main result is the following consistency result for spectral seriation algorithm:

Theorem 2.8. Fiz 7€ [0,1), n < PTT and ¢ € (0,1). Let py = N~ 7. Fiz a Robinsonian graphon w satisfying
Assumptions 2.1 to 2.7. Consider a family of random graphs {G(N)}NGN where GN) ~ pyw according to
equation (2.1). Let 6N be the output of Algorithm 1 with input GXN). Then there exists a positive constants
C = C(w) and an integer No = No(w, T,7n,€) so that

P (H&UV) - idNH < CNH) >1-¢ (2.5)
1

for all N > Ny.
Moreover, for any v > 1 there exists a positive constants C' = C'(w) and Njj = Nj(w,T,1,7v) so that

P (H&W) . idNH1 < O’NH) >1-¢c,(N) (2.6)

for all N > N{, where we recall e4(N) = exp (—log"(N)).
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Remark 2.9 (Implied Constants). The constant C'(w) in Theorem 2.8 is exactly the prefactor (1 + %z)

appearing in Inequality (5.1). Both constants C, L in this expression depend on the spectral data of an operator
associated with w: L is the smallest slope of the so-called Fiedler eigenfunction (see Thm. 3.1 for the definition),
while the constant C' is the prefactor appearing in equation (4.14) and depends on the differences between the
first few eigenvalues of the same limiting operator. Informally, C'(w) is small if the limiting operator (i) has a
top eigenfunction that is not close to flat, and (ii) top eigenvalues that are well-separated.

The constants Ny, N are defined in equation (4.12). Ignoring polylog factors, the maximum row-degree py N
need to be large compared to (i) the Lipschitz constant K associated with the graphon, (ii) the inverse of the
maximum expected degree, and (iii) log(e™1).

Note that Inequality (2.6) looks very similar to Inequality (2.5) if we choose € = £, (IV). Although the two
are very similar, the result in (2.6) can not be obtained as a consequence of (2.5). In fact, the values of N for
which the first inequality is satisfied depend on Ny which itself depend on e.

With appropriate post-processing and some additional assumptions, we can achieve tighter estimates. For
fixed 0 < a < 0.5, define the functions Vg, ¥y by

1

Wa(s) = Vn(aia) = |

-«

w(z,y)dy and Vp(z) =¥ (z; ) := /004 w(z,y)dy. (2.7)

These functions count the expected number of neighbours in the right- and left-most « percent of vertices,
though we will suppress the dependence on « in our notation when writing our main algorithms. Assume:

Assumption 2.10. There exists some constants 0 < « < 8 < 1/2 such that:

1. Mean distance inequality:

inf  Wp(z;a) > Vr(l - B;a), inf Wp(z;0) > V(B a), (2.8)

z€[l—a,l] z€(0,a]

and
2. Distinguishability inequality: There exists some d; > 0 such that

ﬁ_

) = {lw(y, 2) - w(e,2)| > dife - yl} (2.9)

{min(|z — 2|,y — z[) =

for z,y,z € [0, 1].

Remark 2.11 (Relationship to Assumptions in Other Papers). The assumption that w is bi-Lipschitz condition
is the central assumption in [11], and seems to be very convenient in the analysis of seriation problems.

Combining Assumption 2.10 with previous assumptions is quite close to assuming a bi-Lipschitz condition.
Assumption 2.1 requires w to be Lipschitz. The conclusion of condition (2.9) is quite close to requiring w to be
bi-Lipschitz, except that the inequality on the right-hand side of condition (2.9) only needs to hold for x,y, z
that are sufficiently distant.

Remark 2.12 (Non-Examples for Assumption 2.10, Part 1). There are many graphons that don’t satisfy Part
1 of Assumption 2.10. One very simple family of examples is we(x,y) = 1,y>c for C > 0.5. This suggests a
much broader construction of “bad” examples: take your favourite Robinson graphon w, then decrease w(x,y)
for all x,y small.

This assumption holds also for all graphons that are “nice” in the sense of Definition 1.2. For the proof of
this result, see Section 7. When a graphon satisfies Inequality (2.8) for some pair («, 8) and also satisfies our
other assumptions, it is possible to quickly find the pair («, 3); see Remark 6.8.
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The following theorem gives a much faster convergence rate under Assumption 2.10:

Theorem 2.13. Let py = 1, fix a Robinsonian graphon w satisfying Assumptions 2.1 to 2.10. Consider a
family of random graphs {G™N)}nen where GN) ~ w according to equation (2.1). Let 6\N) be the output of
Algorithm 8 with input GN) and parameters «, 8 as in assumption 2.10. Then for any v > 1 and € > 0 there
exists a positive constant 6 = §(w, v, €) and an integer Ny = No(w, v, €) so that

P (H&W) - idNH < e\/Nlog"’(N)) > 1-£(N)

for all N > Ny, where we recall e4(N) = exp (—log” (N)).

Remark 2.14 (Replacing U, ¥;, With Other Test Functions ). A critical step of Algorithm 3 is constructing
good estimators of the functions Wg, Uy. Although we give specific functions Ug, ¥y, in equation (2.7) and
specific estimators in Algorithm 3, our proofs only rely on three properties of this pair of functions: they (i)
satisfy Assumption 2.10, (ii) have derivatives bounded away from 0 on [0,1 — 5] and [3, 1] respectively, and (iii)

log(N)
N

can be estimated with error roughly O from a graph of size N. We state our results in terms of

the specific functions W, Uy, because it is easy to (a) compute them and (b) verify our assumptions for the
most popular graphon families. However, different comparison functions may be more efficient for other families
of graphons, such as the “bad” examples in Remark 2.12, in much the same way that different normalized
Laplacians are used in spectral clustering.

2.5. Qualitative descriptions of why assumptions are required

In remarks in Section 2.4, we discussed examples for which our main assumptions failed to hold. Here, we
briefly explain why these assumptions are necessary - either necessary for the conclusions to hold, or merely
necessary for our proofs.

1. Assumption 2.1: This assumption is useful for making our proofs “tidier,” and can be substantially
weakened at the cost of slightly messier arguments and theorem statements.
Throughout the proofs, we attempt to estimate functions with continuous domains (such as the average
degree function d(z) = [w(z,y)dy) from discrete observations. In general, there is no real hope of esti-
mating functions on continuous domains unless the functions vary smoothly (or have some other very
special function, such as monotonicity). Assumption 2.1 is a simple-to-state assumption that guarantees
these derived quantities all vary smoothly, and thus can be estimated accurately from a finite amount of
data. There are many possible substitutes for Assumption 2.1 - most obviously, we expect that being only
Lipschitz in “most” places is good enough (see Rem. 2.3).

2. Assumption 2.2: This assumption can be slightly weakened for some examples, but our conclusions are
in fact false if this assumption is badly violated.
This assumption is used to ensure that the Fiedler eigenfunction is strictly monotone and that the cor-
responding eigenspace is one-dimensional. It is also used to ensure identifiability of the correct ordering.
We can check that both strict monotonicity and identifiability can easily fail by considering the simple
Robinson graphon w(w,y) = 1,—y|<0.9: the Fiedler eigenfunction is flat in the middle of its domain, and
of course w(z,-) =1 for x € [0.1,0.9], so the true ordering is not identifiable from a sampled graph.

3. Assumption 2.4: This technical assumption is critical to the proof of one of our lemmas. We believe
that it can be substantially weakened.
This assumption is used primarily to check that the Fiedler eigenfunction is C' outside of a discrete set,
which is necessary to check that it is strictly monotone. While it is not difficult to construct a graphon
whose Fiedler eigenfunction is not C! in this way, we are not aware of any graphons that are actually used
as models for which this property fails. As a consequence, we expect that this technical condition could
be weakened.
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4. Assumption 2.7: This technical assumption is critical to the proof of one of our lemmas. We believe
that it can be slightly weakened.
This assumption is primarily used to ensure that the Fiedler eigenvalue is isolated, which is required
in order to use standard perturbation results. While it does seem necessary to have an isolated Fiedler
eigenvalue, in principle this isolation could be checked more directly.

5. Assumption 2.10: These assumptions could be weakened, but they would require corresponding changes
in Algorithm 3.
Informally, the main idea in Algorithm 3 is to estimate certain test functions ¥ with the property that,
for all x,y in a particular interval I, W(z) > U(y) if and only if > y. For the specific intervals Iy, Ir
and test functions ¥, ¥y, used in Algorithm 3, Part 1 of Assumption 2.10 ensures that the test functions
have our desired properties on the desired intervals and Part 2 ensures that there is enough signal in a
random sample to accurately estimate the test functions.
These assumptions are close to necessary for the specific test functions and intervals we use. If Part 1 failed,
an incorrect comparison could be made and this could produce an arbitrarily-bad estimated ordering. If
Part 2 failed, the noise in the estimate ® z(z) would be large compared to the signal |® (z) — ®g(y)|, and
this would again lead to an incorrect comparison. Using different test functions would lead to different
conditions.

3. PROPERTIES OF THE FIEDLER VALUE AND THE FIEDLER FUNCTION

In this section we establish basic facts about the spectrum of the graphon-Laplacian operator L. Throughout
this section, we fix a graphon w satisfying Assumptions 2.1 to 2.7, then define L as in equation (2.3). We also
denote by \s its Fiedler eigenvalue. For x € R, define D, = d~'({z}).

The only results we need from this section are the following two theorems, whose proofs will take the rest of
the section. The remainder of this section can be safely skipped on a first read of the paper.

Theorem 3.1. There exists a Fiedler function ¢ € C*([0,1]) and L > 0 such that infep,17¢'(z) = L.
Theorem 3.2. The eigenspace corresponding to eigenvalue Ao is one-dimensional.
The following lemma ensures that most of the eigenfunctions of L are C*:

Lemma 3.3. Let A be any eigenvalue of I and f any eigenfunction associated to the eigenvalue \. Then the
set Dy is discrete and f is C' in DS.

In particular, if X ¢ rg(d), then f is C* in [0,1].
Proof. First we show that under Assumption 2.4 the set D) is discrete. Let N = {z € [0,1] : d'(z) = 0} as in
Assumption 2.4. Since N is discrete, it is enough to show that D’ = Dy \ N is discrete. Let x € D', so that
d(xz) = X and d'(z) # 0. Moreover, d(z+ h) — A = d(z+ h) — d(z) = d'(x)h + o(h), hence d(y) # A for all y # x
in some neighborhood U,, of x. Consequently every point « € D’ has a neighborhood U,, such that D' NU,, = {x}
as required.

Now take z € D§ and A > 0 such that x +J ¢ D, for all § € [0, A]. Recalling the definition of the operator
L from equation (2.3),

1
ﬂmww—Af@muwMy:v@»

Plugging = and x + § in the previous equation and taking the difference yields, for § € [0, A] sufficiently small,

w7 i ([0 - s 2 gy
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For the integral convergence, we apply the dominated convergence theorem. This is justified by the fact that,
by Assumption 2.2, the partial derivative exists almost everywhere, and by Assumption 2.1, we have that
(w(z+9,y) —w(z,y))/d is uniformly bounded by K < oo. Therefore f is differentiable in D§ and for all € D

1 w(x
£@ = gor=5 (] 0w - @5 Y ay, (3.1)

T

By a similar argument we can show that f’(z +d) — f’(x) as § — 0, consequently f is C! on Df.

To prove Theorem 3.1, we introduce the linear operator

(Mf)(z) = / / ( $y)1{m<z<y}) dzdy. (3.2)

Note that similarly to IL, the operator M is a self-adjoint, positive and bounded operator. Moreover, it is the
sum of a multiplication operator and a compact operator, which means that gess(M) = rg(d). We will show that
its spectral data is closely related to that of L:

Lemma 3.4. The eigenvalues of M are Ay < A\g < ---, that is the spectrum of M satisfies o(M) = o(L) \ {0}.
Moreover, for all X # 0, (A, f) is an eigenvalue-eigenfunction pair of L if and only if there exists a function g
so that f'(x) = g(z) for all x € DS and (N, g) is an eigenvalue-eigenfunction pair of M*.

Proof. Let (), f) be an eigenvalue-eigenfunction pair of I for which A # 0. By Lemma 3.3, f is differentiable
at all z € D§, and by Assumption 2.2, the partial derivatives of w exist almost everywhere. This justifies the
calculation

(Lf)(x) = Af(z) = Af(x) = f(x)d(x) —/ fy)w(z, y)dy

= A1) = @) + 1@ - [ 102 ay
= A1) = [ ()d() / () f<x>>%dy

= \f(z) = / / ( y)1{z<z<y}) dzdy

= Af'(z) = (Mf')(x

Conversely, let (A, g) be an eigenvalue-eigenfunction of M. Then for all x ¢ D), straightforward algebra gives

9(x) / / <6w ) )1{w<z<y}) dzdy.

Applying the dominated convergence theorem (this can be used because the partial derivative of w satisfies
811;

’y) ‘ < K when it exists, by Asm. 2.1), we can see that g is continuous on Df.

TWe have seen already that Dy is countable so in fact f’ exists almost everywhere. This means that the values of f’ where they

exist will uniquely determine the element of L2([0, 1]) that is an eigenvalue-eigenfunction pair of M.
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Define f(z) = [; g(t)dt for all z € [0,1]. Then f’(z) = g(z) for x € DS, and furthermore
(Mg)(x) = Ag(2) = ) @) + [ (@) = 1) P4y = s
0

1 B »
= [ (PP o)+ (110 - ) P Y ay = 2 (0)
1
- | a%c((f(x)_f(y))w(x,y))dy: o)

N / Ju(e,y)dy = Af() + C
(2) = M) +

Therefore, f — % is an eigenfunction of I as desired.

Finally, we check that 0 gé o(M). To see this, consider a function g such that Mg = 0. Then by the above
calculation Lf = 0, where f(z fo C . Recalling from the paragraph following (2.4) that A; is a simple
eigenvalue of I, this implies f € Vect(e ) and so g = [/ = 0. We conclude that o(M) = o(L) \ {0}. O

Lemma 3.5. There exists f* € L?([0,1]) such that MLf* = X\of* and f*(z) > 0 for almost all z € [0,1].

Proof. Fix a > 1 4 Apax(M). Define the operator M, = ol — M with I the identity operator. It is obvious that
oc(My) = a — o(M), hence Apax(M,) > 0.
We next claim that M, sends the cone of nonnegative functions,

K ={feL*[0,1]): f(z) >0for all z € [0,1]},

to itself. To see this, we examine the following expression for f € K and z € [0, 1]:

(Mo f) (@) = (o — d(z))f / ( JRC )a“’(x Qu@y)y,

The first term (o — d(x)) f(x) is non-negative since a > 1 > d(x). For the second term, if y > x then [¥ f(z)dz >
0 and % > 0 (because w is Robinsonian). Similarly, if y < x, both of these are negative and so their product

is positive. Hence, in either case, (ff f(z)dz) % > 0 for all y. Therefore M, f € K, as required.

Consequently M, is a positive, bounded and self-adjoint linear operator, with M,K C K. The essential
spectrum of M, is 0ess(My) = a — rg(d) (because gess(M) = 1rg(d)). Since Amax(My,) is the largest eigenvalue
of M, and o(M,) = a — ¢(M), additionally (M) = o(LL) \ {0} by Lemma 3.4 and s0 Apax(Ma) = o — Aa.

In [30] the authors showed a version of the Krein-Rutman theorem for non-compact operators, which applies
here. In fact according to Theorem 1 from [30], there exists f* € K \ {0} such that M, f* = Apax(Ma) f*,
note also that the conditions of this theorem are satisfied since Apax(Ma) = @ — A2 > o — ming¢jo 1) d(z) =
Sup 0ess (M, ) according to Assumption 2.7. Note this is equivalent to M f* = Ay f* as required.

We must now check that f*(z) > 0 for all x € [0,1]. Assume not; then there exists some a € [0, 1] for which
f*(a) = 0. We then have (Mf*)(a) = A2f*(a) = 0, which yields

/ (/ £ ) 6w(a gwiary) g, _ (3.3)
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Since the integrand is nonnegative, this implies that for almost all y € [0, 1],

(/ £ >3w(a Y g, (3.4)

By Assumption 2.2, aw{gi’y # 0 almost everywhere, so equation (3.4) implies f Y f*(2)dz = 0 a.e. This means
that f* =0 in L2([0, 1]), which contradicts the fact that f* is an eigenfunction of M. We conclude that no such
a € [0,1] exists, so f*(z) > 0 for all = € [0,1] as desired. O

Corollary 3.6. The Fiedler value Ay ¢ rg(d).

Proof. Assume not, and let Ay = d(a) for some a. Let f* be as in the statement of Lemma 3.5. Since M f*(a) =

Aaf*(a), we get
1
/0 (/ay f*(z)dz) Wdy =0.

Following the argument in the proof of Lemma 3.5 from equation (3.3), this implies f* = 0 in L?([0,1]). But
we have already seen that f*(x) > 0 for all = € [0, 1], so this is a contradiction. O

We can now prove Theorem 3.1:

Proof of Theorem 3.1. By Corollary 3.6, Ay ¢ rg(d), and so by Lemma 3.3 all eigenfunctionb of L associated
with Az are C*([0,1]). Let f* be as in the statement of Lemma 3.5, and define ¢(x) = [, f*(t)dt for all € [0, 1].
By Lemma 3.4 we know that Lo = Aa¢, thus ¢ € C*([0,1]) is a Fiedler function w1th ¢ (x ) = f*(z) > 0 for all
x € [0,1].

Finally, since ¢ € C1([0,1]) and ¢'(x) > 0 for all x € [0, 1], we have infgep0,17 ¢’ () > 0. O

Finally, we present the proof of Theorem 3.2:
Proof of Theorem 3.2. Let ¢ as in the statement of Theorem 3.1. We prove Theorem 3.2 by contradiction. If

the eigenspace is not one-dimensional, there exists some other Fiedler function ¢ ¢ Vect(¢). Since Ay ¢ rg(d)
by Corollary 3.6, we have that ¢ € C1([0,1]) as well. Let a be such that

¢'(a) . (¢
dla) ~ aclo) (¢'<x> ‘
Put ¢ = ¢'(a)p — ¢’'(a)p, so that 1 is another Fiedler function and satisfies ¢'(z) > 0 for all = € [0,1] and

¢'(a) = 0. But this implies My’ (a) = A2t)’(a) = 0. Following the argument in the proof of Lemma 3.5 from
equation (3.3), this implies that ¢ = 0 in L?([0, 1]), which is a contradiction. O

4. CONVERGENCE OF THE FIEDLER EIGENFUNCTION

We follow the conventions established at the start of Section 3, fixing a graphon w satisfying Assumptions 2.1
to 2.7 and defining the Laplacian L as in equation (2.3). We will also use the notation for random graphs and
their associated objects from Section 2.

In this section, we will check that the observed graph Laplacian converges to the limiting Laplacian L in a
strong enough sense to recover spectral data about the Fiedler eigenfunction.
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4.1. Convergence of laplacian operator

The results in this section are very similar to the results in the paper [14]. In this section we prove that two
approximations to L converge quickly. But first, we set some notation.

For an operator T on L?[0, 1], define || T|| = sup ere(o1). | )=1 fol Tf(z)*dz. Define dyax := max,epo,1 d(x)
and similarly dgf[VA)X = max)y, (Zjvzl Pl.(jN)). Let K be as in Assumption 2.1 and let v > 1. Define the integers
Ni(w,7,e) and N{(w,T,7) as follows:

4log (4N 2K
Ni(w,7,€) = min {n eN: N 2>n=duax > Oggp(NN/E) + N } ) (4.1)
4log (4N /e (N 2K
N{(w,r,y):min{neN : N >n= duyax > Og(gpN/]i/j( ) N}' (4.2)

Recall that e, (N) = exp (—log” (N)). Note that both N; and N7 are well defined. In fact the term %%/6)
goes to 0 as N — oo and we also have

4log (4N/ey(N)) 4 (log(4N) +1log”(N))

9NN 9NN

which goes to 0 as N — oo.
In order to prove the convergence of the Laplacian operator we need the following simple technical lemma:

Lemma 4.1. Fize € (0,1), v > 1. Put Ny = Ny(w,7,¢) and N7 = N{(w,7,7v). Then for all N > Ni(w,T,¢)

we have

N 4log (4N/e)
difax > “oow

Similarly, for all N > Ni we have

4N s 4log (4N/e, (N))
MAX = 9,0N :

Proof. For N > Ny, let x € IV for some i € [N]. Then

1
o) ~ dte) = | [ wlo) ~ wn(o)
0
N i
<3 [ fwten i oy
J=1"%;
2K
< AT
- N
where the inequality from line two to line three follows from Assumption 2.1. Therefore dy(z) > d(z) — 2, so
2K
d >d - —
ax N(@) 2 duax —
41og(4N/e)
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On the other hand,

N
N Nl =
i | 2P | = N i (dv(@)

> 4log(4N/s).

137

O

9pn
As required. The proof of the second inequality for N > N (w, 7,~) is identical to the previous proof (replace
e by e4(N)).
We have:

Theorem 4.2 (Convergence of graphon Laplacian). Let K be as in Assumption 2.1. Then

41K
Ly — LIl < S

Moreover, for alle € (0,1) and all N > Ny(w,T,¢) as in equation (4.1),

log(4N/e) | i{f) >1—e

P\l - <
( PN LN v N

(4.4)

Additionally, for all v > 1 the same inequality holds for all N > N{(w,T,v) if we replace € by e (N), where N{

is defined in (4.2).
Proof of Theorem 4.2. We prove the two inequalities (4.3) and (4.4) in order.
Proof of Inequality (4.3). Let f € L?([0,1]) such that | f|| = 1. Then

1
ILyf - LfI? < / (L — Lf)? ()da
2

= /01 (/Ol(f(fﬂ) - fy)(wn(z,y) - w(x,y))dy> dx
[ ([ - s ([ wonte.s) — we.ar) as
i L ([ = swan) ([ oo - utempay)as

where from line two to three we used Cauchy-Schwartz inequality. For fixed i € [N] and = € Z}V,

IN

N

[ vt = wtzppay =3 [ i ) - wle ey
RS A
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Furthermore,

/ (f(z) — f(y)dy < / Af () + F(y))dy
0 0
=2f(2)* +2

Applying the last two calculations with Inequality (4.5),

8K2
ovf ~Wf1? < Ty 3 [ (@ s

16 K2
=N

This immediately implies (4.3). O
Define D) and D™) to be the row-sums of the matrices PY) and POY) respectively.

Proof of Inequality (4.4). From the triangle inequality and Inequality (4.3),
-1 -1 E 41K
o~ Ta =] < [|on T — Lov|| + ew — Ll < o7 T — L || + = (4.6)
Since both H:N and Ly have finite rank, it is not hard to see that
R 1 RS

H’leLN - ILJN‘H = NAmax (leL(N) — L(N))

PN [T (V)
-5 o -

N ’ PN

-1
S (P mrl)

Fix N > Nj(w,T,¢) as in (4.1), then the maximum expected degree of the random graph G(™) is del(\j\QX >
%log(élN/e). Applying Theorem 1 of [34],

g
(HP(N) — pn P H < \/4deMAX log(4N/5)> >1- <. (4.8)

Now we give a similar bound for
We note that

D) _ py D(N)H_ Let AN) = DY) — 5 DIV) and XN = PON) _ 0 p(N).

> Var (X me 1—pnP0) < o Y P < prdifix. (4.9)
j J

Then by Bernstein’s inequality, for each ¢ > 0

Ineq. (4.9)

() ) —5t” —5t”
IP’(\Av |>t)=]P’ X >t <2exp 2 < 2exp | ——=———].
’ Jz::l Y >, Var (Xi) + 5t pnd ) +1

MAX
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Taking a union bound,

P (Ja] > 1) <ovem (-t ),

N
Png/IA)X + %t

Choosing t = \/4de§\/1[\2>( log (4N/e),

2ondi Ay 10g(4N,
P (HA(N)H > \/4de§/1[\2)< log (4N/5)) <2Nexp | — prvdyax og(AN/e)
N N
o + 3y 40wl log (4N/)
(N)
2 log(4N
< 2Nexp <_ pNC(lJI:I/I)AX og( ( N/)E))
PNdyAx + PNAyAX
€
=5

Recalling that HA(N)H = HIA?(N) — pND(N)H and d%f[VA)X < N, this implies

P (HBW) - pND(N)H < /4pn N log (4N/5)) >1- g (4.10)

For € € (0,1) we substitute (4.8) and (4.10) in (4.7) to get

P (ot ol < oy 2] 21 ()
pNN

Finally, applying inequality (4.6), we get that for all € € (0,1) and all N > N;(w,7,¢) in the sense of (4.1)

~ log(4N 4K
P ([l -] = P ) 2

owN N

completing the proof. Again, replace in the € by €,(N) in the above and get the same result for all N >
Ni(w,T,7v) in the sense of (4.2). O
O

4.2. Convergence of the Fiedler function

In order to prove the convergence of the Fiedler function we use a result by Davis and Kahan [35] known as
the sin(f#)-theorem for self-adjoint operators.

Theorem 4.3 (Davis-Kahan). Let A and A be two self-adjoint operators with eigenvalues A1 < g < Az < ---
and A1 < A2 < Az < --- respectively. Consider eigenfunctions f and f of A and A respectively with eigenvalues
A2 and Ay respectively, and normalized so that ||f|| = || f]l = 1 and {f, f) > 0. If 0 < Ay < A3 (i.e., A is isolated),

then

e |
min{)\g - )\1, )\3 - )\2}

|71 <
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Applying this to L and pj\,l]/]_: ~ immediately gives:
Theorem 4.4. Let ¢ and dn be the Fiedler functions of L and pElﬂjN respectively, normalized so that ||$|| =

lon]l =1 and (¢, dn) > 0. Fiz n < 157, then for all € € (0,1) there exists a positive constant C = C(w) and
an integer Ny = No(w, 7,1,€) so that

?(ov ol <oV 21

for all N > Ny.
Moreover, for any v > 1 there exists a positive constant C' = C'(w) and an integer Nj = N{(w,,n,7) so
that

(o] < V) 21w

for all N > Nj.

Proof. Define Ny = No(w, 7,1n,¢) and N} = Nj(w,7,m,v) by

log(4N 4K
No(w,1,1n,€) = min{n > Ni(w,7,e) : N>n=14 M +—< \/N—3"} (4.12)
pNN N
/ : / log(4N/ey(N)) | 4K -
Ni(w,7,m,v) =minqn > Nj(w,7,m) : N >n=4 — + N <V N-3n (4.13)
PN

where Ny and Nj are defined in (4.1), (4.2) respectively. Note that both Ny and N are well defined since the
left hand sides of the inequalities inside Ny and N}, respectively are on the order of O(N~(1-7)/210g!/?(N))

and O(N-(1-7)/2 log7/2(N)) respectively, which converges faster than the right hand sides of order O(N—37/2)
(recall that 37" < =),
Take N > Ny, by Theorem 4.2 we know that with a probability of at least 1 — ¢

log(4N/e) N 4K
pnIN N

< VN3,

e - <

We apply the Davis-Kahan Theorem 4.3 to the Fiedler functions ¢ and ngS ~ (note that the theorem applies here
since under our assumptions Ag is simple by Thm. 3.2). We have with probability at least 1 — &

w1
min{A2, A3 — A2}

2v/2
- min{)\g, A3 — )\2}

N

(4.14)

fZBfoﬁH <

N—3n (4.15)

as required. We get the same result for the case ¢ = ¢,(N) and N > N{. O
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5. ERROR BOUND FOR THE SPECTRAL SERIATION ALGORITHM

In this section, we prove Theorem 2.8. The method we use to bound the errors of the permutation are very
similar to the method used in the paper [22]. We follow the notation used in the statement of Theorem 2.8, denote
by ¢ the Fiedler eigenfunction of L, and denote by (ﬁN the Fiedler vector appearing in step 3 of Algorithm 1
with input GV, By a small abuse of notation, for i € [N] we define le to be the i’th element of q{)N. Similarly,
for z € [0, 1], we define

N ~
= Z bilgy (z)
i=1

where we recall ZV = [0,1/N] and Z = ((i — 1)/N, z/N] fori=2,...,N.
It is straightforward to check that the map z — d)N is exactly the Fledler function of p NlLN Note that we

use the same notation QS ~ to refer to both the Fiedler vector associated with finite graph G™) and the Fiedler
function associated with the empirical graphon py ILN This will not cause any ambiguity in the following

argument, as it is always clear if the argument for ¢N is a generic value = € [0,1] or a generic value i €
{1,2,..., N}. We repeat notation in this way because the two objects take exactly the same values in the same
order, and this allows us to avoid some repetition of essentially identical calculations.

Let o = 0, as in equation (1.5). Note that o is the output of Algorithm 1 with input GW) and that we

have ¢, - 1(1) < bo- 1) < -+ < ¢071(N) Since ¢ is monotone (by Thm. 3.1) and ¢y is close to ¢ or —¢ (by
Thm. 4.4), we expect the permutatlon o to be close to the identity permutation (or its reverse).
For any permutation 7 in the symmetric group Sy, define the Kendall tau distance to be

™)=Y Lin(i)>e()}-
1<J

In [36], it was shown that, for any 7 € Sy, we have Dy (7) < || —idy]||1 < 2Dpn(w). Thus, when N — oo, these
distances are of the same order.
We are now ready to prove Theorem 2.8:

Proof of Theorem 2.8. Fix any 0 < n < I*TT We assume without loss of generality that H(ﬁN — (Z)H < Hqgjv + qﬁH
and that ¢ is monotone increasing (if not, replace ¢ with —¢ and/or N by —dn in the following). Define

{ € [N]? :i<janda(‘)<(7(')}
1(12{ €[N]? 1 i+ N'""<jand o(j) <o(i)},

We then have

2o 0| = [ (e - ot + [ Gwio) - oy

I
=

|

SN

( / (6 — dla)2da + / (6 — dla+ L i))?da:>
N N

Y%
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Since ¢(x + %) > ¢(z) and czASj < ¢; for (i,j) € En, we also have

Combining the previous two estimates,

v —o =55 3 [ (o

(i.9)ekE

Theorem 3.1 L2
> Z / j — z

) o ))zdx

(i,5)EEY
Z2]\]1+277 Z / dz
(1,5)EEY
2
— s 1B
QN2+2n TTND

where the inequality from line two to three follows from the fact that j > i+ N'=7 for (i, j) € E7,. Consequently,
B < 2N o o
On the other hand,
EN\E}, ={(i,j) €[N?:0<j—i < N'""and o(j) < o(i)},

thus |Ex \ E%| < N?77. By Theorem 4.4 there exists a positive constant C = C(w) so that for all N >
No(w, T,1n,€) we have with probability at least 1 — ¢

o off <cowm

Recall that Dy (o) = |Ey| and |lo — idy|l1 < $Dn(0), therefore with probability at least 1 — ¢

lo —idnlly < 2(IEn \ EX| + [EX]) (5.1)

< 2N 4 %Nm’? |on - ¢H2 (5.2)

< (1+ %)z\ﬂ " (5.3)

as required. The same inequality holds for ¢ = (V) for all N > Ny(w, T, n,7). O

6. POSTPROCESSING AND TIGHTER ERROR BOUNDS

The main goal of this section is to prove Theorem 2.13. We introduce a post-processing algorithm of the
estimate returned by Algorithm 1. This new algorithm provides an estimate that is more robust to noise, with
a nearly optimal convergence rate.
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6.1. Notation

We set notation that will be used throughout Section 6. Let G = (V, E) be a graph of size N. Denote by
V = {vy,va,...,un} the vertices of G, with v; = i/N. For any S C V, denote the induced subgraph on S by
G|s. Define the (restricted) neighbourhood of a vertex v € V by Ng(v) = {u € S : (u,v) € E}. Denote by
os : S — [|S]] the function that sends s € S to [{s' € S : s’ < s}|; we think of this ordering as being essentially
the “identity” permutation on S.

Algorithm 3 involves partitioning up the vertices of G, estimating various quantities on parts of the partition,
and then combining them. We say that a partition (S7,.S,53) of V' is “good” if n < |S3| < |So| < |S1| <n+1,
where n = [%J

Let (51,52, 53) be a “good” partition of V and let o; : S; — [|.S;|] be orderings of each part of the partition.
We define the “merged ordering” of (o1, 09,03) as an ordering o : [N] — [N] defined by:

o' Bk+j) =07 (k+1), (6.1)

for all k € {0,1,...,n} and j € {1,2,3} such that 3k + j < N. Note that equation (6.1) does define a per-
mutation, since for all i € [IN] there is exactly one solution to the equation i = 3k + j with j € {1,2,3} and
k € {0,1,...,n}. Note that the factor N in the definition is coming from the fact that the elements of V' are
scaled by v; = i/N.

Finally, for two orderings 01,09 on sets Si1,S2, say that 01,09 are aligned if

rev(o1)(i)  o2(i)
|51 92| |

Ul(i) _ Ug(i)

|51 |52

(6.2)

ax < max
i€S1NS2 1€S51NSa
and that o1, 09 not aligned otherwise. If S; N Sy = (), say that they are aligned. Moreover, if the left-hand side
of (6.2) is less than 0.001 and the right-hand side is more than 0.999, say that o1, 09 are closely aligned. Recall
that rev(c) denotes the reversal of any ordering o defined in equation (1.2).

6.2. Algorithms and informal analysis

We are now ready to present our main algorithms.

We give an informal summary of what this algorithm is doing and why we expect it to work well, eliding
many details. While the algorithms themselves are fairly long, the key simple idea is explained in Figure 1: the
functions @, @, are each monotone over large parts of [0, 1], so we can easily compare the latent positions U;, U,
of vertices 4, j if we can (i) check which of &, ®;, to use in comparing them, and (ii) find a good approximation
of ®r(U;), Pr(U;), ®r(U;) and @1 (U;). Most of the length of the algorithm comes from case analysis (that is:
determining which function to use when comparing a particular pair of vertices) and manufacturing a certain
amount of independence between estimators used in different stages.

The algorithm accepts as input a partition of V' into two subsets S,T. Steps 1-2 get a good estimate of
the right-most and left-most vertices in 7', denoted R and L respectively. Using these estimated sets, steps 3-6
try to compare vertices u,v € S by comparing the number of neighbours these vertices have in R and L. The
Robinsonian property suggests the following heuristic: if v < v, then u should have more neighbours in L while
v should have more neighbours in R. If this heuristic were exactly correct, we would use only the first of four
cases in the function F from equation (6.9). However, the heuristic isn’t quite correct: it can fail if (i) both of
u,v are very close to either 0 or 1 (in which case many of the “right-most” elements of R are not actually to
the right of w,v or many of the “left-most” elements of L are not actually to the left of w,v) or (ii) if |u — v| is
too small (in which case sampling error may dominate).

The four cases in equation (6.9) deal with the first of these problems by checking if u, v are very close to either
0 or 1, which can be detected by comparing the values of the functions ] R, U} to the empirical quantiles cg, cr,
computed in equations (6.7) and (6.8). This ensures that we compare u, v by counting either right- or left-most
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Algorithm 2: Initial Post-processing the output of spectral seriation.

Input : A graph G = (V, E) of size N, a pair of disjoint sets (T,S) C V2 and parameters
O<a<f<1/2
1 Let 61 be the result of running Algorithm 1 on G|r.
2 Given o7, estimate the set of right-most and left-most vertices in T by

R=Rs (o) ={ueT :ér(u)>1—-a)|T|}, (6.3)
L=Ls ():={ueT:oru) <al|T|}. (6.4)
3 For each v € S, estimate the neighbourhood-size functions
Wp(v) 1= o INp(o) = o D71 (65)
R\V) ‘= 77 R\V)| = 777 u,v ’ .
7] |T] o (e)er
W) = o INo )] = o 371 (6.6)
L = —_— L\V)| = /7 U . .
7] 7] & TsE
4 Compute the following empirical quantiles of Uy, Up:
cp = inf {c >0: Hv €8 : Upw) < c}’ > (1 —5)|S\}, (6.7)
cr, = inf{c >0 Hv €S V() < c}‘ > (1 —ﬁ)|S|}. (6.8)

5 Compute the antisymmetric function F 82 {-=1,0,1} by the following rule for u < v:

=214, ysipe i Ur(u), Ur(v) < cg; otherwise,
Flu,v) = 1=2- 14, iy if Wy (u), ¥ (v) < ep; otherwise, (6.9)
7 1 if Up(u) < cg; otherwise,
-1

6 For each v € S compute
f)=>"F(u,v). (6.10)

7 Compute the ordering 65 = & 7 on S according to equation (1.5), breaking ties arbitrarily.
Output: The permutation 6g.

neighbours as appropriate. To give a back-of-the-envelope analysis of the sampling error that can cause the
second problem, we note that there are ©(T|) possible edges from u, v to R or L, and the presence or absence of
these edges are independent of the random variables used to compute R and L (the purpose of partitioning V' is
exactly to obtain this independence). This suggests that, as long as the error in the estimates R, L of R;4, and
L;q, are “negligible”, the typical error in the estimates Uy, ¥y, should be O(\/N ). In particular, this is the step
that lets us clean rough estimates of sets Rjqy, Lidy into much better estimates of the averages W, dy Uy, iy
Although this may not be obvious at first glance, the consistency result in Theorem 2.8 is strong enough to
guarantee that the error in the estimates of R;q, , Liqy are “negligible” in the sense that this argument requires.
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0.18 0.18
0.16 0.16
@R ‘I)L
0.14 7 0.14 1
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Latent Position Latent Position

FIGURE 1. Plots of @, ®p, for w(z,y) = 1 —0.5|z —y| and a = 0.2. Note that the test functions
O R, &y, are both monotone over intervals Ig, I, that together cover all of [0,1]. Thus, we can
use ®r to order vertices 4,j with U,;,U; € Ig, as long as we can both (i) estimate ®r and
(ii) determine that U;,U; are in the Ir. The same observation suffices for ordering vertices
Ui, U; € Ig, and of course if U; € I \Ig but U; ¢ I, we can use that fact to order U, U;.

This calculations suggests that g should have a sup-norm error that is not too much larger than O(v/ N), which
is the case.
We now give our overall post-processing algorithm:

Algorithm 3: Post-processing the output of spectral seriation.

Input : A graph G = (V, E) of size N. Parameters 0 < a < 5 < 1/2.
1 Choose (S7,52,53) a “good” partition of V', uniformly at random; and independently choose another
“good” partition (S7,55,5%), uniformly at random.
2 Use Algorithm 2 on pairs of subsets (S3,.51), (S1,52) and (S, S3) with parameters a, 8 to obtain
estimated orders 61,62, 53 on Sy, Sa, S3 respectively. Also use Algorithm 2 on (57, 5%) with parameters
a, B to obtain estimated order ,o¢ on S5.
3 For j € {1,2,3}, replace 6, by rev(d;) if it is not aligned with yef in the sense of equation (6.2).
4 Compute ¢ the merged ordering of (51,52, 53) according to equation (6.1).
Output: The permutation & .

Algorithm 3 largely consists of many calls to Algorithm 2, and so most of the algorithm seems straightforward.
The one possibly-mysterious part is step 3. To explain the need for this step, recall that it is impossible to
distinguish between a vertex ordering o and its reverse rev(o) by looking only at the edges of a graph. Up to
this point in the paper, this has not posed a problem, as we always looked at an entire graph all at once. However,
in Algorithm 3, we use Algorithm 2 to repeatedly order different subsets of the vertices. As a result, it is likely
that some of the returned orderings &; : S; — [|S;]] will be aligned with og; (in the sense of Eq. (6.2)) while
others will be aligned with rev(cs;). Fortunately, this problem is not difficult to solve: each ordering will either
be closely aligned with og; or its reverse, and so a single reference ordering ¢t can be used to simultaneously
align all other orderings, as long as their supports have non-empty intersection.

6.3. Analysis of algorithm 2

In this subsection, we prove the main bounds on the objects appearing in Algorithm 3. We start by presenting
the main theorem that provides a bound for the error of the estimated ordering &g returned by Algorithm 2.
Then the rest of this subsection will be dedicated to proving this theorem.
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Theorem 6.1. Let G = (V,E) be a Robinsonian graph of size N sampled according to a graphon w as in
Theorem 2.13. Fix s,t satisfying n < s,t <n+1 and let S,T CV be chosen uniformly at random from all
disjoint subsets of size |S| = s, |T| =t. Consider 6g : S — [|S]] to be the output of Algorithm 2 with input G,
the pair of random sets (T, S) and parameters 0 < a < § < 1/2 as in Assumption 2.10. For ally > 1 and € > 0,
there exists a positive constant § = 6(w,y,€) > 0 and an integer Nog = No(w, "y, €) so that

P (165 — 5]l < e/ Nlog (N)) > 1 - e3(N)

for all N > Ny.

Throughout this subsection we use notation as in Theorem 6.1, let 0 < o < 8 < 1/2 as in Assumption 2.10,
and set p = (a+ f3)/2.

We fix a constant v > 1 for the remainder of the section, and say that a sequence of events {En } yen holds
with extreme probability if there exist a constant § > 0 and an integer Ny, such that

P(En) > 1—¢%(N) (6.11)

for all N > Ny. We abbreviate this w.e.p. Note that for any C' > 0, the intersection of O(N®) events that occur

w.e.p for some v > 1 also occur w.e.p with the same . We define the sequence Ay = 4/ % for N > 1; this
is essentially the scale of the most important errors that occur in the algorithm.

The first step in the proof is checking that the discrete functions Vg, Uy are good approximations of the
continuous functions Wg, Uy, respectively. We recall some facts about these functions. For v € V| recall

Ur) = /:a w(v, u) du.

Denote by Frp the o-algebra generated by the choice of T' and the graph G(Y) |T. Since @R(v) and U, (v) are
sums of Bernoulli random variables sampled according to equation (2.1) then

IE[ r(V)|Fr] = |T| Z w(u,v), and ]E[\I/L( )| Fr] = |T| Z w(u,v)

ueER u€eL

in particular R, L are both Fp-measurable, while the indicator function of an edge (u,v) withu € LUR, v € S
is independent of Fr and has mean w(u,v). This implies that for any fixed € > 0 the following holds w.e.p

Ugr(v) — |T| Z u,v)| < eAp. (6.12)

max
veS

The following Lemma shows that the graph-dependent functions Y R, U, approximate the graphon-dependent
functions Vg, ¥y,

Lemma 6.2. For any € > 0, the inequalities

max Ur(v) — Ug(v)| < eAy, and max Up(v) —Up(v)| < eAn
ve vE

hold w.e.p.

Similarly, the constants cg and ¢y, are intended to estimate (1 — ) and () respectively.
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Lemma 6.3. For any € > 0 the following inequalities
‘CR — \I/R(l — 6)| S EAN, and ‘CL — \IJL(ﬁ)| S EAN

hold w.e.p.

Proof of Lemma 6.2. We will present the proof only for W R, since the proof for U, is identical. Denote by
T = {t@),...,t)} the elements of T" in order, so that ¢y < t(2) < ... < t¢). Note that or(t)) = k for all k.
For v € S, we have

B Frl =7 3 wlt,v)
=ra-

k B)t]
Now define
1 N
Y= N Z w(vg,v),
k=[(1-B)N1]
and, for each j =0, 1,2, define
1 t
Ej = E Z U)(ng+j,'l}).
k=[(1-p)t]
By the triangle inequality,
. R 1
Bl (v)|Fr] = Wr(v)| < |¥r(v) = 2|+ 5 > ’E[\PR(U)LFﬂ — | + 5 1B0 + 21 + 2 - 33 (6.13)
§=0

We now bound each term of the right hand side in inequality (6.13). Recall the constant K from Assumption 2.1.
We have

r(v) -] < O (614)

by essentially the same argument as the proof of the first inequality in the proof of Lemma 4.1. Next,

N N — 3t
N N
1 |N — 3t
=3 E w(vg,v) — E w(vg,v) Jr\E,/f
k=[3(1—B)t] k=[(1-B)N] <B
<(1-p)|N-3t|
|N — 3t
< —
- t

where the bound in the first underbrace comes from the facts that (i) at most (1 — 8)|N — 3¢| terms appear
in one sum but not the other and (ii) each summands w(vg,v) is bounded by 1, and the bound in the second
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underbrace comes again from the fact that the summands of ¥ are bounded by 1. Since 3t —3 < N < 3t + 2 by

assumption, we conclude

12

|20+21+22*3E| < N (615)
Finally, fixing 0 < 5 < 2, we calculate
. 1
E[Gr@)Frl 5| <7 D [wlte,v) = wlvanssv)
k>(1-pB)t
K
< Do Nty — vkl
k>(1-8)t
According to Lemma A.1,
k €
Additionally, it is easy to check that |§ — vk < 8/N. Therefore we have with extreme probability
€ 8
- < —— —.
[t(e) — v3ktj] < %KAN + 5
We conclude
. 88K
‘E[\IJR(U)U:T] - Ej‘ < %AN + *BT w.e.p. (6.16)
We substitute Inequalities (6.14), (6.15) and (6.16) in Inequality (6.13) to get
- € 98K + 12
‘E[IIIR(U)U:T] - \I/R(v)) < QAN + /BT <eAyxn w.e.p.
Applying the concentration bound (6.12) completes the proof. O
Define
M = sup Wi(z) > 0; (6.17)

z€[0,1]

this exists by Assumption 2.2.

Proof of Lemma 6.3. We give the proof only for Uy, as the case Wy, is identical. Recall that by definition of cg

HUES : @R(U)SCHZ(I—B)S(:)CZCR
for all ¢ > 0. For v € V', we have

€AN
flo-(-p)< T2

}=A{l¥r(v) - ¥r(1 - B)| <

GAN
2 g
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By Lemma 6.2, we have

Combining the last two bounds,

lv—(1-8)< EQAA]; :>|¢R(U)_\I/R(1—ﬁ)|§€AN w.e.p.

Let {s(x)}3—1 be the elements of S in increasing order and let p = [(1 — 3)s]. By Lemma A.1,

EAN
2M

p p
sy — (1= B)| < lsgny — 21 +12 = (1 - B)] < wep.

By part 1 of Assumption 2.10,
Up(sm) < Up(l—fB)+eAy, wep,
for all 1 < k < p and
Ur(l—B) —eAn < Up(sp) w.ep,
for all p < k < s. Therefore
HUES : \ilR(U)S\IIR(l—B)—&-eANHZpZ(l—B)s, w.e.p,
which implies that
cr <UR(l1—-p5)+eAn w.ep. (6.18)
On the other hand,
HU es: @R(v) >Ur(1-08)— eANH >s—p+1>p8s we.p,
this is equivalent to
Hv €S : Ur(v) < UR(1—-p)— eANH <(1-=p)s w.e.p,
which implies that
cr > Ugr(l1—p)—eAxy w.ep. (6.19)
Combining Inequalities (6.18) and (6.19), we deduce that
lcrR — (1 —P)| <eAn w.ep.

The proof for ¢y, is identical to the proof of cg. O
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The following proposition states that if we have two vertices u,v € S such that (i) u and v are not very close
to each other, and (ii) both of them belong to one of the intervals [0, 1 — ] or [u, 1]. Then these vertices can be
ordered accurately using the graph-dependent functions Up and Uy w.e. p.

Proposition 6.4. Let € > 0. With extreme probability, the events

{(0<u<v<1—p, and v>u+eAy} = {Tr(v) > Vg(u)},

{p<u<v<1, and v>u+eAy} = {\i/L(v) < Up(u)}

hold for all pairs (u,v) € S

Proof of Proposition 6.4. Recall that 67 from Algorithm 2 is the ordering obtained from Algorithm 1 with input
G|T. By Theorem 2.8, we know that for any n € (0,1/3) there exists a constant C' > 0 such that

|6 —opll, < C 7" (6.20)

holds w.e.p. Note that the difference between o and its reverse is on the order of 2. This means that, when
Inequality (6.20) holds and N is sufficiently large (equivalently ¢ is sufficiently large), 61 will be much closer
to one of or or its reverse (nothing close to a tie can occur). To simplify notation, in what follows, we assume
without loss of generality that 61 is closer to or.

Fix (u,v) € S? such that 0 <u < v <1 — g and v > u+ eAy. Choose any k1, ko such that a < Ky < ko < p,
recall the definition of R, (k1) from equation (6.3),

B[ n(v) ~ Fn(u)|Fr] = 3 3 (v, 7) — w(w,)
reR
DY @ ww) Y wler) - ).

r€Ro (K1) rE€R\Ryy (K1)

In what follows we will provide a lower bound for the the two summations appearing in E[¥ z(v) — W g (u)|Fr].
In fact there are two cases:

1. r € R\ Ry (k1) : Let K > 0 be the constant from Assumption 2.1.
w(v,r) —w(u,r) > —K(v—u) (6.21)

2. 7 € Ry (k1) : In this case, r = ¢, for some k > (1 — k1)t, where t()’s are the order statistics of the
elements in 7. By Lemma A.1,

k
r:t(k)EE—AN>(1—/€1)—AN>(1—/<;2) w.e.p.
That is

r€Ry (k1) =>0<u<v<l—pu<l—krea<r<1l wep.

Therefore min(jv — r|,|u — r|) > p — kg > ’@_T" w.e.p. Applying Inequality (2.9) from Assumption 2.10,
there exists some d; > 0 such that

w(v,r) —w(u,r) >di(v—u) wep. (6.22)
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Combining Inequalities (6.21) and (6.22),

t
Clearly |Ry, (k1) > k1t. Moreover, if 7 € R\ Ry, (k1) then 67 (r) — op(r) > (k1 —a)t > 0, thus

B0 p(0) ~ W) Fr] 2 O [Rog ()| (0= ) = 5 1R\ Rops)] (0 =) weep.

67 —orlly = (k1 —a)t [R\ Rop (k1) (6.23)
Finally we have w.e.p.,

B0 p(v) — W) Fr] > O Ry (s2)| (0= ) — 5 1R R 1)) (0 — )

Ineq (6.23) K N
> f€1d1(v—u)—m||UT—UT”1(U—“)

Ineq (6.20) CK
> <H1d1 -

t”) (v —u)

K1 — Q@

d

-

> Elﬂildl
-2

v

Ay

Now, since Wy (v) — Wg(u) is a weighted sum of Bernoulli random variables sampled without uniformly without

replacement. We can use Hoeflding’s inequality for sampling without replacement [37, 38] to see that the
conditional probability bound

B[ p(v) > W n(u)|Fr] > 1 2 (emd ) p2
R\WV) = ¥YRplU T exp ON 5 ~
>1- exp(—(SNAg(N))
=1- 5‘;(N)
holds w.e.p® for some § > 0. The proof for U, is identical to the proof of Ug. O

We now list some further facts about ¥ R, Uy
Proposition 6.5. Fiz e > 0. The following events hold w.e.p:
1. Forallv e S,

{Ur(v) <cr}l={v<1-pl},
{U,(v) <epy = {v>ph

2. For all pairs (u,v) € S?,

{Ur(u) < cr, Ur(v) > crt = {u<v or |u—uv| <eAn},

{Ur(u) <cp, Vp(v) >crt={u>v or |[u—v| <eAn}.
5When we say that an inequality holds w.e.p we must specify what is being viewed as random. To readers unfamiliar with
random measures, this might not be obvious in the preceding string of inequalities. We emphasize here that we are viewing the
probability P[¥ g (j) < W (i)|Fr] itself as an Fp-measurable random variable (and we are viewing P[|Fr] as a random measure).
Since Fr is generated by the random choice of T and the many independent Bernoulli random variables contained in A|r, it is T
and A|r that are viewed as random in this expression.
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Proof of Proposition 6.5.
1. According to Lemmas 6.2 and 6.3, with extreme probability we have
Up() <Ur(1-8)+ AN < Ugr(1l—u)
for all v € S such that li/R(v) < cg. By part 1 of Assumption 2.10, this implies that w.e.p. we have
max{v € S : ¥g(v) < cr} <1— u. The proof for ¥y, is very similar.

2. Recall M from equation (6.17), define m = inf,¢j1—,) Vz(). Consider u,v € S such that \i/R(u) < CcR

and @R(v) > cg. If uw > v then according to the previous proposition 0 < v < u < 1 — p. Moreover,
applying Lemmas 6.2 and 6.3 with ¢ = € we get

2
em em
Vr(l=B) = 5 Ay S VUr(v) S Vr(w) SYR(L - B)+ - An  wep.
Therefore

1
lu—v] < - |Pr(u) — Vr(v)| < An  w.ep.

The proof for Uy is very similar.

O
Define the sets
& = {(u,v) € 8 : Up(u),Vr(v) < cr},
& ={(u,v) € % : Up(u), ¥p(v) < e},
&3 = {(u,v) € S? : Wg(u) < cr}.
Recall the antisymmetric function £ : $2 — {—1,1} defined in equation (6.9) by
1=2 14, ()2 p () 1£ Eum; € ?, .
- 1-2-1g > if (u,v) € &,NEY
I = P () <¥r(v) ’ »on 6.24
(u,0) 1 if (u,v) € & NEEN ES, (6:24)
-1 if (u,v) € EFNESNES.

Define the antisymmetric function F : % — {—=1,0,1} by F(u,v) = 1 — 2 - 1,5,. Note that the function F
appearing in equation (6.24) is intended to estimate the function F. Informally, Proposition 6.4 tells us that the
first two branches of F' appearing in equation (6.24) would agree with F for all pairs of vertices u,v € SN[0,1— ]
if w and v are not very close and all pairs u,v € SN [u, 1] if u and v are not very close. However, the function
F' defined in equation (6.24) does not “know” if u,v are in [0,1 — p] or [u,1]; it uses the four branches in its
definition to guess. The following Lemma shows that the function F (u,v) defined in equation (6.24) is equal to
the function F'(u,v) for all pairs of vertices u,v that are not very close.

Lemma 6.6. Let € > 0. The event
{v>u+eAy} = {F(u,v) = F(u,v)} (6.25)

for all pairs (u,v) € S% holds w.e.p.
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Proof of Lemma 6.6. Let (u,v) € S? such that v > u + eAy. We prove equation (6.25) via a case-by-case
analysis of the performance of F' in its four branches. In fact we have four cases:

1. & holds: By the first part of Proposition 6.5, we have u,v < 1 — p w.e.p. Applying Proposition 6.4
completes the proof of equation (6.25) in this case.

2. & N &Y holds: By the first part of Proposition 6.5, we have u,v > p w.e.p. Applying Proposition 6.4
completes the proof in this case.

3. £&3N &Y N ES holds: By the second part of Proposition 6.5, there are two possibilities. Either F makes the
correct decision, or |u —v| < eAn w.e.p.

4. E£NES N ES holds: Again by the second part of Proposition 6.5, there are two possibilities. Either F'
makes the correct decision, or |u — v| < eAx w.e.p. -

Similarly, recall the function f defined in equation (6.10). The following Lemma shows that the function f
makes the correct ordering “guess” almost all the time; that is for (u,v) € S? such that u and v are not very

close we have (f(v) — f(u))(v —u) > 0.

Lemma 6.7. Fiz e > 0. The event that
{v>u+eAn}={fv) > f(u)}
holds for all pairs (u,v) € S? occurs w.e.p.
Proof Lemma 6.7. Fix (u,v) € 5% with v > u + eAy. Define the set
A= {r eV :min(ju—r|,|v—r]) > gAN}.

By Lemma 6.6, for all r € A

F(r,v) = F(r,v) and F(r,u) = F(r,u) w.e.p.

Therefore we have w.e.p.

Fo) = ) = 3 tres (Frv) = Fryw)

reV

=3 Lres (F(nv) = Flru) + Y Lees (F(r,0) = F(r,w)
reA reAe

>2{resS  u<r<uv}|—2[SNA%

—2(A- B),

where

A= Z 11)k657 B = Z 11%657

ke E, kEE>

with By = {k € [N] : Nu <k < Nv} and E; = {k € [N] : min(|k — Nul, |k — Nv|) < |SNAx]|}. Note that,
A and B appearing in this bound are sums of Bernoulli random variables sampled without replacement. That is
A, B are hypergeometric random variables, with A ~ HG(N; Nv—Nu—1;s) and B ~ HG(N;4 [ §NAN | +2;5).
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We have
S € €
E[AfB]:N(N(vfu)féllgNANJ 73) >1—ONAN w.e.p.

Thus, by the usual analogue to Hoeffding’s inequality for hypergeometric random variables [37, 38], we have

fw)=f(u) >0 w.ep. (6.26)
O

We are now ready to prove Theorem 6.1.

Proof of Theorem 6.1. Let s(;)’s be the order statistics of the set S. Fix 1 < k < s, recall that

os(s) = |{p € 5] + Fls)) < s )| and os(s09) = k.
For any integer p < k — §NAx we have s,) < s) — 54y, thus by Lemma 6.7
€ A A
vp < [k— 5NANJ : flsp) < flsqy)  weep.
Therefore
. €
05(5(k)) > {k;—iNANJ >k—eNAy w.e.p.

Similarly for any p > k + § NAy we have s(,) > su) + §Ax, thus by Lemma 6.7

Vp > {k—k %NAN-‘ s f(sp) > f(swy)  w.ep.

Therefore
. €
Gs(sa) < [k+ SNAN| Sh+eNAy  wep.
Finally,
(Vv e 8) : |6s(v) —os(v)] <eNAy =€/ Nlog”"(N) w.e.p,
as required. O

6.4. Proof of Theorem 2.13 and analysis of Algorithm 3

We now prove the main bounds on the objects appearing in Algorithm 3, completing the proof of
Theorem 2.13. Throughout this section, we use notation from Algorithm 3 and make the same assumptions
as in the statement of Theorem 2.13. By Theorem 6.1,

N €
16— 05, e < 15 VN T0BT (W) (6.27)

holds for all j € {1,2,3} w.e.p.
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We next discuss Step 3 of the algorithm. Recall the definition of aligned and closely aligned from Inequality
(6.2). Note that {G;},ecf1,2,3) were computed in separate calls to Algorithm 2 and so they may not be aligned
- that is, some &; may be ahgned with og, while others may be aligned more with its reverse rev(cs,). When
N is large enough all the og,’s are closely aligned with idy. Moreover, when Inequality (6.27) holds and N
sufficiently large, 6; will elther be closely aligned with og, or with rev(oSJ) That is, 6; will be be closely aligned
with édx or with its reverse for all j € {1,2,3}. For the same reason, for N sufficiently large .o will either
be closely aligned with idy or with rev(idy). We assume without loss of generality that ,f is closely aligned
with idy. Finally, note that w.e.p., [S; N S5 > 2 for all j € {1,2,3}. When all of these events occur, for each
J € {1,2,3}, one of the following two cases must occur:

1. 6; is closely aligned with idy. Since |S; NS5 > 2 and 6, Gref are both closely aligned to idy, they
must also be closely aligned to each other. Thus, in this case, 6; is not reversed in step 3 of the algorithm
and remains closely aligned to idy in step 4.

2. 6; is closely aligned with rev(idy). Since |S; N .S5| > 2 and rev(G;), et are both closely aligned to
idy, they must also be aligned aligned to each other. Thus, in this case, ¢; is reversed in step 3 of the
algorithm and becomes closely aligned to idy in step 4.

Thus, in both cases, by step 4 the ordering ; is closely aligned to idy for all j € {1,2,3} w.e.p.

Denote by s(k) gk) and sék) the order statistics of the sets S1, Se and S3 respectively. Then by equation (6.1)
we have
16 = idnlloo = |67 = idu]l,
=N 571 (k) — o
Tl B3} he(lnt1) 057 (k) = vk 5|
< N max max 67 (k) — vgp| +2
T je{1,2,3} ke{l,.. n+1}| 7 (k) 3k|
= max ma: ‘30] ) Ns(vk)‘ +2
j€{1,2,3} k€{1,.. ,n+1} J
<3 max ||6;—o0 + N max max ls(k)—v ‘—}—2.
je{1,2,3} 16 =75, je{1,2,3) ke{l,...n+1} | 7 8k
By Lemma A.1,
k €
‘sg ) ’ng‘ < ZAN w.e.p, (6.28)

for all j € {1,2,3} and k € {1,...,n + 1} such that 3k + j < N. When N is large enough, and when
inequalities (6.27) and (6.28) hold, we get

lo —idn| < eV Nlog”(N) w.e.p.

which completes the proof.

Remark 6.8 (Learning « and ). Algorithm 2 takes parameters «, 3 as given. However, our results only apply
if these parameters satisfy Assumption 2.10. In Theorem 1.3, we state values of («, 8) for which the graphons
satisfying Assumption 1.2 will also satisfy Assumption 2.10, and so there are no difficulties in that setting.

However, for other graphons, it may not be obvious how to choose «, 8. We note here that, when graphons
satisfy a slightly strengthened version of the assumption for some pair «, 3, it is not difficult to learn this pair
quickly. We now give details.

Note that the functions Vg = ‘I'(a) Uy = \I/(La) depend on the parameter « (though this dependence is
suppressed in our notation). Recall that \IJ r, ¥, are continuous functions. If w satisfies Inequality (2.8) for some
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a < f3, then there exists some 6 > 0 and some other pair o, 3’ so that it satisfies the slightly strengthened
bound

inf Wi (2) > w1 - ) + 26 inf 0 (@) > w8 425 6.29
pep B VR @ >R A-p) 428 inf (@) > W (8) 425, (6.29)

By Lemma 6.2 the estimates Wp, ¥ calculated in equations (6.5), (6.6) have error Ay going to 0 with N.
Thus, for all N sufficiently large, with extreme probability any pair (o, ) satisfying (6.29) will also satisfy

inf @) > 61— )+, inf U (2) > ¥ (8 4 6. 6.30
it @) > 00— g) ot @ > 60 (6.30)
Applying Lemma 6.2 again, any pair satisfying the Inequality (6.30) will also satisfy Inequality (2.8).
Thus, if a graphon satisfies (6.29) for some § > 0 and some pair («, 8), we can find the pair (o/, 8’) by using
Inequality (6.30) as a test. Since the bound in Lemma 6.2 is a bound on the mazimum error, checking many
pairs (o/, ') from a single observed graph does not present any obstacles.

7. APPLICATION

We show that Theorem 1.3 follows from Theorems 2.8 and 2.13. To do so, it is enough to check that any
graphon that is “nice” in the sense of Definition 1.2 will also satisfy Assumptions 2.1 through 2.10.

We now check Assumptions 2.1 through 2.10 in order.

Assumption 2.1: Define Ryax = sup,.¢ (g7 £2'(r) < co. We calculate

lw(z,y) —w(',y')| = |R(|lz — y|) — R(|=" — ')
< Ruax | |z =y — |2 — o] |
< Rpax |(x —y) — (2" —3)]
< Ruax(z =y + 2" = ¢/]).

Assumption 2.2: We have ng;,y) = R/(y) for y # x, so this follows immediately from Definition 1.2.
Assumption 2.4: We calculate

d 1
— R(|x —
A (Jz —y|)d

Cfll?(/o R(y dy+/01_xR(y)dy>

= R(z) — R(1 — x).

Thus d'(z) exists for all z € [0,1]. Since R is monotone, d’(x) > 0 for z € [0,0.5) and d’'(z) < 0 for = € (0.5,1],
with d’'(z) = 0 only for x = 0.5.
Assumption 2.7: This is given in [33], with the function A in that reference replacing the function R in this

paper.
Assumption 2.10: To prove Inequality (2.8), we have

0.05
inf Up(z)= inf
£€[0,0.05] ©€[0,0.05] Jo

0.05
= inf / R(jx — y))d
€[0,0.05] ./
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Since R is monotone, this infimum is achieved at x = 0 and = = 0.05. Continuing the calculation,

0.05
el Y2 = f o PO
0.31
> R(y)dy
0.26
=V (0.31),

where the strict inequality in the second line comes from the assumption that R’ is continuous and strictly
positive. This proves one of the four inequalities in the first part Assumption 2.10; the remainder are essentially
the same.

Finally, we check Inequality (2.9). Consider a triple z,y, z. Assume WLOG that d, = |z — 2| > d, = |y — z|.
Define Duin = inf,e(0,1) —R'(a) > 0. We have

lw(z, 2) —w(y, 2)| = |R(|lz — 2]) — R(|ly — z])]
= |R(d2) — R(dy)|
>ld, —d inf |R
> | ylae(ldli,dy)| ()]
2 Dmin |dr - dy|a

where the first inequality follows immediately from applying Gronwall’s inequality. This proves the desired
bound.

8. DISCUSSION

In this paper, we have written down a simple seriation algorithm and shown that, for some fairly large class
of model graphons, the result of the algorithm is an estimated permutation & with sup-norm error of roughly
O(\/N ). It is natural to ask whether either the rates of convergence or our assumptions about the generating
graphon are optimal.

The second question seems to have an easy answer: we are quite sure that our conditions are not optimal,
even for the type of analysis we use. In particular, our main assumptions on w imply that all vertices have a
fairly non-negligible chance of being connected (more precisely, our main assumptions imply that w(z,y) > 0
for all 2,y € [0,1]). We have already seen in Remark 2.3 that this property is not satisfied for many natural
graphons, and also that it can be substantially weakened.

We hypothesize that this global connection property can be replaced by a much weaker assumption, saying
roughly that some power of the adjacency matrix should be globally connected. The main difficulties in carrying
this out are different for our two main results:

e The main difficulty in extending Theorem 2.8 is carrying through the arguments in Section 3, which show
that the Fiedler eigenspace has dimension 1 and that the Fiedler function is monotone.
As discussed in Remark 2.3, this can sometimes be checked directly for particularly simple graphons. We
also expect that certain generic techniques, such as perturbation analysis, can be used to extend this to
small nonparametric families of graphons. However, we do not know how to get rid of this assumption in
any great generality.
While we believe that our assumptions could be weakened, we don’t believe that spectral seriation will
give good results for all statistically-tractable seriation problems — see e.g. the discussion in [26].

e We believe that improving Theorem 2.8 relies mostly on improving the analysis for a fixed algorithm. By
contrast, it is clear that the strongest versions of Theorem 2.13 require some changes to Algorithm 3. In
particular, Algorithm 3 will not generally give a sensible answer without the global connectedness property.
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This occurs because the functions (i), ¥ (¢) may both be 0 for many ¢ € [N]. In [19], we introduce a
“local” quantity R(i, j) that is analogous to the “global” quantity R used in the present paper. We suspect
that a similar approach would work in the present context.

We don’t know the optimal rate of convergence for this problem in very many metrics, but we give a few
related results largely drawn from our companion paper [19]. Note that this paper studies a slightly different
sampling scheme, but very similar arguments apply:

1. Under slightly different model conditions, the iterated post-processing algorithm of [19] can obtain error
of O(N€) for any fixed € > 0, so the rate N is certainly not optimal for all classes of graphon models.

2. On the other hand, we might ask to estimate the latent positions vy, ..., vy of vertices in addition to the
latent permutation o. The argument in Section 5 of [19] says that any such estimate must suffer an error
of at least Q(N~99) for any sufficiently large class of graphon models. Since the natural estimate

is so similar to & itself, this suggests that one can’t do much better in general. This rough conclusion is
also supported by similar results in [23, 26].

Several other papers have recently studied the optimal rate of convergence for “the” noisy seriation problem,
including [39] and [24]. Their models and versions of the noisy seriation problem are different enough from ours
that it is not possible to directly compare the results. We leave the question of comparing these notions of
noisy seriation to future work. Finally, we note that we obtain a bound in the strong sup-norm only for the
post-processed results, not for the spectral initialization. This do not appear to be fundamental obstacles to
getting sup-norm bounds for spectral seriation itself under strong assumptions; see e.g. [40].
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APPENDIX A

Lemma A.1. Let V = {v1,v2,...,on} withv; =i/N for alli. Let S be a subset of V' chosen uniformly at random and
with deterministic size m = |S| such that L%J <m< L%J + 1. Define 51y < s(2) < ... < S(m) to be the order statics of
the elements of S. Then for each 1 < k < m and for any ¢ > 0, there exists a constant 6 > 0 and an integer No such that

it

for all N > Ny. In other words for each 1 < k < m and ¢ > 0 the event |S(k) — %’ < cAn holds w.e.p.

k
S(k) — E‘ > CAN) < Ei(N)

Proof of Lemma A.1. Let 1 <k < Nand k < j < N—m+k. Then s(;) = v; if and only if there is exactly k — 1 elements
from S less than v; and exactly m — k elements from S bigger than v;. Therefore

Note that the distribution of sy looks very similar to a negative hypergeometric distribution. In fact one can easily
check that Nsy —k ~ NHG(N; N —m; k).

The paper [38] provides concentration inequalities for sampling without replacement. According to [37, 38], for any
A > 0 we have

—2N2)2
P (|S(k) - E[S(k)” > )‘) < 2Zexp (ﬁ)

with fr, = (m —1)/N. We can check that 1/4 < f;, < 1/3 for all N sufficiently large. Thus,

—8N2)\2)

P (|S(k) — E[S(k)]l > )\) < 2€Xp < 3m

Let ¢ > 0, we have

k k
— %> cAn = |sg —E Av — |2 —E
|S(k) m‘ > cAN |3(k) [S(k)” > cAN ‘m [S(k)”

(N —m)k

= sy — Elswll > cAn - Nm(m+ 1)

2
= lsa —Elsw]l > cAn — £
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For N large enough so that 4 < ¢cNAy,
|sk) — E| > AN = |54 — Elsn]| > S AN
m 2
Therefore

k c
P (‘S(M — al > CAN> <P (|S(k> — E[S(k)” > §AN)

o 2N2A2
< 2exp (M)
3m
< 2exp (—CQNA?V)
< e5(N)

for some 0 < § < . O
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