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ASYMPTOTICS FOR ABSOLUTE RUIN PROBABILITIES
OF A DEPENDENT BIDIMENSIONAL RISK MODEL
WITH SUBEXPONENTIAL CLAIMS

Ruoyu QIN AND KAIYONG WANG™

Abstract. This paper considers a continuous-time bidimensional risk model with a constant interest
force, where there exist dependence structures among the claim sizes of two business lines and the
inter-arrival times of the claim sizes. When the claim sizes have subexponential distributions, some
uniform asymptotics for the finite-time absolute ruin probabilities of the bidimensional risk model are
established.
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1. INTRODUCTION

In this paper, we investigate a continuous-time bidimensional renewal risk model. At time ¢ > 0, the
bidimensional surplus process (Uy (21,t),Us (22, #))" can be described as

U1 (I17 t) _ eTt T n fot Cler(tis)ds _ le\;(lt) Xi(l)e’r‘(thi) (1 1)
Us (22,1) 9 I eaert=2)ds TN x @) gre—r) | :

T. o T. . .
where (z1,22)  is a vector of initial surpluses, (c1,¢2)  is a non-negative constant premium rate vector and r > 0
T
. . 1 2 . . S .
is a constant interest rate. {(Xf ),Xi( )) i > 1} is a sequence of claim size vectors whose common arrival

times {7;,% > 1} constitute a renewal claim-number process {N (¢),¢ > 0}. That is N (¢) = sup{n > 1,7, < t},
t > 0. The claim arrival times {7;,7 > 1} are non-negative random variables with {7; = Zj‘:l 0;,i> 1, where
the inter-arrival times {6;,7 > 1} are independent and identically distributed (i.i.d.) random variables and are
not degenerate at 0. Let A (t) = E[N ()] < oo, t > 0.

In recent decades, a considerable number of authors have turned their attention to bidimensional risk models
with an independence structure. For example, [1-4] and so on. In these works, the claim sizes of each business
line and the inter-arrival times form a sequence of i.i.d. random variables, respectively. Recently, dependence
structures have been established between the claim sizes of two distinct businesses. [5] explored the bivariate
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TABLE 1. Summary of copulas and dependence structures.

Article Name Mathematical definition Parameter
[5] Bivariate C(ur,uz) = uruz(l +o(1 — uy) oe[-1,1].
Farlie-Gumbel- (1 —ug))
Morgenstern
(FGM) Copula
[6] Bivariate P (& € dxy, & € das) Y € (—00,00)
Sarmanov Distribution = (1 4+ 9¢1(z1)p2(x2)) satisfying
Vi(dl’l)VQ(d{Eg) 1+ 19¢1(.’L‘1)¢2(.%‘2) >0,
x; € Dﬁw 1=1,2.
[7] Strongly Tail 1My, ngs 00 masiZibi>i) - — ) p € (0,00).
. TiNT; 00 B(E; >w;)P(E;>wy) ’ ’
Asymptotically 1<i<j<n
Independent
(SAT)
[17] Widely Orthant WUOD: P(N, {& > =:}) gu(n) < oo,
Dependent < gu(n)[Tim, P(& > ), gr(n) < oo, n>1.
(WOD) WLOD: P((, {& < .})
< gr(m) [T, P(& < @)
[16] Conditionally P(& < 1,8 < x9]A) A is a o-algebra.
Independent =P(& < z1]A)P(&e < x2|A)

Farlie-Gumbel-Morgenstern (FGM) distribution. [6] examined the bivariate Sarmanov distribution. [7] further
investigated a general dependence structure. What’s more, actuarial practice shows that there is a certain
dependence between the claim sizes and their inter-arrival times. Related researches can be found in [8-11] and
so on. [12] and [13] also studied the ruin probabilities of the continuous-time bidimensional risk models with a
certain dependence structure between the claim sizes and their inter-arrival times, which inspire this paper.

In previous studies, the moment when the surplus process falls below zero is typically defined as the ruin
time. However, as mentioned by [14], the boundary value of zero is not realistic in practice. A more reasonable
boundary value should be defined as —c¢/r, where ¢ is the constant premium rate and r is the constant interest
rate. After the surplus drops below zero, the insurance company may not necessarily ruin and cease operations.
Instead, the company may borrow funds at a certain interest rate to continue operating, while using its pre-
mium income to repay the debt. This type of ruin probability was defined as the absolute ruin probability by
[15]. Recently, the absolute ruin probability has been studied by some scholars. For instance, [16] considered
the absolute ruin probability of a one-dimensional renewal risk model with a constant premium rate and a
constant interest rate, whose claim sizes are conditionally independent on some sigma algebra and the common
distribution belongs to the intersection of the long-tailed distribution class and the dominatedly-varying-tailed
distribution class. [17] considered the absolute ruin probability of a dependent compound renewal risk model
with a constant premium rate and a constant interest rate, where the individual claim sizes are widely orthant
dependent and the claim sizes have a common distribution belonging to three types of heavy-tailed distribution
classes, respectively. [18] considered the problem of minimizing the absolute ruin probability of an insurance
company. More studies on the absolute probability can be found in [15, 19, 20] and so on.

For the convenience of readers, Table 1 presents a brief summary of several commonly used copulas
and dependence structures discussed above. The explanations of some notation used in Table 1 are given
below. &, ¢ > 1 are random variables with distributions V;, i > 1, respectively. C(uj,us) is a bivariate
copula with u; € [0,1], ¢ = 1,2. ¢1(x1) and ¢a(z2) are two functions such that E[¢; (&) =0, i = 1,2.
D&, = {LEZ >0: P(fl S (1‘,’ —5,$Z+6)) > O,V(S > O}, 1=1,2.
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It follows from [14] and [15] that the finite-time absolute ruin probability at time ¢ > 0 of a one-dimensional
risk model can be defined as

. C
Ui (5, t) =P (nggtUk (2k, 8) < —:’Uk (21, 0) = g;k) . k=1,2. (1.2)

[15] pointed out that the finite-time absolute ruin probability at time ¢ > 0 of one-dimensional risk model, i.e.
(1.2), can be converted to

Ur (Th,t) = ZX Hy>xk+— , k=12, (1.3)

where [[7_, Vi =e "™, p>land V; =e "% i> 1.

Inspired by the above definition of the finite-time absolute ruin probability of a one-dimensional risk model
and the four types of finite-time ruin probabilities of a bidimensional risk model, we define the corresponding
four types of finite-time absolute ruin probabilities of a bidimensional risk model at time ¢t > 0 as

Wsim (x17x2;t)
=P <U1 (21, s)<fﬁ and Us (22, 8) <fc—2 forsome 0 < s < t‘Uk (zx,0) = xx, k = 1,2) , (1.4)
r r

2
Uynd (1, x2; 1) (ﬂ { inf Uk (zk,8) < }‘Uk (zx,0) = xx, k = 1,2) , (1.5)

0<s< r
k=1

Lp (xl,JjQ, (U { lnf Uk Lks S ) < _Ck}’Uk (Z‘k,o) = .Tk,k' = 1a2> ) (16)

r
k=1

and

2
Ck
Psum (21, 225t) =P <ng<t{ZUk Tk, S }<—Zr

Uk (xk,O) = x;wk = 1,2) . (].7)
k=1

The meaning of these four definitions is similar to the meaning of corresponding ruin probabilities given by
[12]. That is, Wsim (z1,z2;t) represents the probability that absolute ruin happens in all business lines at the
same time within the time period [0,t]. W,pnq (21, 22;t) indicates the probability of absolute ruin in all business
lines, though not necessarily simultaneously. ¥, (21, z2;t) reflects the probability that absolute ruin occurs in
at least one business line, while Wy, (21, 22;t) represents the probability of absolute ruin across the sum of all
business lines. It is worth mentioning that it holds for all z1, 22 > 0 and ¢ > 0 that

Ugim (21, 22;t) < Vana (x1,22;t) < Wop (21,225 1) ,
and
!psum (1‘1, ant) S !por (.’131,$2; t) .

In summary, this paper introduces four definitions of finite-time absolute ruin probabilities for a bidimensional
risk model. The focus is on the scenario where the claims from two lines of business exhibit a dependence
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structure, while also considering the dependence structure between the claims and the inter-arrival times.
For the case of subexponential claims, the asymptotics of the four finite-time absolute ruin probabilities are
derived. Compared with [1] and [17], [1] discussed a bidimensional risk model without an interest rate (i.e.,
a bidimensional renewal risk model) and provided asymptotics for the finite-time ruin probabilities (not the
finite-time absolute ruin probabilities), where the claims between the two business lines are independent, and
the claims and the claim number process are independent. [17] investigated a one-dimensional compound renewal
risk model with a constant interest rate and derived asymptotics for the finite-time absolute ruin probabilities,
where the claims and the accident number process are independent.

The rest of this paper consists of five sections. Section 2 includes preliminaries on heavy-tailed distributions
and some assumptions. The main results are given in Section 3. Section 4 provides some examples satisfying
assumptions. Section 5 contains some numerical studies. The proofs of our results are presented in Section 6.

2. PRELIMINARIES AND ASSUMPTIONS

Thereafter, all limit relations are for x — oo or (z1,z2) — (00, 00), unless otherwise specified. For two positive
univariate or bivariate functions f and g, assume that ¢ = liminff/g < limsupf/g = b. We write f 2 g, ifa > 1;
write f < g, if b < 1; write f = 0(g), if b= 0; write f = O (g), if b < oo; write f ~ g, if a = b = 1; and write
f=g,if f=0(g) and g = O (f), simultaneously. Furthermore, for two positive trivariate functions a (-,,-)
and b (-, -, ), we say that the asymptotic relation a (x1,x2,t) ~ b(x1,x2,t) holds uniformly for ¢ in a nonempty
set A if

a(x1,z2,t)

li
1m sup b(xl,x%t)

(z1,22)—(00,00) te A

—1’:0.

Typically, for a random variable £ with a distribution V' on (—oc0,00), we write £ = Elie>0y, where 1ies0y
denotes the indictor function of {£ > 0} and denote its tail by V (z) =1 -V (), z € (—00, 00).
In this paper, assume that {(Xl-(l),Xi(z),Yi) 34> 1} is a sequence of i.i.d. random vectors with a generic

random vector (X(l),X(2),Y) whose marginal distributions are Fy, F5 on [0,00) and G on (0, 1], respectively,
where Y = e~"? and 6 is the generic random variable of {;;i > 1}. Define

A={t>0,A(t) >0} ={t>0,P (Y1 >e ") >0},
and
A =10,TINA

for all T € A for later use.
This paper will consider the claim sizes of two business lines and the inter-arrival times are dependent. We
will need the following assumptions, which are introduced by [13].

Assumption 2.1. For i = 1,2, there exists a function h; such that
P (X(i) > 2]Y = y) ~ T (z) hs (1) (2.1)

holds uniformly for y € (0, 1], and

0< Ay = min{ inf h;(y);i= 1,2} <max< sup h;(y);i=1,2p =: Ay < 0.
y€(0,1] y€(0,1]
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Clearly, (2.1) is equivalent that
P (X(i) >zl = t) ~ F;(z)hi (e7"") = F; (z) H, (t)

holds uniformly for ¢ € [0, 00).

Assumption 2.2. For i,j = 1,2,7 # j, there exists a bivariate function g;; such that

P (X0 > X0 =2, =y) ~ T (2) g (2.9) (2.2)
holds uniformly for all z > 0,y € (0,1] and

0 < B; := mi inf g (2,y)34,5=1,2,i# j
1 mln{z>0}£€(011]gzg(z Y) i, J Z#J}

< max Sup - gij (Zvy)a27]:172717é] =: By < c0.
220,y€(0,1]

Assumption 2.3. There exists a function g such that
]P’(X(l) >z, X >x2|Y:y) ~ Fy (21) F2 (22) g (v) (2.3)

holds uniformly for y € (0,1].
It is obvious that (2.3) is equivalent that

P (X(l) > 2, X3 > x9|0 = t) ~ Fy (z1) Fy (12) g (e_"t)
Fi(21) Fs

holds uniformly for ¢ € [0, o).

[11] and [13] point out that some concrete copulas satisfy the above assumptions. For example, the bivariate
Farlie-Gumbel-Morgenstern(FGM) copula satisfies Assumption 2.1. The tri-dimensional Sarmanov copula and
the tri-dimensional Frank copula satisfy Assumptions 2.2 and 2.3. For the definitions of these copulas, one can
refer to [21].

In the rest of this section we will introduce some classes of heavy-tailed distributions. If a real-valued random
variable £ (or its distribution V') does not have a finite exponential moment, i.e., for any A > 0, E [ekg] = 00,
then we call it heavy-tailed.

It is said that a distribution V' on (—o0, 00) belongs to the long-tailed distribution class, denoted by V € £,
if its tail satisfies

Ve+y) ~V(x)

for all y € (—o00, 0). The following property of the long-tailed distributions can be found in [11].
Proposition 2.4. If V € £, then the function set

(V) = {l() : (0,oo)7~> (0,00) |1 () = o0, (z) < /2,1 (z)z~" — 0 and

V(x4 y) ~V (x) holds uniformly for all |y| <1 (x)

is not empty. Besides, if l (x) € 7 (V') then ¢ -1 (x) € S (V) for any ¢ > 0.
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Another heavy-tailed distribution class is the subexponential distribution class .. A distribution V on [0, c0)
is said to be subexponential, denoted by V € ., if

lim ﬁ (=) =n
V (z)

for some (or, equivalently, for all) n > 2, where V*" represents the n-fold convolution of V, n > 2. For a
distribution V' on (—o0,00), if V' () 1{z>0} is subexponential, then V is also said to be subexponential. It is
well known that . C & (see, e.g. [22, 23]). The following proposition shows a property of the subexponential
distributions, which presents a weighted result for Theorem 3.6 of [23].

Proposition 2.5. Let V' be a distribution on (—oo,00). Suppose that V € % and that a non-negative function
1 is such that l(xz) — oo and l(x) < x/2,x > 0. Let two distributions V1 and Vo be such that, for i = 1,2, it
holds that V; € £ and V; (x) < V (z). If 71 and 12 are two independent and non-negative random vamables with
distributions Vi and Va, respectively, then for any fized 0 < a < b < oo, it holds uniformly for (c1,c2) € [a, b]2

that
P(cim + come > x,c1m1 > L(x) ,cane > 1 (2)) = o (P(cim > x) + P (came > ) .

Proof. Since I(x) < x/2,z > 0, it holds for all (¢, ¢3) € [a,b]* and 2 > 0 that

P(cim +cang > z,exm > 1(x) , camz > 1 ()
= P(cim + came > x) =P (cam + came > x,camy < 1 (2))
—P(c1m + cana > x,came < 1 (x))
—: Lo — Ly — L. (2.4)

By Lemma 1 of [24], it holds uniformly for (¢, ¢2) € [a,b]” that
Lo ~ P(Clnl > fE) + ]P(CQ?]Q > SC) . (25)

For (i,4) = (1,2) or (2,1), it holds uniformly for (ci,¢s) € [a,b]” that

Z P(sz > T, C5n;4 < l( ))
= ]P(sz > l‘) (Cﬂ?j < l( ))
> P (cimi > ) Vj (“?)
~P(ein; > x). (2.6)

Then plugging (2.5) and (2.6) into (2.4) yields the desired result. This completes the proof of Proposition 2.5. O

3. MAIN RESULTS

To concisely present our main results, we adopt the following notation. Let

o (1, 225 t) / /t ' E xl + ) er(u+v))E ((xz + Cj) em)

+F ((:cl + 7) )y (2 + 072) et ) ) X (dv) Xy (du)
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B (x1,xe;t) := /OtFl(<a:1 + %) e”)E((xg + 672) e’“ﬂ) i(du),

and
et = [T (o &) o) Ko, k=12,
where
A (t) :/Ot (L+A(t—w)Hy (WP (O €du), k=1,2 (3.1)
and
i) :/Ot(l—l—)\(t—u))g(u)ﬁ”(&edu). (3.2)

Theorems 3.1 and 3.2 provide asymptotics for four types of the finite-time absolute ruin probabilities of the
bidimensional risk model (1.1) with dependence structures among the claim sizes of two business lines and the
inter-arrival times of the claim sizes.

Theorem 3.1. Consider the bidimensional risk model (1.1) satisfying Assumptions 2.1-2.8. If Fy, € &, k =
1,2, then it holds uniformly for all t € A, that

Ugim (1,223 t) ~ Yana (x1,22;t) ~ o (21,225 t) + S (21, 23 1), (3.3)
and
Wy (x1, 25 t) ~ 71 (T15t) + 72 (22;1) - (3.4)

Theorem 3.2. Consider the bidimensional risk model (1.1) satisfying Assumptions 2.1 and 2.2. If Fy, € &/, k =
1,2 and Fy (z) < Fy (x), then it holds uniformly for all t € A, that

c c
Usum (T1, T251) ~ 71 (9:1 + xo + f;t) + Yo (zl + 29 + %;t) ) (3.5)

The following remark is from Remark 2.1 of [12], which can explain the meanings of X;(t)7 k=1,2 and X(t)
mentioned in Theorems 3.1 and 3.2. Meanwhile, for the sake of clarity, we also present its proof.

Remark 3.3. For each i = 1,2 and any 7" € A, we introduce two random variables 8 and 67*, which are
independent of {0,k > 2} and have the proper distributions, respectively, given by

H; (1)
E [Hi (0) 1{o<r}]

P (0] € dt) := P(6 e dt),t €A,

and

Gt

PO €4 = E g0 10em]

G (dt),t € A,.
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Construct three delayed renewal counting processes { N} (t),t > 0} with 67,0,k = 2,3, ... and a mean function
Af(t),t >0 for each i = 1,2 and {N** (¢t),t > 0} with 07*,6x,k = 2,3, ... and a mean function A\** (¢),¢ > 0. It
is easy to demonstrate that the following two relations hold

Ni(t) = AL (O E [Hi (0) 1p<ry], i=1,2, teA,

and

Nt) = X (OE[G(0) 1g<ry] . t€ A

Proof. Clearly, for i = 1,2, it holds for all ¢t € A, that

e
i (M@N)

k=2

:P(@;gt)+2w><9;+§n:9kgt>
/t]}D(ez‘edu)Jr/ ZP(ZGk<tu> (07 € du)
0

n=2
= /Ot I+ A(t—u)P (O] € du).
Therefore, for 7 = 1,2, it holds for all ¢t € A, that
P (6; € du)E [H; () Ljg<ry| =M (u) P (6 € du),
and
(1+A(t—w)P(6; € du)E [H; () 1{9§T}} =(14+A{t—u)H; (u)P (0 € du).
Thus,

N () = /0 (1+A(t— ) P(0F € du) E [H: (6) 1p<ry]

=X\ () E [H; (0) 1go<ry] -

Similarly, we can obtain that for all t € A,,

) = X (DE[G(0) 1o<ry] -

This completes the proof of Remark 3.1. O
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4. SOME EXAMPLES OF ASSUMPTIONS 2.1-2.3

This section presents several examples that satisfy Assumptions 2.1-2.3. We continue this discussion through
copulas. For more details on copulas, one can refer to [21].

According to Sklar’s theorem, if the joint distribution of (X(l),X(2)7Y), denoted by H, has continuous
marginal distributions F}, F, and G, then there exists some unique C(uy, ug,us) : [0,1]* — [0,1] such that

H (517 52, 53) =C (Fl (51) By (52) ﬂG (53)) ) (517 52) € [07 00)2 ,83 € (07 1] .

The corresponding survival copula is defined as

H(81,82,33) =P (X(l) > $1,X(2) >S9, Y > 53)
= C(Fi(s1),Fa(52),G(s3)), (s1,80) €[0,00)°, 55 € (0,1].
Assume that both the copula C(uq,us,us) and the survival copula C (u1,usq,us3) are absolutely continuous.

Firstly, it follows from Section 3 of [11] that if hq(y) and ho(y) defined in Assumption 2.2 exist, then they
equal to

80 (Ul, 1,U3) /8’[1,3

hi(y) = lim . ye(0,1], 4.1
1y) = lim, ” wzw (0,1] (4.1)
and
- ,
ha (y) = lim OC (1, up, us) /Qus . ye(0,1]. (4.2)
uy—0+ U2 us=C(y)

The uniformity required in Assumption 2.1 can be rewritten in terms of the survival copula C (u1,ug,us) as

dC (us,1 B 1
lim sup (1,1, ug) /Ous —1| =0,
up—0+ u3z€[0,1] Uz hi (y)
and
aC (1 dus 1
lim  sup (1, uz, us) /Ous —1/=0.

Uz h2 (y)

us—0+ u3z€[0,1]

Secondly, if g12(z,y) and go1(2,y) defined in Assumption2.2 exist, then they equal to

820 (Ul, usg, U3) /3’&231/3

92(219) = Jim ul nsFmgey F€00)yE@, (49
and
. 826‘ Ui, u2,Us aulaug
g2t () = tim 2L VIO sty 7€ 10,00),€ (0,1]. (4.4

u —0+ u2
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Similarly, the uniformity required in Assumption 2.2 can be rewritten as

9 A
1
lim sup 0 O(ul,’LLQ,U3) /8%28“3 ) 1= 07
up =0+ ug2,uz€[0,1] Uy gi2 (Zv y)
and
9 A
1
lim sup 8 C(Ul,UQ,’LL3) /8U16U3 ) _1l=o0.
u2—=0% 4y us€(0,1] Uz g21 (27 )

Finally, if g(y) defined in Assumption 2.3 exists, then it equals to

80 (ul, Uug, U,3) /GU3

lim
(u1,u2)—(0F,0T) U1U2

The uniformity required in Assumption 2.3 can be rewritten as

. 1
lim sup 0C (w1, uz, u3) [Ous -1/ =0.
(u1,u2)—=(07,07) 45€(0,1] U1 U2 9 ()

171

In the following, we present two examples satisfying Assumptions 2.1-2.3, which is from Section 5 of [13].

Example 4.1. Assume that (X, X®)Y) follows a trivariate copula of the following form
C (u1,ug,u3z) = ujugus (1 + o (1 —ugus) (1 —ug)), wuy,us,us € [0,1],
where o € [f%, %]
It follows from Section 5 of [13] that for i = 1,2, (X(i), Y) has a common bivariate FGM copula
C(ujyuz) =uwuzs(1+0 (1 —w) (1 —uz)), i=1,2.
Besides, by (4.1)—(4.5), we have for z € [0,00) ,y € (0, 1] that

hi(y) =h(y) =14+0(2G(y) —1),i=1,2,

1+0(1—4F; () (1 -2G (y))
1+0(1-2F;(z))

gij (Zvy): (1_2G(y))a 17;7217271#.73

and
g(y)=1+30(2G (y) —1).

Example 4.2. Assume that (X, XY follows a common trivariate Sarmanov copula

P (X(l) € dv,X(Q) edz,Y € dy)
= (1401201 (v) P2 (2) + g1301 (v) @3 (y) + 232 (2) 3 (y)) F1 (dv) F (d2) G (dy),

(4.6)



172 R. QIN AND K. WANG
where 0,5, 1 <14 < j <3 are constants and ¢; (-), 1 < ¢ < 3 are continuous functions satisfying
L+ 01261 (v) P2 (2) + 01301 (v) @3 (y) + 02302 (2) 3 (¥) >0, v,2,y € (—00,00),
and
E o (XV)] =E[6: (x?)] =Elss ()] = 0.
If lim ¢; (z) = d;, ¢ = 1,2, then by (4.1)—(4.5), we have for z € [0,00),y € (0,1] that

hi (y) =14 osdips (y), i=1,2,

o12d1¢2 (2) + 013d193 ()
1+ 02302 (2) 3 ()

g12 (z,y) = 1+

o12d2¢1 (2) + 093d2¢3 ()
14 01361 (2) 93 (y)

go1 (z,y) = 1+

and

9(y) =1+ 012dida + o13d1$3 (y) + 023d293 (y) -

5. NUMERICAL STUDIES

In this section, we present a specific example of a copula and distributions to illustrate « (z1, xo; t), 5 (x1, x2;1)
and v; (z;;t), ¢ = 1,2, which constitute the main components of the asymptotics for the finite-time absolute
ruin probabilities in Theorems 3.1 and 3.2.

Assume that N(t) is a homogeneous Poisson process with parameter A. Then X (t) = M, t € [0,00) and
P <t)=1—e? t € [0,00). Moreover, suppose that F;(x) = 1 — (1+x) " i = 1,2, x € [0,00) and
(XM, X3 9) follows a copula of the form given in (4.6). Hence, it holds for ¢ € [0, 00) that

Hit)=H{t) =140 —20e M, i=1,2, (5.1)

and

G(t) =1+30 — 6oe . (5.2)

Combining (5.1) and (5.2) with (3.1) and (3.2), it holds for ¢ € [0, 00) that

N o
Ak (t) = At 2(1 ), k=12, (5.3)
and
5 VN 30 Y
At) =Mt - (1 e ) . (5.4)
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The values of B(x1, x2, t)

The values of a(x, x2, t)

o~ =
=

> 3’ 8.00

pad b R s o
< [47.00

S | 44.00 7 8

%]

2[4350 6 g [q6-00

= 5 £
Z |H3.00 s 2 [s5.00

= =

-~ +~
s @2 3 % Baoo

N 2 X

= 200 R
x 1 X {300

S M1is0 Q
1000 2.00

1.00

1.00

900
7 1000 90

(a) (b)

FIGURE 1. The values of « (21, 22;t) and 8 (x1,x2;t) with A=0.3 51 = 1.5, ko = 2, 7 = 0.02,
c1 =0.5, co =0.7 and t = 20.

Therefore, it holds for ¢ € [0, 00) that
R t t—u — K1
o (z1,z25t) = )\2/ / ((1 + Cler(uw)) (L4 Cee™) ™"
0 Jo

+ (14 Gem™) ™™ (1 + C2er(“+”)) w)

. (1 — oe_25‘“) (1 — 06_2:\") dvdu,

t ~
5 (1’1,(1)2;t) = )\/ (]_ + Cle’l‘u)*ﬁl (1 + Cgeru)7l€2 (1 o 30_6—2>\u> du,
0

and

t .
~i (z45t) = )\/ (1+ gem™)™™ (1 - Uefz)‘“) du, i=1,2,
0

where (; = x; + i = 1,2.

In what follows, we plot the values of « (21, x2;t), 8 (21, z2;t) and v; (z;;t), i = 1,2 with A=0.3, k; = 1.5,
ko =2, 17=0.02, c; = 0.5, co = 0.7, t =20 when z; and x5 are sufficiently large.

The values of « (21, z9;t) and S (x1,xo;t) are depicted in Figure 1. The surface of a (x1,z2;t) is smooth
and monotonically decreasing as both x; and zs increase with values concentrated near the lower boundary.
The surface of 5 (x1,x2;t) also decreases smoothly and monotonically as both z1 and x5 increase with overall
magnitude smaller than a (x1, z2;t).

The values of 1 (21;t) and 73 (22;t) are depicted in Figure 2. The surface of 41 (x1;t) depends primarily on
x1, decreasing smoothly as 1 increases. However, the surface of v, (2;¢) depending primarily on xs, decreases

smoothly as zo increases and has smaller magnitude than v, (21;¢).
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The values of y,(xz, t)

The values of y1(x1, t)

F 4350 o
— —
< 3.25 < 1.20
o o
~ 143.00 —
0 . %)
[} [
£ 275 £ [ 1.00
= =
= 250 =
o o
- 225 = [§o-80
= =
< [®2.00 <
0.60
1.75
1.50
0.40

900
7 1000 90

(b)

FIGURE 2. The values of v (z1;t) and s (z2;t) with A=03 5 =15, ko =2, r = 0.02,
c1 =0.5, co =0.7 and t = 20.

6. PROOFS OF MAIN RESULTS

6.1. Lemmas

In this section, we write £2,, (t) = {(y1,¥2, .., yn) € 67", 1" : [[4_, yr > e "'} for every t € A, and n > 1.
Before giving the proofs of main results, we first present some lemmas. Lemma 6.1 will be used in the proof of
Lemma 6.2.
Lemma 6.1. Consider the bidimensional risk model (1.1) satisfying Assumptions 2.1 and 2.2. If Fy, € &,k =
1,2, then for any fized n > 1, it holds uniformly for all (y1,y2, - ,yn) € 2n (t), 2 > 0,1 <i < n and t € A,
that

n

P
¢
Py(n) =P (ZX;D Hyi > xy + 71

p=1 i=1

Xl(2) =z2,Y1=y,1 SlSn>

n p
~ D P <Xé” [T > o+ C—l\Xf’ = 2, Y, = y> = Py(n), (6.1)
p=1 i=1 "
and for every 1 < p <n, it holds uniformly for all (y1,y2,...,Yn) € £2, (t), 2z, > 0 and t € A, that
D e S SR
q=1 j=1
(6.2)

ngl) =2p, Yy =Yg

n q
C2
N'EZ:F) ;Xém IIZh > xz%—;;
q=1 Jj=1
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Proof. 'We will prove (6.1) by induction. Trivially, the assertion holds for n = 1. Now we assume that the asser-
tion holds for some positive integer n = m — 1. We will show that (6.1) holds for n = m. Due to Proposition 2.4,
there exists a function a (-) € 5 (Fy) such that Fy (z +y) ~ Fy (x) holds uniformly for all |y| < a(z). By the
way of the proof of Lemma 3.2 of [13], when n = m, we have for all (y1,y2, "+ ,Ym) € 2m (t), 2; > 0,1 < i < m,
z1 > 0and t € A, that

Py(m)
m D e m—1 D 1
_ 1 1
= P(ZlXZ())Hyi>£C1+T,Zle(,)l_]l:yiga<$1+r)
p= i= p= i=

‘Xl(z) = Zl7Y2 :yl>1 < l < m)

m p m—1 14
C1 1) C1 C1
+P XM i > T+ —, X P > T —|———a(x —I——)

’Xz(z) =z2,Y1=y,1 <1< m)

m P m—1 P
(1) , a (1) (( il) a _ ( il)}
+P<ZXP Hyz>$1+ T,ZXP Hyze afo+ ) o+ o —a(e
p=1 i=1 p=1 i=1
‘Xz(2)2217Y2=y171Sl§m)
=: Il(th)—I—Ig(th)—i—]g(xl,m).

For I; (z1,m), on the one hand, according to Proposition 2.4 and Assumption 2.2, it holds uniformly for all
(Y1, Y2, s Ym) € 2 (), 2 2 0,1 < i <m and t € A, that

m
Il (Z‘l,m) S P (X’r(‘y%) Hyz >z + ﬂ —a (3:1 + ﬂ) ‘Xy(r?) - Zma)/’m = ynL>
T T

i=1

~ 912 (2m, Ym) P (Xr(r}) > (331 + CJ) |
~ g12 (Zm, Ym) P (Xfr}) > <I1 + f) |

~PXOT Ty > Aixd—, v, =g |. 6.3
(mHy $1+7“ m Zms Y ( )

i=1
On the other hand, it holds uniformly for all (y1,y2, ..., Ym) € 2m (1), z; > 0,1 < i < m and t € A, that
I (z1,m)

m m—1 P
C C
P <X,<,p [Twsen+ 2 X0 [ Lo (s + 2)
i=1 p=1 i=1

T
=1

v

Xz(Q) =z, Y1 =y,1 Slém>
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m—1 P
c
'<1]P’<ZX,§1)H%>G($1+T1) ’Xl(Q)zl,Ylyl,lglgm1>>

p=1 i=1
NIP(X,(,})H% >x1+crl‘X7Sf) :zm,Ym:ym> , (6.4)
i=1

where the last step holds since by the induction assumption and Assumption 2.2, it holds uniformly for all
(Y1,Y2, oy Ym—1) € 21 (t), 22> 0,1 <i<m—1and ¢t € A, that

m—1 P
IF’( Xél)Hy¢>a(x1+c:)‘XZ(Q):ZhYl:yl,l<l<m—1)

1
m—1 p c
< S e (x0T () [0 = - )

For I (x1,m), on the one hand, similarly to the method in (4.2), according to the induction assumption and
Assumption 2.2, it holds uniformly for all (y1,y2, ..., Ym) € 2 (t), 2; > 0,1 <i < m and t € A, that

Is (z1,m)
m—1 P . )
<P ;Xél)il:[lyi>x1+rla<x1+rl) ‘Xl(2)zl,}/lyl71§l§m1>
m—1 p .
~ Z P (Xél) Hy’b > I + ;‘XI()Q) — ZPVYp = yp)
p=1 i=1
S (6.5)

On the other hand, by the induction assumption, it holds uniformly for all (y1,ya, ..., Ym) € 2 (£), 2; > 0,1 <
i1 <m and t € A, that

m—1 P
I > P XOTTy; > AIxO_ vy 1<i<m-—1
o= 2 (S [T+ 2 =i =<t

2

m—1 D
C
e (0 T 20 = )

=1 i=1

m—1). (6.6)

=

F

Finally, we consider I5 (21, m). Due to intergration by parts, it holds uniformly for all (y1,y2, ..., Ym) € 2m (t),
z>0,1<i<mandte A, that

I3 (x1,m)

w1+c71—a(x1+c71) mn ¢l
:/ P Xg)Hyi>CL'1+*—UX7(3):Zm,Ym:ym
a(a:l—l-%) =1 "
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m—1 P
P ( XV vi € du

p=1 i=1

Xz(z)zl,ﬁyz,1§l§m1>

< P<X$)Hyz >$1+Ci_a($l+ﬂ) ’X,(,f) :Zmaym:ym>
T T

i=1

m—1 P
P( X;(;l)Hy’L>a($l+1)‘Xl(2)Zla}/lyl?]-glgm1>
=1

c
r
p=1

w1+ —a(z+L) [m-l P ¢
+/ P ZXISI)HyZ->x1+—u‘Xl@):zl,Yl:yl,lglgm—l
a(z1++) p=1 i=1 "

P (X,(,%) Hyi € du
i=1

= 131 (a:l,m) + 132 (581,77’1) .

Xr(r%) = ZWmYm = y7n>

177

(6.7)

Firstly, we consider I3y (z1,m). Due to Proposition 2.4, the induction assumption and Assumption 2.2, it

holds uniformly for all (y1,y2,..; Ym) € 2m (1), 2; > 0,1 <i < m and t € A, that

Isq (1, m)

=P <X$)Hyi >z + a —a (301 + ﬁ) ‘X,(f) = Zm, Ym ym>
bl r r
m—1 P c
P (Z Xz()l)Hyi >a (951 + 71) ‘Xl@) =z, =y, 1 <1 <m-— 1)
p=1 i=1

~ s Um ) P [ XD ;> a _ ( 071)
912(2 Y ) ( m ]:[y ‘T1+r a ‘Tl‘i’r

i=1

-1 P
C
e (T (e %) i =)

p=1 i=1

~ sy ) P XD ;> a _ ( ﬁ)
912 (%m; Ym) (mHy o1+~ —a(z

i=1

m—1 p
c
> 912 (2, yp) P (X;gl) [[vi>a (561 + ;))
p=1

i=1

m m—1
= 0(1)g12 (2m> ym) P <X7§r}) Hyi >x1 + C;) Z P (ngl) >a (gjl + %))

i=1 p=1

m—1
= 0(1)912 (melaymfl)lp (Xﬁnl)l 1;[ Y; > 1+ C;) ﬁl (a (1'1 + 671))

m—1 p
C1
=0 <z; g12 (Zp,yp)IP (ngl) Hyl >x + 7’))
p=

i=1

m—1 P
C1
= 0 (Zl ]P) <Xz()1) 1_[1% > T + T‘XI()Q) — ZP7YP — yp))
p= 1=

= o(Py(m —1)).
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Next ,we deal with I35 (x1,m). By the induction assumption, Assumption 2.2, Proposition 2.5 and F} € .,
it holds uniformly for all (y1,y2, ...;Ym) € 2m (), 2; > 0,1 < i <m and t € A, that

Iso (1, m)

R e OT a (2)
NZ/ . Pl X, Hyi>:c1+7—uXp =25, Y, =19

=1 Ja(z1+) i=1

m
P <X,%) I_IyZ € du

i=1

$1+C71—a(£1+%1) | p o
N2912(Zp7yp)/a ' P X;)Hyi>$1+7—u

(z1+5) i=1

=Zm, Ym = Um )

— 1 1 . a
= 912(Zp7yp)]P)<X;(;)Hyi""X?(n)Hyi>(E1+Ta

Xv(vf) = Zm, Ym = ym>

p=1 i=1 i=1
m
Xr(r}) Hyz € (a (xl + ﬂ) ,T1 + . a (731 + — ’X(2 = Zmy Ym = ym>
i1 T T
m—1
< g12 (vayp < 1)1—[y> xl—i———u)\/a(xl—i— )
p=1

Xfr?)zzma m—ym ( 1)Hy 6du>

m—1
~ 2912 vayp)912(zmaym)]P)<X(1 Hl/ +X(1)Hy >$1+*

p=1 i=1

p
(1) ) ‘1 (1) ) s
Xp il:[lyl>a(x1+ r)’Xm il:[lyl>a<x1—|— r))
p .
(Z 912 (2p, Yp) (X;(Jl)Hyi>$1+T>>

i=1
X(Q) =2p, Yp = yp))

o(%[@( Hy1>x1+

= o(Py(m — 1)). (6.9)

where Proposition 2.5 is used in the penultimate step. By (6.7)—(6.9), we can obtain that it holds uniformly for
all (y1,Y2, -y Ym) € 2m (t), 2 > 0,1 <i <m and t € A, that

= o(P2(m)). (6.10)
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Thus, we can obtain (6.1) holds for n = m. Besides, we have

Pl(m)

lim sup sup sup Py(m)
2lm

teA, (Y1,Y2;--,Yn) €2, (t) (21,22,...,2n) €[0,00)"

_1’:0,

Hence, we can obtain (6.1) holds uniformly for all (y1,y2,....,yn) € 2, (t), 2 > 0,1 < i <n and t € A, by
(6.3)-(6.6) and (6.10).
By the similar proof of (6.1), we can obtain (6.2) holds by Assumptions 2.1 and 2.2. We omit the details of
its proof. This completes the proof of Lemma 6.1. O
Lemma, 6.2 will be used in the proof of Lemma 6.5.

Lemma 6.2. Consider the bidimensional risk model (1.1) satisfying Assumptions 2.1 and 2.2. If F, € %k =
1,2, then for any fized n > 1, it holds uniformly for all t € A, that

n P n q
Cc
PIY X[V o+ 23 XP[[Y > e+ 2N (@) =n
p=1 i=1 q=1 j=1
Y T A x@T ez
NXEX;IP’ x§ l_IlYi>x1+7,Xq 1_[1Yj>x2+7,N(t):n
p=1g= i= Jj=

Proof. For every n > 1, by Lemma 6.1, it holds uniformly for all ¢t € A, that
n P Cl n q 02
S XY > a1+ 7,2)(;2) [1Vi> a2+ —IN (1) =
p=1 i=1 q=1 j=1

n p
S I R B I D SET) | PR PR P
2, (t) AL — Py r

p=1 1=1
H (X()Edzz —yl>HP(Yz€dyl)

=1

C
/ / / /PXl)Hyi>x1+*1Xz§2):vaYp=yp
nt) Al i=1 r
n
HIP’(X( ) edxyly; —yl> HJP’ (Vi € dyi)

P
Z// IP’XI(,I)Hyi>I1+% ZX(Q Hy]>xz+

24.(2) i=1 a=1 j=1

Yi=y,1<I<n

_Z/ / )/ L) [T 1 ZX(Q Hy]>l‘2—|— ‘X(l)zzpayl Yy, 1<I<n
2 (t z1-|-C r -

=1Y; g=1

P (X},U € dz,

Yy = yp) HP(YE € dy)

=1
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q
0oy Y A (13 PR e,

p=1g¢=1 Jj=1

P (X;U € dz,

Y, _yp> [P €dy)

=1

:iip X<1>Hy>a:1+ X<2>Hy>x2+ N (@t)=n],

p=1qg=1 =1 j=1

where E = {(21, 29y eny Zn) S [O, OO)n : 2221 Zq Hg:l Yj > T2 + 6727 (yla Y2,y yn) € Qn (t)} This Completes the
proof of Lemma 6.2. O

Lemma 6.3 is a restatement of Lemma 4.2 of [11], which is critical to prove Lemma 6.5.

Lemma 6.3. Consider the bidimensional risk model (1.1) satisfying Assumption 2.1. If Fy, € ., k = 1,2, then
for any fired n > 1 and k = 1,2, it holds uniformly for all t € A, that

n p
P <ZX§,’“>HY; >z + 2N () :n>
p=1 i=1 "
n p
~ Z]P’ (X;@Hn >z + %,N(t) =n>.
p=1 i=1

The following lemma can be obtained by using Lemma 3.3 of [12] with some obvious modifications.

Lemma 6.4. Consider the bidimensional risk model (1.1) satisfying Assumptions 2.1-2.3. If Fy, € %/, k =1,2,
then it holds uniformly for all t € A, that

N(t) N(t)
ZX 1)HY >x1—|—f ZX 2) HY > 172—|—f ~«a(xy, o5 t) + B (x1, T2;t) .
Proof. Tt follows from Lemma 3.3 of [12] that

N(#)

ZX(l)HY >, ZX(Q)HY > X9

+
=
=
[

@
~—
&

/N

&

(V]

@

=
e
+
&
N——
N———

z
(V]
—
QU
e
~
>
et
=
<
~—

:Ck(l'l—%7$2—%;t)+B($1—%,£E2—%;t). (6.11)

It suffices to replace x; by 1 + <+ and x5 by 22 + <2 in (6.11) to complete the proof of Lemma 6.4. O

Lemma 6.5 will be needed to prove Theorem 3.2.
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Lemma 6.5. Set x = x1 + x2 and ¢ = ¢1 + co. Under the conditions of Theorem 3.2, for any fixed n > 1, it
holds uniformly for allt € A, that

<Zzn:Xm)HY >x+ N (t) = )
m=1p=1

~ZZ]P’<X(’” HY>:v+ (N (1) = )

m=1p=1

Proof. By Proposition 2.4, there exists a function by, () € S (Fy),k =1,2. Let b (x) = min{b; (z),bs (z)},x >
0. The probability can be split into three parts according to the value of Ezzl X,§2) ?:1 Y; belonging to
O0(@+5)], 0(@+5),z+5—b(z+7)] and (¢ + £ =b(r+7),00) as

<ZZX(m)HY>LE+ (N (t) = )

m=1p=1
=:Jy (x,n,t) + Jo (x,n,t) + J3 (x,n,t). (6.12)

We first consider the upper bound of (6.12). For Ji (z,n,t), by Lemma 6.3, Proposition 2.4 and
Assumption 2.1, it holds uniformly for all ¢ € A, that

Ji (z,n,t) gP(Xn:X;UﬁYi >z+;b(x+;),N(t)_n>

p=1 i=1

~ZP<X(1)HY >x+—b(w+;)7N():n>
NZ]P’<XI(,1)HY,» >a:+;,N(t) :n>. (6.13)
p=1 i=1

We need the following notation to proceed with Js (x,n,t). Let X7 and X5 be two independent random vari-
ables with distributions F; and F3, respectively, such that X7, X3 and (X W x@) Y) are mutually independent.
By Fi () < F (x), Lemma 6.2 and Proposition 2.5, it holds uniformly for all t € A, that

Jo (z,m, t)

n

/ /Q(t/ / ¥ ZX H%”***Z%H%
>£[1P Y, € dy)
Zi:/ /Q(t)/ /Az ngl)f[lyi>x+:—zn:zqﬁyj

g=1 j=1

x® = 2,

Yzzyz,lglgn)ﬂp(xl@)edzm

X1(72) = %p;

Y, =y [[ P <X(2) cdy

Yl—yl>HIP> (V; € dy;)
=1
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S0y (Y A R R C1) | PP 89 1

i=1 g=1 j=1

i = yl) [P e dy)

I (XZ(Q) € dz
=1 =1
n p n q ¢ p ¢
DY P X[+ o X@ T[> e+ S X Vim0 (a4 5),
p=1 i=1 g=1 j=1 i=1

anxg”ﬁyj >b(z+2) N (1) =
q=1 j=1

n n

DM XIHYJFXQHY >a4 s X1HY>b(:c+ °).

p=1g=1

q
xiT1Yvi>b(a+S),N@t)=n
e

ZZ/ / X1Hyz+X2HyJ>x+ X1Hyz>b(96+ )

p=1q=1 j=1 i=1

q n
X;‘Hy]>b(x+;) H (Y, e dyy)
j=1 =1
2 n D c
:0(2 ZP(XmEY; >$+T,N(t):n>>

m=1p=1

(ZZP<X(mHY>z+ VN (t) = )) (6.14)

m=1p=1

where Ay = {(21,22, ey Zn) € [0700)":2221 2Zq H?Zl Y €(b(z2+ 2), 204+ 2 —b(z2+2)], (y1,92,,Yn) €
2, (t)}, Proposition 2.5 is used in the penultimate step and the last step holds since by Assumption 2.1,
for every fixed n > 1,1 <p <n and m = 1,2, it holds uniformly for all (y1,y2,...,yn) € £2, (t) that

<mHY>x+ SN (t) = )

[ o L e
/.../Qn(t)]}»<xgm>> (x+i)ﬁy51>ﬁP(Yzedyz)
SAfl/"'/ﬂ . p<X;m>> (x+;)ﬁy{1>h(yp)ﬁp(yl€dyl)

~A111P’< “’”HY >t CN() =

i=1
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For J3 (x,n,t), similarly to the method of proof of J; (x,n,t), it holds uniformly for all ¢ € A, that

n q
xntSZ]P’ X(EQ)HYj>x—|—E,N(t):
r
q=1 j=1

y (6.13)—(6.15), it holds uniformly for all ¢ € A, that

J1 (l’,’ﬂ,t) +J3 (x,n,t)

n P n q
SZIP(XIS”HYZ» >z+:f,N(t):n> +S P (xP[[Y >x+§,N(t):

p=1 i=1 q=1 7j=1
2 n p
=> P(X;m>HYi>x+,N(t)—n>,
m=1p=1 i=1

and
Jo (x,m,t) (ZZP(X(m)HY>x+ N (t) = >>
m=1p=1
Hence, by (6.12), (6.16) and (6.17), it holds uniformly for all ¢ € A, that

P(ZZX(’” HY >x+ N () = )

m=1p=1

2 n
< ZZP(XZ(]”)HYZ» >x+;,N(t):n>.

i=1

183

(6.15)

(6.16)

(6.17)

(6.18)

Next, we consider the lower bound of (6.12). Due to Bonferroni Inequality, Lemma 6.3 and (6.14), it holds

uniformly for all ¢ € A, that

(ZZX(’”)HY>$+ (N (t) = )

m=1p=1

2 n
> ZP<Zngm)HYi >z+i,N(t)n>
p=1 i=1

n

_p ZX;,U]E[)@ >x+:,in§2)ﬁYi >x+§,N(t) -
i=1 g=1 j=1

p=1
2 n 14
m C
2y ZP(X; v >zt N (1) :n> — Jy (z,n,t)
m=1p=1 i=1
2 n (m) p ¢
~ ZIP’ X, HYi>x+;,N(t)=n ,
m=1p=1 =1

which, combining with (6.18), yields the desired result. This completes the proof of Lemma 6.5.
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The following lemma can be obtained by using Lemma 3.1 of [12] with some obvious modifications, which is
used in the proof of Theorem 3.2.

Lemma 6.6. Under the conditions of Theorem 3.2, if Fy, € ./, k = 1,2, then for arbitrarily fized € > 0, there
exist two positive constants K1 and Ko such that

X(Z) ZpaYpyp>a

P (Z Xz(il Yy >
p=1

X()zl,Ylyl,1<l<n><K11+anIP< Y1 >
p=1

and

X(Z) =2zq,Yq = yq>

P(Zn:X( )yl >x

q=1

X()—ZZ,Y—yl,1<l<n> <K2(1+€nZ]P’< Dy >z
q=1

hold uniformly for all (y1,y2, .., Yn) € 2, (1), 2p > 0,1 <p<n,t€ A, x>0 andn>1.

6.2. Proofs of Theorems 3.1 and 3.2
Proof of Theorem 3.1: Firstly, we consider the asymptotics for ¥,,,q4 (z1, 22;t). According to (1.3), (1.5) and

Lemma 6.4, it holds uniformly for all ¢t € A, that
Yand (T1,2;t)
N(t) p ol N(t) q o
_ 1 2
=P Zng)HYi>x1+7’ZXé)HYj>I2+7
p=1 =1 q=1 j=1
~ a(z1,22;t) + B (21,223 1) - (6.19)

Then, we consider the asymptotics for Wy, (21, 22;t). By (1.3), (1.4) and Lemma 6.4, it holds uniformly for
all t € A, that

Wsim (1'1, x2; t)

N(t) P t c
>P Z ngl) H)Q — cl/ e Pds > x1 + fle_rt,
p=1 i=1 0 "
N(t)

ZX(Q)HY —02/ _Tsds>ﬂcz+96_”
r

N(t) N(t)

=P ZXUHY >x1+— ZX”HY >x2+—

~a(x1,x2; )+ B (z1,22;t). (6.20)

Therefore, by Wgim (21, 22;t) < Wang (1, 22;1t), (6.19) and (6.20), (3.3) holds uniformly for all ¢ € A..
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In the following, we consider the asymptotics for ¥, (1, x2;t). By (1.3) and Theorem 2.1 of [11], for each
k =1,2, it holds uniformly for all t € A, that

]P’( inf Uk (xg,8) < —ck)

0<s< r
N(t)
=P ZX<k>HY >x1+—
~ Yk (:L’k; t) s k= ]., 2. (621)

Moreover, by Assumption 2.2, it holds uniformly for all ¢ € A, that

a(z1,22;t)
<[ ] @ (e (e D))
m<<x1+f>eu)@((m%)w)ﬂwww

< 2 (w13t) 72 (225t) (6.22)

and
— c
B (z1,22;t) = O (F2 (:ch + 72) - (xl;t)) . (6.23)
It is easy to obtain that it holds uniformly for all ¢t € A, that

q;or (xla z?;t)

2
. Ck
= Z P (()g;f<tUk (:ck, S) < _’/’> —Ysnd (:rl, X9, t). (624)
k=1 ==
By (6.22), it holds uniformly for all ¢ € A, that
a(x1,x9;t)
et Ve (w3 1)
< 279 (w15t)
T —_~
< 2/ 5 (:1:2 + Cﬁ) X (dv) — 0 (6.25)
0 T
and by (6.23), it holds uniformly for all ¢ € A, that
€(x17x27 ) _ O (F2 (502 + 672)) — 0. (626)
> 1 ke (@ks 1) r

Hence, by (6.19), (6.21) and (6.24)—(6.26), we can obtain that it holds uniformly for all ¢ € A, that

W 56171'2, E 71? Ilﬂ
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This completes the proof of Theorem 3.3. O

Proof of Theorem 3.2: Set © = x1 + x2 and ¢ = ¢; + ¢3. Choose some large positive integer N and write

W (.’ﬂl,LEQ,t)

Zi%){m>ﬂy>x+
:(f} fj) (szwnuﬁ N = )
E

m=1p=1

1 (E,t)-l—EQ (1’715) (627)

First, we consider E; (z,t). By Lemmas 6.5 and 6.3, it holds uniformly for all ¢t € A, that

~ 7 (w+cj;t>+72 <x+%;t), (6.28)

where the last step can be obtained by the proof of Theorem 2.1 of [11].
Next, we consider Fs (x,t). By Proposition 2.4, there exist functions dy, (1) € S (Fy),k = 1,2. Let d (z) =
min {dy (z),ds ()} ,z > 0. Inspired by the proof of Lemma 3.4 of [4], we can do the following decomposition.

EQ(.’L‘,t
00 2 n p
= Y P(ZZX;W>Hm>x+C,N(t):n>
n=N+1 m=1 i=1 r
oo 2 n
< > IP’(ZZX(m)Y1>x+ N (t) = )
n=N+1 m=1 p=1
oo 2 n
- P(ZZX(’”)Y1>$+ ZX<2>Y1<d(x+ )N(t)=n>
n=N+1 m=1p=1 q=1
e’} 2
+ 3 ]P’(ZZXI(]")}G>x+C,ZX(§2)Y1>d(z+C>,
n=N+1 m=1p=1 r q=1 r
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i P(ZZX<mY1>x+ ZX(2Y1>d(x+ )

n=N+1 m=1p=1

ZX(l)Y1>d(m+ ) N(t))=n>

=: Fo ((I}, t) + FEoo (x, t) + FEo3 (.T, t) . (629)

Then, we deal with Fo (z,t). Applying Lemma 6.6, Assumptions 2.1 and 2.2, for every £ > 0, there exists
some positive constant K such that for all ¢t € A,,

Egl(m,t)
00 2 n
> P(ZZX<mY1>x+ ZX(2)Y1<d<x+ )N(t)—n>
n=N+1 m=1p=1
(1) E—d c
n%:+1/ /Q(t)/ /n L zqy1<d(z+2) (;Xp y1>x+r (3:+T)

XP = Vi=y,1<i< n) H]P (X(2> €dy

<K12 (1+4¢) Z/ /

n=N+1 25

‘X(Q) =2,,Y, = yp> HIP’ (X( € dzly;

oo

< E -1
- B2K1 nzzN:-&-l 1+€ Z/ »/Qn(t / / q 1zqy1<d Z-‘r )Fl ((l'-i- ’/‘) yl )
)/l =yz> HG dyl

-ﬁlP’ <X(2) € dy
=1
<BKAT Y (o) [ /M) + ) or) T 6 (am)

Y, = yz> 116G @y
=1
/ / P(Xél)yl >a:+E fd(erE)
(t) zqy1<d z+< ) r r

n

= yl) H (dy1)

n= N+1 =1
= 1

<BKATT S (140 n/ Fl(( 7) T )hl(yl)IP’(N <t-|— ny1>:n—1)

n=N41 e—rt T T
'G(dyl)

< BEAT S (4ernPen—1) | T )yt

<BK AT ) (1+e)"nP(=n—1) Fo({z+ ) v ) ha(y1) G (dys)
n=N+1 et

= BGATE [(1+9) O (N (0 + D) 1wz

y A () ) ) G ). (6.30)
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By Theorem 1 of [25], there always exists some by > 1 such that E {b < 00. Thus, for small £, > 0, we can

find some N large enough such that

N(t)]

1) C2
< _ _“.
B (,t) S 5 (x+ : ,t) . (6.31)

For Ess (z,t), applying a similar method of deriving (6.30), by Lemma 6.6, Assumptions 2.1 and 2.2, for
mentioned above, there exists some positive constant Ko such that, for all t € A,

E22 (13 t)

Z (ZZXm)Y1>x+ ZX2)Y1>d(x+>
n=N+1 m=1p=1

ZX(l)Yl <d(x+§) , N (t) :n>

¢ c
Z / /,Lt)/ /n eansd(o4) (qu(2)y1>z+rd<x+r>

n=N+1 qg=1

Xl(l)zzl,yzyl,1<l<n>H]P< 1)€dzlYl=yl>HG dyl

=1

oo

< B.K 1+n"/ / // 7 ((o+
e RS o] ey P )
Ylyz)HGdyl

HJP (X( € dy
o0 n
< BQKzAl_l 1+¢)" / /Q 96 + ) Y1 ) zl_[1G dyr)

=1

n= N+1
LS o ‘ A
< ByKoAj n:EN:H(Hg) /_ B ((a+ 7~> o y1IF’(N (t—i— ) 1)
'G(dyl)
< BgoATt S (1+s)"n1p>(zv(t):n—l)/e%E((H;)y;l)h2(y1)a(dy1)

n=N+1

= By ATE (14 0V (N (1) 4+ 1) Loy

g R (e P DXL 632

Again applying Theorem 1 of [25], there always exists some by > 1 such that E [bN(t)] < 00. Thus, for small
€,0 > 0, we can find some N large enough such that

5
En (@,) S 57 (x T %; t) . (6.33)
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Finally, for Es3 (z,t), employing a similar method to the one used in the proof of (6.14), by Lemma 6.6,
Proposition 2.5, Assumptions 2.1 and 2.2, for ¢ mentioned above, there exist two positive constants K; and Kj
such that, for all t € A,,

E23(JU t)
Z (ZZX’”)Y1>39+ ZX Y1>d<x+ )
n=N+1 m=1p=1

ZX(l)Yl >d(x+:),N(t):n>

Z / /Q,L(t/ / Sr_y zpyr>d(z+2)

n=N+1

(zx<z>y1><x+_zz,,yl)va( )

q=1

-HIE” (Xl(l) € dulv

zl)zzz,leyl,lélSn>

n

= yl) HG (dy)

§K1 1+€"Z/ / / /
(t) zpy1>d z+ < )

T]® (Xl(l) € dz|Y;

=1

= yz) HG (dy)

B2K1nz+1 +¢e)" / / t)/ / 1z >d (o4 )
((r+ £t oo )
- yl)HG dy)

HP(X“)edzl
SBIKIKy Y (146" n®P(N(t)=n—1)

=1

n=N-+1
! * * c * & * c
/ P(Xﬂ/l + Xy >t o Xy > d<l’+ ;) ; Xoyn > d(x+ ;))G(dyl)
< BJK1 KAy Y e(14)"n®P(N(t) =n—1)
n=N+1

2 1 .
' Z /e_mm ((95 + ;) yfl) hom (y1) G (dy1)

= BEK1GATPE [ (14 )"V (N (1) 4+ 1) 1wz |

S R Y ( P PP 6
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where X{ and X3 are indicated in the proof of (6.14). Similarly, by Theorem 1 of [25], there always exists some
b3 > 1 such that E [bév(t)} < 00. Thus, for small £, > 0, we can find some N large enough such that

Egg (1‘, t) S

N

(’yl <$+%;t)+’}/2 (m+i—1;t)). (6.35)
By (6.29), (6.31), (6.33) and (6.35), we can obtain
Es (x,t)§6(71 (334—672;75)—&-72 (x+ %t)) (6.36)

which, combining with (6.28) and by the arbitrariness of §, yields the desired result. This completes the proof
of Theorem 3.2. 0
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