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PERSISTENCE-BASED MODES INFERENCE

Huco HENNEUSE®

Abstract. We address the problem of estimating multiple modes of a multivariate density using
persistent homology, a central tool in Topological Data Analysis. We introduce a method based on
the preliminary estimation of the Hy-persistence diagram to infer the number of modes, their loca-
tions, and the corresponding local maxima. For broad classes of piecewise-continuous functions with
geometric control on discontinuity loci, we identify a critical separation threshold between modes, equiv-
alently interpretable in our framework in terms of modes’ prominence, below which modes inference is
impossible and above which our procedure achieves minimax optimal rates.
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1. INTRODUCTION

Modes are simple measures to describe central tendencies of a density and one of the most used tool to process
data. Modes inference finds applications in a wide variety of statistical tasks, as highlighted in the recent survey
[1]. Among them, modal approaches in clustering have gathered significant attention [2-8].

The problem of mode(s) inference dates back to Parzen [9] and has received considerable attention since. The
question of consistency and convergence rates of estimators has occupied a central place. The bulk of work on
this question is large, but has mainly been concentrated on single-mode estimation. For this problem, the popular
approach is to consider an estimator of the form & = argmax,¢jo ¢ f(7) with f an estimator of the density.

Usually f is a kernel estimator of the density, following Parzen’s original work. This work already provides
convergence rates, but for univariate densities and under strong regularity assumptions (global regularity).
Subsequent efforts have been made to weaken those assumptions and extend this work to multivariate densities
[10-18]. Notably, in [11], the authors consider a general multivariate setting and weaken the assumptions to a
local assumption around the mode. They suppose that the density essentially behaves around the mode as a
power function, i.e, there exists «, L, C' > 0 such that, for all y in a neighborhood of a mode x:

Clle —yl* < f(x) = f(y) < Lllz —y]I* (1.1)

Under this assumption, for o = 2, they show that Parzen’s method achieves minimax rates. In these works, a
key question is how to choose the bandwidth for kernel estimation, which often involves knowing the regularity
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of the density. Interestingly, [19] proposes an adaptive estimator using Lepski’s method [20] to overcome this
issue.

An alternative, based on histogram estimation of the density, is proposed in [21]. Under (1.1), forall 1 > « > 0,
they show that their estimator also achieves minimax rates. This approach seems rather isolated, but has great
adaptivity and computational properties.

Another line of work, is to consider & = argmax;=1, .. n f (X;) where X7, ..., X,, are the observations sampled
from the density, which reduces considerably computational costs. This was initially proposed in [22] with f a
kernel estimator. It was proved in [23, 24] that this estimator essentially shares the same asymptotic behavior
as Parzen’s estimator, and convergence rates are not affected by the maximization over finite samples. In the
same direction, in [25], the authors propose a procedure based on KNN-estimation of the density and show,
under similar assumptions as [11], that their estimator achieves minimax rates.

For the inference of multiple modes, the available literature is comparatively scarce. Mean-shift and related
procedures [4-6, 8, 26, 27] are widely used in practice to identify several modes simultaneously. Despite their
empirical success, a rigorous theoretical understanding of their convergence properties remained elusive for a long
time. Partial progress was made in [28], which established near-consistency results for mean-shift algorithms. Full
consistency was obtained recently in [29], under the assumption that the underlying density is twice differentiable
and has a non-degenerate Hessian.

Among the previously cited works on single-mode estimation, [25] also proposes a k-nearest neighbors-based
procedure for estimating multiple modes. For this more general problem, their method is shown to be minimax
under the assumption that the densities are twice differentiable around the modes, with a negative definite
Hessian at each mode (which in particular implies (1.1), for & = 2), and that the modes are “r-salient,” essentially
meaning they are separated by valleys whose depth and width are both controlled by a parameter r > 0.
Furthermore, [7] extends this approach to capture modal sets, allowing for cases where modes are not single
points but entire regions. This broader method is shown to be minimax optimal under the assumption that the
densities are globally Holder continuous, behave as power functions around the modes, and that the modal sets
are r-salient. To our knowledge, no other procedure has been demonstrated to possess such broad convergence
properties to date.

Here, we present an alternative relying on tools from Topological Data Analysis (TDA). TDA is a field that
focuses on providing descriptors of the data, using tools from (algebraic) topology. One of these descriptors,
persistent homology, permits encoding, in so-called “persistence diagrams”, the evolution of the topology (in the
homology sense) of the super-level sets of a density. Those diagrams compactly represent the birth and death
times of topological features. Under proper conditions, looking at Hy-persistence diagram (representing the
evolution of connected components) permits identifying local maxima (birth times in super-level sets persistence
diagram). This is illustrated in Figure 1.

The link between estimation of persistence diagrams and modes detection has already been highlighted several
times, see for example [30] and [31]. In a slightly different context, we must also mention [3]. The authors propose
an algorithm, ToMATo, combining ideas from mean-shift with persistent homology to perform modal clustering.
The two main questions in those works, which we will address here, are how to estimate persistence diagrams
and how to determine if a point in these estimated diagrams is significant or not, i.e., at which distance from
the diagonal points are not due to noise with high probability. Reformulated in terms of modes, it is equivalent
to deciding if a mode is significant or not based on its prominence. Outside the sphere of TDA, this question has
also received significant attention, with a rich modal-testing literature [32-40]. Note that persistence diagrams
alone do not permit to localize modes, only to estimate their numbers and associated local maxima. Additional
information needs to be extracted to infer their positions.

We should also note that, although the formalism is different, the Hy-persistence diagram computed from the
superlevel sets of a density is closely related to another fundamental concept in clustering: the cluster tree [41].
While the Hy-persistence diagram records the lifetimes of connected components as the level varies, the cluster
tree captures the entire hierarchical organization of these components across all density levels in the form of a
tree. The estimation of cluster trees, as well as their application to clustering, has been the focus of substantial
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FI1GURE 1. 1D illustration of the link between local maxima and Hj persistence diagram. The
birth times b1, ..., bg correspond to the local maxima of the function.

research. In particular, several important consistency results have been established under a variety of metric
(or pseudo-metric) and regularity assumptions [see e.g., 41-44]. Another interesting method that is spiritually
connected to persistence is SiZer [45]. SiZer aims to reveal which features (for instance, clusters or modes) of an
estimated density are statistically significant across smoothing scales rather than across levels. By examining
how the density estimate evolves as the bandwidth varies, it produces a multiscale map that highlights features
that “persist” over a range of scales. In the context of mode detection, this approach can be used to assess the
significance of estimated modes.

The estimation of persistence diagrams of a density is an interesting question by itself. A common approach
[see e.g. 46] in persistence diagram estimation is to use sup-norm (or other popular functional norm) stability
theorem [47] to lift convergence results for density (or signal) estimation in sup norm. This approach is limited
as it supposes to be able to consistently estimate the density (or the signal) in sup-norm, which will typically fail
for densities (or signals) that are not globally continuous. In [48], a different approach based on image persistence
is proposed to move beyond traditional plug-in methods that rely on sup-norm stability. This framework allows
for the estimation of persistence diagrams over a broad class of functions, specifically, g-tame bounded functions.
However, the generality of this setting comes at a cost: the work does not provide convergence rates or establish
formal consistency results, likely due to the inherent looseness of the underlying assumptions. Under the same
motivation, for the Gaussian white noise model and the non-parametric regression, in [49] we studied classes
of piecewise Holder functions tolerating irregularities that are difficult to handle for signal estimation. But
on which it is still possible to infer persistence diagrams with convergence rates following the minimax one,
classically known on Hoélder spaces. The proposed procedure in this work is based on histogram estimation of
the (sub- or super-) level sets. We believe that these level set estimators contain significantly more information
than the one contained in persistence diagrams. In particular, we illustrate it in this work, showing that they
contain the missing information to move from persistence diagram estimation to modes inference.

The estimation of (super)level sets of a density is an important subject in nonparametric statistics, with an
extensive literature. Two popular metrics are commonly used: the volume of the symmetric set difference [50-56]
and the Hausdorff distance [54, 57-61]. Both lines of work provide thorough statistical analyses with quantified
convergence rates under various assumptions. For the purposes of this paper, we adopt a perspective aligned
with studies based on the Hausdorff distance, since a key aspect of our analysis is, in some sense, controlling, in
Hausdorff distance, the estimated level sets around the modes at the levels where the modes appear. From this
viewpoint, it is interesting to note the similarity between the assumptions introduced for establishing consistency
in both modes estimation and level set estimation in the Hausdorff distance. Notably, in [61], they assume (Asm.
[A]) that around Fy, the A-superlevel set of a density f (i.e., the set they wish to estimate), f is a-regular.
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That is, there exist constants €, a, L, C' > 0, such that for all y satisfying |A — f(y)| < e:
C mi —yllg <A — < L mi —y||5.
min e =yl <\ f(o)] < L min e~ o3

Assuming that f has a global maxima attained uniquely at some point x and that F) is the first non-empty
superlevel set (as A decreases), we have Fy = {z}, and the previous condition reduces to

Clle —ylls < f(x) = fy) < Lllz —yl3,

for all y satisfying |\ — f(y)| < e, which is very similar to (1.1). The framework we introduce in the present
work also involves a similar condition (see Asms. A1 and A4).

Contribution

We propose a new framework for mode inference that combines geometric conditions from the TDA literature
with standard analytical assumptions by introducing a new class of piecewise-continuous functions, denoted as
Sa(L, o, i, R,,, C, hg). These classes contain (L, a)-piecewise-Holder-continuous densities, with discontinuity loci
having geometric complexity controlled by p and R,,, using the p-reach, a geometric measure introduced in [62].
We furthermore require that the densities within these classes satisfy (1.1) on hg-neighborhoods of the modes.
This provides control over both mode separation and prominence, playing a role analogous to the r-saliency
condition introduced in [25] and [7]. It is worth noting that the regularity conditions we assume are globally
weaker than those imposed in [7] and [29], as we do not assume global continuity. They are also locally weaker
than those in [25], as we allow non-differentiability and even discontinuities around the modes.

In this context, we propose a procedure based on Hy-persistence diagrams and “rough” super level sets
estimation to infer the number of modes, their locations, and associated local maxima. The procedure can be
outlined as:

e Estimate the superlevel sets of the density using histograms, and apply a thickening step ((Aiepending on
the parameter u, see Sect. 4). This yields a collection of “rough” superlevel set estimators Fy, for A € R.
The thickening step ensures the correct recovery of the connectivity of the level sets.

e Compute the associated Hy-persistence diagram dgm(f).

e Construct dgm(f) by removing the points in dgm(f) with lifetime shorter than §, where ¢ is chosen
depending on some parameters of the model we consider.

e The number of points k in dgm(f) is our estimator of the number of modes.

e For each (b;,d;) € dgm(f), we can associate a connected component C; of }A}n (see Sect. 4.2). Take any

#; € C;. The collection {#;,i € {1, ..., k}} is our estimator of the modes and {b;,i € {1, .., k}} our estimator
of the associated local maxima.

We study the convergence properties of the proposed procedure over the classes Sq(L,a, p1, Ry, C, hg). More
precisely, we identify thresholds on mode separation and prominence, both of which can be formalized in our
framework as a threshold condition on the parameter hg. Below this threshold, mode detection is impossible
(Prop. 4.5); above it, our procedure recovers, with high probability, the exact number of modes and estimates
their locations and associated maxima at minimax rates (Thms. 4.3 and 4.4).

These results are of significant interest for several reasons. First, they establish minimax statistical guarantees
for our procedure within a broad framework. Notably, this framework accommodates densities with discontinu-
ities, possibly near or at the modes, cases that typically challenge standard approaches such as mean-shift, as we
demonstrate through numerical experiments. Secondly and more broadly, while the assumption that modes must
be sufficiently prominent and sufficiently separated is central in the literature concerning modes estimation, for
instance [7, 25], which formalized this as a r-saliency condition, the quantification of “how much is sufficient”
has, to the best of our knowledge, not yet been addressed. Our results, in particular the identification of the
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threshold on hg, provide precise insights into the minimal separation and prominence needed for consistent
modes estimation.

Furthermore, in the process of establishing our results on mode inference, we also derive convergence guar-
antees for our estimators of the Hy persistence diagram (Props. 4.1, A.2, and Cor. A.1), thereby extending the
results obtained in our earlier work [49]. These findings are of independent interest, as they demonstrate that
consistent estimation of Hy persistence diagrams is possible under significantly weaker geometric conditions
than those previously required. In particular, the proposed method, based on thickened histograms, can recover
consistently persistence diagrams in cases where the plug-in histogram estimator from our earlier work fails.

The paper is organized as follows. Section 2 reviews the geometric and topological background relevant to our
work. Section 3 introduces the formal framework under study. Section 4 presents our procedure along with the
main theoretical results. Section 5 contains the proofs of these results. Section 6 provides numerical illustrations.
Additional results and the proofs of technical lemmas are deferred to the Appendix.

2. BACKGROUND

This section provides the necessary background to follow this paper.

2.1. Distance function, generalized gradient and p-reach

In this section, we recall some concepts from geometric measure theory involved in this work. For a set
K C [0,1]¢, we denote K its adherence and 9K its boundary. Let K C [0,1]¢ be a compact set, the distance
function dg is given by:

dg : x + min ||z — y2.
yeK

Generally, the distance function is not differentiable everywhere, but we can define a generalized gradient
function that matches the gradient at points where the distance function is differentiable. Consider the set of
closest points to x in K,

Ir(e) ={y e K| |z —yll2 = dx(z)}

and for z € [0,1]¢\ K, let O (x) be the center of the unique smallest ball enclosing T'x (z) (see Fig. 2) the
generalized gradient function V,, () is then defined as,

z— Ok(x)
\Y = ——0"

dk (.13) dK(CC)

We can now introduce the notion of u-reach [62] that will be used to measure and control the geometric
complexity of discontinuity sets (see Asm. A3, Sect. 3). Let K C [0,1]? be a compact set and 0 < p < 1, its
p-reach is defined by:

reach, (K) = inf {7“ | inf Vally < ,u} . (2.1)
di (1)

K T

The p-reach is positive for a large class of sets. For example, all piecewise linear compact sets have positive
p-reach (for some p > 0). For p = 1, this simply corresponds to the reach, a standard curvature measure,
introduced in [63] and used in our earlier work [49] to control the geometry of the discontinuities. In our
context, using the p-reach instead of the reach to measure the complexity of the discontinuities allows considering
significantly wider classes of irregular densities, tolerating corners and multiple points (i.e., self-intersections)
in their discontinuities set.
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FIGURE 2. 2D example with 2 closest points.

Med,, (K)

Med: (K)
K

F1GURE 3. Illustration of p-medial axis for a set K. In black is represented the 1-medial axis,
in red the 0-medial axis and in blue the p-medial axis for a small 0 < p < 1/2.

Another way to understand the p-reach is to see it as the distance from the p-medial axis. The py-medial
axis of a set K C [0,1]¢ is defined by:

Med,(K) = {2 € (0,17 | [Vay (@)l < p}-

The p-reach of K is then equal to da(K, Med, (K)) (see illustration in Fig. 3), where, for two sets 4, B C RY,
we write do(A, B) = inf,c 4 infpe g ||a — b||2 for their Euclidean distance.
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FIGURE 4. Super level sets filtration of f(z) = zcos(4mx) over [0,1] and the associated Ho-
persistence diagram.

2.2. Filtration, persistence module and Hy-persistence diagram

In this section, we briefly present some notions related to persistent homology. Persistent homology encodes
the evolution of topological features (in the homology sense) along a family of nested spaces, called filtra-
tion. Moving along indices, topological features (connected components, cycles, cavities, ...) can appear or die
(existing connected components merge, cycles or cavities are filled, ...). In this paper, we focus on Hy-persistent
homology, which describes the evolution of connectivity. For a broader overview and visual illustrations of per-
sistent homology, we recommend [64]. For detailed and rigorous constructions, see [65]. Additionally, since the
construction discussed here involves (singular) homology, the reader can refer to [66].

The typical filtration that we will consider in this paper is, for a function f : R? — R, the family of superlevel
sets (Fa)yer = (F7HN, +OOD))\€[R' The associated family of homology groups of degree 0, Vo = (Ho (Fx)) ycr»
equipped with vf\‘l the linear map induced by the inclusion Fy C Fy/, forall A > \ forms a persistence module.
To be more precise, in this paper, Hy(.) is the singular homology functor in degree 0 with coefficients in the
field Z/2Z. Hence, Hy (F)) is a vector space.

If, for all A > X € R, rank(vf\‘/) is finite, the module is said to be g-tame. It is then possible to show that
the algebraic structure of the persistence module encodes exactly the evolution of the topological features along
the filtration. We encourage the reader to look at [65] for details. Furthermore, the algebraic structure of a such

persistence module V can be summarized by a collection {(b;,d;),i € I} C EQ, which defines the persistence
diagram, denoted dgm(V). Following previous remarks, for Hy-persistent homology associated to the superlevel
set filtration, b; corresponds to the birth time of a connected component, d; to its death time and b; — d; to its
lifetime (see Fig. 4).

To compare persistence diagrams, a popular distance, especially in statistical contexts, is the bottleneck
distance, defined for two persistence diagrams D; and D5 by:

dy (D1, D2) = inf sup [|p —v(p) o
'YEFpEDl

with T' the set of all bijections between D; and Dy both enriched with the diagonal A = {(z,z) s.t. z € R}.
The addition of A allows comparing diagrams with different cardinalities.
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F1GURE 5. 1D illustration of stability theorems.

Now, we present the algebraic stability theorem for the bottleneck distance. This theorem was the key for
proving upper bounds in [49], which will also be employed in this paper. This theorem relies on interleaving
between modules. Let V and W be two persistence modules. V and W are said to be e-interleaved if there exist
two families of linear maps ¢ = (¢a),g and ¥ = (¥1) \g (which we will refer to as morphisms between persistence
modules) where ¢y : V) — Wia_e, a1 Va = Wi, and for all A > \’ lthe following diagrams commute,

A

WX

Vv ke vV, W, W,/
ml J’%/ w{ l%/
W)\—e X W/\’—s V)\—a X VA’—E
wy * vyt
e N 2 (2.2)
Vi K Va—2e Wi 2 Wi_2e
N 45 k 45
Wiy _. Vae

Theorem [47], “algebraic stability”. Let V and W be two g-tame persistence modules. If YV and W are
e-interleaved then,

dp (dgm(V),dgm(W)) <e.

A direct corollary of this result, proved earlier in special cases [67, 68], is the sup-norm stability of persistence
diagrams (illustrated in Fig. 5). We insist that this is a strictly weaker result than algebraic stability.

Theorem [“sup norm stability”]. Let f and g be two real-valued function and s € N. If their persistence
modules for the s — th order homology, denoted V and W, are g-tame, then,

dy (dgm (V) , dgm (W)) < [|f = gllco-

As highlighted in the introduction, sup-norm stability is often used to upper bound the errors in bottleneck
distance of “plug-in” estimators of persistence diagrams. It enables the direct translation of convergence rates
in sup-norm to convergence rates in bottleneck distance, which for regular classes of signals provides minimax
upper bounds. However, when the convergence in sup-norm of the preliminary estimator is not ensured, this
approach falls short.
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3. FRAMEWORK

Now, we discuss the precise settings considered in this paper. Let f : [0,1]% — R be a probability density, we
suppose that we observe X = {Xj, ..., X,,} points sampled from P.

Regularity assumptions on the densities are inspired by the one considered in [49] (adapted for super level
filtration). A notable difference is that we relax the positive reach assumption made there into a positive p-
reach assumption. This allows considerably wilder discontinuity sets, tolerating multiple points and corners. We
consider the following assumptions over f:

e Al. fis a piecewise (L, «)-Holder-continuous probability density, i.e. there exists My, ..., M; disjoint open
sets of [0, 1]¢ such that:

l
U M; = [0, 1]d
i=1

and, for all ¢ € {1,...,1}, f|a; is (L, @)-Holder-continuous, i.e,

[f(@) = f(y)l < Lllz —yllz,  Va,y € M.

e A2. f is upper semi-continuous, i.e., for all 2o € [0, 1]¢,

limsupf(z) < f(zo),

rT—X0o

and for all g € [0,1]? there exists i € {1, ...,I} and a sequence (y,,)nen of M;, converging to o such that:

im f(yn) = f(z0).

n—-+o0o

In this context, two signals that differ only on a null set are statistically indistinguishable. However,
persistent homology is sensitive to pointwise irregularities: two such signals may have persistence diagrams
that are arbitrarily far apart. Assumption A2 prevents this pathology by requiring that, for every x €
Ui‘:l OM;, the value f(x) coincides with the supremum of lim,, 1, f(z,) over all sequences belonging
to some M;, j € {1,...,1}, and converging to x. Importantly, note that this condition does not enforce
continuity. For example, consider f :[0,1] — R defined by f(z) = 21,¢[0,1/2)- The domain splits into
two regular pieces, [0,1/2[ and |1/2,1], with a single discontinuity at @ = 1/2. For all = € [0, 1], we have
f(z) <2 = f(1/2) thus in particular f is upper semi-continuous and

lim  f(a) =2= f(1/2),

x—1/2—

thus, Assumption A2 holds. To illustrate the necessity of A2, define g : [0,1] — R by g(x) = 21,¢(0,1/2] +
1,-1/2. The function g violates Assumption A2, since

Hlil%f g(x) =2#3=¢(1/2) and zjggﬂ(%) =0#3=g(1/2).

Its persistence diagram (for the superlevel-set filtration) is dgm(g) = {(3, —00)}, whereas f differs from
g only at the single point = 1/2, yet dgm(f) = {(2, —o0)}. Thus, without a boundary-value convention
such as Assumption A2, two densities that differ only on a null set may yield different persistence diagrams,
making consistent estimation impossible.
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FIGURE 6. (a) displays a partition Mi,..., Mg such that reach; (OM; U...UdMg) > 0. (b)
displays a partition Mj,..., Mg such that reach; (OM; U ... UOMg) = 0 (in red are highlighted
problematic points) but for sufficiently small 4 > 0, reach,, (0M; U ... U dMg) > 0.

e A3. There is p €]0,1] and R,, > 0 such that for all I C {1,...,}

reach,, (U 8Mi> > R,.

icl

Here reach,, denotes the p-reach (defined by (2.1) in Sect. 2). This can be thought of as a geometric
characterization of the regularity of the discontinuity set. In a similar spirit, in [49], we used the reach [63]
to control the geometry of the discontinuities. As highlighted in Section 2, the reach coincides with the
p-reach considered here in the special case p = 1. As previously explained, this particular case imposes
several important constraints on the discontinuity set: for instance, it cannot contain self-intersections (i.e.,
multiple points) or corners. By considering p < 1, we can encompass a much broader class of discontinuity
sets, including those that exhibit self-intersections and corners (as illustrated in Fig. 6). In deed, the
combination of Assumptions A3, A2 and A1 ensures that at all point = € [0, 1]¢ there is a small half cone
of apex z and angles 2cos™!(u) on which f is (L, «)-Holder. Following the remark made on A1, it gives
control over the mass of the density around modes.

The class of functions satisfying A1, A2 and A3 is denoted Sq(L, o, 1, R,,). As proved in Appendix F, densities in
Sa(L, a, i, R,,) have well-defined persistence diagrams. We prove in this work (Prop. 4.1) that these assumptions
are sufficient to infer the Hy-persistence diagram coming from the super level sets of f consistently. For modes
estimation, we require an additional assumption:

e A4. Let hg >0, 0 < C < L and 0 < a < 1, for any (local) mode = of f and y € [0,1]? such that
[ = yll2 < ho,

Cllz —ylls < f(x) = f(y)-

This assumption is common in the context of modes inference [7, 11, 21, 25]. It has several implications.

First, it ensures that the modes are well separated, by a distance strictly greater than hg and thus,
in particular, that local maxima are strict (i.e., modal sets are singletons). If this were not the case,
there would exist distinct modes  and y with ||z — y||2 < ho. Assume without loss of generality that
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f(z) < f(y). Then Assumption A4 at x implies

0<Cllz—yls < fz)— fy) <0,

a contradiction.

Secondly, note that it also implies that f is not too flat around modes and provides a lower bound on
their “proeminences”. More precisely, let 6 = Ch§ and let dgm(f) denote the Hy-persistence diagram of
f- We claim that:

inf  (b—d) > 0.
(b,d)edgm(f)

To see this, recall that the lifetime b — d of any point (b,d) € dgm(f) is bounded below by the minimal
gap between the time at which a connected component appears in the superlevel-set filtration and the
time at which it subsequently merges with another connected component. Birth times coincide with the
values of local maxima. Since modal sets are singletons, each connected component at its birth consists
of exactly one mode and remains alive at least until this mode becomes connected to another one. Let
x be a mode of height b = f(z), and let C) denotes the connected component of Fy := f~1([\, +0c0))
that contains x, for A < b. Modes are at a distance of at least hg, and each connected component of
the filtration contains at least a mode. Therefore, x cannot be connected with another mode in F) as
long as C) remains contained in {u € [0,1]4, ||z — ull2 < ho}. Let A €]b — 4, b] and suppose there exists
y € Cx\ {u €[0,1]%, ||z —ull2 < ho}. Then, there exists z € Cx N {u € [0,1]%, ||z — ul|2 = ho}, else we could
separate Cy N {u € [0,1]4, ||z — ull2 < ho} from Cy \ {u € [0,1]¢, ||z — ul|2 < ho} by considering the two
disjoint open sets {u € [0,1]¢, ||z —ul|2 < ho} and {u € [0,1]%, ||z — ull2 > ho}, which would contradict the
fact that C) is a connected component. Then, by Assumption A4, we have:

0=Chi=Clz—z|§ < flz) = f(z) <b—A<b—(b—-0) =9,

which is a contradiction. Thus, for every A €]b—4, b], Cx C {u € [0,1]%, ||z — u||2 < ho}. This shows that
the connected component born at x remains isolated and does not merge with any other component for
all A €]b— 4, b]. As it holds for all modes, we have:

inf (b—d) > inf b—(b—24) =04
(b.d)dgm(/) (b.d)dzm( /)

which proves the claim. Thus, A4 ensures that dgm(f) contains no point with lifetime less than ¢. In other
words, the prominence of each mode is lower bounded by d. Consequently, it avoids having arbitrarily small
oscillations and undetectable modes. To this extent, it is comparable to the “r-saliency” assumption from
[25] and [7], in the sense that it ensures that modes are separated by “valleys” of controlled depth and
width. Then, it also controls the number of modes that f can admit, as we are working on the compact
set [0,1]%, the maximal number of modes is of order < (1/hg)<.

The class of functions satisfying Assumptions A1, A2, A3 and A4 is denoted Sy(L, o, i, R,,, C, ho).

4. PROCEDURES DESCRIPTIONS AND RESULTS

In this section, we present our estimation strategy in detail and state several associated convergence results.
Section 4.1 focuses on the preliminary step of estimating H persistence diagrams, while Section 4.2 is devoted
to the inference of multiple modes.
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FIGURE 7. A-Superlevel cubical approximation for f the function defined as 0 outside the
hatched area and K inside (for arbitrarily large K). The histogram approximation fails to
identify the connectivity of the two triangles for at least all 3K/4 < A < K.

4.1. Hy-persistence diagram estimation

This section presents our procedure for persistence diagram estimation, which serves as the foundation
of our mode inference method. We prove its consistency and quantify its convergence rates over the classes
Sa(L, o, i, R,,), which will be instrumental in later sections to establish our main results on mode inference.
Unlike the setting of [49], where the positive reach assumption allows for direct plug-in estimation via histograms,
the weaker assumptions considered here render this approach insufficient, as illustrated in Figure 7. The presence
of self-intersections, sharp angles, or intersections with the boundary of [0,1]¢ in the piece boundaries may
prevent histogram approximations from correctly recovering the connectivity of the superlevel set filtration,
even in the absence of noise. To address these additional challenges, we introduce an extra thickening step,
similarly to the methods proposed in [69] and Chapter 5 of [70].

Let us denote,

A’ ={z e R? s.t. de (z, 4) < b}
with

doo (z,A) = Inf ||z — yl|oo-
(¢, 4) = it |~ ]

Let h > 0 such that 1/h is an integer, consider G(h) the regular orthogonal grid over [0, 1] of step h and €,
the collection of all the closed hypercubes of side h composing G(h). We define, for all A € R, the A-superlevel

estimator,

[Vd/ulh
F XNH
./—")\: U H With@h)\: Hechsuchthatgz)\
’ nhd

HeC, A

and [.] the ceiling function. Let A > X', we denote,

2 : Hy (ﬁA) A (ﬁ,)
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the map induced by the inclusion .7?)\ C ﬁx. Now, we introduce Vf,o the persistence module associated to
(Ho(Fx))acr equipped with the collection of maps (0 )asy and dgm(f) the associated Ho-persistence dia-
gram. This diagram is well-defined, as we prove in Appendix F that V¢ ¢ is ¢g-tame.

Calibration. A natural question is how to choose the parameter h. Following the proof of Lemma 5.3, we
choose h such that:

B > 71%7(12/?% (4.1)

In particular, we can choose,

1
lo a2
h = ( g(n)) .
n
Computation. By construction, for all A € R, ]?A is simply a union of cubes from the regular grid G(h), thus,
it can be thought as a (geometric realization of) a cubical complex or even a simplicial complex. Hence, it allows
practical computation of its persistence diagram.

Consistency. We now present a key result that will play a central role in our proofs concerning mode infer-
ence: Proposition 4.1, which quantifies, in probabilistic terms, the convergence rates achieved over the class
Sd(L7 Ot, /’Lv Rll)'

Proposition 4.1. Let h < (log(n)/n) T2 | There exists ¢o and ¢, (depending on L, o, pv and R,,) such that, for
all A >0,

sup P (doo (d@),dgm(f)) > A (log(n)) dfza) < Gyexp (—614%) .

fe€Sa(L,op,Ry.) n

We believe that this result is also of independent interest, as it significantly extends the results of [49] to a
much broader class of signals. To complement this, we provide in Appendix A a corollary establishing consistency
guarantees in expectation (Cor. A.1), along with matching minimax lower bounds (Prop. A.2), proving that the
obtained rates are optimal.

These rates match those of Theorem 1 in [49], derived in the slightly different context of nonparametric
regression. They also coincide with those from Corollary 4.4 in [46], which were established for nonparametric
regression over Holder spaces. This demonstrates that even when the signal is only piecewise Holder with
discontinuity loci having a positive p-reach, the Hy persistence diagram can still be estimated at the same rates
as in the fully Holder-continuous setting.

The proof of Proposition 4.1, presented in Section 5.1, follows the same general strategy as the proof of
Theorem 1 in [49], with several key refinements. In particular, under the weaker p-reach assumption, we lose
some of the geometric properties provided by the reach assumption, which were extensively leveraged in our
previous work.

4.2. Multiple modes estimation

In this section, we aim to derive, from the previous procedure, estimators for the number of modes of f,
their locations, and the value of f at the modes, i.e., infer the number of local maxima, their values, and
their locations. These local maxima simply correspond to the bi/r&times in the Hy-persistence diagram of f.
We show that removing points “too close” to the diagonal in dgm(f) gives a procedure that allows recovering
consistently the number of modes and the associated values of f. Then, using this “regularized” persistence
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diagram, the estimation of the modes can be derived from the filtration F. Let {z1,..., 2} the set of modes of
f and {mq,...,my} the associated maxima. In this setting, an estimator of the number of modes is given by:

)

i = H(b,d) ed@),bﬂbm}

—

where points in the diagram are counted with multiplicity, that is, if a pair (b, d) appears twice in dgm(f) and
satisfies b — d > §/2, then it is counted twice. Furthermore, we denote

{(Bi’di)}l_igfc - {(b, d) € dgm (f),b—d > 5/2} ,

—

the collection of birt-death pairs of dgm (f) satisfying b — d > 6/2 (also considered with multiplicity). We then
define an estimator of the complete list of local maxima of f, by:

i = {1, Mg, ...,y } = {61, bk}

Again, note that the 7, ..., 7y, are also counted with multiplicity, 4.e., it is possible that there are 1 <i # j < k
such that m; = ;.

Now, to define our estimator of the modes, we need to evaluate the lifetime (or prominence) of the connected
components that appear in the ﬁltrat/ion\ F, so that components with short lifetimes can be discarded. We know
that each birth—death pair (b, d) € dgm(f) corresponds to a connected component of F that is created at level b
and merges, at level d, with another component that was born no later than b. Our goal is therefore to associate

each birth—death pair in d@) with a corresponding connected component in the filtration F. However, when
multiple components are born at the same level and then merge, this association is not necessarily unique. For
example, in Figure 8, the signal produces two birth—death pairs in its persistence diagram for the superlevel-
set filtration, namely (1, —co) and (1,0.8). These correspond to the components {0.4} and {0.6}, both born at
A = 1. A priori, either component could be matched to either birth—death pair because both components appear
simultaneously in the filtration and then merge. Since they are born at the same time, neither is “older” than
the other, so there is no natural way to decide which one “dies” when they merge.

To remove this ambiguity, the idea is to fix an (arbitrary) ordering of the connected components that are
born at the same filtration value. For instance, in the example illustrated by Figure 8, among the components
born at A = 1, we may declare that {0.4} comes before {0.6}. Once such an ordering is chosen, we define the
death time of any connected component as the first value of the filtration parameter at which it merges with
another component that either was born strictly earlier, or has the same birth time but appears earlier in the
chosen order. Furthermore, if no finite filtration value satisfies this condition, we say that the death time of the
connected component is —co. In the example of Figure 8, both {0.4} and {0.6} are born at A = 1. By fixing
the order {0.4} < {0.6}, we treat {0.4} as the “older” component. As the filtration parameter decreases, {0.6}
merges with {0.4} and since {0.4} has priority in the ordering, this merging event determines the death time
of {0.6}, yielding the finite value 0.8 in the persistence diagram, thus associating {0.6} to (1,0.8). In contrast,
{0.4} never merges with a component born earlier or with higher priority, so its lifetime is infinite, giving the
pair (1, —00). Observe that reversing the order to {0.6} < {0.4} would result in (1, —c0) being associated with
{0.6} and (1,0.8) with {0.4}.

Let us formalize this idea. Let us denote by {(b;, d;)}scr, the birth-death pairs in the diagram d@); that

is, the points of d@) For each birth time b;, let C(b;) denote the collection of connected components that
appear in the filtration F at time b;. More precisely, for all i € I, an element C € C (lv)z) is a connected component
of ]:—Bi such that C' N F y = 0, for all A\ > b;. We can then define the notion of birth and death time of a connected
component as follows.
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FIGURE 8. An example illustrating the ambiguity in associating birth—death pairs with con-
nected components: there is no canonical matching.

Definition 4.2. For each i € I, we say that the elements of C(b;) have birth time b;. We fix an arbitrary order
on this set:

C(b) ={Cits---, Cip, }-

For a component C~'i7p eC (51), we define its death time as the highest value d; , < b; of the filtration parameter
such that, in Fy, ,, the component C; , becomes connected to either:

(i) a component born strictly earlier, that is, any element of C(b;) with b; > b;, or
(ii) a component born at the same time but with higher priority in the fixed ordering, that is, some C; , € C(b;)
with ¢ < p.

and again, if no finite filtration value satisfies this condition, we say that the death time of @,p is —oo. The
lifetime of C; , is then simply defined as b; — d; .

With this definition in hand, observe that the collection of birth—death pairs produced by this construction
coincides exactly with the set of points in dg/mw) (this is proved formally in Lem. G.1, in Appendix G). Now
denote by C the collection of connected components appearing in F whose lifetimes are strictly greater than
0/2. The birth—death pairs associated with the components of C are precisely those (b,d) € d@) satisfying
b—d > §/2. Thus, C contains k components, denoted C’l, e ,CA*,%, such that for each 1 <17 < l;:, C; has birth
time m; = IA)Z and death time di.

Then, we can estimate the modes by taking, for all ¢ € {1, ..., l%}, any Z; in C; and define the collection of
estimated modes by:

&= {&1,...,8;}.

Note that C (and thus Z) depends on the choice of ordering of the components in each C(b;). A connected
component associated to a birth—death pair with lifetime greater than §/2 for one ordering (and thus included
in C for that ordering) may be associated to a birth—death pair with lifetime smaller than §/2 for another ordering
(and therefore not included in C for that ordering). For instance, in the example of Figure 8, if we remove all
birth-death pairs with lifetime smaller than 0.5, only (1, —c0) remains. As explained above, depending on the
chosen ordering, the retained connected component can be either {0.4} or {0.6}.
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Nevertheless, we show that any such collection é, regardless of the choice of ordering, yields a consistent
estimator & of the modes of f (i.e., in any case, the estimated modes are close to the true ones). We show as
well that m is a consistent estimator of the associated local maxima. The convergence rates achieved by these
estimators are given by the following theorem.

Theorem 4.3. Let f € Sy(L,a, p, Ry, C,ho), h < (10g(")/n)ﬁ. There exist ¢g, ¢1, ¢o and ¢3 (depending
only on L ,a, p, R, and C) such that, for all A > 0 with probability at least 1 — &y exp(—¢; min(A?, A%)) —
62 exp(—ég(ho/h)z‘l),

=k
and for all i € {1,...,k}, there exists distinct (Z;,7;) € & X 1 such that:
3 — illoo < Ah
and
|y —my;| < Ah®.

Several conclusions can be drawn from this theorem. First, for fixed parameters L, o, pu, R,, C and hyg,
Theorem 4.3 implies that, as lim, % = 400, for sufficiently large n, we can infer with high probability the

1
exact number of modes, locate them at a rate of O ((108(")/n) 2ﬂ+d), and estimate the associated local maxima

at a rate of O (( log(n) /n) Zatd ) Secondly, this result also addresses a perhaps more interesting question: how far

apart or how prominent must the modes be for our procedure to identify them (and their associated maxima)
with high probability? Equivalently, how large should hgy be, or how large should § be, in comparison to n?
In this regard, Theorem 4.3 indicates that the critical value of hy for our procedure to succeed is of the order
h = (log(n)/n)ﬁ. This critical hy can be interpreted as a minimal separation distance between modes that
allows for their identification by our procedure. In particular, if hy > Bh, for some constant B > 0, we have,
with probability at least 1 — ¢ exp(—¢; min(A2%, A%)) — éy exp(—cé3 B2%),

k=kand, for all 1 <i <k, ||& — x]loc < Ah and |ri; — m;| < AR®.

This also gives that, if h = o(hg) (and other parameters are fixed):

k
lim P <{];‘ = kj} n <ﬂ ({HJA?z — a:z||oo < Ah} n {I'fhz — ml\ < Ah}))) >1- Co eXp(—él min(AQO"AZ)).

n—4o0o
i=1

Note that, as previously emphasized, due to Assumption A4 (recalling that § = ChJ), this condition can be
equivalently reformulated in terms of a critical prominence ¢§. In this case, it implies a critical prominence of
order h* =< (log(")/n)ﬁ. It can also be interpreted in terms of the maximal number of modes, which is then
of order =< ("/log(n))ﬁ.

In addition to the above result, one may also wonder about the more realistic setting where § is unknown.
To address this, we propose in Appendix B a penalization procedure for selecting §, and adapt our method
accordingly. Under slightly stronger threshold assumption, requiring that hg > (7/ log(n))m or equivalently
> (v log(n))m, we show that, with this selected value, the number of modes can still be recovered with
high probability, and both the locations of the modes and their associated local maxima can be estimated at
the same rates as in Theorem 4.3.
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In light of Theorem 4.3, several questions arise regarding its optimality: first, the optimality in terms of the
convergence rates for modes locations and their associated local maxima; second, the optimality concerning the
tightness of the critical hyg.

Regarding the convergence rates, it is noteworthy that, up to a logarithmic factor, the rates we have obtained
align with the minimax rates for single-mode estimation established in [21]. By adapting their proof, we show
in Theorem 4.4 that similar lower bounds also hold in our setting. Moreover, we refine this analysis further by
recovering an additional log(1/hg) factor.

Theorem 4.4. For sufficiently small ho, there are two strictly positive constants A and B (independent of n)
and a family of densities of Sq(L,a, pi, Ry, C, ho) with (pairwise) modes separated by A(log(l/ho)/n)ﬁ and
local mazima separated by B(log(1/ho)/n)T %= that cannot be distinguished with more than probability 1/5 for
a sample size of n.

In the case where the parameters L, o, p, R,, C and hy are fixed and n tends to 400, our result does
not provide any additional insight beyond Theorem 2 of [21]. This confirms that, in this setting, our proposed
procedure is minimax (up to logarithmic factors). However, when considering hy that depend on n, our result
establishes a slightly stronger lower bound, which permits to explain the log(n) factor appearing in the con-
vergence rates of Theorem 4.3. More precisely, consider the class Sq(L, o, 1, Ry, C, ho) with hg = n~" for some
absolute constant v < 1/(d + 2a). we have:

h = (log(n)/n)ﬁ K hg=n"".

Thus, Theorem 4.3 guarantees that, over Sq(L, o, p1, R, C, ho), our estimator is consistent and achieves the rates

O((logn/n) d+12a) for mode estimation and O((logn/n)@ 2= ) for the estimation of the associated local maxima.
Complementarily, Theorem 4.4 states that, over the same class, no estimator can achieve faster rates than:

(log(1/ho)/n) 7= = (ylog(n)/n) T < (log(n)/n) 7=,

for mode estimation, and

(log(1/ho)/n) @2 = (ylog(n)/n) = < (log(n)/n)a 2=,

for the estimation of the associated local maxima. This establishes the minimaxity of our estimator over
Sa(L, o, i, Ry, C, ho) in this setting, fully accounting for the logarithmic factors appearing in Theorem 4.3.

Now, regarding the sharpness of the critical threshold on hg, a natural question arises: can we still recover
some information about the modes below this threshold, albeit potentially at slower rates? Proposition 4.5
shows that this is essentially impossible. More precisely, even if we only aim to recover the number of modes,
disregarding their locations, Proposition 4.5 establishes that, below the threshold (up to logarithmic factors),
this task is infeasible. More precisely, we show that we can construct, in this case, a bimodal density and
an unimodal density that are statistically indistinguishable with high probability. Interestingly, we can even
construct them such that they have sets of modes that are well separated (by some constant B, independent of
n) in the sense of the Hausdorff distance, that is defined for two compact sets A, B C R? by:

dyg (A, B) = max< sup inf ||z — , sup inf ||z — .
(A B) = max{ sup int oyl sup if o~ ol

Proposition 4.5. There exist strictly positive constants A and B (independent of n), a bimodal density fo €
Sa(L, o, i1, R, C, hg) and an unimodal density f1 € Sq(L, o, i, R, C, ho), with hg = nﬁ/A such that the sets
of modes of fo and f1 are at Hausdorff distance B and fo cannot be distinguished from fi1 with more than
probability 1/5 for a sample size n.
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Hence, this proposition tells us that, up to a logarithmic factor, the critical hy obtained in Theorem 4.3 is
optimal, as if hg is smaller, even estimating the number of modes (without considering their locations or the
associated maxima) becomes hopeless.

5. PROOFS OF MAIN RESULTS

This section is devoted to the proofs of Proposition 4.1, Theorem 4.3, Theorem 4.4, and Proposition 4.5.

5.1. Proof of Proposition 4.1

This section is dedicated to the proof of Proposition 4.1. The strategy is to construct an interleaving between
the persistence modules Vo and Vy o, allowing us to invoke the algebraic stability theorem [47]. To this end,
we construct two morphisms, v : Vio — §f’0 and ¢ : §f70 — Vy 0, satisfying the interleaving condition (2.2).
The overall construction follows the blueprint used in the proof of Theorem 1 in [49], but it requires substantial
modifications. In particular, the previous approach relied heavily on the positive reach assumption, which
guaranteed the existence of a continuous projection map near the boundaries of the regular pieces. In the more
general setting considered here, this assumption no longer holds, necessitating several non-trivial adaptations.
To address this, we rely on key geometric properties of sets with positive u-reach, as established in Lemma 3.1
of [71] and Theorem 12 of [72]. These results allow us to circumvent the lack of a projection map near the piece
boundaries. The remainder of this section details the construction. Note that several lemmas we introduce here
will also be reused later to prove Theorem 4.3.

5.1.1. Ingredient 1: inclusions between level sets

If there existed an € > 0 such that for all A € R, F\ C j-\}\,g C Fx_2e, an e-interleaving would be directly
given taking the morphisms induced by inclusions. Here we do not have such nice inclusions, but we show, in
Lemma 5.2, a slightly weaker double inclusion.

First, note that the f € Sy (L, o, p, R,) are uniformly bounded, as stated in the following lemma, whose
proof can be found in Appendix E.

Lemma 5.1. Let f € Sq(L, o, i1, R,,), there exists a constant k = r(d, L, o, R,,) depending only on d, L, o and
R,,, such that || f|lec < K.

Denote Ny, the random variable defined by:

ax | X0HL [ [1X08H]
II;TneC)i nhd nhd
N, = -
log(1/h%)
3=

Lemma 5.2. Let f € Sq(L,a, p, R,) and h < (IOg(n)/n)ﬁ. For n sufficiently large such that h < uR,,/Vd,
for all A € R, we have:

T (Vd+[Vd/ul)h
]:,\+(2\/3?Nh+L((\/E/M+\/E)")hG CAC ]:)\72\/§Nhha :

This proposition follows from Lemma 3.1 from [71] and the following lemma, whose proof can be found in
Appendix D.
Lemma 5.3. Let f € Sq(L,a, p, R,) and h > 0 satisfying (4.1). Let

HC}—;\: Ny,

—2vV3kNphe
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and

H C ‘7:/\+2\/§Nhh“ Ne&y,.
We then have that:

X NH| X NH|

For a set K C [0,1]¢ and 7 > 0 we denote Bo(K,r) = {z € [0,1]¢ s.t. d(z) < r} and Ba(K,r) = {z €
[0,1]% s.t. dg(x) < 7}

Lemma 5.4. [71], Lemma 3.1. Let K C [0,1]% be a compact set and let i > 0,7 > 0 be such that r < reach,, (K).
For any © € Bo(K,r)\K, we have:

dy (z, 0Bo (K, 1)) < r—dg(x) <
p p

Proof of Lemma 5.2. We begin by proving the lower inclusion, let
z € fA+(2\/3?Nh+L(r\/E/m+x/3)“)ha-

Without loss of generality, let us suppose x € M;, or x € OM; and limsup, ¢, ., f(2) > f(x). If,

B2(x,vﬁh)c_<tjaﬂﬂ>c

then, H, p, the hypercube of €5 ) containing z is included in M;. Assumption A1 implies that for all y €
Bsy(x,v/dh) N M; we have:

[f(z) — f(y)| < Llz — y||* < L(Vdh)*,

thus, y € F\ o /35N, ne- Now, for all y € Bsy(x,v/dh) N M;, there exists a sequence (y)nen of points of

By (x,v/dh) N M; such that lim, .y, = 3. As, for all n € N, we have shown that y, € Fyov/ErNyhes DY
Assumption A2, it follows that:

f(y) > limsup f(y,) > A+ 2V3sN,h®.

n—-+oo

Hence y € .7-')\+2\/37Nhha. Thus, as Hy p, C Ba(x, \/Eh) MM, the combination of Assumption A1l and A2 ensures
Hyn C Fyyoy3mn, ne- Hence, it follows from Lemma 5.3 that H, ; € €, » and consequently x € ]?,\. Else, as
Vdh/p < R, under Assumption A3, by Lemma 5.4, there exists,

1 c
ye(BQOJaM;%M>>rUMSmhmm|w—Mb<V@MM

i=1
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Let Hyp be the closed hypercube of €, containing y. Hence, H, ) C M;. and, for all z € Hyp, ||z — x|z <
V/dh(1 4 1/u). Then, again, Assumption A1 and A2 ensure that:

Hyn CFyioyzmn,ho-

Then, Lemma 5.3 gives Hy , € €, » and thus, as x € Hﬁh/#, T € f)” which proves the lower inclusion.
For the upper inclusion, let

Va ¢
A (‘7:,\721/@1\7,1}1@)

and H, p be the hypercube of €} containing x. We then have H, , C ]:i—Q\/ﬁNhha‘ Hence, Lemma 5.3 gives
that:

c

Hoac| |J H

HEC, »
and thus,
U HC ‘Fﬁgﬂmhw'
He&y
Consequently,
[Vd/ulh
Jou) ey
He&,
and the proof is complete. O

5.1.2. Ingredient 2: geometry of the thickened level sets

The lower inclusion of Lemma 5.2 gives directly a morphism 1 : V f,0 = v t,0- But the upper inclusion is not
sufficient to provide similarly ¢ : v +,0 = V¢ o. To overcome this issue, in Lemma 5.5, we exploit Assumption A3
to construct morphisms from (Ho(F}))aer into Vi, for all » < R,,/v/d. For r = (v/d + [V/d/u])h, composing
this morphism with the one induced by the upper inclusion of Lemma 5.2 will give us our morphism ¢.

Lemma 5.5. Let f € Sq(L,a, i, R,,). For all h < RH/\/;i, there exists a morphism ¢ such that, for all A € R,

Hy Hy (ffo(\/ﬁ(erz/u?))ahcv)

(Fx)
Ho (F})

is a commutative diagram (unspecified maps come from set inclusions).

(5.1)

To prove this proposition, we use the following lemma. This result involves the notion of deformation retract
that we recall here.
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Definition 5.6. A subspace A of X is called a deformation retract of X if there is a continuous F :
X % [0,1] — X such that for all x € X and a € A,

o F(z,0)==x
e F(z,1)e A
e F(a,1)=a.

The function z — F(x, 1) is called a (deformation) retraction from X to A.

Lemma 5.7. [72], Theorem 12. Let K C [0,1]% be a compact set, for all 0 < r < reach,(K), By(K,r) retracts
by deformation onto K and the associated retraction R : Ba(K,r) — K satisfies for all x € Ba(K,r), R(r) €
Bo(z,2r/p?) N K.

The first part of the claim is Theorem 12 from [72], and the second part follows easily from their construction.
Elements of proof can be found in Appendix C.

Proof of Lemma 5.5. Any connected component B of F}' contains at least a connected component A of Fj.
Suppose that B contains A and A’ two disjoint connected components of F), then there exist € A and y € A
such that ||z — y|lec < 2h. Suppose that x € M;, y € M, lim e, 0 f(2) = f(z) and lim.en, -y f(2) = f(y),

i,7 € {1,...,1}.
Let

R: Eg(@Mi U an, \/gh) — 8MZ U 8Mj

the deformation retraction of By (9M; UM, \/&h) onto dM; UIM; given by Lemma 5.7 under Assumption A3.
We use this deformation retraction to construct a continuous path from x to y included in M; U M ;. To do so,
consider, for all z € [z, y] the function:

(2) = z if z€ M; UM,
= R(z) else

Observe that v(z) = z, v(y) = y and, as R is continuous and R(z) = z for all z € IM; U 9M;, v is a continuous
path between x and y. Furthermore, as R(z) C dM; U dM; for all z € Ba(OM; U dM;, Vdh), we have that
¥([x,y]) is a continuous path between z and y included in M; UM ;. Now, by Lemma 5.7 and as ||z — y|oc < 2h,
we know that, for all z € [z,y] \ (M, U M;),

R(z) € Ba(z,2Vdh/u?) C Ba(z, Vdh(2 4 2/12)).
and, for all z € [z,y] N (M; UM;),
z € Bo(z,2Vdh).
Thus,
([, y]) € Ba(a, Vdh(2 +2/u)) N (M; U M;).

Assumptions A1 and A2 then ensure that v([z,y]) C }-A—L((2+2/u2)\/&h)a' Consequently, there exists a contin-

uous path between A and A in ]-'A_L((QH/#Q)\/Eh)Q, and hence, A and A’ are connected in ]-'A_L((QH/#Q)\/%)&.
We can then properly define,

{ Ox Ho(FR) = Ho(Fy_p(ar2/u2)vayone)

with y belonging to A any connected component of Fy included in B, the connected component of F} containing
x. By the foregoing, [y] is independent of the choice of such A and such y in A, and Diagram 5.1 commutes. [J
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5.1.3. Ingredient 3 : concentration of Np,

The two previous ingredients will permit the establishment of an interleaving between v t,0 and V¢ . This
interleaving will depend on the variable N;. Consequently, to derive convergence rates from this interleaving,
we need concentration inequalities over Nj,.

|XﬁH|_[E | X N H| .- 2 _ t*nh?
nhd nhd - — hd eXp 3K '

Proof of Lemma 5.8. Let h > 0 and H € €;,. We can write,

Lemma 5.8. For all h > 0,

[P(U

Hegy,

XH =Y v
=1

with, for all i € {1,...,n},
Y =1x,en

3

As X1,..., X, are iid., Y{#,..,Y,F are ii.d. Bernoulli variable, and |X N H| is then a binomial variable of
parameters (n, P(X; € H)). It follows from the Chernoff bound for binomial distributions that:

P | X NH| E | X NH| o 1) <926 t2nh2d
—— k| ——— Xp | —m=——— | -
nhd nhd || =) =P\ TEP(x, € H)

Lemma 5.1 then gives that P(X; € H) < h%k, hence,

2 d
[P( X N H| [E[XOH|”2t) SQeXP(tnh >

nhd nhd 3K

| X NH| | X NH| t2nhd
. 7 Tl > < —
{’ — E —d >t | <2|C]exp an

< 2 o t2nh
—exp | — .
— hd P 3K

Lemma 5.8 implies that N, is sub-Gaussian. More precisely, there exist two constants ¢y and c¢;, depending
only on d, L, o and R,,, such that, for all h <1,

By union bounds, it follows,

(U

Hed,,

O

P(Np >t) < coexp (—clt2) )

5.1.4. Assembling the ingredients
Equipped with Lemmas 5.2, 5.5, and 5.8, we can now proceed to the proof of Proposition 4.1.

Proof of Proposition 4.1. It suffices to show the result for (arbitrarily) large n (up to rescaling ¢p), thus suppose
that n is sufficiently large for the application of Lemmas 5.2 and 5.5 used in this proof. We denote k1 =
Vd+ [Vd/u] and ky = Vd (2+2/p?) (Vd + [Vd/u]).

First, we construct ¢. Let A € R, Lemma 5.3 imply that any connected component A of .7?>\ intersects a
connected component B of F, _, VIRN R - Now suppose that A intersects 2 such components B; and B», then,

by Lemma 5.2, B; and By are connected in ]-'fl_}; RN R Thus, as a consequence of Lemma 5.5 (applied for
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B = k1h, which requires h < R,L/kl \f) By and B are connected in JF, A= (2v/BRNy+LEg her- We can then define
the applications,

{ o+ Ho (]?/\) — Hp ('F)\f(Z\/ﬁN;ﬁ»Lkg)ho‘)
[z] — [y

with y belonging to B a connected component of F, _, V3rN, ho iDtersecting A, the connected component of .7?>\
containing z. The previous remark ensures that [y] is independent of the choice of B and y in B.
Now, for the construction of ¥, by Lemma 5.2, we have:

X CFr_(2vEmNu+ Lig )ho

and we simply take ¢ the morphism induced by this inclusion, i.e,

{ ¥y Ho (Fy)  — Ho (ﬁ)\—(Q\/@NthLk:f‘)h“)
(2] — [a]

Denote Ky = 2v3kN), + Lk{ and Ko = 2v/3kNp, + LkS. The foregoing ensures the commutativity of the
following diagrams:

'U>\
Hy (Fy) . Ho (Fy)

"/")\ w)f

{)A —K1h%
= A—Kqho
Hy (]:A—tha) ——  Hp (]:,\ —K, h")

o3 ~
o (7) —— o (%)
b g/\/
A —Kone
A—Kgho

Ho (Fa—gahe) ——— Ho (Fy'_g,pe)

>\+(K1+K2)h
Ho (Fy) 0 (Fr(K1+Ka)he)

Hy (ﬁ,\leha)

A1 KR

Ho (Fa—Kahe)

~

Hy ( (7?,\—(K1+K2)ha>
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Hence V 70 and Vg are (K; + Ky)h®-interleaved, and thus we get from the algebraic stability theorem [47]
that:

dy (dgm (\T/f,o) ,dgm (vf’o)) < (K + Ko)h®

We then conclude, using the concentration of N, given in Lemma 5.8.

P (dy (dgm(), dgm()) > th*)
<P (K + K2 > t)

t—L(k%Jrkg))
= Ny > —~~ <7
( h= 1v/3r

[0 o 2
)
2

O L (ki + k3) _ (LR A ES)

8/<at )exp <¢31 P t ] exp c1 3n

2

O LRt +k3), a1 _ (LR +ES)

96 )eXp (Cl 2n oen )P\ T\ T 4

Thus, as for all ¢t € R,

Lk +k5), e o al’(kf +k5)°

AT ok T 96k M ’

we have:
P (db (dg/mﬁ),dgm(f)) > th“) <P (K + Ky > t)

@ & 2 2 (L.« a2
< cgexp <—C1 (L(kl +k2)) " c1L? (k§ + kS) )exp( ‘l t2)

4v/3k 24k 96k
e L2 (K + k9)? ( 1 2)
— _ -t 2
o €xXp <01 i5n exp (~ge- (5.2)
and the result follows. O

5.2. Proof of Theorem 4.3
We now proceed to prove Theorem 4.3. The high-level outline of the proof is the following;:

e First, we prove that, with high probability, for all i € {1,...,k}, C;, the connected component of

kih .. o _ . A ) . .
s (K + 23/3R N e containing C; = {x;}, contains a C;, i.e C; contains a connected component appearing

in the filtration F with associated lifetime exceeding /2.

o We show, with high probability, that the birth time associated with C; is close to m;.

e We use Proposition 4.1, to show that, with high probability, k = k.

e Finally, we use Assumption A4 to bound, with high probability, the diameter of C;, and thus the distance
between x; and Z;.
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The last two steps are pretty straightforward, but the first two are more technical. The proofs of these first
claims are then decomposed into the three following lemmas. Let us define, for all i € {1, ..., k}, for all A < m;,

C' the connected component of F4*" containing C; = {z;} and denote,

Bi = sup {)\ €Rs.t ﬁ)\ ﬂé;i+(K1+K2)ha,5 7é (Z)}

with k1, K7 and Ky as defined in the proof of Proposition 4.1. We start by establishing upper and lower bounds
on b; through the following lemma.

Lemma 5.9. Consider the event E1:
(K1 + K2) h™ < 46/8.
Under Ey, we have, for alli € {1,...,k},
m; — K1h® < b; < m; +2V3kN,h°.

Proof. We suppose along the proof that we are under E;. The lower inclusion of Lemma 5.2 ensures that
i € Fm,—K,he and thus,

i)i Z m; — tha'

Let C; the connected component of Foni+ (K1 +Kz)he—s containing x;. By Assumption A4, we know that Cj
is included in Bs(x;, hg). Moreover, C; is the unique connected component of Fmi+(K1+K2)he—s intersecting
Bs (i, ho). Indeed, since Ba(z;, hg) contains only one mode and since each connected component contains at
least one mode, if this were not the case, there would exist another connected component C of F,,, ¢ (i, 4 Kp)he—s
intersecting both By (z;, ho) and its complement Bs(z;, ho)¢. Consequently, there would exist a point z € C'N

0Bs(x;, ho), which would imply:
§=Clla; — 2|18 < fx) — f(2) <0 — (K1 + Ka)h™ < 6,
yielding a contradiction. Furthermore, Assumption A4 also ensures that for all z € C;:
Cllz; —z||§ <6— (K1 + K2)h™ = Chy — (K1 + K2)h®.

Thus,

- C

K, +K2>1/‘*h N (Zka‘
=\c

1/a
ho — i — zlla > (h — 2 — 2]$)V* > ( ) h> 2h.

Hence, d (C’i, C) > 2k h for any other connected components C' of F,,, 4 (k, +K,)he—s, and thus, we have:

7

Crnt (K Kayho—s = Ci " C Ba(i ho) (5.3)

Now, if b; > mi + 2v/3kN,he then by Assumption A4, Fp,—ov/BaNyhe N Bs(xi, ho) = 0. Thus, Fb. —ovErNyhe N

C it (K1 +Ka)he—5 = (). But, by Lemma 5.3, any connected component of f‘g_ intersects Fj o mon, o Hence,
we have:

Ei < m; + 2vV3kNph®.
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Now, we prove that for all i € {i,...,k}, C; contains a connected component of ﬁfu with associated lifetime

in dgn?) exceeding 6/2. The proof is divided into the following two lemmas.

Lemma 5.10. Under the event Ey, for all i € {1,....,k}, any connected component Ci of ‘7?131- intersecting
Cm7+(K1+K2)ha_5 is included in C;.

Proof. Let C* a connected component of fiu intersecting 6ini+(K1+K2)h"‘—5' Under E;, Lemma 5.9 and
Lemma 5.2 yields:

a8 k1ih k1ih kih
Fo C I, Savmmnane © Lo 42vERnne © Fmi (64 Koo —6 (5.4)

Consequently, C? is included in Cm 4 (K1 +Kz)ho—s- Additionally, by Lemma 5.3, C' intersects Fb, —ov/ZrNy ho -
Thus,

c'n (fb —oVBrNphe [ C (K14 Ka)ho— 6) # 0. (5.5)
Now, note that, under £, by Assumption A4, there exists a unique connected component of 7 — (K1 +2v/3RN) ) he

intersecting B(x;, ho) (by the same argument as in the proof of Lemma 5.9, where we showed that there is a
unique connected component of F,. 4 (k,+K,)ne—s intersecting By (24, hp)), that is C;. Thus,

]:mif(K1+2\/§Nh)h“ N B(%i,ho) C 61

Tt then follows from Lemma 5.9 and (5.3) that:

‘7:1) 93N, he n le +(K1+K2)he—5 C ]: —(K142V3RNy)he N B(.’L‘“ho) 6 . (56)
Hence, combining (5.6) and (5.5), C'" intersects C;. Consequently, by (5.4), C' is included in C;. O

Note that, under Fy, by (5.4), we have:

6i C aiﬂri-(Kl-‘er)ha—é' (5.7)

Then, by definition of b, a consequence of Lemma 5.10 is that, under Fy, for all ¢+ € {1,...,k}, any connected
component C of ﬁfn intersecting é:ni +(K1+K»)he—s has associated birth time b;. It now suffices to prove that,
for all i € {1, ..., k}, there exists such a C with associated death time d; satisfying b; — d; > 0/2.

Lemma 5.11. Under Ey, for all i € {1,...,k}, there exists a connected component C' of ]?57: intersecting

—1

C it (K1 +Ka)he—s With an associated death time d; satisfying:
Ei — CL‘ > 5/2.

Proof. Let C* be the oldest connected component of .7'-'~ intersecting Cm +(Ky+K2)he —8) according to
definition 4.2, for a fixed (but arbitrary) ordering on C(b;). For all A\ < b;, we denote C% the connected com-

ponent of ]-',\ containing C. Combining Lemma 5.2 and Lemma 5.9, we have that, for all b; — 30/4 <A< b;,
under Eq,

kih kih kih kih
]:A = ]: —2v3KkNphe ]:b —36/4—2v/3k Ny he Fmt—36/4 (K1+Ka)he }—m i+ (K1+K2)he—6"
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Thus, under E, for all b; — 30/4 <A< bi,

- —i
Cg\ - Cmi+(K1+K2)ha75~

Now, by definition of C;, this implies that under Ey, for all b; — 30/4 <A< b;, in C’f\, C; is not connected with
any older connected components appearing in F. Hence, the lifetime of C; is lower bounded by b; — (b; —36/4) =
36/4 > 0/2, which proves Lemma 5.11.

Equipped with Lemma 5.9, 5.10 and 5.11, we can now prove Theorem 4.3.

Proof of Theorem 4.3. Let f € Sq(L, o, i1, R,, C, ho). From the proof of Proposition 4.1, we have that:
dec (dgm(f), dgm(f)) < (K1 + K2) h°. (5.8)

Then, under E, it follows that k=k. Recalling that 6 = Chg, it follows from (5.2), that there exist A; and By
such that E; occurs with probability at least 1 — A, exp(—31 (ho/h)zo‘).
The combination of Lemma 5.10 and 5.11 ensures that, under Ey, for all i € {1,..., k} there exists a connected

component Cz appearing in F at time bz, included in C such that its associated lifetime exceeds /2. Thus, by
definition of C, for all i € {1, ..., k}, C* € C. Combining (5 3) and (5.7), we have that, under £y, C; C B(z1, ho)

, Ci C B(xk, ho). Thus, as by Assumption A4 the modes are at least at a distance hqy from each other,
Cl .., C}, are disjoint. Consequently C?, ..., C* are also disjoint. Hence, as k = I;:, we have:

¢ = {él,...,ék} - {él, _._,ék}
and
= {1, oy g} = {51, ...,Ek}

As, for all i € {1,....k}, x; € C; C C; and (byEem. 5.10), z; € Ci=Cic C;, to bound the distance between
Z; and x;, it suffices to bound the diameter of C';, defined by:

diam (C;) = sup ||z — ylo-
x,yeai

kih

Recall that, by (5.3) and (5.7), we have that C; C Ba(x;, ho), thus C; C (.Fmif(KIH\/S?Nh)hQ N Bo(x, ho))
Otherwise, there would exist some y € F, 7(K1+2\/ﬁNh ne \ B2(zi, ho) such that Boo(y, k1h) N C; # @, which

would imply that y and C; are connected in ]—' 1h and hence that y € C;, contradicting the

—(K14+2v3kNy)he
inclusion C; C B(x;, ho). Now, by Assumption A4, we have for all y € F i — (K1 +2v/FmNp e [ B(x;, ho):

f(ws) f<y>)““ o (4 2VBrN)

o < N — <
s = e < i =l < (1202 < a2
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Thus,

diam (]-'mi_(KlJerNh)ha N B(z;, h0)> = sup Iz — ylloo

z7y€]:mi—(K1+2mNh)h°‘ ﬂB(wi,ho)
<2 sup i = ylloo
ye]:mi—(Klﬁ—Q\/ﬁNh’)h“mB(Ii’hO)
_ 2K+ 2v/3K Ny, ) /@ L
— C1/e :

It then follows that:

_ 2(K1 4 2v3KN,) Y
diam(C’i) < diam (‘Fmif(K1+2\/ﬁNh,)h°‘ ﬁB(.’Ei,ho)) +2k1h < < ( 1+ \/TQ h) + 2(\/&4‘ (ﬁ/ﬂ])) h.

Ci/a
And thus,
s = 2l < (2”“ EBRNL i+ w&/m) h (5.9
Consider the event Fs:
(2([(1 PR o ww)) <4

and the event F5 : K7 < A.

As 2v/3kN;, < Ky and 2(Vd + [Vd/u]) = 2k < D%(Kl + K2)Ye by (5.2), there exist Ay, By, such that
E5 occurs with probability 1 — Ag exp(—B2A%Y). And as K; < K; + Ko, by (5.2) there also exist A3, Bs, such
that E3 occurs with probability 1 — Az exp(—BzA?). Hence, it follows from Lemma 5.9 and (5.9) that, with
probability at least

1—P(E) —P(ES) —P(ES) >1— Ay exp(—DBi(ho/h)?*) — Az exp(— By A**) — Az exp(— B3 A?)
> 1 — éyexp(—éz(ho/Rh)**) — ¢ exp(—¢; min(A%*, A?))

k= k and for all i € {1,...,k} there exists (distinct) (&;,7h;) € & x 71 such that:
and

’ﬁ’lz’ — mz| S Ah®.

5.3. Proof of Theorem 4.4 and Proposition 4.5

This section is devoted to the proofs of Theorem 4.4 and Proposition 4.5, both of which follow standard
arguments for constructing minimax lower bounds.
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Proof of Theorem 4.4. The proof essentially follows the same idea as the proof of Theorem 2 of [21]. For simplic-

ity, we fix L = 3 and C' = 1/+/d and suppose that hg < 1/(2v/d)® and such that 1/(4+v/dhg) is an even integer,
other cases can be treated similarly. Let

Bx) = (V) hg — lle].)

Let z, . i, = 4dho(iy — 1/2, ... 0g — 1/2), i1,...,iq € [1, 1/(4\/ﬁho)} NN, be the centers of the hypercubes of
the regular grid G/, - We distinguish the sets:

d
Pr={i1,.ia € [1, 1/(4\/&%)} AN s.t. > i is even

j=1
and
d
Py=<11,..,iq € {1, 1/(4\/&110)} NN s.t. Zij is odd
j=1
We define:

x)=1+ Zﬁ(m—x;)— ZB(JU—QE;).

IepP, IeP;

Note that, as |P;| = |P»| and for all I,J € Py U P, f[o ja Bz —x)de = f[o 1ja Bz — 25)dz, we have:

fo(x)de =14 Blx — xr)dx — / Blx —xzr)de =1
/[0,1]d Z ! Z [0,1]¢ !

rep, 700,117 IeP,

Now, as hg < 1/(2/d)®, we have fy > 0 and thus f is a probability density. As 3 is (1, &)-Holder continuous and
the maps x — S(x — ), I € P, U P, have disjoint support, fo is (1, «)-Holder continuous. It also follows that f
admits 1/(2(4v/dho)?) modes : the (x1)rep, all associated with the global maximum: 1+ (2v/d)®hg . Furthermore,
as, for any I € Py, and any = € {||lz — zr|l2 < ho} C {||z — z1|loc < ho}, fo(z) = B(x — ;) and z — B(z — z1)
satisfies A4 for C' = 1//d, it follows that f, satisfies A4 for C' = 1/v/d. Thus, fo belongs to Sq(L, v, j, R,,C, ho)
for C =1/vd and all L > C, 0 < pu <1, R, > 0. Now, let 0 < h < min(((1 — (2Vd)*h§)/2)"/*, ho) and
define:

g9(x) = 2(h% — [|l]|%)+-
We fix J; € P> and, for all I € P;, we then define:
fr(x) = folz) + g(x —zr — (h,0,...,0)) — g(x — 25, — (h,0,...,0))
Now, as h < ((1 — (2[)%3)/2)1/& fr>1—(2Vd)*hg —2h* >0 and as Joa 9@ —ande = [, a9z

xj, )dz, we have fo 1) fi(z f[o 14 fo(z)dz = 1. Thus, f; is a probability density. As fy and ¢ are (1, @)
and (2, «)-Holder contlnuous fz is (3, a)-Holder continuous. Hence, it satisfies A1, A2 and A3 for L = 3, and
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all ;1 €]0,1] and R, > 0. Observe that, as h < hg and ||z; — Z1||o = h, then:

{llz = Filloo < B} € {llz = @illoo < ho} € {l& — @illoc < 20}

and thus f; admits 1/(2(4v/dho)?) modes : the (r7)sepfry and 1 = 27 + (h,0,...,0) respectively associated
to the local maxima:

1+ (2Vd)*hg and 1+ (2vd)*hG + h°.
Forall J € P\\{I},on {||z—z;||2 < ho} C {||z—2s||oc < 2Vdho}, fi(x) = fo(x) and thus f satisfies A4 around

all (z7) sep\q1y for C = 1/Vd. Now, if x € {||lz — Zrll2 < ho} C {[|2 — Z1lloo < Vdho} C {||7 — 2illoo < 2Vdho},
as « €]0, 1] we have:

f1(@1) = fr(z) = b + ||z — 2|5 — 2(h° = [lz — Z1[15)+

> —h®+ 2|z — Z1||% + lz — =1

> —h* + |lz = 2/||5 + (lz = Zrlleo + (|2 — 21[lo0)®
> —h%+ ||z — 531||a +llzr = #1l%

= llz = Zrll% = \[Hx—flnz

which proves that f; satisfies A4 around Z; for C' = 1/v/d. Then, {fo}U{fs,I € P,} is a collection of probability
densities of Sq(L, o, i1, Ry, C, hy), for C' = 1/vd, L =3 and all i €]0,1] and R,~0, that have, pairwise, modes
separated by h and associated local maxima separated by h®. More precisely for any distinct f, f e {fotu{fr,Ie
Pr}, let My (resp. M) be the set of modes of f (resp. £), T(f, f) the set of one to one maps from My to My
and

7" € argmin_ p p ] max |z — v(2)|loo

we have:

— ~* > _F(A% > he.
max flo =" (&) o > h and suax |(2) — F0" (@))] = b

Now, we prove that if A < (log(1/ho)/n) 2274 then {f1,I € P} are not all distinguishable from fo with high
probability. To do so we use Theorem 2.6 from [73], which reduces the problem to studying the x? divergence
between P’ and the P% , I € P1. More precisely, it suffices to prove that:

ZX fo’ fI |P 2 Z </01]dfo> 7177,—?000 (5.10)

IepP, Iep,

IP 2

whenever h = o ((log(l/ho)/n)ﬁ). Let I € Py, we have:

/ I :/ (fo + (e —&1) — gz — &)’
[0,1]¢ fo [0,1]4 fo
1 1

- z—&)%de + ——— z— 7, )%dz
<1+1—(2\f)0‘h0‘/[o1 9( r)d +1—(2\f)aha/[01 g( 5n)d
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<1+ #/ g (x)dx
T 1= @2VAd)*h§ Jjafwsh
2
R I / h2dx
1— (2Vd)*hg Jyjz)w<h
=1 + 0 (h2a+d)

It follows that if h = 0((10g(|131|)/n)ﬁ>7 then we have (5.10). Finally, observing that |Pi| =< 1/ho,
Theorem 4.4 is proved. 0

Proof of Proposition 4.5. The proof is a standard Le Cam’s two-point argument, using again y? divergence. Once
again, for simplicity, we will consider specific parameters L and C, but other cases can be treated similarly. Let
fi=1+4|z|& and f1 = f1/Z1 with Z; = f[o 174 f1- The function f; is probability density satisfying A1-A4,

for C =1/(v/dZ,) and all L > C, p €]0,1], R, > 0 and ho < 1. It admits a unique mode: (1,...,1). Now, let
h < 1/4 and consider:

folx) = fi(@) + —- {(ha =l = (1/2,,1/2)l1%) =27 (h* — |l2ll%) 4 | -

Observing that:

& — ||z — ¢ z =27 C— x|
J, O =l /2 =t [ ),

)

we have that f[o 174 fo = 1. For sufficiently small h, we have fo > 0. Thus, fo is a probability density. It admits

two modes (1,...,1) and (1/2,...,1/2) and by construction satisfies A1-A4, for C' = 1/(Z;V/d), ho < h and
all L > 29C, p €]0,1] and R, > 0 . Observe that, if we denote Mo = {(1,...,1),(1/2,...,1/2)} and M; =
{(1,...,1))} the sets of modes of fy and f;, we have:

dg (M1, Mp) > 1/2.

Now, it suffices to show that:

nX2(f0,JE1) — 0

n——+oo

whenever h = o(n~774).
2
2(7F F 0
X~ fo, f1 =/ = =
( ) (0,14 f1
~ 1 « d 2
o (i) + 2 (0 = llz = (12, 1210, =20 (0 = 2]%),.))
[0,1)4 fi(x)
1 a
< - (h® = Jlz = (1/2,...,1/2)|1%)" dz
1S lz—(1/2,...,1/2)]| o <h
2d

Z {llz]lso <h}N[0,1]¢

dx —1

(h* = ||2]1%,)" da



PERSISTENCE-BASED MODES INFERENCE 223

Birth
(I\ 2 1 (I) 8 10
1o 10
10.000
8 8 8.000
0.6 6 6.000 =
4.000 ii
0.4 2
2.000
0.2 2 [ ]
L] 0.000
0.0 0 -
0.0 0.2 0.4 0.6 0.8 10
(a) Graph (B) Ho—persistence diagram
FIGURE 9. Graph and Hy-persistence diagram of f (normalized).
2d+1 9
S (h* — |2 da
1 Hllzlleo <h}N[0,1]4
2d+1
< / h**dx
21 J{jalloe <h}0,1)2
_ O (h2a+d) )
. L 5z .
Thus, if h = o(n~2a%2) then nx?(fo, f1) converges to zero and the result is proved. O

6. A NUMERICAL ILLUSTRATION

From a more practical perspective, we now present a 2D numerical illustration of our results. As previously
emphasized, an interesting aspect of our work is that we do not assume continuity of the density at the modes;
for instance, modes may lie on the boundary of multiple distinct regular pieces. We consider a simple toy
example of a density in the class Sq(L, o, p, R, C, ho), which exhibits such typical discontinuities around some
of its modes. In this example, we compare the performance of our persistence-based procedure with that of two
algorithms: the mean-shift [5] and ToMATo [3].

More precisely, we consider the 2D density given by the normalization of f defined by:

b (0.4~ o~ 3| Jy ) -3+l H<}
b (0, 5 — o~ 4|~ |y —21) it o+~ < &

flay) = qmax (0, 3 — [z =3[ —|y—3|) ifle—3+ly—3<7
e (0. 3o~ 4~ly—4) ¥~ $+ <
0 otherwise.

This function admits three modes: two located within regular pieces, z; = (1/4, 1/3) and x5 = (1/4, 2/3),
and one at the boundary of three regular pieces, 3 = (3/4, 1/2). Around z3, the function is not continuous in
any full neighborhood, but only within half-cones whose boundaries intersect at x3. One can check that, this
function belongs to the class Sq(L,1, 1, Ry, C, ho) for any p < 1/4/2, and for some constants L > 0, R, >0,
C > 0, and hg > 0. Its graph and persistence diagram are provided in Figure 9.

We sample n = 40,000 points according to the normalized version of f using the rejection sampling method.
We then compare the performance of the different estimators, both qualitatively, by examining their behavior
on the same sample, and quantitatively, by evaluating, over 100 independent samples, how often each approach
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b=0.02 b=0.035 b=0.05

b=0.1 b=0.15 b=0.2

b=0.25 b=0.4

FIGURE 10. Behaviors of the mean-shift algorithm for various bandwidths b €
{0.02,0.035,0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.4}. In gray is represented the sample, in blue the
true modes, and in red the estimated modes. The algorithm fails to properly recover the modes
for all bandwidth values.

correctly recovers the true number of modes and the mean Hausdorff distance between the estimated and true
modes. The results, along with the chosen construction and calibration parameters, are presented below.

Mean-Shift. Mean-shift operates by first estimating the density using a kernel estimator and then performing
a hill-climbing procedure to identify the modes. It has the advantages of being easy to use (essentially, the only
parameter to tune is the bandwidth of the kernel) and computationally efficient. As previously highlighted, it is
also proven to be consistent under the assumption that the underlying density is twice differentiable and has a
non-degenerate Hessian [29]. There exist plenty of variant of the mean shift algorithm, here we use MeanShift
implementation from the sklearn.cluster module, which follows the algorithm proposed in [5].

The example we consider lies outside the regularity classes for which mean-shift is known to be consistent,
and our experiments suggest that it is in fact a typical situation where mean-shift fails to reliably recover the
modes, regardless of the bandwidth choice. As illustrated in Figure 10, when the bandwidth is too small, the
mode at x3 is split into two (or more) distinct modes, whereas when the bandwidth is too large, the modes
and x5 are merged. For intermediate bandwidth values (e.g., b = 0.25 in Fig. 10), the correct number of modes
is recovered, but the result remains unsatisfactory: x; and xo still appear merged, while x3 is again split into
two. Overall, there is no clear “sweet spot” where x; and x5 are correctly separated while x3 is identified as
a single mode. This observation is further supported by the quantitative results presented in Table 1, which
show that although the bandwidth b = 0.25 often leads to the correct number of inferred modes, it also yields a
large mean Hausdorff error. This confirms that the pathological configuration displayed in Figure 10 is not an
exception but rather the typical outcome for this example.
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TABLE 1. Comparison of the methods over 100 independent samples. For each method, we
report: the number of samples for which the correct set of modes is recovered, the average
number of estimated modes, the Hausdorff error between the estimated and true modes, and
the Hausdorff error restricted to the samples where the correct number of modes is recovered.

Number of time Avg. number Avg. Hausdorff

Avg. Hausdorff

# modes=3 of modes (if # modes=3)
Our estimator 98 2.98 0.0770 0.0717
Mean Shift
bdwd = 0.02 0 225.71 0.4505 -
bdwd = 0.035 0 19.96 0.2827 -
bdwd = 0.05 0 4.20 0.0860 -
bdwd = 0.1 0 4.03 0.1191 -
bdwd = 0.15 0 4.00 0.1561 -
bdwd = 0.2 0 4.00 0.1784 -
bdwd = 0.25 86 2.86 0.2106 0.2115
bdwd = 0.3 0 2.00 0.1689 -
bdwd = 0.4 0 1.00 0.5265 -
ToMATo (DTM)
r=20.01, 7=0.6 0 161.81 0.4821 -
r=001, =1 0 43.10 0.4818 -
r=001, =14 0 21.65 0.4818 -
r=0.05, 7=0.6 59 3.60 0.1448 0.1004
r=0.05 7=1 99 2.99 0.1010 0.0997
r=0.05 7=14 7 2.77 0.1510 0.0972
r=0.1, 7=0.6 98 3.00 0.1019 0.0992
r=01,r=1 56 2.56 0.2014 0.0946
r=01, r=14 7 2.07 0.3199 0.0947

ToMATo. ToMATo is a persistence-based clustering algorithm that first constructs a graph from the sample
points (typically a Rips graph or a k-NN graph), estimates the probability density, and then performs a hill-
climbing procedure on the constructed graph to follow the gradient of the estimated density. By grouping points
according to the “hill” they converge to, an initial clustering is obtained. These initial clusters are then merged
based on their prominence (persistence-wise), using a given threshold. The hill-climbing step is conceptually very
close to the mean-shift approach, while the merging step is similar to the “denoising” step in our method, where
we remove connected components associated with birth—-death pairs that have lifetime smaller than 6/2. In [3],
several theoretical guarantees are provided. In particular, it is shown that, with an appropriate choice of graph
construction, density estimator, and merging threshold, the resulting clusters, with high probability, essentially
match the basins of attraction of the underlying density, assuming it is Lipschitz-continuous. Although ToMATo
is primarily a clustering algorithm, it can also be used to estimate modes. A straightforward approach is to take
the output clusters and the corresponding estimated density, and then, within each cluster, identify the point
where the estimated density attains its maximum. These points are then taken as the estimated modes.

For our numerical experiments, we use the implementation of TOMATo available in the GUDHI package [74, 75].
Several choices are possible for constructing the underlying graph. GUDHI provides two options: k-NN graphs
(connecting each point to its k-nearest neighbors) and r-Rips graphs (connecting points whose pairwise distance
is at most 7). We choose to work with r-Rips graphs, as this is the setting used in the theoretical analysis of
ToMATo in [3], Theorems 9.2 and 10.1. For the density estimation step, several choices are available. The
package includes a KDE-based estimator, but also offers an alternative that uses the DTM (Distance-To-
Measure) density estimator introduced in [76]. By default, when ToMATo is used with an r-Rips graph, the
KDE bandwidth is set to r, and the number of neighbors used to compute the DTM density estimator is set to



226 H. HENNEUSE

threshold=0.4 threshold=0.8 threshold=1.2

=0.01
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r
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r

FIGURE 11. Behaviors of ToMATo with KDE for r € [0.01,0.02,0.05] and 7 € [0.4,0.8,1.2].
For very small bandwidths (r = 0.01), the number of estimated modes remains too high, even
for large threshold values. For large bandwidths (r = 0.05), the number of modes is too low,
even for small thresholds. An intermediate bandwidth (r = 0.02) can recover the correct total
number of modes, but this is achieved through the merging of modes x; and x5 and the splitting
of mode x3.

10. We follow these default choices in our simulations, which reduces the calibration to only two parameters: r
(the radius for the rips graph) and 7 (the merging threshold). All other parameters are chosen by default.

From our experiments, when using a KDE, the modes returned by ToMATo exhibit the same difficulties as
those observed with mean-shift. The theoretical results of [3] suggest choosing 7 in the interval [O(r), dmin —
O(r)], where dpin denotes the minimal distance between points in the persistence diagram of the normalized
function f. In our case, dmin >~ 1.6. Consequently, we considered the grids r € [0.01:0.1:0.01] and 7 € [0.2:
1.2:0.2], where the notation [a:b:c] denotes the grid from a to b with step ¢. Over this grid of parameters, no
pair (r,7) yields satisfactory results. For small values of r, the number of estimated modes is systematically
too large, regardless of 7; for large values of r, it is systematically too small. In the intermediate regime, some
pairs do return the correct number of modes, but these again correspond to a splitting of x3 and a merging
of r1 and x5. Partial results from this experiment are shown in Figure 11, which illustrate these effects. As
no calibration yielded satisfactory results in our experiments, and because the KDE-based variant of ToMATo
is computationally intensive for the sample size we consider, we decided to exclude it from our quantitative
evaluation.

In contrast, using the DTM density estimator within ToMATo yields far more satisfactory results. A choice
that performs well on our example is (r,7) = (0.05,1), as illustrated in Figure 12b and Table 1. Moreover,
DTM—-ToMATo enjoys substantially lower computation times on large samples compared with KDE—-ToMATo,
as highlighted in the GUDHI documentation [74].
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(A) Our approach (B) ToMATo (DTM)

F1GURE 12. Behaviors of our approach and the ToMATo estimator using Rips graph and DTM
density (with parameters » = 0.05 and 7 = 1).In both case, the number of modes is exactly
recovered, and the modes are well located.

Our approach. We implement our estimator using the package GUDHI [75], and in particular its class
CubicalComplex [77] to compute persistence diagrams. Following our theoretical results, we calibrate our esti-
mator by choosing the parameters y = 1/v/2 and h = (log(n)/n)'/*/6. We choose d using the selection procedure
of Appendix B.

As illustrated in Figure 12a and Table 1, our method effectively estimates the modes, correctly recovering
both their number and locations. Compared to ToMATo (with DTM), it performs on par in terms of the number
of modes (both correctly identifying the number of modes in nearly all of the 100 samples) and achieves slightly
lower mean Hausdorff distances, indicating more precise mode localization.

7. DISCUSSION

Exploiting the link between modes and persistence, we propose an estimator that consistently infers the
number of modes, their locations, and the associated local maxima under mild assumptions. The central contri-
bution of our work is the identification of a threshold for mode separation (and, equivalently, prominence): below
this threshold, mode detection is impossible, while above it, our procedure achieves optimal (or near-optimal)
performance in the minimax sense.

Along the way, we extend the approach and results of [49] on Hy-persistence diagram estimation in the density
model. These findings are of independent interest, as they broaden the applicability of persistent homology
inference for densities, which has so far been largely restricted to regular settings. Our results demonstrate strong
robustness to discontinuities in Hy-persistence diagram estimation. We are currently working on generalizing
these methods to higher-order homology.

Despite its theoretical appeal and the encouraging simulations we ran, the proposed method has some prac-
tical limitations. In particular, it lacks adaptivity, as it relies on prior knowledge of the parameters «, p, and
0, which are typically unknown in real-world scenarios. The dependence on « can likely be mitigated using
standard adaptive estimation techniques, such as Lepski’s method [78]. To reduce the dependence on §, we
provide a selection procedure in Appendix B. We show that, with this additional selection step and under a
slightly stronger threshold condition hg, it is still possible to estimate the modes and associated local maxima
at minimax rates. This procedure is also used in the simulations presented in Section 6, where it yields good
empirical results. The dependence on u, however, appears more problematic, and we currently have no clear
approach to address it. Nevertheless, it is worth noting that this lack of adaptivity is not specific to our method
but is a common limitation of existing multiple modes estimators. Developing adaptive strategies for multimodal
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inference, possibly through adaptive variants of our procedure, thus remains a promising direction for future
research.
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APPENDIX A. AUXILIARY RESULTS ON PERSISTENCE DIAGRAM ESTIMATION

In this section, we provide complementary results to Proposition 4.1. Namely, we establish Corollary A.1, which
provides consistency guarantees in expectation, and Proposition A.2, in which we derive minimax lower bounds matching
the rates obtained in Proposition 4.1, thereby proving the optimality of our procedures.

1
Corollary A.1. Let h < (@) 2 we have:

sup & (doo (dg/mﬁ),dgm(f))) < (M) s

feSa(L o, Ry) n

Proof. The sub-Gaussian concentration provided by Proposition 4.1, gives that, for all A > 0,

dy (dgm(f).dgm(f))

> A | <éexp(—&1A?).

ha
Now, we have:
dy (dgm(f), dgm(/)) v (dy (dgm(F), dgm(7))
E = / P > A|dA
hpa 0 ha
+oo
S/ & exp (—&1A%) dA < +oo.
0
O
Proposition A.2.
i —— log(n)\ #2a
inf sup E (doo (dgm(f), dgm(f))) 2 < g ))
dgm(f) f€Sa(L,o,u,Ry) n

where the infimum is taken over all the estimators of dgm(f).

The proof of Proposition A.2 follows essentially as the proof of Theorem 3 from [49]. This follows from the minimax
lower bound technique presented in Theorem 2.6 of [73]. The idea is, for all,

o))

to exhibit a finite collection of functions in Sq(L, a, u, R,) such that their persistence diagrams are pairwise at distance
21, but indistinguishable, with high certainty.

Proof. For m integer in [0, |1/h]], we define,

fhom(x1, .y xa) = =27 + g (R —[(z1, ey a) —m/[1/R](1, .., D) 4

and
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The fhn,m are (L, «)-Holder. As for all m, fj ., are positive functions,
1+ faml >1

consequently, fhﬂn is (L,«a)-Holder. As by construction fhﬂn are probability densities, they belong to the class
Sa(L, a, i, Ry) for all p €]0,1] and R, > 0.
We have, for sufficiently small h and all |1/h] <m < 3|1/h],

i ¢ () 44 () -4}

and consequently,

L m @ L« L m « L«
dgm(Fon) ( L ) V5 () -5 1k () - b
m m) — T s 0, )
B AT+ frmlh 1T+ fumll 1L+ frmlls

As for all 2|1/h] <m,m’' < 2[1/h], |1+ fam|ls = |1+ frm |1, we then have, for all $|1/h] <m #m' < 2[1/h],

L __Ln L _Lh
AL+ frmlln — 40+ L)

dec (dgm(fim), dgm(f,, 1)) (A1)

We set r,, = then, by (A.1), for all X[1/h] <m #m’ < 3|1/h],

Lh®
8(1+L)?

doo (dgm(fhym%dgm(fh,m’)) > 27,

For a fixed signal f, denote P} the joint probability distribution of X1, ..., X;,. From Theorem 2.6 of [73], it now suffices
to show that if r, = o ((1°g<")/n) T¥7a ), then, for a fixed m,

<[1J2—2> 2 ¥ (PF, P (A2)

h L11/h]<m/ <3 [1/h|,m'#m

2 dpP» 2
_ 2 . Frym! _
= <L1J - 2) E [Elpfh,m <le@ ) 1 (A.3)

h L11/h)<m/ <3 |1/h],m'#m Fhom

converges to zero when n converges to infinity. Note that:

dp? 2 L1 fir (X3)

h,m’ i=1

[P? dpPn - [P? EIREEN
EANC o\ R

d,h,ml,Lya(

- P (Xi)
e (750)



PERSISTENCE-BASED MODES INFERENCE 233

We denote H,, the hypercube defined by ||(z1,...,zq) —m/|1/h|(1,...,1)|| < h. Observing that:

fh,m/ = fh,'rn + m (ho‘ _ H(:El, --~,$d) — m/U/hJ(l, . I)Hgo)+
_ m (b = (1, o) = /11/R] (1L, ooy D),
and
; 1
fh,m(l’) 2 m

‘We then have:

E f}%,m’(Xl)
" f7 o (X0)
L

i+ — R (@, wa) — m)|1/R] (L, o 1) | dt . d
H1+fh,mH1 i ||($1 Id) m/\_ / J( )H 1 d

L a / a
- B —||(z1, ..., 1/h|(1, ..., ]| %dts...d¢
s f, 1 a0 A) (1, )t
L2 / (B = (21, oy 2a) — m/|1/R) (1, oy D)
+ 2 = R dty . dt
AT+ funl S, From o

L (h* = ||(21, ..., za) —m'/|1/R)(, .., D]|S)?
- 41+ faml? /H o dt...dtg
L (h™ = |1, o a) = m/[1/)(1, .. 1)]|%)?

- 211+ fomll? /Hm o dty...dtq

<1+ L2(1 + L)/ (ha _ H(;L‘h ,..7$d) — m/Ll/hJ(L’ 1)||go)2 dty..dty

m

’VYL/

=1

<1+ L*1+1L) R**dt...dtg
Hpm

YL+ L)/ (@1, ooy za) — m/ |1/ (L, ooy 1|22 dts...dEg

Hp,

<14 20°(1 4 L)A** T =14 O(h** 1Y)

1
Hence, if h = o ((%) e , we have that (A.2) converges to zero when n converges to infinity. Consequently, if

o

oo (1)

1
), then h = o ((@) d“”) and we get the conclusion. O

ApPPENDIX B. COMPLEMENT ON MODES INFERENCE: HANDLING UNKNOWN ¢

In this section, we adapt the procedure for modes inference presented in 4 to the more realistic case where § is
unknown. The idea is to select § through penalization. The procedure remains the same, except for the construction of

k. Let

o

R(5) = deo (dm(F), dgm()") + (B.1)

with

dgm(f)’ = {(b,d) cdgm(f) stb—d> 5}.
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We consider,

0 = argmingg)q 4 oo 2(6) = argming_, . o, o cagmip) R(9)

the existence of this minimum is proved in Lemma B.2 and k is then defined as,
b= H(b,d) edgm (f),b—d> 5}’

With this choice of 5, we now show that, under the assumption :

§ = Chg > %hﬂ, h < (log(n) /) T¥2a

our procedure allows us to infer, with high probability, the exact number of modes, and to estimate their locations and
associated maxima at the minimax rates (up to a logarithmic factor), as in Theorem 4.3. This additional assumption

requires that ho is of order at least < (108(n)/n)2(@+2a) or equivalently that 0 is of order at least (l0s(n)/n) 2@tz | In
particular, this covers the case where the parameters L, o, u, R,, C and ho are fixed and n is sufficiently large.

Theorem B.1. Let f € Sq(L,a, p1, Ry, C, ho), h ~ (leg()/n) 7% and suppose 6 = Chg > \/gho‘. There exist C'y,...,

C's depending only on L ,a, p, R,, C such that, for all A > 0 with probability at least 1 — C’gexp(—C'1A%*) —
C'2exp(=C"s(ho/h)™%),

and, for all i € {1,...,k}, there exists distinct (Z;,7;) such that:

[#; — milloo < Ah
and

I — ma| < AR®.

The key idea to prove this result is contained in the following lemma. Let 6" be the minimal lifetime from points of
dgm(f) and § the minimal lifetime from the points of

{(b, d) € dgm(f) s.t. b—d > (K1 + K2)ha}
Note that 6* and § are possibly infinite.
Lemma B.2. Let h ~ (los(n) /) TF2a , and Ey the event:
max (K1 + K2)?, K1 + K3) ha < 1/2.
If6* > 6 > \/%ho‘, under E4 N E1, R admits a minimum over )0, 1] attained only at § = 5.
Proof. Under E, by Theorem 4.1,

76% /8 < 8% — (K1 + K2)h® < 4§ < 8" + (K1 + K2)h® < 96%/8
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Then, we have, under F1,

~ L he . 8h® & 8R™
< — < —
R (8) < (K1 + Ka)h® + = < (Ki 4 Ko)h® + o < oo
e If 0 < < (Ki+ K2)h*, under E; and Ey,
h* 1 8h“ <
R(6) > = > (K1 + K)h + ——>R(5).
()*(K1+K2)ha (K1 + Ko) (Ko + Ka)h™ + 75 2 ()
o If (K1 + K2)h® <d < 5, then by definition of 4,
— 5 — ———5
dee (dgm(}), dgm(f)”) = doe (dgm(f),dgmm )
and h® /8 > h® /3. Thus, R(6) > R ()
e If § >4, under E; and as 6" > § > \/gha,
R(8) >6>76"/8 > LI > R(6).
8 6%
Hence, in all cases, if § # 8, R(8) > R(6). O

Proof of Theorem B.1. Lemma B.2, imply that, under E; N Ej4, for sufficiently large n,

6 =min(5,1) <6

Thus, by definition of §,

e (), G ) < de (dgm(7),dgm() + do (dEm(7). G )
< 2(K1 + K2)h®.

By (5.2) there exist A4 and By such that E4 occurs with probability at least:
1 — Biexp(—Ash™>*) > 1 — Byexp(—Aa(ho/h)*).
The proof then follows as in the proof of Theorem 4.3. O

ApPPENDIX C. PROOF OF LEMMA 5.7

This section is dedicated to the proof of Lemma 5.7.

Proof of Lemma 5.7. The first part of the claim is Theorem 12 of [72]. A standard technique to construct deformation
retraction in differential topology is to exploit the flow coming from a smooth underlying vector field. In [72], their idea
is to use the vector field defined on B2(K,r) \ K, by W(x) = —Vg, (z). But this vector field is not continuous. To
overcome this issue, they construct a locally finite covering (Us;)ien of B2(K,7) \ K and an associated partition of the
unity (pi)ien, such that W(z) = >, pi(z)w(z;) shares the same dynamic as W. More precisely, they show that W
induces a smooth flow C' that can be extended on B2(K,) x [0, +oo[ such that for all x € B2(K, ), for all t > 2r/u?,
C(z,t) = C(x,2r/u?) € K. We make an additional remark, denote dc the arc length distance along C, as |W| < 1, we
have:
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0

do(x, C(z, 2/ %)) //
z,C(x, 2r =
¢ K o ot

C(z, t)‘dt
2r/p?
< / W (O, £)]2dt
< 2r/p? (C.1)

Thus for all t € [0,+0c], [|[# — C(x,t)||2 < 2r/u®. Now taking, F(z,s) = C(z,2rs/p?), provide a deformation retract of
B>(K,r) onto K and the associated retraction R : x — F(z,1) satisfies, R(z) € Ba(z, 27"/,u ) by (C.1). O

APPENDIX D. PROOF OF LEMMA 5.3

This Appendix is dedicated to the proof of Lemma 5.3.

Proof of Lemma 5.53. Let f € Sq(L,a, p, R,). Let H C Fa N Ch, by definition of N, we have that:

a)
|XﬂH\ <E [|XﬁH|} +2\/mNh log 1/h
As |X N H|is a (n,P(X1 € H))-binomial and P(X; € H) < Ah? | we have:
IXNH|] P(X)€ H)
E = <A
[ nhd hd SA
Thus,
|X m H| log 1/hd

< /\+21/3MdLaR“Nh

As this holds for all A € R, we have, for all H C fxfz\/mzvhha N Ch:
,L,a,Ry,

|XﬁH| log l/h

<A+21/3M4LQRMN}Z *2\/3MdLaR”Nhh

Now, the choice of h ensures that:

log (1/h4) o
Tt <0
which yields:

| X N H]
<A
nh <

Similarly, we can show that for all H' C ]-'/\+2\/ml\,hha N Ch, we have:

|XﬁH\ log 1/h

>\ — 2’/3MdL°‘Ru +21/3MdLaR“Nhh > A

and the result is proved. O
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APPENDIX E. PROOF OF LEMMA 5.1

This Appendix is dedicated to the proof of Lemma 5.1.

Proof of Lemma 5.1. Let i € {1,...,1}. First suppose that d = 1, in this case, 9M; is the union of two singletons {z1} U
{z2}. The p-medial axis is equal here to the set of critical points, which is simply given by {(z1 + x2)/2}. Thus, by
Assumption A3, we have 1 > |z1 — z2| > 2R,,. Let € M;, by Assumption A1,

T2
28, (f(0) - 1) < [ fudu.
1
Hence, as f is a density,

[ rwaust

z1
and

1
2R,

flx) < + L:=k(1,L,a, Ry).

Now, for d > 1, if the p-medial axis of OM; intersected with M; is empty, then M has infinite p-reach. By Theorem
12 of [72], this implies that for any = > 0, (M¢)" is homotopy equivalent to M¢. For = > v/d, (Mf)" = [0,1]¢, and
thus has trivial s-homotopy groups for s > 0 but M, contains a non-trivial d — 1 cycles represented by 9M;, which
gives a contradiction. Consequently, M; contains a point x; belonging to the py-medial axis of OM;. By Assumption A3,
Bs(x1, R, /2) is contained into M;. Thus, Assumption A1 ensures that:

Va(Ru/2)(f(1) — LR < / flu)du

Ba(z1,Rpu/2)

with V(R /2)) the volume of the d-dimensional Euclidean ball of radius R, /2. As f is a density,

/ fluw)du <1
By (x1,Rp/2)

and hence,

1 e}

Now, let & € M;, we have ||z — 21]| < V/d, using Assumption A1 again, it follows that:

f(@) < f(a) + Ld*/? < + LRy +d*/%) := w(d, L, o, Ry.).

Va(Ry.))

To conclude, it suffices to note that Assumption A2 ensures that:

sup f(z) = SUPdf(x)
z€ LlJ M; €[0,1]
=1

i=

and thus for all z € [0,1]%,

flz) <k(d,L,a, Ry,).
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APPENDIX F. PROOF FOR THE ¢-TAMENESS

Here, we prove the claim that the persistence modules we introduced are g-tame and consequently their persistence
diagrams are well-defined.

Proposition F.1. Let f € Sq(L, o, u, Ry) then f is g-tame.
Proof. Let s € N and Vg, be the persistence module (for the 0-th homology) associated to the superlevel filtration F,
and for fixed levels A > )\’ let us denote vﬁ/ the associated map. Let A € R and h < %. By Lemma 5.5,

A=L(VA(2+2/u2)) " he -
Uy ( # ) = (]5)\ O

with,

it Ho (Fx) = Ho (]—")}f) induced by inclusion.

By assumption Al and A2, F, is compact. As [0, 1]d is triangulable, Fy is covered by finitely many cells of the
triangulation, and so there is a finite simplicial complex K such that Fy C K C Fy. Consequently, iy factors through
the finite-dimensional space Ho(K) and is then of finite rank.

A—L(Vd(2+2/u?))" h™ . . " " ’
Thus, v, (Vae+2/u®) is of finite rank for all 0 < h < %. As for any A > X >\, v} =}, ov} we then have
that vi/ is of finite rank for all A > ). Hence, f is g-tame. (I

Proposition F.2. Let f : [0, l]d — R then, for all s € N @o,f is g-tame.

Proof. Let h > 0 and A € R. By construction F is a union of cubes of the regular grid G(h), thus Ho(]?A) is finite
dimensional. Thus Vo ¢ is g-tame by Theorem 1.1 of [79]. O

APPENDIX G. EQUIVALENCE OF BIRTH-DEATH PAIRS

In this section, we rigorously prove in Lemma G.1 that the collection of all birth—death pairs (b,d), where b is the
birth time of a connected component appearing in F and d is its death time (according to Definition 4.2, for an arbitrary

o —

but fixed ordering), coincides with the birth—death pairs of dgm(f). Denote by C the collection of connected components
that appear (i.e., are born) at some level of the filtration:

c:={Cc ]'A'b(c) ‘ C'is a connected component born at time b(C)} = U C(by).
i€l

Furthermore, consider the collection of birth-death pairs defined by:
P ={(b(C),d(C)),C €},

where b(C) and d(C) denote respectively the birth and death time of C' € C (birth-death pairs are considered with
multiplicity).

Lemma G.1. We have:
P = dgm(f).

Before turning to the proof of Lemma G.1, we introduce the following technical lemma, which will play a key role
in that proof. Since F) is a union of cubes from the grid G(h), it necessarily has a finite number of distinct connected
components, which we denote by Ai,...,A;. Recall that the homology group Hy (]:" \) is generated by the equivalence
classes [z1],. .., [xq], where, for all 1 <7 < g, z; is a point of A;. As representatives can be chosen arbitrarily within each
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connected component, we take x; € C;, where C; is the oldest connected component of C contained in A;. This choice
allows us to clearly link these equivalence classes with elements of C. Furthermore, up to swapping indices, we can assume
that Ch,...,Cq are ordered from the youngest to the oldest (according to the rules of Definition 4.2). In addition, for
each 1 <14 < ¢—1, we denote by B(i) € {1,..., ¢} the index of the older connected component among {C',...,Cy} that
become connected to C; at its death time. With these conventions in place, we obtain the following result.

Lemma G.2. Define
bi = [wi] — [xp), forl1<i<q—1, and by = [x,]
and set
Vi o= {b;: 1<i<q}.

Then V is a basis of Ho(]?A).

Proof. The classes [z1], . .., [x4] form the canonical basis of Ho(F ), we will show that each one of this class of equivalence
can be expressed as a linear combination of elements of Vj.
Fix 1 <4 < ¢ —1 and consider the sequence Tiy TB(i)> Tp(2)(5)r - - - obtained by iterating the map B. Since there are

only ¢ index and that B(i) > 4, for all 1 < i < g — 1, there exists an integer 1 < m < ¢ such that B (i) = ¢. Using the
definition of the b;, the chain z;, x5, . .. »Tp(m)(;) = Tq yields the identities:

[@Bm] =bew) + [T )],

[Q]‘B(mfl)(”] = bB(mfl)(i) + [a:B(m)(i>] = bB(mfl)u) + [zq].
Substituting these identities successively produces the telescoping expansion:
[z:] = bi+bpu +---+ bpm-1¢; + [q) = bi +bpy + -+ bpm-1)(;) + bg-

Hence every class [z;] with 1 < ¢ < ¢ — 1 is a linear combination of elements of Vi, and [z4] € V) itself. Since the
classes [z1], ..., [x4] span Ho(Fy), this shows that Vi spans Ho(Fy). As Vi contains exactly ¢ elements, it is a basis of
Ho(]'/:x). O
Proof of Lemma G.1. The main idea of the proof is to show that the persistence module obtain by the direct sum of the
interval modules associated to birth-pairs of connected component appearing in F is isomorphic to (i.e. O-interleaved
with) Y% 1,0 (hereafter referred to as ¥ to simplify notation), which implies that they yield the same persistence diagram

by the algebraic stability theorem [47].
For each C € C, denote by b(C) its birth time and by d(C) its death time. Define the interval module I(C), equipped

with the linear maps (u(C’)il))\/S,\, by:

O = {Z/2Z if d(C) < X < b(C), (O {id if d(0) <X <A< H(O),

0 otherwise 0 otherwise

Consider the persistence module given by the direct sums:

W = @I(C’), wil = @u(C’);\/.

cec cec

Note that each interval module I(C), C' € C, in the interval decomposition of W contributes a single generator ec, which
exists exactly at the parameter values inside the interval [b(C), d(C)). In particular, the family Wy of all ec such that
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d(C) < A < B(C) forms a basis of Wx. Note that the C' € C satisfying d(C) < A < B(C) are exactly the C1,...,Cq €C
associated to the connected component Ay, ..., A; of Fx. Thus, denoting e; = ec, for all 1 < i < g, the basis Wy is the
family (e;)1<i<q. Note that, by definition of w, for all 1 <3 < g, for all ' < X, we have:

¥ (o) = {ei it X > d(C;)

0 otherwise.

Furthermore, by the definition of the persistence diagram of a decomposable module (see section 1.6 in [65]), i.e., a
module that is a direct sum of interval modules, we have:

dgm(W) = {(b(C), d(C)) : C €C} =P.

Hence, to prove Lemma G.1, it is enough to construct an O-interleaving between W and @, that is, constructing two
collections of linear maps (dx : Wa — Vi)aer and (¢ : Vi — Wi )aer such that, for all A < A,

P © wi‘/ = U;\l o ¢x, and Py 0 vil = wil oy, (G.1)
and moreover,
Pr o Py = idw/\ and ¢ o ’l/}>\ = idv)\ . (GQ)

To do so, it suffices to define, for all A € R, 1¥x and ¢ on bases of V5 and Wy. Using the basis V) from Lemma G.2 and
the basis W, defined above, we set:

e ¢, to be the linear map sending e; € Wi to b;, for all 1 <1 < ¢;
e )y to be the linear map sending b; € V) to e;, for all 1 <1i <gq.

With these definitions, for all 1 < i < ¢, we have:
dx 0 Ya(bi) = Pales) = bi and x o da(ei) = Ya(bi) = e;.

Since two linear maps that agree on a basis agree everywhere, (G.2) is satisfied. Now, let us show that (G.1) is also
satisfied. let \' < A\, 1 < i < ¢ and denotes B, the connected component of Fy/ containing C;. There is two possible
cases:

e If ) < d(C;): then C; and Cp(:) are connected in .7:'N, so they are represented by the same equivalence class in

\A’)\/:
0 ([2:]) =03 ([55n)) <= v} (bs) =0.
Thus,
Ya ovd (b)) = Pu(0) =0 and w} o¢x(bi) = wd (es) = 0.
and

vX oga(e) =vd (b)) =0 and ¢y 0wl (er) = dar(0) = 0.

e If ) > d(C;): then the older connected component of C contained in Bj is also C;. Otherwise, this would imply
the existence of some C, € C, older than C;, such that C; C Bj. In turn, C; and C; would be connected in Fy/,
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which would imply d(C;) > X, a contradiction. Thus, we have b; € Vi, and e; € Wy,. Consequently, 15, maps b;
to e; and ¢, maps e; to b;. Hence:

'Z/))\/ O’l)il (bl) = 'l/}y(bl) = e€; and wi/ o 1/))\(171) = wi,(ei) = €;.
and
A N N
V) © q&,\(ei) = V) (bl) =b; and ¢>\/ O Wy (62) = (15)\/(67;) = b;.

In both case, we have ¥,/ o vi,(bi) =uw} o ¥a(b;) and v o ox(ei) = o owi,(ei). As it holds for all 1 <7 < ¢, and since
two linear maps that agree on a basis agree everywhere, (G.1) follows.

We have thus shown that the collections (¢x)aer and (x)rer provide a O-interleaving between W and \Y (i.e., they
are isomorphic). By the algebraic stability theorem, this implies that they yield the same persistence diagram, which
completes the proof.

O
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