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A DISCRETE-TIME MATSUMOTO-YOR THEOREM

CHARLIE HERENT!2*

Abstract. We study a random walk on the subgroup of lower triangular matrices of SL, with i.i.d.
increments. We prove that the process of the lower corner of the random walk satisfies a Rogers—Pitman
criterion to be a Markov chain if and only if the increments are distributed according to a Generalized
Inverse Gaussian (GIG) law on their diagonals. For this, we prove a new characterization of these laws.
We prove a discrete-time version of the Dufresne identity. We show how to recover the Matsumoto—Yor
theorem by taking the continuous limit of the random walk.
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1. INTRODUCTION
1.1. Background and literature

Let (Bt(”) :t > 0) be a one-dimensional Brownian motion with drift g € R. Matsumoto—Yor’s theorem
(Thm. 1.6 from [1]) states that the continuous process (Zt(”) :t > 0) defined by

t
Zt(“) = eBi”)/ e 2B s (1.1)
0
is a diffusion process on Ry with an infinitesimal generator given by
1, d? 1 Ki_,\ (1)] d
e - b 1.2
2” d22+{<2+u>z+(KH z)| dz (12)

where K, is a modified Bessel function of the second kind, also called Macdonald function. This result is a
geometric version of Pitman’s theorem [2] of 1975 which states that the stochastic process

(B — 2 inf B :t>0)
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is distributed as the three-dimensional Bessel process. Indeed, from Matsumoto—Yor’s theorem, with a Laplace
approximation argument and using the scaling property of Brownian motion, we recover Pitman’s theorem as
it is done in [1].

Many generalizations of Pitman’s theorem have appeared in last decades. In particular, Biane, Bougerol and
O’Connell in [3] and [4] have extended Pitman’s theorem in the context of semisimple Lie algebra and finite
Coxeter groups. More recently, [5] and [6] have established Pitman type theorems in the context of affine Lie
algebra. See also [7] for relations between Pitman’s transformation and discrete integrable systems and [39] for
generalization about Lévy processes.

Here, we focus on the interpretation of Matsumoto—Yor’s theorem from the work of Chhaibi [8-11]. Chhaibi
extends Matsumoto—Yor’s theorem following the work of O’Connell [12] in the framework of random matrices.
In the case of 2 x 2 matrices this extension reduces to the study of the following SDE in the Stratonovitch sense
(Ex. 2.4 in [10]):

dB(H) 0
dB; = B; o ¢ with Bg = I 1.3
=B, (dt ap® 0o=1I (1.3)
whose solution is given by
B®

et 0
B; = u . u 1.4
t <eBt( >fge,23§;>d8 o B >> (1.4)

Matsumoto—Yor’s process (1.1) appearing in the lower corner of the matrix, is called the highest weight process
for reasons explained in [8]. Chhaibi proved in [10] (Thm. 3.1) that the highest weight process is a diffusion
with an explicit infinitesimal generator. The main object of this paper is the study of a discrete-time version of
this diffusion.

The following result, often called Dufresne identity, states the equality in law for p > O:

+oo

aw 1

/ e~2B g 12 % (1.5)
0

where ¢ is a random variable with Gamma(p) distribution. This identity obtained in [13] plays also an important
role in the work of Matsumoto—Yor in [1] and [14], and has many applications in finance and physics. See also
in [15] and [16] some generalizations of this identity. We will prove a discrete-time version of this identity in
our study. Note that the results obtained by [15] concern only positive definite matrices, whereas our work is a
discrete-time version of Chhaibi’s approach.

1.2. Contributions of this work

In this article, we consider a discrete-time version of the SDE (1.3). Let (v5)nen be a family of identically
distributed independent random variables with C! density function and (X,,)nen<, (Zn)nen+ be two discrete-time

processes defined by the random walk (bsf))neN, with § € R* a deterministic parameter:

b1y =00 gl with b = I, hence b)) = gf” - g, (16)

where,

X 0 0
0) . n @) . [In
b)) = (Zn Xn1> and g,/ = (5 'Yn1> .
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The process (Z,,)nen- is the analog of highest weight process and is a function of the Markov process (bg))neN.
Rogers—Pitman [17] gave a criterion for a function of a Markov process to be a Markov process. In the paper
we give a necessary and sufficient condition on the increments to guarantee that this criterion is satisfied. More
precisely we prove that (Z,)nen+ is a Markov chain and that there exists an intertwining relation between
(Zn)nen+ and (X, )nen+ if and only if «; is distributed according to a Generalized Inverse Gaussian (GIG) law.
We start by proving the sufficient condition, then we establish a new characterization of GIG distributions and
deduce the necessary condition. GIG laws already appeared in the work of Matsumoto—Yor [40, 41] who showed
that the process (1.1) is intertwined with (Bt(“ )it > 0) and the intertwining kernel may be expressed in terms
of GIG laws as it is done in [14]. Chhaibi also obtained a generalization of this intertwining relation in [8].

Recall that every lower triangular matrix of SLy can be uniquely factorized in the form NA or AN with N
a unipotent matrix and A a diagonal matrix,

z 0 1 0 z 0 z 0 1 0 . "
(z 9:1> - (xlz 1> (O :171> - (O :171> (xz 1) withz €R", 2 €R.

We will study these factorizations for the random walk (1.6). The N-part in the AN factorization of (bg))neN
is a Markov chain. We obtain the almost sure convergence of the N-part in VA factorization towards a random
variable distributed according to the invariant probability measure of the N-part in AN factorization. We will
compute this invariant probability measure and use it to obtain a discrete version of the Dufresne identity.

The Pitman transform appearing in Pitman’s theorem, can be inverted using some additional information
(Prop. 2.2 (iv) in [3]). From this one can infer reconstruction theorems, in the sense that, it is possible to
recover an unconditioned Brownian motion from a conditioned one by applying a sequence of inverse Pitman’s
transform. We establish in our discrete-time context, a reconstruction theorem.

Using Lindeberg’s theorem, we prove that our discrete-time process (1.6) converges in law towards (1.4) when
6 goes to 0 choosing correctly the increments laws. Thus, we recover Matsumoto—Yor theorem and Chhaibi
theorem (Thm. 3.1 in [10]) in the SLy case. For the proof of the convergence, we compute some asymptotic
formulas for the moments of log(GIG) laws.

The generalisation of some results from the paper to the case of a higher dimension seems to be obtainable
by following an analogous study and considering the correct laws for the increments. However, several results,
such as the characterisation of the laws that play the role of GIG distributions, seem more difficult to obtain
for higher dimensions, due to the technical nature of the proof used in the paper.

1.3. Organization of the paper

In the next section we give some formulas which will be used several times in the paper. In Section 3, we prove
that the process (Z,,)nen+ is a Markov chain when ~; is distributed according to a GIG law. We give an explicit
formula for its Markov kernel. We establish an intertwining relation between this kernel and the transition
kernel of (X, )nen+. In Section 4, we prove a new characterization of GIG laws which gives a necessary condition
to obtain an intertwining relation between (Z,)nen+ and (X, )nen<. In Section 5, we describe the invariant
probability measure for the N-part in AN factorization of the random walk from which we deduce a discrete-
time Dufresne identity. Section 6 is devoted to the reconstruction theorem. In Section 7, we establish that our
random walk converges towards the continuous process described in the introduction. Finally, in Section 8,
we use group theory to describe our random walk and explain a convergence theorem for the N-part in NA
factorization of the random walk.

2. PRELIMINARIES
2.1. Explicit expression of the random walk

Let (Yn)nen be a family of identically distributed independent random variables with C! density function
and (X, )nen+, (Zn)nen= be two discrete-time processes defined by the random walk (bgf))neN, with § € R* a
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deterministic parameter:

b((:)rl = bgf)g,(f) with b(()é) =I5, hence bsf) = g(()é) . gff_)l (2.1)

n

where,

X 0 0
6) . n (5) Tn
by’ = (Zn Xn1> and g, (6 %1> .

By iteration of the relation (2.1), we have the following formula for bﬁ{”, with n € N,

n—1
0
b(&) — Hz 0 77/ e 3 . (22)
" 0> 5o ITiz 0 Y Hg k+1 Vi Hi:ol Yi '

Let us remark that bﬁf) is conjugate to bsll), indeed, for 6 > 0:

1
PoOp-1 —p with po= (00 ).
" " 0 6=

In the following, apart from Section 6, we set § = 1 to simplify some expressions and we will denote b,, instead
of bgll) and g, instead of gT(Ll). This slightly changes the expressions of density functions that we will give but it
does not change the Markov property and the intertwining relation that we prove in next sections.

From the expression (2.2), note that we have for n € N*:

n—1 n—1
= H v; and Z,, = Z (H Y > H vj |, with X =~ and Z; = 1. (2.3)

i=0 k=0 j=k+1
From (2.1), the processes (Z,,)nen+ and (X, )nen+ satisfy for k£ > 2:

XpZp_1+1

7. =
F Xp—1

and Xk = ’Yk—le—l- (24)
2.2. A change of variable

We consider the transformation, for n > 2:

o () o (B

2.5
(yO)"'7yn—1) — (227--~7Znaxn) ( )

where x,, and z; are defined by:

n—1 k—1 /1—1 k—1
o= T andzk:z(r[w) M. 2.6
1=0

1=0 \i=0 j=l+1
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They satisfy the following recurrence formula, for k£ > 2:

Tp2p—1 + 1
ZE = SRR T and Tk = Yp—1Tk—1- (2.7)
Tr—1

Lemma 2.1. The transformation ®,, : (R*_,_)n — (Ri)n is a Cl-diffeomorphism and the Jacobian, in terms of
z variables, associated to this transformation is given by

det(J,) = (—=1)" zp - 2. (2.8)

Proof. To prove that ®,, is indeed a C!-diffeomorphism and compute the Jacobian, it is more convenient to
consider intermediate changes of variables. First of all, we consider the change of variables with the expression
(2.6):

(Yo, -+ Yn—1) l (1., 2n)

which is clearly a C!-diffeomorphism because z; are products of y; and the Jacobian of this change of variables

is equal to [[;— 11 x;. Then successively, according to the expressions (2.6), we proceed to the following changes

of variables

B,
P (22, vy 20y T

& &
(1, ) = (22,@2, ..., Tn) — (22,23, T3, - -+, Tn)

Iz

Thanks to formula (2.7), each change of variable ‘5k is a Cl-diffeomorphism with Jacobian equal to, for all
kell,n—1]:

Ozk1 _ —(Zpq12 + 1)
oxy, z3 '

The resulting change of variable is just ®,, = ®,_10--0®P; 0Dy, so the corresponding Jacobian is given by

— — n—1
det(J,) = H H I (”’““Z’“ + 1> (D),

X
k=1 k

Where the last equality is obtained again from (2.7). O

Let us mention that the bijection ®,, is related to a geometric version of the Robinson—Schensted—Knuth
(RSK) correspondence. We refer to [18], [19] and [42] for more details about this correspondence.

3. MARKOV PROPERTY OF THE DISCRETE-TIME MATSUMOTO-YOR PROCESS
(Zy)nen+ AND INTERTWINING RELATION

In this section, we consider Generalized Inverse Gaussian distributions GIG (), a,b).

These distributions were introduced by Halphen in [20] who used these laws in hydrological problems. They
have also been used by Good in his study of population frequencies [21].

Let us recall that the probability density function for a law GIG(\, a,b) is given by

A
reR: — é 1 P lem3(F )
+ a) 2Ky(ab)
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where a,b > 0, A € R and K is a Macdonald function. An integral representation of this function is given for
z >0 by

1 +oo A—1 75(I+l)
Ky\(z) == e 2T dg,
0
Let us recall the scaling property between GIG distributions:
b
If ¢ >0 and X ~ GIG(), a,b), then cX ~ GIG <)\7a\/57 \[> .
c

In this paper, we focus on the GIG(\, a,a) distribution with the probability density function

1
xGRiHia:

A—le—§(x+%).
QK)\(G,2)

In the following, we prove that the process (Z,)nen+ is & Markov chain when (7, )nen is distributed according
to the law GIG(\, a,a) with a > 0 and A € R. We compute the transition kernel of (Z,,),,en+ and as a by-product,
we establish an intertwining relation between this kernel and the transition kernel of (X, )nen+.

The following expression is crucial for the proof of the Markov property, and it is obtained by induction on
n > 2, using (2.4).

Lemma 3.1. We have the following equality

n—1
1 1 1
vn>2, > +>:<Xn+>+FnZ,...7Zn
s (”’“ w) " Zn X, & )

n—1 Zp 1 +Zp+1
where Fn(ZQ,,Zn) = k=1 W

From the expression above, we deduce the following joint density functions.

Proposition 3.2. The joint density function of (Za, ..., Zn, Xy) is, for za,..., 2n, @, > 0:

1 oAl a2 1 a2
_ n 7E(In+ﬁ)77Fn(zz ..... zn). 3.1
f(ZQ,...,Zn,Xn)(227"'7Z’ﬂ7mn) <2K)\(a2)> ZQ"'Zne ( )

The joint density function of (Za,...,Zy) is, for za,...,zn > 0:

1 " 2K (:i> g ( )
e Zp) = ") o~ G Fn(z2,020) 3.9
f(zs,...2.) (22, - 2n) <2K>\(a2)) P ¢ (32)
The conditional density function of X, given {Zn = zpn,..., 2o = 23} 18, for za,..., 2, > 0:
_ # )\—le—%(rn-‘rﬁ). (33)

an\Zn:z,.“...,ZQ:z2 (7n) = an\Zn:z,,, () = 2N\ Un
206 (£7)
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Proof. Let h : R™ — R be a bounded measurable function and f the common density function of ~;’s. Thanks
to the independence of v;’s and the change of variables ®,, defined by (2.5) we get:

E(h(zz,...,zn,xn»:/( W@ (50 1)) (0) - F (U)o -+~ iy

(Hn—l A-l
i=0 yl) _a? Z"—l( +¢)
= W@ (Y05 -+ s Yn—1))~Tomrzmm—e 2 0\ dyg - - dyp.
/OR:)" ' " (2KA(a?) "
From (2.8) and Lemma 3.1 we deduce the joint density of (Za, ..., Zy, Xy).

Integrating with respect to the variable x,, in the formula (3.1) we obtain the density (3.2) using the integral
representation of the Macdonald function.

The equality,

1 1 _ a2 1
fX"Z"ZZ”"“’ZFZ?(x”)2K(a2>x2 Lo 7o (on+2)
NE

Zn

is obtained from the quotient of (3.1) and (3.2). This last conditional density only depends on z,, and z,, so we
obtain

IX0\Zp=2 . Za=20 (Tn) = [, |2, =2, (Tn)-
O

Proposition 3.3. The process (Z,)nen+ 18 a homogeneous Markov chain starting from Z1 = 1 with transition
kernel given, for x >0, by

2
K a_
1 A ( Yy ) 1 a?(x?+y241)
—e 2oy 1r- (y)dy.
QKA(QQ)) o (%) Y RJQ) Y

S

Q(z,dy) = (

Proof. Using the density function (3.2) at rank n and n — 1, we obtain the conditional density function for
29,0y 2n > 0:

1 K)\ (g) 1 _a2(272l+2721,1+1)
on\(anl’~~~,Z2):(Zn71,~~,22)(Z") = <2K>\(a2)) —€ PEncn—1 . (34)

2
K, (73':—1) “n

This last expression only depends on z, and z,_1, this implies the Markov property for the process (Z,,)nen-
and the expression for the transition kernel. O

One can also give the transition kernel for the Markov chain (X, ),en+ starting from X; = ~, for z > 0:

1 y’\_l _a?(y iz
P = (g7 ) S T e

We will establish an intertwining relation between the transition kernels of (X, )nen+ and (Zy,)nen=. Let us
recall the definition:
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Definition 3.4. Let P and @ be two Markov transition kernels on the measurable spaces (E, &) and (F, F)
respectively. A Markov kernel A from F' to E is a map

A:(u,A) = A(u,A) withu e Fand A€ &

such that for each u € F, A(u,-) is a probability on E, and for each A € £, A(-, A) belongs to the space of
bounded measurable functions on F'.
Then, the Markov kernel A intertwines P and @ if one has the relation:

AP = QA

where the composition of kernels is defined by AP(u,dv) := [, P(y,dv)A(u,dy).

We refer to [22] and [23] for some examples of intertwining relations.

Let us recall that Rogers—Pitman criterion [17] gives conditions for a process that is a function of a Markov
process to be Markov itself. One can use this criterion here to deduce the Markov property of the process
(Zn)nen+ by giving the intertwining kernel A. This intertwining kernel is given, for all n € N*, by:

P (X, € dx|Z,, - ,Z1) = A(Z,,dx) as.

Here, from Proposition 3.2, the conditional law £(X,|Z,,--,Z1) is in fact £(X,|Z,). We recover the density
function of a GIG law in (3.3) and we obtain:

Proposition 3.5. The Markov transition kernels of the processes (Xp)nen+ and (Zp)nen+ are intertwined by
the Markov kernel A given by the law of X,, given Z, which does not depend on n, more precisely, we have the
following intertwining relation:

AP = QA

where, for z > 0:

1 a2 1
Az, dz) = mxkleiz (w+§)]1Ri (z)dz.

Proof. We deduce the formula of A from (3.3). Then, one has for z > 0:

AP(z,dz) = / e (it +zy)]lR* (z)dydz.
R* 4K,\( Q)Kk(az) Yy
Moreover, we have for z > 0:

Qe do) = [ Alydn)Qle.y)

i
1 A-1 a y
:/ _ x e—T( + ste+% +“’)]1]R*( )dydx
rr 4K (a2) Ky (Z) v
= AP(z,dx)
where the last equality is obtained by the change of variable y := %(1 + zx). O

Let us mention that the intertwining relation can also be deduced from the work of Chhaibi [8] (Thm. 5.6.8).
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4. A CHARACTERIZATION OF GENERALIZED INVERSE GAUSSIAN
DISTRIBUTIONS (GIG)

There exist several characterizations of GIG distributions, see for example the work of Koudou, Ley, Letac,
Seshadri, Matsumoto, Vallois and Yor in [14, 24-27]. A survey can be found in the paper [28]. We give in the
following proposition a new characterization for these laws involving v, 71 and 2. Let us recall that from (2.3)
we get:

Xo =7, Xs =772, Zo=7 "+, Z3 =" "+ 2 +1e.

Proposition 4.1. Let 79,v1,72 be three i.i.d. random variables with C' density function supported on R, . If
we have the equality of conditional laws, for z,u > 0:

,C(X3|Z3 =z, Zz = U) = E(X2|ZQ = Z),

then, o is distributed according to the law GIG(\, a,a) with some a > 0 and X € R.

Proof. Assume that 7o, 71,72 are i.i.d. random variables with a C' density supported on R, denoted by f. If
the equality of conditional laws holds, then conditional density functions satisfy:

fXQ‘ZQZZ = fXgI(Z:;,Zg):(Z,u)'
We have the following expressions by inverting @5 from (2.5):

Xa+1l XoZs
= 1 = .
Z, M=

Yo

Moreover we know from (2.8) that |det(J2)| = L for the change of variable ®; . We get the joint density,

f(z2.x2)(2,2) = %f ('r-:l) ; (xlf1>

and hence we deduce the conditional density

fX2|Z2:z(33) =

where

t+1 tz
I(z) := dt
) /Rf< 2 >f<t+1>
depends only on the variable z.

In the same way, we know by inverting ®3 from (2.5) that

 Zo X3+ Z3+1 _ Z3X3+ Z X374
o ZoZs VT ZoXat Zs+ 10 2T ZoXa 11
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and from (2.8) we obtain |det(J3)| = L for the change of variable ®; ', we deduce

Pty g (e ) £ (+25)
J(z,u)

IX31(25,22)=(z0) (%) =

where

ut+z+1 wit +u tz
J(z7u)::/Rf< uz >f<ut—|—z—|—1>f<ut+1>dt

depends only on the variables z and wu.
Thus, the equation fx,|z,—-(%) = fx,|(2s,2:)=(z,u) (z) implies that

T =) £ () £ ()
Iz) ) r ()

does not depend on the variable z. The logarithmic derivative in « of this last quotient is therefore equal to 0.
Let us denote by g := fT the logarithmic derivative of f, we obtain the following functional equation:

1 furx+2+1 " u?z ulr +u n z Tz
27 uz (ux+z+1)2g ur+z+1 (ux+1)2g uz + 1

(4.1)
1 foz+1 z Tz —0
PANE (x—l—l)zg z+1) 7
Let z := xTH and u = x%, the above equation becomes:
#9(20%) + 250 (57 ) = 9(0). (12)
27 \ 2x2

Setting s := 222, we get:

59(5) + <9 (1) — 29(1). (4.3)

By the change of function G(s) := sg(s), we obtain the following equation:

1
s

G(s)+G ( > = 2G(1). (4.4)

The solutions of (4.4) are given by G(z) = G(1) + (z — 1) ¢(z) where ¢ is some continuous function satisfying
¢(z) = ¢ (). Thus, the solutions of (4.1) are of the form:

o) =24 (1= ) (o) with o) =0 (). (15)
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We will prove that the only solutions of (4.1) correspond to the case ¢ constant. Indeed, if ¢ is solution of (4.1),
then h(z) := g (%) is solution of:

1 uz u?z ur +z+1 z ur + 1
—-h h h
z (um+z+1>+(ux+z+1)2 ( w?x +u +(ux+1)2 xz

1 z z z+1
——h - h =0.
z (erl) (x+1)2 ( xz )
1

First, let us set x = 5y U= 292 —yand z =y + % We get:

Since it has been proved that the solutions of (4.1) are of the form (4.5), the function h(z) = zh(1) +

(1 — 2?) ¢(z) where p(z) = ¢ (1) must satisfy (4.7). Substituting this expression into the equation (4.7) where

xr
we replaced the letter y by the letter z, leads to the functional equation in ¢:

(42 ~ 1p(22) + (1~ 22)ole) = 3%0(2) and () = (). (43)

x

We will prove in Lemma A.2 that the only continuous solutions of (4.8) are given by ¢ constant. To conclude,
according to (4.5) this proves that the only continuous solutions of (4.1) are given by

o) =Ly, <1 _ ;2)

T

where C1,C5 € R. Let us recall that g := fTI The solutions of the ordinary differential equation

o= (@ o 1)) o

are given by f(z) = KzC1e%? (#+3) where K € R, so we recover the density function of GIG law. O
Theorem 4.2. Let (V,)nen be a sequence of i.i.d. random variables with C' density function supported on R .
Then, there exists an intertwining kernel A such that, for all n € N*:

P(X, € dz|Z,, -, Z1) = A(Z,,dx) a.s.

if and only if the family (Yn)nen is distributed according to the law GIG(X,a,a) with some a >0 and X € R.

Proof. Proposition 4.1 gives the necessary condition for the existence of an intertwining kernel. The converse
was obtained in Proposition 3.5 where we considered the law GIG(\, a,a) for the increments. O

5. INVARIANT PROBABILITY MEASURE FOR THE N-PART AND DUFRESNE
IDENTITY

We consider the N-part of the random walk in both VA and AN factorizations. In 5.1 we will explain the
link between the two. Then, in 5.2 we will obtain the invariant probability measure of the N-part in the AN
factorization. Thanks to this, we will obtain a Dufresne identity involving the N-part of the N A factorization.
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In this section, several results obtained remain true more generally for any random walk on group with NA
factorization. For the convenience of the reader, we prove the results for 6 = 1.

5.1. Relations between both factorizations

Here, we only assume that 7 := (7;);>0 is a sequence of i.i.d. random variables with a probability density
function and a finite first log-moment. Let N, (v) be the N-part of the random walk in the N A factorization
and N, (v) be the N-part of the random walk in the AN factorization. That is to say, with the notation by, (7)
instead of b,, defined in Section 2, we have

bo() = A(0) () = A (D (0) where 4,00) = (O 101 ).

n

Then, we denote by N,,(7) and N, () the matrix coefficients in the matrices:

40~ (i 1) 9 0= (5,0 1)

We obtain the following expressions for n € N*:
Ny(y) = X' Z, and N,,(7) = X Zy,

We will see that the N-part in AN factorization (N, (7))nen- is a Markov chain. In general, (N,,(7)),,cy- the
N-part in N A factorization is not a Markov chain, but we have the following relation which is a classic tool to
prove Dufresne-type identities, see [15] and [29] for instance. We prove this relation in our context.

Lemma 5.1. We have the equality in law:
vn €N, N,(vy) law Nn (7*1) .

Proof. The increments of (b,,(7))nen are denoted by (g, (7))nen and we recall that for k € N:

=4 %)

0 1
wo = <1 0) .

Since wo A, (V) wy ' = An (1) and wo [Ny ()]  wg ' = Ny (7), using N A factorization we get

Let wg be the matrix

wo [bn(’Y)]t wo_1 = An('}/il)Nn(V)- (5.1)

From AN factorization, we have

ba(7™Y) = Ay HNL (YY), (5.2)
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Moreover, for all k£ € N,

wlnwg' = (50 ) = a7,

From

wo [bn ()] wy " = wo [gn—1(N]) wy "+ wo [go(N)] Wyt = gar (Y- g0(v ),
using that « is a sequence of i.i.d. random variables,

law

g1y ) 90(v ) E go(yh) gnaa (v

we deduce for all n € N,
—1 law _
Wo [bn(’Y)]twol = n (V71)-

Hence, using the equality in law between (5.1) and (5.2), we obtain the equality N, (7) N (v~1) from unicity
of the AN factorization. O

In the following, we study the convergence of the process (N, (7))
From the expressions of X,, and Z,, in (2.3) we get for all n € N*:

neN*"

2

n—1 k—1 2 n—1 n—1
Naly) = S o7 (nw) and 5o =S [ [ ) - 6.3
k=0 1=0 k=0

j=k+1
From the expression (5.3), we obtain

n—1
No(y) = Z o~ log(m) =2 32777 log(vi) (5.4)
k=0

Using the law of large number and an exponential decay argument we deduce the almost sure convergence when
E (logvo) > 0.

The next proposition which is a classic result for AX + B models (see [30], Cor. 2.1.2) gives the asymptotic
distribution for the process (Ny(7)),cy-- We recall that AX 4 B models refer to stochastic processes (&, )nen
satisfying a Kesten’s stochastic recurrence equation of the form X,,+1 = A, X, + B, with n € N.

Proposition 5.2. Assume that E (log~yo) > 0. The process (Np(7)),en
of Noo(7) := lim,, s 1 oo Ny (7) is equal to the unique invariant probability measure of the process (Np(7™1))nen--

. converges almost surely, and the law

We will explain in Section 8 that this result follows from a more general result valid for random walks on
groups proved by Elie [31].

5.2. The case of GIG distributions
Now, we consider that

(7i)i20 1’1\‘d GIG(Aa a, a)'
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Hence, we have (7; !)i>o g GIG(—\,a,a). In that case, we will denote N instead of N, (v) and N&Y
instead of N, (’y_l) to simplify the notations. As we will see in next lemma, it is important to properly choose
the sign of the parameter A to ensure the convergence of the corresponding limiting processes according to
Proposition 5.2.

Lemma 5.3. The sign of E (log~o) is the same as the sign of the parameter .
Proof. By definition of GIG(), a,a) density:

1 +oo L a1
E (logv) = 2K,\(c12)/0 log(z)z* te™ T ( +3)da.

The sign of E (logvg) is the same sign as the integral because the Macdonald function is positive. By cutting
the integral into the two parts |0, 1] and |1, +oo[ and doing the change of variable x — % on the first one, we
obtain

1 T log(x) , o A e (pad
(log 7o) 3R (a?) /1 , (a* =z M) e T
Hence, we deduce the statement of the lemma. O

Remark 5.4. When A = 0, (X,), oy~ is recurrent. Using the law of large numbers, we deduce when A > 0
(resp. A < 0) that X,, *%¥ +o0 (resp. 0) when n — 4oc0.

Now, we obtain the distribution of the asymptotic N-part of the random walk when A > 0. As we will see
later, Nég‘ ) = limy, 400 N,(ﬁ) is an infinite sum of random variables whose law cannot be obtained directly.
However, it is sufficient to obtain the invariant probability measure for (NT(L_)‘)),LGN* as we will show.

Proposition 5.5. The process (Kﬁ(z_/\))neN* is a homogeneous Markov chain starting from Nl(_k) = 70_1 with
transition kernel given for x > 0 by

—A-1

=~ 1 —1+1+4 _a? (ZityTFasy

K(z,dy) = ( +2 + xy) o~ (R
x

2z
— —1+ 1+4:L'y)]l « du.
2K, (a?)y/1+ 4zy R+(y) )

Moreover if A > 0, the Markov chain (Kf,(l_/\))neN* is reversible with invariant probability measure

a2)\

(@) = STy

a2
xi)\ileiﬂ]].]]{i (x)dx (5.5)

where I' is Euler’s gamma function. Thus, 7 is an inverse-gamma distribution.

Proof. From the recurrence formula (2.4) we obtain for all n > 2:
N =22l N2y 4 (5.6)
Then, it is clear that (]V,(f/\))neN* is a Markov chain since 7, !, is independent of ]\772:/}).

The transition kernel K is obtained from (5.6) computing the law of Yax + o when g follows GIG(—), a, a)
distribution and using the symmetric relation Ky = K_.
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For the reversibility we consider the following calculation, for z,y > 0:

K(z,dy) _ (g)—/\—le_§<—1+w+ 2z 71+é?1/+Ty_ 2y ) dy

—1+1fdzy —1++/1fazy

dz’

K(y,dx) r

Multiplying the numerator and the denominator of the second and fourth term in the argument of the exponential
by 1+ /1 + 4xy, it leads to simplification:

K(x,dy) _ (g)‘k‘le—%%—é)dy k(y)dy
K(y,dx) z

a/2 . .
where k is defined by k(z) := ;U*A*le*ﬁ]l]mr (x). If A > 0, the integral of & on R converges, so we normalize
k to obtain an invariant probability measure by:

k(z) a2
dn(z) = ——————dx = T e 2z g+ (x)dx.
) Je, E(y)dy 2T (N) ® 2)

From the expressions of NT(LA) in (5.3) and using Proposition 5.2 and Proposition 5.5, it follows:

Theorem 5.6 (Dufresne identity). For A > 0, the law of the random variable

2

+oo k—1
v -3 (I
k=0 i=0
is the inverse-gamma distribution m defined by (5.5).

6. A DISCRETE-TIME RECONSTRUCTION THEOREM

In this section, we give a discrete-time reconstruction theorem in the sense that we have formulas to recover
(Xn)neN from (Zn)n€N~

Remark 6.1. Let A > 0. From Remark 5.4, we deduce that X, % 400 when n — +00.
Since Z,, = Xn]\f,(f‘)7 it follows from Proposition 5.2 that Z,, 3 4+00 when n — +o0.

Proposition 6.2. Let A > 0. The process (Z,)nen- is independent of the random variable Né{)\).

Proof. Let k > 2 fixed and let h : R*"! - R and g : R — R be two bounded continuous functions. By
Proposition 5.2 and Lemma 5.3 one has lim, 4 NT(L)‘) = Néé‘) a.s. It follows that:

E (Q(Nég))h(zzw- ,Zk)) = lim E (Q(Nr(LA))h(Zz,'-- ,Zk))

n—-+o0o

= lim E(E(9(X,'Z)M 2o, Zk)| 2, 1 Z2))

n—-+oo

= lim E(h(Zs, , Zu)E (9(X, ' Z0)| 20, 1 Z2)) -

n—-+oo
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From Proposition 3.2 or directly from Proposition 3.5, we deduce:

1 Foo o2
E (g(Xn—lanZm .. 722) _ 2[{((12)/ g(x—lzn)m)\—le*m(m+i)dw
N7, 0
VA +oo o? (Zn , u
= ZKZ(IZ‘)/ g(u)uf)‘fle_m(%'kzn)du.
N7, 0

where the second equality is obtained by a simple change of variable. The asymptotic when z — 0 and A > 0 of
Macdonald function is given by

2

see [32] formula 9.6.9. which can be obtained from the asymptotic expansion of modified Bessel function of first
kind and its relation with second kind. Thus, thanks to Remark 6.1 we obtain:

. Z;} a*
1m = a.s.
n—s-+oo QK)\(%) 22T(N)

Finally, from Dufresne’s identity (Thm. 5.6) it follows:

im E(9(X,'Zu)|Zn, - ,22) =E (g(NéQ))).

n—+o0o
We get,
E (9(NO(Za, -+ Z0)) = E (9(NQ)) E(h(Zs,- -+, 21))
and the fact that the process (Z,)nen+ is independent of the random variable Néﬁ ), O

The following identity is easily established by induction on p.
Proposition 6.3. For alln,p >0,

N S o
" Nr(f}r)p nkzl Zypsk—1Zntk ’

Factorizing by NZ(—’;) and then taking the logarithm, we deduce from the previous equality that for all n,p > 0:

n+p

Z,
log(X,) =log | —= | +1o 1+N . 6.2
B(Xn) = log (N(’\) ) & ( Z Ltk 1Zn+k> (6.2)

n+p

This last equality can be interpreted as a reconstruction theorem. Indeed, let us recall the inversion of
Pitman transform in the simplest case. We refer to [3] (Prop. 2.2) for a more general statement. Let us consider
m:[0,T] — R a continuous function starting from 0, i.e. 7(0) = 0. Let us define the Pitman transform P of «
by the formula, for all ¢ € [0,T]:

Pr(t) :=mn(t) — Qnggtﬂ(s).
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Then, the continuous function 7 can be recovered from the Pitman transform through the formula adding the
information § := —info<s<7 7(s), for all ¢ € [0,T]:

7(t) = Pr(t) — 2min (5, t Si?&m(s)) . (6.3)

The formula (6.2) is a geometric discrete-time analog of (6.3).

Theorem 6.4. When A > 0 and for all n > 0,

Z, = 1
log(X,) = log (N()‘)> + log (1 + N Z ) . (6.4)
oo

=1 Zn-‘rk—lZn—i-k

When A <0 and for all n > 0,

log(X,,) = log(Zy,) + log (Z T 1Z +k> (6.5)

Proof. When X\ > 0, letting p going to +o0o thanks to Proposition 5.2 and Lemma 5.3, we obtain (6.4) from
(6.2). In the case A < 0 we get that lim,_,4 N,S);)p = 400 a.s. using (5.4) and Remark 5.4, so in formula (6.1)
taking the logarithm we obtain (6.5) O

The result (6.4) corresponds to the geometric analog, when 7 has a positive drift, of the following formula
with & := —info<s 7(s), for all ¢ > 0:

7(t) := Pr(t) — 2min (5’, %r<1f Pw(s)) . (6.6)

The result (6.5) corresponds to the case info<s m(s) = —oo when 7 has nonpositive drift of the formula (6.6)
which becomes, for all ¢t > 0:

w(t) := Pm(t) — 221<1f Pr(s). (6.7)

7. CONVERGENCE TOWARDS THE CONTINUOUS-TIME MATSUMOTO—YOR
PROCESS

In this section we prove that for T" > 0, the sequence of processes (b(L tj,O <t < T)pen+ converges weakly
towards the continuous process (1.4). Here &, = 1 and the parameters of the GIG law for the increments will
be dependent of n.

Let (’yj(-a))jzo be a sequence of independent and identically distributed random variables with the law

GIG()\ a,a) and S the random walk defined for all n > 1 by:

Sr(za . Zlog (‘1)

Then, ¢t € [0,T] — S (2 is a random variable with values in the Skorokhod space D ([0, T], R).

To study the convergence of this random variable, we will use asymptotic formulas for the first moments of
the law log(GIG).
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Proposition 7.1. Let m € N. When a — 400,

22 m+1 . .
E <logm ,y(a)) - amﬁlr ) me 1S even
’ 27T (2)  if mis odd.

Proof. Using definition of the law GIG(A, a,a):

m a 1 Foo m — _ﬁz 1
]E<log % )) :W/o log™ (x)z* " te™ T @) dz.

The same calculation as in the proof of Lemma 5.3 gives:
oo a2 1
2K\ (a®)E <logm %a)> = / log™(z) (z* + (-1)™z ") e~ T o,
1

Putting t = % — 1 we obtain,

+o0 .
e K, (a®)E <logm fy(ga)) = / fm(t)e*“ztdt
0

where,

Argch™ (t+1) cosh(AArgch(t+1))
f (t) L sinh(Argch(t+1))
MAY T} Argeh™ (t+1) sinh(AArgeh(t+1)) . .
- sinh(Argch(t+1g)§ if m is odd.

if m is even

Now, it is easy to see that f,, is exponentially bounded, i.e. there exists b,, € R for m € N such that:
fm(@) = O (e’") when t — +oc.

Therefore we have the following expansions when ¢ — 0,

)o@y "= if m is even
fm(®) { A(2t)%  if m is odd.

Applying Lemma A.1, we obtain the asymptotic formulas for Ky (a?) and for the moments when a — +o00. [

Corollary 7.2. For all T > 0, the sequence of processes

(Sfﬁ) 0<t< T)

nt| neN*

converges weakly in D ([0, T],R) equipped with Skorokhod distance, towards the drifted Brownian motion (Bt()‘) =
B, + M, t > 0) where (By,t > 0) is a standard Brownian motion.

Proof. First of all, we prove the convergence in the sense of finite dimensional distributions.
First, we prove the convergence:

(V/n) lay ~;(N)
SWTJL XN,

where for t > 0, N,(f/\) ~ N(tA,t) is a normal distribution with mean tA and variance t.



A DISCRETE-TIME MATSUMOTO-YOR THEOREM 19

We consider Lindeberg’s theorem (Thm. 27.3 in [33]) on the triangular array with the random variables V,, ;
defined by:

log *yj(‘/ﬁ) —E (log fyj(‘/ﬁ)) log %(‘\/ﬁ) —E (log *y(()\/ﬁ))

Vi, = =
] \/ STtV (1og vj(ﬁ)) \/ [nt]V (log Wéﬁ))

In order to apply the theorem, we establish the following Lyapounov’s condition:

[nt]—1
lim Y E[V,,[*=0.
=0

n—-+oo
Using the inequality |a + b|* < 2%(Ja|* + |b[*), we get:

L7§:—1E v _|4 B E ’logvé‘/ﬁ) —E (log’y(()\/ﬁ)) ‘4 - 2°E (log4 *yé\/ﬁ))
i=o e [nt] V2 (log ’yéﬁ)) | nt]V2 (log 'y(()‘/ﬁ)> .

1
n

condition holds. By Lindeberg’s theorem, we obtain when n — 400 that:

Thanks to (7.1), the right-hand side of the inequality is asymptotically O ( ) when n — +o00, so the Lyapounov

[nt]—1
ST Vi NP~ N(0,1).
j=0

From (7.1) it follows when n — +o0:

[nt]—1

Sfﬁ) = \/LntJV <log %()\/ﬁ)) Z Vo | + [nt|E (log ’yéﬁ)) lay NE’\).
j=0

Using the fact that stvm | and SV — gV | are independent, we obtain for all k¥ € N* and for all 0 < t; <

[ntr—1 [ntk] [ntr—1
ty < --- <t <T that:

V) (/) i)\ By () ) 5
(SWJ,SM,...,smm) ay (Ntl NY NG )

which proves the convergence in finite dimensional distributions. The tightness is obtained in the same way as
in Donsker’s theorem. We refer to [34] (Thm. 14.1) for the proof for the Brownian motion without drift. O

Theorem 7.3. Let t > 0 fized, we have the following convergence for the random walk (2.2) with 6, := % and
'yl-(‘/ﬁ) ~ GIG(X,\/n,y/n), when n — +oo:

X|nt 0 lag B 0
b(5n) _ ( %6 % ) aw < )
nt] n 1 ) 7| g™ it oo 5™
Zint) Xln) B [Je2Bds e B
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Proof. From Corollary 7.2 and by continuity of the exponential function, it is clear that X|,;) —

when n — +o00. Let ¢ > 0 fixed, we have

1 aw 7B (X)
Kingy =777
(vn) _o9g(vn) (v/n)
e>lnt) / 25 56 ~log ] ds
0

(wm [lndst e (VR (V@) ¢ (V@) (V)

— eSLntj g e QSULSJ IOg'yLnsj ds _|_ e_2SLnsJ lOg’yLnsj ds
k Lnt]

(V/n) (v/n)
=255y ~lo8 Yy

k=0
|nt]—1
e—2S£ﬁ)—log'y£ﬁ) 4 <t _ \_TL J)
n

svm [ 1
" =0
= 2+ (1= L) st omn
" n
(7.2)

—25(Vm) _ log'y(L;/:])ds . Z[(S J)

Then, it follows the convergence in probability when n — 400
(V)

eJlnt) / Lns]
0

Therefore we have
(V) (V) (V) Lnt]—1 (V)
eS\_ntJ / _2SLn<j —logv ds _/ e s 41 log"fk Sl_nsj ds.
0
t]—1 vn
,B;ﬂnsjﬂ log7V™,0 < s < t) oy, converges weakly
Lnt -1 log v(f and by

k=|ns|+1

Slightly adapting the proof of Corollary 7.2 we get that (Z
0<s< t) Hence, using the independence between S(\f and Y
fo s)ds we obtain, when n — +oo:

towards (Bto‘)s, <s<
continuity of the map I : D ([0,T],R) — R defined by the integral I(f
(vn) law / B(M B(A)ds
0

(vm)
—25 log'yLn of dg 2%

(V)
e lnt) / Lns)
0

Finally, using the stationary increments property of Brownian motion and (7.2), when n — +oo we get that

t
1 ) _oB™
70 2y B, /e 2B ds.
0
O

Lnt]

Remark 7.4. Let G be the subgroup of lower triangular matrices in SLy. We obtain with standard arguments
for tightness that the sequence of processes (b(é") 0 <t <T)pen+ converges weakly in D([0, 7], G) towards the

continuous process (1.4)

8. CONVERGENCE OF THE IN-PART TOWARDS STATIONARY MEASURE
In this section, we give some elements of the theory of random walks on groups to state a result from [31]

sing the formalism of [35] to give another point of view on Proposition 5.2
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Let G be the subgroup of SLy consisting of lower triangular matrices, defined by

G::{(m 01) |xeR*,zeR}.
z X

Each element h € G can be decomposed as h = n(h)a(h) or h = a(h)n(h) where for the matrix h = . 91 )
z T

we defined:

n(h) = (le_l (1)) A(h) = (le (1)> and a(h) = (“g x91>'

Here, G is a solvable Lie group such that G = N A where A is an abelian subgroup and N is a nilpotent subgroup

of G with
1 0 T 0 «
N.:{(Z 1>|26R} andA.z{(O x_1> xGR}.

Moreover, G has a semidirect product structure defined on the set N x A with product law given by
hihy = (n1,a2)(n2,az2) = (n1(a1 © nz), araz)

where n; := n(h;), a; := a(h;) and ® is the group action of A on N by inner automorphisms in G given, for
a € Aandn € N, by

this means,

6 el )=o)
L GO S P 1)

Let § € R* be a deterministic parameter. Recall that

Gn = (7" %(31> (8.2)

are some i.i.d. random elements and let us denote by p their law in the group G. Here, we denote by g,, instead

We obtain that G acts on N by

of gg) the increments of the random walk (bS{”)neN to simplify notation.
Then, we obtain by the recurrence relation (2.1), for all n € N*:

b9 = gog1 - gn1.



22 C. HERENT

With the previous definitions, the abelian part of the random walk (bgf))neN is
n—1

a(bl?) = exp (S,) with S, := Z log(a(g;))-
i=0

Let NV, := n(bf{s)) be the N-part of the random walk in the N A factorization of G.
We assume that g has a finite first log-moment and we denote by

k:=E (log a(go)) (8.3)

the mean of the increments of S,,. Then, the mean of the random walk S,, is nk. As we will see later, the
convergence of the process (NV,), oy depends on the parameter .
Let « be the unique simple root for the group G. That is to say, if d := diag(a,as) we get

a(d) = az — a.
Hence, we obtain
a(k) = —2E (log o) - (8.4)

Definition 8.1. A probability measure p on a group G is said to be spread-out if there exists an integer p such
that p*P is not singular with respect to a Haar measure on G.

Remark 8.2. As it is shown in [36], i is spread-out on G if and only if there exists an integer ¢ such that p*?
dominates a multiple of a Haar measure on a non-empty open subset of the group G. Moreover, here a right
Haar measure for the group G is given by

dir (“ 01) _de-dz (8.5)

2

Definition 8.3. Let H be a group acting on a locally compact space B by H x B — B, (x,b) — x - b. The
convolution of a probability measure p on H with a probability measure v on B is defined by

px (@) = /H ol b)),

A measure v on B will be called p-stationary, if it satisfies
Ux v =u.

Here, G acts on N by (8.1) and we consider the u-stationary measure on N.
The following proposition is already included in the work of Elie [31] but we give the statement according to

the work of Babillot [35] (Thm. 5.11) in the particular case of our random walk (b&‘”)neN.

Proposition 8.4. Assume that u the probability measure defined in (8.2) is spread-out on G = N A with finite
first log-moment. Let k defined by (8.3) such that a(k) < 0 (contractive mean). Then, the N-component N,

of bﬁf) converges almost surely, and the law v of Ny = lim, 1 oo N, 1s the unique u-stationary measure on
N ~ G/A.
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Thanks to Proposition 8.4 we recover Proposition 5.2. Indeed, from (8.4), if E (log~vo) > 0, then a(x) < 0.
Moreover, N is identified with the homogeneous space G/A (which is locally compact) with origin 0o = A, so we
consider Definition 8.3 with H = G and B = N. From the recurrence formula (2.4) we obtain for all n > 2:

Na(v ™) =7 2 N1 (v ) + 7,24 (8.6)

Taking z = 6 = 1 in the formula (8.1), we recover from (8.6) that the p-stationary measure on N corresponds
to the invariant probability measure of the process (Zvn(v_l))neN*.

We can use Proposition 5.2 when we consider GIG laws. Indeed, the sign of a(x) = —2E (log~o) is the same
as —\ due to Lemma 5.3. Moreover, the probability measure p (8.2) for the increments g; is spread-out when
~; follows GIG law and § follows Dirac distribution 15—;. For this, thanks to Remark 8.2 it is sufficient to find
a power ¢ such that ;*? dominates a multiple of Haar measure (8.5). In fact, ¢ = 2 works since p*? is given by

the law of the random matrix:

(2, )
Y tr Y%

and the pair (Yov1,7, 4 ~1) has a density relative to Haar measure.
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APPENDIX A.

The following lemma is a slightly more general version of Watson’s lemma originally proved in 1918 in [37]. We refer
to [38] Section 4.1 for a modern proof of the statement below.

Lemma A.1 (Watson). Let f: Ry — C be a locally integrable function satisfying two conditions: (1) There exists b €
R such that f(t) = O(e®) when t — 4.
(2) We have the following asymptotic expansion when t — 07 :

+oo
F(&) ~ Y ent™
n=0

where (R(an))nen increases monotonically to +o0o and such that R(ag) > —1.
Then, we have the asymptotic expansion for the Laplace transform:

“+ oo

“+oo
I(z) := / f®)e " dt ~ Z cn% when x — +o00.
0 n=0 "

Lemma A.2. The only continuous solutions on Ry of the functional equation:
(42° = 1)p(20) + (1 - %)) = 3270 (2)

which also satisfy the equation p(x) = ¢ (i) are constants.

Proof. Let us set B(z) := 224 and a(z) ==

7D Replacing = by F in the functional equation, we obtain for all
r e R\ {1}

322
4(x2-1)"

p(@) = Bla)p (5 ) +a@)e(2).

Iterating this equality, we get:

o) = (119 (5) ) () + @30 () T2 (5). a1
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B(&%)= @2t (@t2ttt) Hence, we obtain

Furthermore, we get for all k£ > 0: oF 2R (a1 2F)

22 _ 4gntl

vn>0: [15(5) = pre =y
k=0

Thus, on the one hand,

k=0
and on the other hand,
n k—1 2 n k 2
. T T\ . 3x 1 T
Jim e (ge) T16(57) = tim, TEC— (1) R
k=0 Jj=0 k=0

Thus, letting n going to +oo in (A.1), we obtain by continuity

Vo € R\ {1}, (o) = — 5 L p(2). (A2)

This last equality combined to the equality ¢(z) = ¢ (1) gives ¢(0) = ¢(2). Substituting this into (A.2) we get: Va €
R\ {1}, ¢(z) = ¢(2). By continuity this last equality holds for all z € R. O
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