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ON FINITE INTERWEAVING RELATIONS

LAURENT MicrLo!*

Abstract. A faithful bi-interweaving relation is a Markovian similarity-type relation between two
Markov chains, strengthening the Markovian intertwining relation and introducing warming-up times
after which the time-marginal distributions of the chains can be tightly compared (for any initial
distributions). For irreducible transition kernels on the same finite state space, these relations are
shown to be equivalent to the generalised isospectrality relation, but this is no longer true for non-
transient transition kernels, contrary to the faithful bi-intertwining relations. Some bounds are deduced
on corresponding warming-up times, when the eigenvalues are furthermore assumed to be real (but
still allowing for Jordan blocks). When the eigenvalues are non-negative, the same approach enables us
to construct strong stationary times for irreducible Markov chains through interweaving relations with
model absorbed Markov chains, thus extending a result due to Matthews in the reversible situation.
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1. INTRODUCTION

This paper investigates certain similarity-type relations between non-transient Markov kernels on the same
finite state space. The interest of these relations is to introduce a warming-up (random) time after which the time-
marginal distributions of corresponding Markov chains can be strongly related. These interweaving relations
were introduced in [1, 2], first between square Bessel processes and their birth-and-death analogues, with a
deterministic warming time equal to 1, in both directions. Our goal here is to investigate if such relations are
common or not, in the finite context to begin with. This study will also enable us to revisit a result of Matthews
[3] on strong stationary times associated to reversible Markov chains and to extend it to the non-reversible
setting, under the assumption that the eigenvalues of its Markov kernel are non-negative.

Let us begin by recalling the kind of relations we are interested in. N

On a finite set V with cardinal [V| = 2, let be given two Markov transition matrices P and P.

We say that a (Markov) intertwining relation from P to P holds through the link A, which is another
Markov transition matrix on V', when

PA = AP (1.1)
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(since here all the considered relations will be Markovian, from now on we drop the adjective “Markov” for
them). Intertwining relations have a long history starting with the seminal paper of Rogers and Pitman [4]. The
Markov kernels P and P are sometimes called dual and primal, see e. g. Diaconis and Fill [5].
When A is furthermore invertible, (1.1) is called a faithful intertwining relation from P to P through A.
We say that there is a bi-intertwining relation between P and PN’, via the links A and /~\, when in addition
to (1.1) we have

PA = AP (1.2)

This relation is said to be a faithful bi-intertwining relation when furthermore A and A are invertible.
A bi-intertwining relation between P and P, via the links A and A, is said to be an interweaving relation
when there exists a probability distribution ¢ = (¢n)nez, on Zy so that

A= > g, P" (1.3)

nely

(note that the r.h.s. is necessarily convergent). This notion was introduced in [2], where ¢ is seen as the distri-
bution of a warming-up time, independent of the underlying Markov chains, after which a lot of convergence to
equilibrium informations can be transferred from the primal chain to the dual chain. This feature will appear
again in Sections 4 and 5 below, but in a slightly distorted way.

It is a bi-interweaving relation, when there also exists a probability distribution § = (¢n)nez, on Zy so
that

A= > g P (1.4)

’I’LEZ+

These relations, interweaving and bi-interweaving, are said to be faithful when A and A are invertible.

Remark 1.1. When there are both a faithful bi-intertwining relation between P and P and an interweaving
relation (1.3), then (1.4) is necessarily satisfied with ¢ = ¢, namely we also have a faithful bi-interweaving
relation. Indeed, from (1.3) we deduce

AAA = ) g, P"A

neZ 4

and via (1.1) we obtain

AAA = A > qnP"

nely

It remains to multiply on the left by A=! to get (1.4) with § = q.

A bi-intertwining relation always holds between P and P: it is sufficient to take A = 7 (meaning that all
the rows of A coincide with 7) and A= w, where m and 7 are invariant probability measures for P and P
respectively (they always exists in the context of finite state space, but in general they are not unique and their
supports are not the whole state space V).

It is proven in [6] that two non-transient Markov matrices P and P are similar if and only if there exists
a faithful bi-intertwining relation between them (be careful, we changed the names given in [6]: there, a link
was necessarily invertible, bi-intertwining corresponded to mutual intertwining and faithful bi-intertwining was
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called Markov-similarity). In fact the arguments of [6] contain an error that can be corrected following the
approach of Section 3 below, showing the above mentioned result of [6] is indeed true.

In contrast with this result, we will show that non-transience and similarity of P and P are not sufficient
to ensure the existence of a faithful-bi inter weaving relation between them. To give a natural necessary and
sufficient for the existence of such a relation for non-transient kernels, denote by C1, Cs, ..., Cy (respectively
Cy, Cs, . CN'g) the irreducible classes of P (resp. ]3) They are in the same number ¢ € N, because this is the
(geometric and algebraic) multiplicity of the eigenvalue 1. For all [ € [¢] := {1, 2, ..., ¢}, denote P¢, (resp. }5@)
the restriction of P (resp. P) to C; (resp. C;). Note that these matrices are Markovian and irreducible.

Our first contribution here proves the following characterisation of faithful bi-interweaving relations:

Theorem 1.2. There exists a faithful bi-interweaving relation between P and ]SNZf and only if there exists a
permutation o € Sy and a probability q on Z, such that for any | € [(], |Ci| = |Coqy| and there is a faithful
bi-interweaving relation between Pc, and ]550(0 with the same probability ¢ = q. It can furthermore be imposed
that q has a finite support.

Thus faithful bi-interweaving relations give a more accurate account of the geometry of non-transient Markov
matrices than faithful bi-intertwining relations. As seen in [6], the case of transient Markov matrices is more
complicated and will not be considered here. N

Theorem 1.2 also enables us to give an example of Markov matrices P and P satisfying a faithful
bi-intertwining relation but no faithful bi-interweaving relation:

Example 1.3. Consider on V = [4],

10 0 0 1/21/2 0 0
_(o01/31/31/3 ~ [1/212 0 0
P=Noisisiys |@P =10 01210
01/31/31/3 0 0 1/21/2

Both matrices are non-transient: for P the state space can be decomposed into the union of the irreducible
classes which are C; = {1} and Cy := {2, 3,4}, and for P the irreducible classes are C = {1,2} and Cy := {3,4}.
The common spectrum of P and P corresponds to the eigenvalues 1 with multiplicity 2 and 0 with multiplicity

2. To check it, write
(10 ~ (J20
P = <0J3> and P = (0 ,]2)

where for any n € N, .J, is the n x n matrix whose entries are all equal to 1/n. Note that for n > 2, the
spectrum of J,, is 1 with multiplicity 1 (the corresponding eigenspace is the space of constant vectors) and 0
with multiplicity n» — 1 (the corresponding eigenspace is the space of vectors whose entries sum up to 0).

Since P and P are non-transient and similar, we deduce from [6] the existence of a faithful bi-intertwining
relation between P and P. Nevertheless it is impossible to find a permutation o € Sz such that the condition of
Theorem 1.2 is satisfied, so there is no faithful bi-intertwining relation between P and P.

The situation where both P and P are irreducible, in addition to the assumptions of Theorem 1.2 will play
an important role in its proof. It also enables us to be more precise about the possible restrictions on the size
of the support of ¢:

Proposition 1.4. Assume that P and P are irreducible and similar. Then there ezists a faithful bi-interweaving
relation between them, with equal probability distribution q = q whose support contains at most d + 1 points,
where d is the common period of P and P. Thus when P is aperiodic, there exists a faithful bi-interweaving
relation between P and P with ¢ = § having a support with at most two points. When in addition of aperiodicity,



80 L. MICLO

we assume that none of the eigenvalues of P vanishes, then there exists a faithful bi-interweaving relation between
P and P with ¢ = q a Dirac mass.

An example of bound on the support of g will be given at the end of Section 3, at least when all the eigenvalues
of P are real. Nevertheless this bound is certainly too universal to be relevant and it can probably be improved
in particular situations, as the steps of its proof are sometimes quite coarse. For instance it could not be applied
in the following degenerate situation.

The arguments of the proof of this result can be adapted to recover the following result due to Matthews
[3]. Let P be an irreducible Markov kernel on V' whose invariant probability is denoted 7. It is unique and its
support is V. Assume that 7 is reversible for P, so that P seen as an operator on L?(r) is symmetric and thus
diagonalisable. Denote its eigenvalues (with multiplicities) by

1:91>02>93>”'>9\V\>_1 (].5)

where the strict inequality comes from irreducibility. Let (¢x)epjv) be an orthonormal basis of L?() consisting
of corresponding eigenvectors, where the orthogonality is possible due to reversibility.

Let X := (X(n))nez, be a Markov chain admitting P for transition kernel. Recall that a strong stationary
time for X is a finite stopping time 7 (with respect to the filtration generated by X and maybe some independent
randomness) such that 7 and X, are independent and X is distributed according to 7. For any integers m < n,
we will denote [m, n] = {m,m+1,...,n} and we already used previously the shortcut [n] = [1,n] for any n € N.

For the next result, assume that the eigenvalues in (1.5) are non-negative, i.e. 1, > 0.

Let p be the law of Xy. For any n € Z, consider the probability distribution ﬁ(()n) on [[V]] given by

lexl imoledllgn i 1 > 2
Vee[Vl, Ak ={  Zwem TR0 (1.6)
0 Jif k=1
with
Zipom) = 3, il lmoliall6y W

le[IVIN1}

The definition (1.6) is not valid when Z(p9,n) = 0, namely when po[pr] = 7[px] for all k € [|V]], i.e. po = .
In this situation we take ﬁgn) =41, and formally the following result enables to recover that 0 is then a strong
stationary time.

Introduce the times

ng =min{n € Zy : Z(uo,n) < 1} (1.8)
_ . tr(P") —1 1

- Z,  —— - _ E 0y <1 1.9
Mo '=min{ n € Z, - - 5 (1.9)

" kel2, V]
where 7, = min{w(z) : z€ V}.

Consider (G)repz,)v)) @ family of independent geometric random variables of respective parameters
(01) kef2,|v ], namely

Vhel[2 |V VieN,  P[Gy=j]=0]"(1—6) (1.10)

Construct a random variable G taking values in Z in the following way. First we sample an element K from
[2,|V]] according to ﬁ(()"o). We take G = G.
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Theorem 1.5 (Matthews [3]). Assume that P is irreducible, reversible and that its eigenvalues are all non-
negative. Then there exists a strong stationary time for X which is stochastically dominated by

no + G (1.11)

This random variable is itself stochastically dominated by ng + Go < [%] + Go, where [] is the usual

ceiling function and Gy is a geometric random variable of parameter 6s.

The statement of Matthews [3] is slightly different, nevertheless both formulations are strongly related. In
particular, instead of assuming that the eigenvalues of P are non-negative, Matthews [3] stated his result for the
Markov kernel P2, whose eigenvalues are indeed non-negative. Furthermore, as in Matthews [3], we are going
to check that the above estimate can be quite sharp as it enables to recover the upper bound in the cut-off
satisfied by the random walk on the hypercube of high dimension, see Example 4.3 in Section 4.

Our second goal here is to extend Theorem 1.5 in Theorem 5.2 of Section 5, by removing the assumption of
reversibility, up to introducing in the bounds a factor including the condition number of the Gramian matrix
associated to the (generalized) eigenvectors.

The plan of the paper is as follows. In the next section we show Proposition 1.4 under the additional
assumption that both P and P are reversible, as this situation allows for a pedagogical exposure of the main
arguments. The full Proposition 1.4 and Theorem 1.2 are proven in Section 3. Section 4 adapts the arguments of
Section 2 to recover Theorem 1.5. The underlying idea is to replace P by a very simple absorbed Markov kernel,
serving as a “model”. The random variable G comes from this model, while the first term of (1.11) corresponds
to a warming-up time between P and this model. This approach is extended in Section 5, taking into account
the arguments of the proof of Proposition 1.4, to remove the reversibility assumption. The final section extend
these results to the continuous framework.

2. THE REVERSIBLE CASE

Here for the sake of clarity, we show Proposition 1.4 under the simplifying assumption that both P and P are
reversible. The proof takes up the arguments of [6] for intertwining and modifies them to deal with interweaving.
More precisely, our purpose is to show the following result:

Proposition 2.1. Assume that P and P are similar and that P and P are irreducible and reversible. Then
there exists a faithful bi-interweaving relation between them, with q = ¢ whose support contains at most three
points. When P is aperiodic (and by consequence P too), we can find such a relation with ¢ = § whose support
contains at most two points. When in addition to aperiodicity, none of the common eigenvalues of P and P
vanishes, we can furthermore impose that ¢ = ¢ is a Dirac mass.

Before coming to the proof of this proposition, we modify the arguments of Lemma 6 in [6] to construct more
general invertible links A and A from V to V for a faithful bi-intertwining relation between P and ]5, than those
considered there.

Since P is irreducible and reversible, as before the statement of Theorem 1.5, we denote w, 1 = 61 > 05 >
03 = -+ = 0y = —1 and (@g)reqv|], respectively, the invariant probability, the ordered eigenvalues and a
corresponding orthonormal basis of IL?(7) of eigenvectors.

The same holds for P with the same eigenvalues. We denote (@ )reqv) @ corresponding orthonormal basis

of L2(%) of eigenvectors, where 7 is the reversible probability of P. Without loss of generality, we assume that
©1 = @1 = 1 (the function always taking the value 1).
To any sequence b := (by)e[z,|v|) of real numbers, associate the operator A, defined by

N bgn , if k=2
Vike [HVH]’ Ab[(ﬁk] = {OkQDk , ifk=1 (2'1)
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Symmetrically, to any sequence b= (Ek) ke[2,/v|] of real numbers, associate the operator ‘ZE defined by

~ b L if k> 2
Vie[VI, Afe] = { kB

0 Lifk=1

Here are the corresponding matrices:

Lemma 2.2. We have for any z,y €V,

Z bror(2)Pr(y)T(y)
k>2
Ag(z,y) = > @il )m(y)
k=2
It follows that
7(y)
A <[ —== bx. b
|Ap(z,y)| MMM$%M | < %;;%PM“M()

v [7(y) >
Ax(x, <Hh/= m br b
|45z, y)| 7 () keuzﬁ}ém' | < \/mm kel2, \vu]| klm(y)

where

T = min m(x)

7n = min 7(x)

Proof. For any b = (br,)ke[2,|v|] € RI2VI introduce the matrix A} whose entries are given by

Vz,yeV, Ap(z,y) = > begr(@) Bk ()T ()

k=2

To show that Aj is the matrix associated to the operator Ay, it is sufficient to check that for any I e [|V]],

VaeeV, > Aey)ay) = bia()

yeVv

with the convention that b; = 0.
By definition of Aj, we compute

DT Ay y)Biy) = O beor(@)F[ErPi]

yeVv k=2
= bipi(z)

by orthonormality of the basis (B )regvyp in L* (7).
This shows the first announced equality. N
The second equality is obtained by symmetry, exchanging the roles of P and P.
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To prove the bounds, for any y € V, introduce the following decomposition of the indicator function 1, of y
in the basis ((ﬁk)kemvu]:

1,() = D )@k (2.2)

ke[IV]

where by orthonormality, the coefficients (ax(y))rep v are given by

~ ~

ar(y) = 7[1,0] = 7(y)Pr(y)

Applying (2.2) at the point y, we get

[
2
N
<
A

BT
N
SN—

kellVI]
=%y +7y) D, F)
kel2,|V]]
so that
1
~2
D FW) === -1
ke[Z)V]] (y)
1
< =~
T(y)
Similarly, we get
1
kel2,|V]]

Cauchy—Schwartz inequality now leads to

Ap(z.y)] < b
|Ay(2,y)| ker[l[gja‘}émlklélwk )18k ()7 (y)

< b 2 Fr(y)T
kerﬁ%u]m DI AONOIAOLE)

k=2 k=2
1 ~
< k|l —————=TT(Y
ke[[2 \VH] i ()7 (y) ®)
and thus to the first announced bounds.
The second ones follow by symmetry. O

We are interested in the operator

Ay =7+ Ay (2.4)
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where again 7 is interpreted as the matrix whose rows are all equal to the probability 7. We check that

~ 7 brpr ,if k=2
veelVIL ] { 0

due to the fact that for k € [2, |V|], we have T[@r] = T[$1Pk] = 0 by orthogonality.
It implies the intertwining relation PA, = A, P and A, is invertible as soon as all the entries of b are non-zero.

From the relation Ap[1] = Ap[@1] = @1 = 1, it appears that the row sums of A, are all equal to 1.
Furthermore, all the entries of A, will be non-negative as soon as

Va,yeV,  #(y) —|As(z,y)] 2 0
From Lemma 2.2, this is true when

max |bg| S /AT 2.5
et ™ n (25)
Since similar arguments are valid for /NXE =7+ AE? we get a faithful bi-intertwining relation between P and
P, with A, and JN\E as links, by choosing any b and b with coordinates belonging to [~V AT A, VTATA\{O}.
With these preliminaries in hand, we can now come to the

Proof of Proposition 2.1. We use the links A, and /~\5 defined above and look for conditions on b and b so that
(1.3) and (1.4) are satisfied with a probability ¢ = ¢ with minimal support.

Let us first assume that P is aperiodic, which is equivalent to the fact that in (1.5), we have )y > —1.
Concerning (1.3), we have on one hand,

~ %) Jifk=1
vEeVIL  Adiled = {E, D)

and on the other hand, for a given probability ¢ = (¢n)nez. ,

VEe[VI, D) P lerl = Y. anbieon

nely neZy

Note that for k£ = 1, we have

MoRlon] = D) an P[]

nELy
since both terms are equal to 1.
Thus the desired equality (1.3) is equivalent to
VEke [[27 |V|]]7 2 Qneg = gkbk (26)
neZy

As alluded to at the end of the proposition, let us look for a probability ¢ = d,,, the Dirac mass at some
ng € Zy . The above condition then writes

Viel[2, [V, 67 =byby
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Consider (¢ := max{|0x| : k € [2,|V|]}, we have ¢ € [0,1) by irreducibility, reversibility and aperiodicity. It
follows that if we take

no =1+ {ID(M%A)J

In(¢)

(note that both logarithms in the integer part || are negative, since 7., T, < 1/2, as |V] = 2), then (2.5) is
satisfied as soon as we take

be = /105"
by, = /1070 [sign(67°)

where sign(-) is the sign mapping (with e.g. the convention that sign(0) = 1).

Furthermore, when none of the eigenvalues 0, for k € [2, [V'|], vanishes, the entries of b and b are non-zero,
so we get the wanted faithful interweaving relation (1.3) with the links A, and 7\5, and ¢ a Dirac mass.

To get the wanted faithful bi-interweaving relation, with § = ¢ a Dirac mass, we can proceed similarly, since
we deduce from (1.4) the same equations for g as for ¢ due to the isospectrality of P and ]5, or we just rely on
Remark 1.1.

When some of the eigenvalues 0y, for k € [2,|V]], vanish, we rather consider a probability of the form

YV kel[2,|V], {

77/\%/\ 7TA7~T/\
q = 5 oo + <1 -3 ) O,y (2.7)
with
3 In(m 7 A /4)
e o e5)

Indeed, defining for any # in the complex unit disk,

Q) = > gub" (2.9)

’I’LEZ+
TATA TATA
= 1——— )™
()
we get for any k € [2, [V]],
TR < Q) < TR 4

By choice of n, these bounds imply

TAT A TATA 7rA7~rA+7rA7rA

- < Q) <
9 4 Q(0x) 2 4
7.€.
7“47” < Q) < 37“47“ (2.10)
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Thus considering
Vie[2, VI, b = br=+/]Q00k) (2.11)

we get the wanted faithful interweaving relation (1.3) with the links A and /~\g.

Again, Remark 1.1 provides the wanted faithful bi-interweaving relation, with § = ¢ supported by two points.

Let us now come to the situation where P is periodic, so that in (1.5) we have 0)y_; > 0y = —1. Indeed,
under the irreducibility and reversibility assumptions, the aperiodicity is equivalent to the existence of a (nec-
essarily unique) eigenvalue —1, that is why both P and P are aperiodic together, when they have the same
spectrum. N

The previous considerations are still valid: it is sufficient to find b, b and ¢ (with § = ¢), so that (2.6) holds
with (2.5) and

min |bg| > 0 (2.12)
kel2,V1]

The only difference with the above arguments comes from & = |V| in (2.6), namely

D an(=1)" = biby

n€Z+

It leads us to replace (2.7) by

7TA7~T/\ 71'/\7’?/\ 5 + 5 +1
= ) 1- 2 B
@=—5 %F ( 2 > 2

with ny still given by (2.8).

Indeed, (2.10) is still true for k € [2,|V|—1]. For k = |V, we get Q(0|y|) = mr7T,/2. Thus taking again
(2.11), we get (2.6) satisfied with (2.5) and (2.12). Furthermore the support of ¢ = ¢ only contains the three
points 0,n; and n; + 1. O

3. THE GENERAL CASE

Our purpose here is to show Proposition 1.4 and Theorem 1.2. Proposition 1.4 is the transposition to inter-
weaving relations of Lemma 7 in [6] for intertwining relations. Unfortunately the proof of the latter is wrong,
SO we are to present new arguments that enable us to correct it.

Before coming to the proof of Proposition 1.4, we need some reminders from complex linear algebra. Recall
that seen as a complex matrix, P is similar to a block matrix, whose blocks are of Jordan types (61,71),
(02,72), -y (0r,7), where 61,0,,...,0, € C are the eigenvalues of P (with geometric multiplicities) and r € N,
Y1,7V2, - ¥r € N satisfy v1 + 42 + -+ + 7 = |V/|. Recall that a Jordan block of type (0,n) is a n x n matrix
whose diagonal entries are equal to 6, whose first above diagonal entries are equal to 1 and whose other entries
vanish. The set {(0x,vk) : k € [r]} is a characteristic invariant for the complex similarity class of P and will be
called the characteristic set of P. It is characterised by the existence of a complex basis (©(x,1)) (k,1yes Of cv,
where S = {(k,1) : k€ [r] and [ € []}, that will be called the characteristic index set of P, such that

Y (k1) e S, Plogn] = Oveany + Pki-1) (3.1)

where by convention, ¢ 0y = 0 for all &k € [r].
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But for our purpose, it is more advantageous to work with real functions. So let us decompose

S=5usS;
with
Sy ={(k,1)e S : R}
Si={(k,1)e S : O ¢ R}

There exists an involution of S;, denoted S; 3 (k,1) + (k,) such that
V (k1) €S, 0p = O, and vz = 1
Let R; < S; be such that R; 3 (k,1) — (k,l) € S;\R; is a bijection. Consider C; := R; x {0,1} and define
C=8ud
We can find a basis (¢.)eec of RV such that
V (k1) € S, Plhwn] = Oy + Y,i-1) (3.2)

(again with the convention 9 o) = 0 for all (k, 1) € S;), and

Y (kD) e R, {P[%/J(k,l,o)] = Ok xV(k,1,0) = Ok iVi,1,1) + Vik,i—1,0) (3.3)
PlYgan] = Okit 1,00 + Ok o1y + Viki—1,1)

where 0, and 0 ; are respectively the real and imaginary parts of 0 (and ¥ 0,0) = Y(k0,1) = 0 for all

(kv 1) € Rl)
Note that (3.3) is equivalent to

vV (k1) € R;, Pyl = 0¥y + Pi-1) (3.4)
where 1) € CV is given by
Y (k,1) € R;, Y1) = Vky,0) 1% (3.5)

~ Observe that the conjugate functions zﬂ(kyl), for (k,1) € Ry, play the same role for fy: P[zﬂ(m)] = ékqﬁ(k_’l) +
Y(k,1—1)- An example of basis (¢.1))(k,)es satisfying (3.1) is given by

v (kvl) € S7 Pk, = {1)[}(7 1f( ,

Such a basis (t)¢)cec Wwill be said to be adapted to P.

These linear algebra considerations are valid for any real matrix P, let us now specify what can be said in
addition for irreducible transition matrices. By irreducibility of P, 1 is an eigenvalue of multiplicity 1, so we
can assume that (61,v1) = (1,1) and ¢(; 1y = 1. The irreducibility assumption also implies there is a unique
invariant probability 7w for P and it gives a positive weight to every point of V. It can be assumed that all
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the eigenvectors v, for ¢ € C' are normalized in L?(), but in general they will not be orthogonal. The only
orthogonality property is that of ¢, 1) with the 1., for c € C\{(1,1)}, namely

Vee (LD}, #[d] =0 (3.6)

Indeed, for any k € [2,r] such that (k,1) € S; u R;, we have P[¢r1)] = Oxtbi,1) with 0, £ 1 (where ¢ )
is given by (3.5) for (k,1) € R;). Integrating the previous relation with respect to m, we obtain due to the
invariance of 7,

T[] = OV, )]

so that m[¢,1)] = 0 (for (k, 1) € R;, this equality means that both 7[11,0)] = 0 and 7[h(x,1,1)] = 0). Next we
show that

m[Yapn] =0 (3.7)

by iteration on [, where k € [2,7] is fixed as above. If (3.7) is true for some [ € [y; — 1], then integrating with
respect to 7 the relation

PlYei+1)] = Ok¥e141) + i) (3-8)

we get (1 — 0x)m[Y(k,141)] = 0, namely (3.7) with [ replaced by [ + 1.
Let (0¢)cec be a basis adapted to P, with the same characteristic set {(6, %) : k € [r]} as P and the same

index set C.
The next step is to construct the analogue of the operator Ay given in (2.1), for any family b := (bc)cec\((1,1)}

of real numbers. We cannot proceed directly as in (2.1), i.e. define Ap[).] = b1, for all c e C\{(1,1)}, because
it would not be compatible with the commutation relation

PA, = AP (3.9)

Indeed applying the latter relation to QZ(k,l) with (k,1) € Sy u R;\{(1,1)}, we should have the equality

by PlYeny] = Ab[%@(/@,z) + J(k,zq)]

namely

bty Ok ety + Vi—1)) = b yOk (k1) + Ok 1= 1)V (k,1-1)

which implies that b ;) = bx,—1) as soon as [ > 2. But this equality leads to restrictive choices of b which are
not in line with our purpose.
Fix the family b = (bc)cecn((1,1); of real numbers.

We start by constructing A, on the vector space generated by (ZZ(k,l))(k,l)esr\{(m)}- Define for any (k,l) €

SAL(L D}

Ap[dge ] = Z bk, i—j+1)V (k) (3.10)
Jell]
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On the vector space generated by (¥¢)eec;, we have to be more careful. By analogy with (3.10), we would
like to define for any (k,!) € R;,

Ab[zz(k,l)] = Z bki—j+1)V(k,5)
Jell]

with 9 ;) is given by (3.5) and where
Vielwl, by = bkjo +ibjn) (3.11)

In “real” terms, this amounts to taking for any (k,1) € R;

Ab[iz(k,z,o)] = Z bik,i—j+1,00¥(k.,5,0) — O(k,i—j+1,1)¥(k.5,1)
Jell]

Ap[eg,1y] = Z bik,—j+1,1)V(k.,5,0) T O(k,i—j+1,00¥(k.5,1)
Jell]

It remains to define A, on vy 1y. We just take Ap[t)(1,1)] = 0.
Lemma 3.1. The operator A, constructed above satisfies (3.9).

Proof. 1t is sufficient to check that

VeeC,  PAU.] = AyP[Y] (3.12)

For ¢ = (1, 1), this equality holds since both sides vanish, due to the fact that 1 = P[1].
We consider next the case e = (k,1) € S;\{(1,1)}. We compute on one hand,

PAYR] =P | . bua—ien¥n)
Jell]

= Z bik,i—j+1) PlY (k. 5)]

Jell]

= Z bik,i—j+1) (6P (k) + Y (rj—1))
Jell]

= Oy Z bik,i—j+1)V(kg) T Z bik,i—j) Y (k.5 (3.13)

el Jeli-1]
and on the other hand,

APl ] = Al0kdy + Diiny)]
= Oy Z biki—j+1)V(k5) T Z bii—1-j+1% (k.5

jeli] Jeli—1]

which coincides with (3.13).
Let us now check (3.12) for ¢ € C;. Note that the above computations are equally valid for 1; ;) defined in
(3.5), with (k,l) € R;. Namely, we have

PAb[TZ(k,l,O) + “Z;(k,l,l)] = Abﬁ[%z(k,l,o) + iJ(k,l,l)]
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Since PA;,[J(,C’Z’O)], PAb[J(k’l’l)], Abl—?’[J(k’l’O) and Abﬁ[i(,ﬁl,l)] are vectors with real entries, we deduce

PAb[J(k,l,O)] = Abﬁ[w(k,l,o)]

~

PA[dwn)] = A P[]
These identities are valid for all (k,l) € R;, so that (3.12) is satisfied for all c € C. O

Writing Ay in the bases (t¢)cec and (Jc)c607 we see that
lim 4, = 0 (3.14)
Introduce
R:= (S, u R)\{(1,1)} (3.15)

Taking into account the definition (3.11), we can see b € REM(LD} as the element (b 1)) ryer € REMOO x
CFi. From (3.14) we can find n > 0 so that for any b := (b(r,1)) (k,1)eR>

max{|b(k7l)| 2 (k1) € R} < p = max{|Ap(z,y)|/7(y) : z,yeV} <1 (3.16)

A more quantitative description of n > 0, in the spirit of Lemma 2.2, will be given in Lemma 3.4 at the
end of this section, under the assumption that all the eigenvalues are real. It is not needed in the proofs of
Proposition 1.4 and Theorem 1.2, which are rather qualitative as long as no bound is asked on the support of
g (i.e. not only on its cardinal).

Introduce

B = {be REMODY 5 € max{[bg | = (k,1) € R} < n} (3.17)

For b € B, we consider the operator A, given as in (2.4) by
Ay =T+ Ay (318)

where again 7 is interpreted as the matrix whose rows are all equal to the probability 7. N
Taking into account that PT = TP = 7 and Lemma 3.1, we get the intertwining relation PA, = Ay P. From

~

the relation Ay[1] = Ap[tp(1,1y] = ¥(1,1) = 1, it appears that the row sums of Ay are all equal to 1. Furthermore,
all the entries of A, will be non-negative as soon as

Va,yeV,  7(y) —[Ap(z,y) = 0

which is satisfied by definition of B, see (3.16) and (3.17).
Thus Ay is a Markov kernel for b € B. In general it is not invertible, for instance for b = 0. Introduce

C:={be B : min{|by1)| : ke K} >0} (3.19)
where
K ={ke[r] : (k,1)€ R} (3.20)

Its interest is:
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Lemma 3.2. The operator Ay is invertible for b e C.

Proof. Expressed in the bases (’l’;(k’l))(k’l)e{(Ll)}uR and (V(k.1)) (k1)ef(1,1)}ur the matrix of Ay is block-diagonal.
The block-matrix associated to (1,1) is just 1. For k € K, the block matrix associated to the Jordan block
(k, k) is the Toeplitz matrix

bi,1 br2 b3 - o+ biy,
0 bri1br2 " bry—1

Tk = 0 0 bk,l bk,’yk72 (321)
0 0 0 - byy

whose entries are real numbers if k € Sy, but some of the entries may be complex numbers which are not real for
k € R;. Whatever the case, this matrix is invertible if and only if by 1 # 0. Thus in view of its definition (3.19),
C exactly consists of the elements b € B such that A, is invertible. O

Since similar arguments are valid for KE =7+ ‘ZE with similar definitions, we get a strong bi-intertwining

relation between P and ﬁ7 with A, and /N\g as links, by choosing any b € C and b e C. This shows the validity of
the statement of Lemma 7 in [6], although its proof is erroneous.
With these preliminaries in hand, we can now come to the

Proof of Proposition 1.4. As for Proposition 2.1, we first compute both Ab/~\5 and Q(P) for given b € C, beC
and probability ¢ with a finite support on Z,, where @ is the associated polynomial defined in (2.9).

Expressed in the basis (1(x,1)) (k,1)e{(1,1)}ur (and in the intermediate basis (&(k,l))(k,l)e{(l,l)}uR for the product
A;,/N\Z)7 both AbJNXE and Q(P) have a block diagonal structure.
Note there is no problem for the one-dimensional Jordan block associated to 6; = 1: we have

MK =1 = Q(P)[1]

whatever the choice of b € C, be C and of the probability q.

Let us now fix k € K and consider the block matrices associated to the Jordan block (k, vk)

e For AbA the v x yi-block is Tka, where Tk is defined as in (3.21), but with respect to b. Note that Tka
is a upper dlagonal Toeplitz matrix determined by its first row which is the vector

25 k) D) (3.22)

sel e[l

e For any n € Z, the v, x y,-block of P" is
n —m
(Or I + Np)" = > ( )9,TN,§ (3.23)
me[n—~yir+1,n]
where I, is the v, X 7, identity matrix and N is the matrix whose first upper diagonal consists of 1’s and the

other entries vanish (i.e. 8 I + Ny, is the usual v X 5 Jordan block associated to the eigenvalue 6). In (3.23),
we took into account that NJ* = 0.
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The matrix in (3.23) is also upper diagonal Toeplitz and is determined by its first row which is the vector

n n
<(l B 1> 07 ”1) (3.24)
le[v]

(for n = 0, by convention this vector is (1,0,0,---,0)).
Thus (1.3) is satisfied with ¢ the Dirac mass at n € Z, if and only if (3.22) and (3.24) coincide. We get the
system of equations in (be.1y)iefy,] and (bk,1))iefve]

bie.1)bik.1) = 0
bk 1)bik.2) + bik2ybiray = nfyp "
(3.25)

Bk bes) + Dr2)br2) + bia by = “U5 207~

Let us consider the case where |6x| € (0,1). Introduce the polar decomposition O = pre'®, with py € (0,1)

and ay, € [0,27). We look for a solution of the form b ;y = pZ/Q_lHﬂ "/2 trl

we get the system of equations in (Bx.1))iefy.]:

(k,1) and b(k = for I € [yx], so

Bir,1) = e
Bir,2y + B,y = mel(n—He

r= ei(n=2)a 3.26
Bk,3) + Bik2) + B,y = %e( 2ag ( )

which admits a unique solution. Note that if & € Sy, then ay, € {0, 7} and the solution (B(x.;)e[y,] is real valued.
Otherwise for k € Sj, recall that (B(x,1))ie[y,] has to be decomposed as in (3.11) to provide for the desired real
coefficients (B(x,1,0))ie[ve] @4 (B(,1,1))ie[y,]- Furthermore an immediate iteration proves that

n
Vi€ [l 1Bl < Z ( )
jeli1g M

and it follows that

~ n n/2—i
macllben| v Bl Lelull < Y (j)p,f (3.27)

Jelve—1]

Note that the r.h.s. goes to zero as n goes to infinity. We can thus find ng(k) € Z, large enough so that for
n = no(k) we have

max{|bg| v byl L€ [} <7
Note furthermore that b 1) # 0 and g(k 1y # 0.

It follows that if the eigenvalues 0, for k € K (or equivalently for k € [2,7]), do not vanish and have modulus
strictly less than one, then we can find b€ C and b € C so that AbA~ = P™ with ng := max{ng(k) : k€ K}.
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This exactly corresponds to the situation where P is aperiodic and does not admit zero as eigenvalue. Thus the
last assertion of the proposition is shown.

Concerning the last-but-one (and not deducing it from the first one, to be more pedagogical), when P is
aperiodic, we still have that all the eigenvalues, except 6; = 1, have a modulus strictly smaller than 1, but
some of the eigenvalues can be zero. Consider kg € K such that 6, = 0. Solving (3.25), we end up with either
b(ky,1y = 0 or Z(kml) = 0, which is not convenient for our purpose. So as in the proof of Proposition 2.1, we
rather look for ¢ of the form ("dp + (1 — ¢™)d,, where we take again

¢ =max{|0;| : k€ [2,7]} (3.28)

Then for any k € K, (3.25) transforms into

Do,y = ¢ + (1= ¢M03
1

Z(k,l)b(k,Q) +5(k,2)b(k,1) =(1—=¢")no,~

Dk yDk.3) + Dk2ybii2) + Drsybin) = (1 — (") M= gn=2

This system can be solved as before, in particular with

By = 16" + (L= ¢Mop [ 2 0

¢+ (1= ¢
b = b (e *

14

and similarly to (3.27) we get

~ n _
maclbgen| v Bl - Le b} < 3 (j)cnﬂ (3.29)

JElve—1]

Since the r.h.s. converges to zero as n goes to infinity, we end up with the conclusion that we can find b € C,
b e C and essentially the same ng as above so that AbA~ = ("0 4 (1 — (™) Pno,

We now come to the case where some of the elgenvalues of P outside #; have modulus 1. It is well-known that
for a irreducible transition matrix, there exists d € N called the period such that the eigenvalues of modulus 1
are of the form e2™/¢ for m € [0,d — 1] and each of the latter have geometric multiplicity 1.

In this situation, we consider the probability

577,0 + 5n0+1 +--+ 5n0+d71
d

q=¢"0 + (1—¢")
where now
¢ =max{|0;] : ke KL} (3.30)
with

K ={ke[2,r] and |6x| < 1} (3.31)
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and as above

ng=min{neZ, :Vkek, Y (") |0, |M/2= 7 < (3.32)
Jelve—1]
< min {n €7, : F(Fi 1) ¢ n} (3.33)

where I' := max{yy : k € [r]} is the largest dimension of the Jordan blocks.
Our goal is to find b € C and b € C such that for any k € K,

( ~ n s mg LA O 4+ 081
bik,1)b(r,1y) = ¢ + (1= ¢")0° p .
~ ~ . T B /i
) bk, 1)b(k,2) + O(k,2)0 k1) = (1 = ("0)nob)° ! 7 : N (3.34)
~ ~ ~ nosno(no—1) o o1 +0+---+6,"
b, 1)b(k,3) + O(k,2)0(k,2) + b(re,3yb (k1) = (1 = (™) of ; )9k0 2 7 .

Note that if k € K is such that 6 is an eigenvalue of modulus equal to 1, i.e. of the form e27/4 with
m € [d — 1] (recall that 1 ¢ K, so that m = 0 is not permitted), then

a1 1_8127rm

=0
so that the above system (3.34) reduces to

b(k Db,y ="
bk )br.2) + bre.2ybira) = 0

bk 1)bk.s) + D(k.2)b(k2) + Dksy b1y = 0

which can be solved by taking b(k 1) = b1 = (/2 and b(k 1) = by =0 forall [ € [2,v].
For the k € K such that |f;| < 1, we can proceed as before, taking into account that

LG+ +00!
d

<1

to construct b e C and b € C solving (3.34) and such that (3.29) holds (with (3.30) instead of (3.28)).

To sum up, we have constructed a strong bi-intertwining relation between P and P with a , corresponding
interweaving relation from P to P so we get a strong bi-interweaving relation between P and P with § q=gq as
above according to Remark 1.1. O

We can now proceed to the
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Proof of Theorem 1.2. The reverse implication is obvious: assume that o € Sy, the probability ¢ on Z and the
invertible links A; (from C; to Cy(;)) and A (from C, ;) to Cy), for [ € [£], are such that for any I € [{], we have

Pohi = NP
Py A= AP, (3.35)

AlAl = Z7L€Z+ qnpgl

(the corresponding relation (1.4) with § = ¢ is a consequence of Remark 1.1).

Consider ¥ a permutation of V' such that X(C;) = C,(; for all [ € [£]. Identify ¥ with its V' x V matrix
(1y=o(2)) (z.y)evxv- Replacing P by ypPy-1 (which amounts to “rename” the elements of V' for }5), we can

assume that C; = C,(;) for all [ € [€]. Ordering appropriately the elements of V', we have

Pc, 0 -2 0 Pc, 0O 0
p=| 0 fe O fana P = 0 Pe, 0 (3.36)
0 0 P 0 0 - By,
It remains to define the invertible links
Ay 0 --- 0 Ay 0 -2 0
A = 0 {‘2 0 and A = 9 7\2 0 (3.37)
0 0 A 0 0 A,

to get a strong bi-interweaving relation between P and P associated to the probability ¢ = q.

Conversely assume a strong bi-interweaving relation between P and P holds with respect to some invertible
links A, A and to the probability ¢ = g. N

Denote E and E the eigenspaces associated to the eigenvalue 1 respectively for P and P. From the intertwining
relation PA = AP, we deduce that A(F) c F and in fact A(E) = E since A is invertible and dim(F) = dim(FE)

by similarity of P and P. As a vector space, E (resp. E) is generated by the indicator functions 1¢, (resp. 1 &)
for I € [¢]. Thus there exist matrices M = (Mg 1)y e[ and M = (]\7;@71);@’16[[@]] so that for any [ € [/],

Allg] = D) My dc,
ke[4]

Alle] = ) Milg,
kele]

From the fact that A and A are Markov matrices, we deduce that M and M are Markov matrices too. We
also get for any [ € [¢],

AM[lc]= > (MM)lc,
ke[4]
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but from the interweaving relation, we have

A‘K[]lcz] = 2 ann[]lCl]

nely

2 Qn]lCl

’I’LEZ+

= ]101

We deduce that MM is the identity matrix. Since both M and M are Markov matrices, this is only possible,
see Lemma 3.3 below, if there exists a permutation o € S; such that M and M are the matrices respectively
associated to o and o~ !:

Mg, = 1i—om)

— (3.38)
My =1y

Y ke[, {

For any ! € [], the relation K[llcl] =1 "

Cy x C~'g(l) restriction of A, which is a Markov transition matrix from Cj to 6’0(1). Similarly, let A, be the 5’6(1) x C

. and the invertibility of A, imply |C;| = |6’g(l)|. Define A; the

restriction of A. Up to the renaming transformations considered in the first part of this proof, we can assume
that for any [ € [¢], C,y = C; and that both (3.36) and (3.37) hold. Expressing the bi-intertwining relation
between P and P in this block-diagonal matrix form, we get the validity of (3.35) (with éa(l) replaced by (),
which is the desired result.

The last assertion of Theorem 1.2 comes from the constructions of the probabilities ¢ in the irreducible case.
They can be made compatible for the Po, and Pp . for I € [¢], by considering a probability ¢ = edp + (1 —
U ntd—1], where Up, 1q—17 is the uniform distribution on [n,n 4 d— 1], with € € (0, 1) small enough, n € Z
large enough, and d the least common multiple of the periods of the Pr,. O

In the above proof we needed the following well-known result, given for completeness.

Lemma 3.3. Assume that M and M are two Markov matrices on [€] such that M s the inverse of M. Then
there exists a permutation o € Sy of the state space such that (3.3) holds.

Proof. Tt is sufficient to show that for any k € [¢], there exist a unique [ € [¢] such that M (k,I) > 0. Indeed,
then we have M (k,l) = 1 and we define o(k) := [. The mapping ¢ constructed in this way is necessarily a
permutation, otherwise M would not be invertible.

So by contradiction, assume there exist k € [¢] as well as Iy # lp € [¢] with M (k,l;) > 0 and M (k,l3) > 0.
Since

D Mk, )M(1 k) =1
lefe]

we deduce that we must have M(ly, k) = 1 = M(ly, k) = 1, otherwise the sum in the Lh.s. would be strictly
less than 1. It follows that the row M(ly,-) and M(ls,-) are the Dirac mass at k and in particular we have

~

M(ly,-) = M(ly,), in contradiction with the fact that M is invertible. O

As promised after (3.16), let us present an estimate on the quantity 7 introduced there, under the assumption
that all the eigenvalues are real. An investigation of the general case should be possible in a similar fashion,
but we refrain from entering the corresponding more involved calculations. Indeed, they will not serve as an
inspiring guide in Section 5, where only non-negative eigenvalues will be considered. Nevertheless, at the end of
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this section we will deduce an example of bounds that can given on the support of ¢ in Proposition 1.4, namely
on the warming-up time to pass from P to P and conversely, when all the eigenvalues are assumed to be real.
We need the Gramian matrices

R = (W[SD(k,z)sﬂ(kf,z')])(k,l),(k',z')es and R = (%[@(k,z)@(k/,z')])(k,l),(k',z')es

where (0(k,1)) (k,0)es and (B(x,1))(k,1)es are bases adapted to the spectral structure of P and P respectively.
These matrices are positive definite. Let v, > v, > 0 (respectively U, = U, > 0) be the largest and the
smallest eigenvalues of R (resp. ).
Their interest comes from the following analogue of Lemma 2.2:

Lemma 3.4. We have for any z,y €V,

1
TN VAR ()

A Z, Uy
‘ b( y)‘ < 1‘\ maX{|b(k,l)| : (kvl) ESO}

m(y)
gg(l"ay) @ 71 max{|b :
wy) | S\ on Yrmg) Pl (D€ Sl

where Sy == S\{(1,1)}.
In particular, in (3.16) we can take

1 v =
n::f AN TATA

vy
Proof. We adapt the proof of Lemma 2.2. The entries of the matrix associated to A, are given by
Va,yeV,  Ay(z,y) =1, A[1,])

where (-,-) is the usual scalar product in RY (recall that 1, and 1, are the indicators function of z and y).
Using integration with respect to 7, this can be written

1,
m(x)

Va,yeV, Ap(z,y) =7 [ Ab[]ly]]

or equivalently

veyev, Mop_ [l L]

Introduce the following decompositions in the bases ($x.1))(k,nes and (L k1)) (k,1)es:

w]i;)('): DT gy (@)ewn () (3.39)
(k,l)es

L, N .

%(y)( ) (k%:ES e0) )Pk ()

with some real coefficients a(z) := (1) (%)) k,1yes and a(y) = (A1) (¥)) (k,1)es-
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We deduce

A

) a(k,l)(x)a(k’,l’)(y)ﬂ' [<P(k,l)Ab[95(k',l')]]
Yy (k,1),(K",1")eS

= Z Q(k.1) (95)54(1«,1')(?4)7T [So(k,l)Ab [%5(1@',1')]]
(k,1),(k',1")eSo

= Z 1) (@) 8w 1y (y) Z bir v —j+1) Bikety, (k7 5)
(kvl)v(k',vll)es() je[[l’]]

= Z a(k,l)(x)ﬁ(k',j)(y)R(k,l),(k',j) (3.40)
(k,1),(K’,5)€S0

where we took into account the orthogonality of (1 1y with the other elements of the basis in the second equality
and where Bo(y) = (B ) () (k,j)es, 18 defined by

v (K, ) € So, B ) (y) = Z A 1y (Y)bir v —j41)
el T el

Multiplying (3.39) by @y for any (k,1') € S and integrating with respect to 7, we get

P (@) = D0 gy (@) R o)
(k1)eS

namely we have the vectorial equality

Ra(z) = (o1 (2))(kryes = #(2)

i.€.
a(z) = R7e(x) (3.41)
Note that we can write
10
R= (0 Ro) (3.42)
with Ro = (R1y, (k1)) (k 1), (k' 1')eSo - Furthermore, we have
(10
Rl = (0 R (3.43)

From (3.41), we deduce a(y,1y(z) = 1 and ag(z) = Ry 'po(x), with ag(z) = (am)(®))kes, and @o(z) =

(@i, (%)) (k,1)es0 -
Applying (3.39) at the point x, we get
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where (-, ), is the usual scalar product on R,
It follows that

ﬁ = <Oé()($), R0a0($)>0 (344)
> v, o ()]

(since v, is also the smallest eigenvalue of Ry).
Similarly, we have

1 ~ i~
o >0, [Go(@) (3.45)

(v)

Coming back to (3.40), the Cauchy—Schwartz’ inequality implies

2

‘Ab(x, y)

2D < ol Lol (3.46)

Let us deal with the last factor:

[Roco (@) |y = /<Roao (), Roao ()

- \/<ma0(x),Ro¢?oao(x)>o

< \/vv < Roag(x), Jﬁoao(x)>0
= \/'Uv {ao (), Roao()),

<\

On the other hand, we can bound the square of first factor of the r.h.s. of (3.46) by

(3.47)

1Bo)ls = D Biy®)

(k.7)€So0

= D A Wb

(k.g)eSo \l€[vi]:ell]

< ) D) B S

(k,5)€So le[vi] : 5ell] velvi]:el']
< max Z b? oy ke [r] Z Z 5f%k,l)(l/)
el (k,3)€S0 le[vk] : se[l]
<max{otfor W€ S} 3] afy) 31
(k.1)eSo el

< max {’Vk’b%k’,l’) : (k/, ll) € SO} Z l&?k,l) (y)
(k,1)eSo
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< Tmax { bl (K1) €So} Y % ,(®)
(k,1)eSo

< I'? max {b?k,’l,) (K1) e 50} [aren]

1
< F2 max {b?k’,l’) : (k‘,7 l/) € So} m

according to (3.45). This leads to the first announced bound. The second bound is obtained by symmetry. The
last assertion about 7 follows at once. O

To finish this section, we give an application for bounding the support of ¢ in Proposition 1.4, when all the
eigenvalues of P are real.

Coming back to (3.30), (3.31) and (3.32), it appears that the support of the constructed ¢ is included into
[0, n0]. Taking into account (3.33), the bound (:l) < % valid for all n,m € Z,, and Lemma 3.4, we get ng < 7ig
with

r—1)! [D, — r_
7o = min {neZ+ :VEkek, nF*IC"/z < (1172) U—\MTMTACF 1}
Uy

4. MATTHEWS RESULT

Our purpose here is to show Theorem 1.5 of Matthews [3] by interpreting it as a degenerate version of
Proposition 1.4 where P is an absorbed Markov chain.

Let P be an irreducible and reversible transition matrix on V' and recall the notations introduced before
Theorem 1.5. We assume that the eigenvalues of P are non-negative. N

Consider the state space V := [|V|] endowed with the transition kernel P defined by

1 Jifk=1=1
N N 0, Lifk=1>2
VkileV, Pkl =
1—6,ifk>2andl=1

0 , otherwise

The corresponding Markov chains are absorbed at 1. Since P is lower diagonal, its eigenvalues are given by
the entries of the diagonal, namely are exactly those of P. Furthermore, for any k € [2,|V]], an eigenvector
associated to 6y, for Pis Pk = 1. As usual we take g = 1.

We say that P is a simple model for P.

Let X = (X(n))nez, be a Markov chain as in Theorem 1.5, namely with transition matrix P and initial
distribution g, which is fixed from now on. Up to multiplying some of the eigenfunctions by —1, we can assume
that

YV Eke[lV]], toler] =0 (4.1)

(of course this is automatically satisfied for p1 = 1). In particular the quantity defined in (1.7) equals

Z(po,no) = Y, lil moleddo)e
elVIN
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where ng is given by (1.8). As mentioned in the introduction, Z(ug,no) = 0 if and only po = 7, which is also
the only case where ng = 0. From now on we assume that Z(ug,no) > 0.
Consider the V' x V matrix A defined by

~ MQ”O Jif k>
VeeV,VkeV, Az k) =4 Zromno) (4.2)
0 Jifk=1

Contrary to the previous sections, A is not a transition matrix, since some of its entries are negative.
Nevertheless it has two interesting properties. First we check that

ol = ﬁ(()no) (4.3)

the probability on V defined in (1.6) with n replaced by ng.
Secondly, we have

Il 05
~ S koo if k>
Vee[[VI, Al = { e "°> o (4.4)
©1 5 ifk=1

In contrast, we look for a “true” transition kernel A from V to V verifying the properties of the following
lemma.

Lemma 4.1. There exist a transition kernel A from VtoV and a probability q = (¢n)nez, on [0,n0] such that
(1.1) and (1.3) are satisfied.

Before proving Lemma 4.1, let us show how it implies Theorem 1.5:

Proof of Theorem 1.5. Consider X := ()?(n))neZJr and Y = (Y (n))nez, , respectively a Markov chain with tran-
sition kernel P and ﬁ(()no) as initial distribution and a Markov chain with transition kernel P and v := /L(()n(’)x
as initial distribution. N N

Due to (1.1) and vy = ﬂéno)A, Diaconis and Fill [5] provide a coupling of X and Y such that we have for any

nezs,

E()?([[NO,H]DIY) = f()z'([[o nDIY ([0, »])) (4.5)
LY (n)|X([0,n])) = A(X(n),)

(where the various L(-|-) stand for conditional distributions).

From the first relation, we deduce that any stopping time relative to X is also a stopping time relative to Y.
The second relation, which can be seen as a probabilistic version of (1.1), is still valid when n is replaced by a
stopping time for X. It leads us to introduce the stopping time

=inf{lneZ, : X(n) =1}

which is finite a.s., since 1 — 6, > 0 for any k € [2, |V]].
From (1.1) and the fact that 1 is absorbing for X, we deduce that A(1,) is invariant for P, namely A(1,-) =
It follows that Y(¥) is distributed according to = = A(X(7),-). Furthermore, from L(Y (¥)|X([0,7])) =
K()?(T‘), ) =, we deduce that V(%) is independent from 7, since 7 is measurable with respect to X ([0,7])
(and maybe to some additional independent randomness). Thus 7 is a strong stationary time for Y. For more
details about these classical assertions, see Diaconis and Fill [5].
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The extreme simplicity of P shows that 7 is distributed as the random variable G described above the
statement of Theorem 1.5.

Consider 7 a time independent from X and distributed according to the probability ¢ appearing in Lemma 4.1.

From (4.3) and (1.3), we deduce that Y has the same law as (X (7 + n))nez, - It leads us to define 7:=7 + 7,
since we get that X () is distributed according to 7. To see that 7 is a strong stationary time for X, it remains
to check that 7 and X (7) are independent. So let be given two functions f : V- R} and g : Zy — R,. We
compute

I
)
3

&=
—
=

~
—~

N
=
2

S
+

B
~—
—_

I
S
=
=
=
.
=
2

3
_l’_
.l

=E[f(Y®)] >, aElg(n+7)]

nel0,no]

[F Y ()IE[g(T)]

where in the third equality we used the independence of Y (7) and 7.

Since the support of ¢ is included into [0,n¢], 7 is stochastically dominated by ng + G, showing the first
assertion of Theorem 1.5.

For the second assertion, note that for any k € [2,|V|], we have ugler] < |¢ill, < 1/\/mn (use either
ml¢z] = 1 or (2.3)). We deducethat for any n € Z,

1
Z(M()an) S e 6;}

s
" ke[2,V]

showing that ng < g, where 7ig is defined in (1.9).
Furthermore, since 0 < 0y, < 62, we have for any n € Z,

Zyi0,m) < o
so that
g < min{neZ_,. : L:/—|93 < 1}
By Ay
In(1/62)

Moreover, it is clear that G is stochastically dominated by a geometric random variable of parameter 5. [
Let us now come to the

Proof. Proof of Lemma 4.1 The calculations are inspired by those of Lemma 2.2.
Let be given a family b= (bk)ke[[\vﬂ] with b; = 1. We look for an operator A~ which is such that

Vie[[VI,  Alal = b (4.7)
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which ensures the commutativity property (1.1). Let us check that INXZ is a transition kernel for appropriate

choices of b. N
The associated matrix (Ay(k,)), i .y is such that

N A (k ~
ke, vaey, 0 ’x):<ﬂk7Ag[]im]>
™

where (-, -) is the usual scalar product in RV,
Let us decompose

leflVI]
with some real coefficients a(x) = (i ())ieqv)p-
We deduce
~ A k,x ~ ~
VkeV,VzeV, ’;T((z) ) = Z ay(z)by Ly, @1y
vl

On one hand, we compute for any k,[ € I~/,

~ 1 ifl=1
<1ka90l>: {5k,l,ifl22

where dj,; is the Kronecker symbol.
On the other hand, multiplying (4.8) by ¢,, for j € [|[V|] and integrating with respect to m, we get

pi(x) = . a@)mlp;pl

vl
= > au(@)d;
vl
= aj(z)
Thus we get,
~ A (k, > i
VkeV,VzeV, 3 x): 0‘1(%)91 N,}fk 1
() ai(x)by + ag(z)by , if k=2
_f1 Jifk=1
T 1+ (@b, if k=2

We deduce that the entries of A are non-negative if and only if
VeEeV\{1},VzeV, 1+ @p(x)by =0 (4.9)

In this case, 7\5 is a transition kernel, since 7\5[]1] = /NXE[gpl] =¢1 =1
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A simple sufficient condition ensuring (4.9) is
VEeV\{1},  [bx] < —— (4.10)
Let us compute AINXE. From (4.4) and (4.7) we get

~ Bellenl 0 ik s 2
Vike [[|V|]]a AAg[g@k] = Z(po,m0) Pk 51 =

®1 iﬂ k=1

(4.11)

Thus (1.3) is satisfied if and only if

b ol 0 n
V ke [IVII\{1}, Z(TJ;LO)IC = Z an0y

nel4

Considering the probability ¢ = d,, leads to the choices

vEe[[VINLL b= W

Due to the definition (1.8) of ng, we get that (4.10) is satisfied (contrary to the proof of Prop. 2.1, we do not
need here that the entries of b do not vanish).
Thus the Markov kernel A = A; and the probability ¢ = d,, provide us with the desired properties. O

Remark 4.2. The definition of A in (4.2), or equivalently in (4.4), may seem arbitrary at first view. In fact it
corresponds to an implicit optimisation. To see it rather consider

VeeV,VkeV,  Ay(zk):=

with

Z(posb) = D) brpoler]
e[Vl

and where b := (bg)regv() is an element of RQVH] with by = 0.
Assume again that (4.1) is satisfied. Then (1.6) and (4.11) have respectively to be replaced by

Ve[V, A (k) = lm

and

bibu .
A Zr ey er ik =2
Vike [HV”]; AbAg[tpk] — ) Z(posd)
P1 if, k=1
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It follows that (1.3) is satisfied with ¢ = d,, for some ng € Z, if and only if

Z(NO? b) 920

VEeVING, b= =2

We still want (4.10), so we should choose b so that to maximize the quantity

min{Z(ﬂmb)bthHrLaZO ke [HV”]\{l}}

By 0-homogeneity in b of the above ratio, it amounts to take (bg)geqv|p\f1; Proportional to the vector
(H@k”x ezo)ke[ﬂvm\{l}, leading to (42)

Let us check on the random walk on the discrete hypercube of high dimension that Theorem 1.5 can be
quite sharp. It is also the unique example of Matthews [3], in a slightly different version, since he considers for
transition kernel the square of the non-lazy transition kernel instead of the lazy kernel as here.

Example 4.3. For N € N, consider the state space V := {—1,1}", endowed with the transition kernel P of the
associated lazy random walk:

i ifz=2a
Va,2' eV, P(z,2") = { 5% , if z and 2’ only differ at one coordinate

0 , otherwise

The uniform distribution 7 on V is reversible for P.
Denote by S the set of subsets of [N] and define for S € S, the mapping

ps = Hgs

seS

where the &, for s € [N] are the natural coordinate mappings on {—1,1}V.
We compute that for any S € S,

NS

Ples] = N ¢S

where |S| stands for the cardinal of S.

Thus (g)ses is an orthonormal basis of IL?(7) consisting of eigenvectors of P, whose associated eigenvalues
are the (0s)ses = (1 — |S|/N)ses. - The spectrum of P consists of the numbers k/N, for k € [0, N], with
corresponding multiplicities (JZ ) Note furthermore that each ¢g, with S € S, is only taking values in {—1, 1},
so that [|pg],. = 1. We restrict our attention to initial distributions po that are Dirac masses, so that we also

get that |uo[ps]| = 1.
It follows that the quantity defined in (1.7) is given by

Zpom) = (N ]—V|S|)n

Ses\{a}

PEOICE)
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For any x > 0, introduce n(N,x) = N In(N/x). The following result gives a relatively precise estimate on
no(N) defined in (1.8).

Lemma 4.4. Fiz X' <In(2) < x”. For N large enough, we have
T'L(N, X”) < nO(N) < T'L(N, Xl)

Sketch of proof. The arguments are quite standard, so we don’t give all the details.
For fixed x > 0 and k € N, we have as N goes to infinity

(1- ]@)"‘N”” ~ exp(—kIn(N/y))

Furthermore we have

D (],f ) exp(—kIn(N/))

y (]Z ) exp(—kIn(N/x)) — 1

ke[N] ke[0,N]
= (L+exp(—In(N/x)" -1
1+ )Y
(1+%) -
=N exp(x) — 1
and this expression is strictly smaller (larger) than 1 for x < In(2) (resp. x > In(2)). O

Next we consider the random variable G appearing in Theorem 1.5. Let us show that it is roughly of order
N by computing its expectation (the second moment can be treated in the same way, giving a similar estimate,
in particular there is no concentration around the mean).

Recall that for any fixed S € S, the expectation of the geometric random variable Gg (defined in (1.10), with
the index k replaced by S) is given by

1
BlGs] = 1= 05
SO
E[Gl= 3, Ay " (SE[Cs]
Ses\{1}
1 no(N) 1
_ Z QSO(
Z(p0,n0(IN)) Sesv(1) 1—-10s
From the proof of Lemma 4.4, we deduce that as N goes to infinity
Z(po,mo(N)) ~ 1
so that
1
E ~ no(N)
9~ X o™i

Ses\{1}

AN

ke[N]



ON FINITE INTERWEAVING RELATIONS 107

Define for any n € Z,,

o= 3 () 64’

ke[N]

which is a decreasing quantity with respect to n.
Similarly to Lemma 4.4, it can be shown that for any y > 0, we have for N large

N 1
Fva0) = ¥ () exnckvio)g
ke[N]
NF xF 1
~ R T
relV] k! Nk E
- X1
!
ke[N] kl k
i.e.
. 1 x*

Taking into account Lemma 4.4 and the monotonicity of F' in its second variable, we get

k
oy E191 _ 52 11002
N—wC eN :

Putting together these observations, we end up with a strong stationary time of order N In(NV). It is known,
see Matthews [7] and Diaconis [8], Exemple 2 page 72 and Exercise 4 page 77, that N In(N) is the right order for
the separation cut-off on the hypercube {—1,1}" and the above considerations provide a corresponding upper
bound. It follows that the estimate of Theorem 1.5 is quite sharp for this example.

5. MARKOV KERNELS WITH NON-NEGATIVE EIGENVALUES

Our purpose here is to extend Theorem 1.5 of Matthews [3] to all Markov kernels whose eigenvalues are
non-negative. In particular we will introduce degenerate models for them. It would be interesting to extend the
results presented here to any finite irreducible Markov kernel, but we are missing simple models for negative
and complex eigenvalues. We hope this challenge will trigger research in this direction, as it also related to the
understanding of transition kernel complex eigenvalues.

Let P be an irreducible transition matrix on V' whose eigenvalues are non-negative. Recall the notations
introduced before (3.1), in particular the eigenvalues are given by

1=01>02603=2---26,20
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Introduce the state space V= S, the characteristic index set of P, endowed with the transition kernel P
defined by

1 , if (kal) = (klal’) = (17 1)
0, Lifk=K>2andl=10
V (kD) (K, ) eV, Pk, (K1) =3 1=0,,ifk=k>2andl' =1 -1>1

1—0,,ifk>21=1and (¥,1') = (1,1)

0 , otherwise

The associated graph looks like a star, with (1,1) as central point to which are converging r — 1 rays of
respective lengths s, ..., v,. The corresponding Markov chains are absorbed at (1,1).

By removing 1 — 6, times the first row to the rows (k,1), (k,2), ..., (k,vk), for any k € [2,r], we transform
P into a block diagonal matrix whose blocks are exactly the Jordan blocks of P. Thus P and P have the same
characteristic index set S. N

For any (k,l) € V, with k € [2,7], a generalized eigenvector associated to 6, for P is $ 1y = L4, in
the sense that

ﬁ[@(k,l)] = 0kPka) + Pk,i-1)

where by convention, @ o) = 0 for all k € [2,7].
As usual we take $(; 1) = 1.

We say again that P is a simple model for P.
Let X := (X (n))nez, be a Markov chain with transition matrix P and initial distribution pg, which is fixed
from now on. We will need the following technical result replacing (4.1):

Lemma 5.1. The adapted basis (Lp(kvl))(k,l)ev can be modified into another adapted basis (‘pl(k,l))(k,l)ef/ so that
in addition to keeping go’(l )= 1, we have

V(kDeV,  poleppy] =0

Proof. Fix k € [2,r], we show by iteration on [ € [1, ;] that we can change the generalized the family of vectors
(P(k,5))jer mto (@ j))jefy> so that

Ve[, tole(n, ] =0

while keeping the relations
v jelil, Plole ] = Oubln jy + Olrj—1)

(with ¢y 5y =0).

For [ = 1, this is clear: if po[¢,1)] = 0, we just take gp’(k 1) = $(k,1) and otherwise we carry out the
replacement <p'(k 1) = Pk

Assume the iteration is true for some I € [y] with I < yx. Let us change the family (¢{;, ;))jefi+1], with
<p’(k 141) = Plhi+1) into (<p'(’k j))je[[lﬂﬂ with the desired property. Note that if ,u0[<p'(k l+1)] > 0, it is sufficient to
keep the same sequence: (@?’k’j))jeﬂlﬂﬂ = (@/(k’j))jeﬂlJrl]]. So let us assume that uo[@2k71+1)] < 0.

We consider two cases.
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e When for any j € [{], u0[<p'(k7j)] = 0 we just carry out the replacement ((p'(’k,j))je[[lﬂ]] = (—cp'(k’j))je[[lﬂﬂ.
e Otherwise consider the first m € [I] such that ug [<p’(k’m)] > 0. For a > 0 consider

"

(W(k,j))jE[[lH]] = (<Pl(k,j) + agpl(k,jerflfl))je[[lJrl]]
(with the convention that for any u < 0, <p'(k w = 0). We check that

"

Vijell+1], ‘ZS[(pl(/k,j)] = 0Pk, j) T Plj—1)

SO (go’(’k j)) jei+1] still consists of generalized eigenvectors.
By the iteration assumption and since a > 0, we have uo[go’('k j)] > 0 for any j € [I]. Taking furthermore

a = —Mo[@/(k7l+1)]/ﬂo[90/(k7m)] > 0, we also get MO[@'(/MH)] > 0 as wanted. O
From now on, we assume the adapted basis (@(k,l))(“)ef/ satisfies
vV (k1) eV, pole k.l =0

For any given b := (by)re[r] € RW with by = 0, we introduce the probability ﬁ(()b) on V via

~ ~ brpolog,n]
Y (kD) eV, OV (K, 1)) = D2 5.1
(k. 1) (kD) = 2 S (5.1)
where the normalizing factor is given by
Z(po,b) = Z bi koo (i in] (5.2)

(k' 1)eV
As in (3.42), consider Sp := S\{(1,1)} and the Gramian matrix Ry defined by
v (K1), (K",1") € So Ro((K',1), (K",1")) = T[@r 1P e m)]
where 7 is the invariant probability associated to P.

Recall (see the sentence after (3.43)) that for any x € V, wo(z) = (0(r,1)())k,1)es, and define ag(z) =
(@) () (k1yes, DY o) = Ry '¢o(z). Introduce the quantities

Y kel2r], By, := max Z log,y (@) - x eV (5.3)
lEII"/k]]

and consider for any n € Z , the particular b(® = (b,(:))ke‘; € R![FV]] given by

Biop it k=2
0 , otherwise

Y ke [r], bﬁ%:{

Define
no = min{n > 20 : Z(uo, b™) < 1} (5.4)

where T is given after (3.33).
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Recall the quantities v, > 0 and v, > 0 described before Lemma 3.4.

Define
_ 1 Vv,
= (2T
=0 | g ()|

(recall that 7, = min{n(z) : z € V}).
Consider X = (X (n))nez . a Markov chain with transition matrix P and initial distribution ﬁéb). Define

G =inf{neZ, : X(n)=(1,1)}

The law of G is a mixture of convolutions of geometric law of parameters the eigenvalues of P.
Here is the generalization of Theorem 1.5 that we will prove here:

Theorem 5.2. Assume that P is irreducible and that its eigenvalues are all non-negative. Then there exists a
strong stationary time for X which is stochastically dominated by

ng+§G (5‘5)

This random wvariable is itself stochastically dominated by ng + Ha, where Hy is the convolution of T
independent geometric random variables of parameter 0s.

The arguments adapt the proof of Theorem 1.5, taking into account the considerations of Section 3, in
particular estimates such as those of Lemma 3.4.
Consider the V' x V matrix A, defined by

~ bk@(k,l)(x)

VeV, ¥ (kD)eV, Az (k1) = Zun0) (5.6)

As in the previous section, Ay is not a transition matrix, since some of its entries are negative. Nevertheless
it has the same two interesting properties. First we have

pohy = i

the probability on V defined in (5.1).
Secondly, we have

by :
~ - A Oy > i k=2
v (k1) eV, MWWM={ZW“( e (5.7)
¥(1,1) ’ if (k7l) = (171)

Nevertheless, we look for a “true” transition kernel A from V to V verifying the properties of the following
lemma.

Lemma 5.3. There exist a transition kernel A from V to V and a probability q = (@n)nez, on [0,n0] such that
(1.1) and (1.3) are satisfied.

Proof. The calculations are inspired by those of Lemma 2.2.
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~ ~

Let be given a real-valued family b := (b, )(k Devr ~ with 3(1’1) = 1. We look for an operator /N\g which is such
that

Y (k1) €V, Kg[ e 2 biki—j+1)P(k.5) (5.8)
Jell]

which ensures the commutativity property (1.1), see Lemma 3.1. Let us check that Kg is a transition kernel for

appropriate choices of b. N
The associated matrix (Ag((, l),ac))(,C 1)e¥, zev 18 such that

V(k,)eV,VaeV, W :<]l(k,l),/~\g[ 1, ]>

where we recall that (-, -) is the usual scalar product in RV.
Let us decompose

1,
= Z a(k’,l’)(x)‘P(k’,l’)
(k' 1)V

with some real coefficients a(x) = (o ,11)(€)) s e
We deduce

~ A~
\ (k,l) € ‘/7 Vxe ‘/7 b(() Z Z k’ l’ b(k’ l’—j-‘rl <]1 kl (IO(k/ ])>
(k',1)eV JEl']

We compute for any (k,1), (k',7) € ‘N/,

1 Jif (K 5) = (1,1)
Sty (k) » iF (K, 5) € V\{(1,1)}

k), Pargy) = {

where 6, 1), (i ,5) is the Kronecker symbol, now respectively to the couples (k,1) and (K, j).
It follows that for any (k,{) €V and z € V,

Ay ((k,1),2) _ a(l,l)(x):lz(l,l) if (k1) = (1,1)
m(x 1,1 (@)ba,1) + 2peqieg € (@b i1y 5 1f (k1) € VA{(1,1)}
{a(l,l) (37) ’ if (k l) SL 1)
o1,1)(T) + e g i) @bk r—i41) 5 if (k1) € VA{(1,1)}

Recall that the family of coefficients «(z) has been computed in (3.41), which is still valid here, with R =
(R((K", 1), (K", l”)))(k',l'),(k",l")ef/ the Gramian matrix defined by

V(K (K1) eV, R((K', 1), (K", 1")) = w[ @ 110 (kv 1]
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The link with the matrix Rg mentioned before the statement of Theorem 5.2 comes from (3.42). In particular,
as observed after (3.43), we have a(; 1y(x) = 1. Thus we get,

Kﬂ“ﬂ%x):{l . Jif (k, 1) = (1,1)
(x) L+ g k(@b ity » if (B, 1) € VA{(1, 1)}

We deduce that the entries of A are non-negative if and only if

V (k1) e V\{(L, D}, Vo eV, Do @bty = -1 (5.9)
l’e[[l,'y;c]]

In this case, /N\z is a transition kernel, since /NXE[]I] = Kg[go(ljl)] =¢a1 = L.
A simple sufficient condition ensuring (5.9) is

~ ~ 1
v(EDeVMLDL eyl < - (5.10)
where the By, for k € [2,r] are defined in (5.3).
Let us compute AyA;. From (5.7) and (5.8) we get
b 7 .
VkDeV,  MAlown] = {Zjeﬂlﬂ o) Pt (h) > 1T R 22
’ P(1,1)
Writing P in the adapted basis (cp(k,l))(k et it appears that for any n € Z,, we have
~ . o\ i
VkDeV,  Plogyl= 3 (z —j) ) (5.11)
Jelli]

It follows that (1.3) is satisfied with A = Ay, IN\E and g = 0y, for some n € Z, if and only if

- b(”)g . .
VDT DLY el TR (1 g

or equivalently,

N b bih n )
VD ETVL DL e (1 o (5.12)

at least for n > I, otherwise if there exists k € [2,7] such that 6 = 0 the r.h.s. may not be defined. For n > T'
and k € [2, 7] such that 0, = 0, both sides of (5.12) vanish, since blgn) = B0} = 0.
For n > T and k € [2, 7] such that 6, > 0, (5.12) reduces to

7 Z(M ab(n)) n —
bty = %7]{ . o1 (5.13)
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We are thus led to take (5.13) as definition of b ;). Let us check that (5.10) is satisfied if we choose n = ng

given in (5.4), namely

~ 7 (no) 1
Y (k1) € V\{(1,1)} with 0}, # 0, % (z " 1) ol < —
X _

i.€.
¥ (k,1) € V\{(1,1)} with 6; # 0, Z(uovb("o))<l " 1)%” <1

Note that for n > 2T, the Lh.s. is increasing in [ (recall that 0 < 6 < 1), so that we can restrict our attention
to I =1, namely

V (k1) e V\{(1,1)} with 0 # 0,  Z(uo,b™)) < 1
which justifies the definition (5.4).

The Markov kernel A = INXE and the probability ¢ = d,, satisfy the desired properties. O

We can now come to the

Proof of Theorem 5.2. The first assertion is shown in exactly the same way as in the first part of the proof of
Theorem 1.5, with X = (X(n))nez, and Y = (Y(n))nez, , Markov chains with transition kernels and initial
distributions respectively given by P and ﬁéb) and P and v = ﬁéb)x.

Concerning the second assertion, note that for any x € V' and k € [2,r], the Cauchy—Schwartz inequality
implies

By = Z lovr,ny ()]

le[vx]
< Ve Z a%k,l)(x)
le[vx]

<VT D ay ()
(k" 1NeVA{(1,1)}
= VT ao(2)],
_r
m(x)va

r

TAUA

where (3.41) was taken into account.
It follows that for any n € Z,

T
Z (o, b™) < — 05 Z ol ]
TN (DeV\(L,1))
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To get an upper bound of Z(ug,b) independently from g, also use the Cauchy—Schwartz inequality: write

Z rolen] < VIV | ko Z Sﬁ?k,z)

(kDEVA{(1,1)} (k,DEVA{(1,1)}
2
— V/IVly/1o [ll%ol’]

— VIVly/ o [IRool” |

where we used that ¢g = Rayg, see the sentence after (3.43). Taking into account (3.47), we deduce

S mleen] < VIR

(kDEV\{(1,1)}

IT|V|v, 0%

7 SOMPS - Pv 72 5.14
(,LL()a ) VA A ( )
This upper bound shows that ng < ng.

Moreover G is clearly stochastically dominated by Hs, so the desired result follows. O

and by consequence

6. ON CONTINUOUS TIME

Here we present how to adapt to the continuous time setting the previous discrete-time results. Another type
of consequence for duality functions of (weak) similarity relation between finite Markov generators is found in
Redig and Sau [9].

Instead of transition kernels on the finite set V', we now work with Markov generators on V|, namely matrices
L = (L(z,y))s,yev whose off-diagonal entries are non-negative and whose row sums vanish. For such a matrix
L, we can find a > 0 and a transition kernel @Q, such that L = a(Q, — I), where I is the V' x V identity matrix.
This decomposition is not unique as there is one for any a > ag, where

ag = max{|L(z,z)| : z €V}

since for positive a > ag, % + I is a Markov kernel (if ag = 0, then L = 0 = 0(Qo — I) for any transition kernel
Qo)- R

Given two Markov generators L and L, the notions of corresponding intertwining relation, faithful intertwining
relation, bi-intertwining relation and faithful bi-intertwining relation are defined exactly as in the introduction
for their transition kernel counterpart. We can even directly relate them: let a > 0 large enough so that we can
write

L = a(Q -1 andL = a(Q,—1I) (6.1)

where (), and Qa are transition kernels. Then the above relations for L and L are equivalent to the same
relations for @), and Qa, with the same links A and A.
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The notion of interweaving relation has to be slightly modified, replacing (1.3) by the existence of a probability
q on R, such that

AA = JR exp(tL) q(dt) (6.2)

The notions of faithful interweaving, bi-interweaving, faithful bi-interweaving relations follow accordingly.

Nevertheless, it is no longer so easy to relate interweaving relations for L and L and those for @, and Q,
appearing in (6.1). So instead of trying to extend the discrete-time results to the continuous time via writings
such as (6.1), we go straight back to the proofs, as they are quite simple to adapt. Below we present the
continuous-time statements and we just mention the main modifications that have to be brought to the proofs
of their discrete-time counter-parts.

The analogue of Proposition 1.4 is:

Proposition 6.1. Assume that the Markov generators L and L are irreducible and similar. Then there exists
a faithful bi-interweaving relation between them, with equal probability distribution q = q which can be taken to
be a Dirac mass.

The construction of the links is identical to that given in Section 3. With the notations defined there, they
are of the form A and A~ for families of real numbers b := (b¢)ceon(1,1); and b= ( c)eec\{(1,1)} belonging to the
set B described in (3. 17) using the number 7 defined in (3.16). A first (little) difference pops up when we try

to check (6.2), with ¢ = d;, for some ¢y > 0, namely we look for families b and b such that
AbT\g = exp(toL)
As in Section 3, we verify this equality on an adapted basis (¢ (k1)) (k,1)es, €. such that
V (k1) €S, Llogn] = =A@,y + ©,i-1)

where by convention, ¢ ¢y = 0 for all &k € [r]. Note that we then have

-1
V (k1) €S, exp(toL)[@ k] = exp(—toAr) | Q1) + LoPri—1) + -+ + ﬁ@(k,l) (6.3)

It follows that, for any k € K (the set K was introduced in (3.20), using the set R defined in (3.15)), (3.25)
has to be replaced by the system of equations

r

E(k,l)b(k,l) = exp(—toAk)
by Dir.2) + bi2ybi1) = to exp(—toAy)

D1y bik3) + D 2)bik.2) + Dy by = 2 exp(—toy)

\

Looking for a solution of the form b ;) = exp(—=R(Ax)to/2)Bx,1) and E(k,z) = exp(—R(Ag)to/2) for I € [v&],
we end up with the following system replacing (3.26)

Blr,1) = e Mo

Bik,2) + Bie,1) = toe ok

Bk,3) + Bk.2) + Bk, t g—itoa
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with ag = S(Ag). This system admits a unique solution, which satisfies

)
Vie [l 1Bl < Z ﬁ
jJe[l—1]

and we get

~ +
max{|bun| v el s Le[wl} < D) = exp(—toR(\r)/2)

Jeli—1]

Since all the eigenvalues have a positive real part, except for the eigenvalue 0, it follows that for to large
enough, the constructed families b and b solution of (6.4) belong to B. This ends the proof of Proposition 6.1
with ¢ = ¢ = d0;,- When all the eigenvalues are assumed to be real, it is possible to get estimates on tg, as it was
done at the end of Section 3.

For the equivalent of Theorem 1.2, consider L and L two non-transient Markov generators. We denote by
C1, Cy, ..., Cy (respectively Cl, 02, . C’g) the irreducible classes of L (resp. L) They are in the same number
leN and they are also the 1rredu01ble classes of @), and Qa appearing in (6.1). For all [ € [{] = {1,2, ..., ¢},
denote L¢, (resp. Zél) the restriction of L (resp. L) to C; (resp. C;). Note that these matrices are irreducible
Markov generators.

Theorem 6.2. There exists a faithful bi-interweaving relation between L and L if and only if there exists a
permutation o € Sp and a probability ¢ on Ry such that for any I € [€], |Ci| = |Cyy| and there is a faithful
bi-interweaving relation between L¢, and f’éa(z) with the same probability ¢ = q. It can furthermore be imposed
that q is a Dirac mass.

The proof is identical to that of Theorem 1.2, since it mainly consists in manipulations of the links. The last
assertion comes from the fact that in Proposition 6.1, any Dirac mass d;, with ty large enough is allowed, we
can thus choose one common ¢, for all the Lg, and L " for 1 € [].

For the analogue of Theorem 5.2, we need to introduce corresponding notations. Let L be an irreducible
Markov generator whose eigenvalues are real. They are necessarily non-positive, zero being one of them with
(algebraic) multiplicity 1. The eigenvalues of —L are denoted

O=M<X<s<A<--< A

and to each of the A, k € [r], is associated a Jordan block of size v (so that v =1 and X, .97 = [V]).
Consider S := {(k,l) : ke [r], l € [v]} and let ((1))(k,)es be an adapted basis, namely satisfying

V(k,)eS,  Llpwnl = =Mk + Pri-1)

where by convention, o0y = 0 for all k € [r]. As usual, we assume that ¢ 1) = 1.
Let X := (X())ter, be a Markov process with Markov generator L and initial distribution po, which is fixed
from now on. Lemma 5.1 is still valid so we assume that

vV (k1) €S, polewn] =0
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As in Section 5, we see S as a state space on which we introduce, for any given time ¢ > 0, the probability
[iét) given by

By exp(—Art)poler,] ifk>9

VkD)eS, iy (kD) = { Z(po:t)
0 Jif (k,1) = (1,1)

where the quantities By, for k € [2,7], are described in (5.3) (see also the preceding paragraph there) and
Z(po,t) = Y. Brexp(=Ait) o[ ] (6.5)
(k,0)eS\{1,1)}

In the sequel we will be interested in the particular time ty defined via
to =min{t =T : Z(uo,t) <1} (6.6)

(where T is given after (3.33)).
We furthermore endow S with the simple model Markov generator L given by

Mo ,ifk=K>2andl'=1-12>1
V(k 1) # (K, eS, Lk 1),k 1) =3 A\,if k=2 1=1and (K,l') = (1,1)

0 , otherwise

Consider X := (X (t))ier , a Markov process with generator L and initial distribution ﬁoto). It ends up being
absorbed at (1,1) after following one of the r — 1 rays of the underlying graph. We denote G the absorption
time:

G=inf{teR, : X(t) = (1,1)}

whose law is a mixture of gamma distributions whose scale parameters are (some of) the 1/\g, for k € [2,7].
Recall the quantities v, > 0 and v, > 0 described before Lemma 3.4 and define

_ 1 r'\Viv,
=Iv —1 .
to V)\QH(WQAUA> (6.7)

Here is the analogue of Theorem 5.2 for continuous time:

Theorem 6.3. Assume that L is irreducible and that its eigenvalues are all real. Then there exists a strong
stationary time for X which is stochastically dominated by

to+G

This random variable is itself stochastically dominated by to + Ha, where Ha is a gamma distribution of shape

I’ and scale 1/Xa.

The underlying discrete time considerations of Diaconis and Fill [5] (see the first part of the proof of Thm. 1.5)
have to be replaced by their continuous time analogues of Fill [10]. In addition, the constructions from the
adapted bases of the links A, and Ay follow the same patterns as in Section 5:
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e The link Ay is defined as in (5.6), with

Vkelr], b= {f’k exp(—Axto) : EZ > f

(and Z(ug,b) replaced by Z(uo,to) defined in (6.5)).
e For the link A;, (5.13) has to be replaced by

-1
Y (k1) €S, U gy exp(—toNe) s if K > 2
1 if (k1) = (1,1)

The choice of t( in (6.6) ensures us again that (5.10) is satisfied, taking into account that the mapping

tlfl

is increasing for to > T'.
Finally the last assertion of Theorem 6.3 is proven in exactly the same way as that of Theorem 5.2, with

(5.14) replaced by
r v —Aat
V20, Z(uot) <4 'Z'” eXpST )

which shows that ¢y < tg, where % is defined in (6.7).
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