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KARHUNEN–LOÈVE EXPANSION OF RANDOM MEASURES

Ricardo Carrizo Vergara*

Abstract. We present an orthogonal expansion for real, function-regulated, second-order random
measures over Rd with measure covariance. Such an expansion, which can be seen as a Karhunen–
Loève decomposition, consists in a series of deterministic real measures weighted by uncorrelated real
random variables with the variances forming a convergent series. The convergence of the series is in a
mean-square sense stochastically and against measurable and bounded test functions (with compact
support if the random measure is not finite) in the measure sense, which implies set-wise convergence.
This is proven taking advantage of the extra requirement of having a covariance measure over Rd ×Rd

describing the covariance structure of the random measure, for which we also provide a series expansion.
These results cover for instance the cases of Gaussian White Noise, Poisson and Cox point processes,
and can be used to obtain expansions for trawl processes.
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1. Introduction

Karhunen–Loève (KL) expansions are an important tool for the analysis of stochastic processes, both in
theory and practice. In a general non-rigorous manner, a KL expansion consists in a series representation for a
random object X taking values in a (real) vector space E, the representation being of the form

X =
∑
n

Xnen, (1.1)

where (Xn)n is a collection of uncorrelated real random variables with
∑

n σ
2
Xn

<∞, σ2
Xn

= Var(Xn), and (en)n
is a linearly independent collection of vectors in E. KL expansions are a theoretical basis for dimensionality
reduction in functional data analysis [1] and for spectral approximations in stochastic PDE analysis [2]. When
E is finite-dimensional, these expansions are commonly known as principal components analysis. When E is
infinite-dimensional, the most studied case is when E is a separable Hilbert space, for which the vectors (en)n
form an orthonormal basis [3]. The most basic scenario is when X = (X(t))t∈[a,b] is a mean-square continuous
real stochastic process over a compact interval [a, b] ⊂ R. In this case E = L2([a, b]) is used as the underlying
Hilbert space, which contains the continuous functions. The convergence of the series (1.1) must be specified,
both in a stochastic sense as a series of random objects, and in the sense of the space E for which an appropriate
topology must be specified. The stochastic convergence of KL expansions is taken to be in mean-square. The
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case with E Hilbert provides a direct topology on E (either the norm or weak topologies may be used). However,
in some cases one can prove a stronger mode of convergence than the one associated to the Hilbert space. For
example, for a mean-square continuous stochastic process over [a, b], one can take E = L2([a, b]), but Mercer’s
Theorem allows to conclude a stronger uniform-over-[a, b]-mean-square convergence. We refer to [4–6] for the
theory of KL expansions and their importance on functional probabilistic modelling.

This work focuses on KL expansions for random measures of a certain, very general kind. Precisely,
Theorems 4.1 and 4.10 show that if M is a (zero mean) measure-covariance second-order random measure
over Rd that is function-regulated (i.e., M/f is finite for a given strictly positive function f , the case f = 1
covering the case of finite measures), then M admits the expansion

M =
∑
n∈N

Xnµn, (1.2)

where (Xn)n∈N is a sequence of uncorrelated random variables with
∑

n σ
2
Xn

<∞, and, for the indexes n such
that σ2

Xn
> 0, (µn)n form a collection of linearly independent real measures.1 Theorem 4.1 covers the case of

M finite, which is where the real mathematical difficulty is present. Theorem 4.10 covers the function-regulated
case, and it is essentially a corollary of Theorem 4.1. The convergence of (1.2) is in the sense

E(|⟨M,φ⟩ −
∑
j≤n

Xj⟨µj , φ⟩|2) −−−−→
n→∞

0, (1.3)

for every φ measurable and bounded when M is finite and every φ measurable, bounded and compactly
supported when M is function-regulated. Here ⟨M,φ⟩ denotes the integral

∫
Rd φdM .

The concept of a measure-covariance second-order random measure deserves an explanation. First, we
focus on a second-order random measure, which is a stochastic process indexed by bounded Borel sets,
M = (M(A))A∈BB(Rd) such thatM(A) ∈ L2(Ω,A,P) for every A, with (Ω,A,P) some probability space, and the
application A 7→M(A) is σ-additive. Note that this does not imply thatM is a measure-valued random variable,
that is, for a given ω ∈ Ω the function A 7→ M(A)(ω) is not necessarily a real measure over Rd, nor almost
surely in ω. The measure-sample path definition is the one used by much of the current literature on random
measures (see the introductory chapter in [7]), but it fails to cover very important cases such as Gaussian White
Noise. Second-order random measures do contain Gaussian White Noise plus many other useful examples which
we will mention further, but the literature on such random measures is more scarce; see [8–10] as examples of
general works using this concept. Now, the extra important adjective measure-covariance comes from the very
important assumption that there exists a measure CM over Rd ×Rd, called here the covariance measure, which
satisfies

Cov(M(A),M(B)) = CM (A×B), ∀A,B ∈ BB(Rd). (1.4)

In general, a second-order random measure M has its covariance structure determined by a bi-measure, that
is, the function (A,B) 7→ Cov(M(A),M(B)) is a measure in one component when the other one is fixed. It is
known [9], Section 2.2, Example 2 that a bi-measure is not generally identifiable with a measure over Rd ×Rd as
in (1.4). Therefore, the measure-covariance assumption is an extra regularity criterion. The existence of the total
variation measure |CM | helps, as we shall see, to prove a semi-stochastic Fubini Theorem for random measures
(Thm. 3.4, used mainly as an auxiliary result), and to prove the convergence mode (1.3) thanks to an adequate
use of Lusin’s Theorem. Assumption (1.4) is a mild condition and covers essentially every second-order random
measure used in practice; we give some examples in Section 3.3. We refer to [11, 12] and [13], Chapter 5 as
works where assumption (1.4) is used. Expansion (1.2) also implies an expansion for the covariance measure
CM , which is here specified in Proposition 4.8.

1When σ2
Xn

= 0, the object µn may not be a measure but it does not really intervene in expansion (1.2) since then Xn = 0.
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Orthogonal expansions for second-order random measures have been explored in particular cases. For
Gaussian White Noise and other orthogonal random measures, orthogonal expansions can be obtained quite
immediately (see Sect. 3.3.1). Note also that a second-order random measure M can be interpreted as a gen-
eralized stochastic process (or random distribution, see [14, 15]) by focusing on the random variables ⟨M,φ⟩
for every φ smooth with compact support. For such stochastic objects, orthogonal expansions such as (1.2) are
known. [16] covers the case of a generalized stochastic process over a bounded subset of Rd, the objects (µn)n
being distributions in such a case. [17] explores the case of tempered random distributions over the whole space
Rd, in which second-order random measures regulated by polynomials are covered. The actual contribution of
the present work is double: the demonstration that for a function-regulated measure-covariance second-order
random measure M the objects (µn)n in the KL expansion are measures and not general distributions, all of
them being regulated by the same function that regulatesM ; and the important convergence against measurable
functions (1.3), which is stronger that convergence against smooth functions and implies set-wise convergence.
In what concerns KL expansions of more abstract stochastic objects with values in more general topological
spaces than the classical Hilbert space case, we refer to [18] for separable Banach spaces, [19] for separable
Fréchet spaces, and [20] for compact topological groups.

This work is organized as follows. In Section 2 we give the basis of KL expansions with respect to a Hilbert
space. In Section 3 we introduce random measures. Since the setting is not completely standard (use of δ-rings
and random measures in a particular sense), Sections 3.1 and 3.2 introduce notations, basic notions and key
properties of both deterministic and random measures over Rd. Semi-stochastic Fubini Theorem 3.4 is also here
presented. Section 3.3 gives important examples of widely studied random measures for which a KL expansion as
here presented can be obtained2 such as White Noise, orthogonal random measures, Poisson and Cox processes
and the derivative of fractional Brownian motion with Hurst index H ≥ 1

2 . In Section 4 we present the main
Theorems 4.1 and 4.10, Proposition 4.8, and their proofs. We end in Section 5 with some concluding remarks
and comments about these results and ideas for future research. Namely, we discuss: the Hilbert space E which
contains the finite measures over Rd implicitly used as basis for the KL expansions; the uniqueness of these
expansions; details in the Gaussian case; applicability for non-function-regulated random measures; and ideas
for obtaining KL expansions for some non-mean-square-continuous stochastic processes over Rd, such as trawl
processes.

Notations and conventions. 1A denotes the indicator function of the set A. ∥ · ∥∞ denotes the supremum
norm. D(Rd) denotes the space of (real) smooth compactly supported test-functions over Rd used in Distribution
Theory [21, 22]. Concerning measure theory over Rd, we are inspired mainly by the Bourbakian approach to
measure theory [23], so in particular a positive measure is taken to be a σ-additive positive function over the
bounded Borel sets, not over the whole Borel σ-algebra, see more details in Section 3.1. The Lebesgue measure
over Rd is denoted ℓ⊗d. All random variables are supposed to be defined over a common probability space
(Ω,A,P). A stochastic process is understood as a family of random variables indexed by an arbitrary non-
empty set. We do not make precise the laws of the random variables involved (the Gaussian case is a particular
one which can be used as a reference example). Equality between random variables is always understood in an
a.s. sense, and equality between stochastic processes is understood as one being a modification of the other.

2. Karhunen–Loève expansion

Let us give the details about KL expansions with respect to a Hilbert space. Let E be a real separable Hilbert
space, with inner-product (·, ·)E . Let X : E → L2(Ω,A,P) be a linear and continuous real mapping satisfying
that there exists an orthonormal basis (en)n∈N ⊂ E such that

∑
n∈N

E(|X(en)|2) <∞. (2.1)

2We do not explicitly obtain their expansions here, we only mention them as examples covered by the results.



52 R. CARRIZO VERGARA

If this holds, we say that X has a traceable KL expansion with respect to E. In such a case there exist an
orthonormal basis of E, say (fn)n∈N, and a sequence of uncorrelated random variables (Xn)n∈N, such that

X(e) =
∑
n∈N

Xn (fn, e)E , ∀e ∈ E, (2.2)

the convergence of the series being in a mean-square sense. Note that we have used the weak topology on E for
the convergence criterion. The vectors (fn)n∈N are the eigenvectors of the covariance operator induced by the
covariance of X: if KX : E × E → R is the covariance kernel of X, that is

KX(e, f) = E(X(e)X(f)), (2.3)

then KX is bilinear, positive-semidefinite and continuous (since X is continuous). By Riesz Representation, for
every e ∈ E there exists an element QX(e) ∈ E such that

KX(e, f) = (QX(e), f)E , ∀f ∈ E. (2.4)

The so-induced operator QX : E → E is called the covariance operator of X. This operator is linear, continuous,
positive-semidefinite, and by (2.1) it is also trace-class [24], Theorem VI.18. Hence, it has a spectral decompo-
sition in an orthonormal basis of eigenvectors (fn)n∈N, with corresponding positive eigenvalues (σ2

Xn
)n∈N which

form a convergent series [24], Theorem VI.21:

σ2
Xn
fn = QX(fn) ;

∑
n∈N

σ2
Xn

<∞. (2.5)

The random variables (Xn)n∈N are given by Xn := X(fn), for which we have Cov(Xn, Xm) = σ2
Xn
δn,m.

Let us study a particular example which we apply in this work. Let (U(x))x∈Rd be a real mean-square con-
tinuous stochastic process over Rd. Let CU (x, y) = E(U(x)U(y)) be its covariance function, which is continuous
over Rd × Rd. Let ν be a positive finite measure over Rd such that∫

Rd

CU (x, x)dν(x) <∞. (2.6)

From Cauchy-Schwarz inequality and the positive-semidefiniteness of CU , (2.6) implies

∫
Rd×Rd

|CU (x, y)||φ(x)||ϕ(y)|d(ν ⊗ ν)(x, y) <∞, ∀φ, ϕ ∈ L2(Rd, ν). (2.7)

It is known that this condition allows to properly define stochastic integrals of the form3

Ũ(φ) :=

∫
Rd

U(x)φ(x)dν(x), ∀φ ∈ L2(Rd, ν). (2.8)

3The case of integrals over a compact interval is covered for example by [25], Section 4.5, whose approach using Riemann sums
can be extended to integrals over Rd without major difficulties. For the sake of completeness, such a development is presented here
in Appendix A.2 (use φdν as measure in Lemma A.3 for the case of integral (2.8)). A comment on the Bochner-integral construction,
which requires a stronger condition than (2.7), is also exposed in such Appendix.
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Hence, one can re-define U as a process indexed by elements of the separable Hilbert space L2(Rd, ν). The
so-defined application Ũ : L2(Rd, ν) → L2(Ω,A,P) is continuous. The covariance operator QŨ is given by

QŨ (φ) =

∫
Rd

CU (·, y)φ(y)dν(y), (2.9)

which by (2.6) is trace-class [26]. Ũ has then a traceable KL expansion with respect to L2(Rd, ν):

∫
Rd

U(x)φ(x)dν(x) =
∑
n∈N

Xn(fn, φ)L2(Rd,ν), ∀φ ∈ L2(Rd, ν), (2.10)

with (fn)n∈N the orthonormal basis of eigenfunctions of QŨ and

Xn =

∫
Rd

U(x)fn(x)dν(x), ∀n ∈ N. (2.11)

3. Random measures

The proofs of the claims exposed in this Section are present in Appendix A.

3.1. Reminders on measures over Rd and their anti-derivatives

We denote B(Rd) the Borel σ-algebra of Rd and BB(Rd) the δ-ring of bounded Borel subsets of Rd. By a
measure over Rd, we mean a real application µ : BB(Rd) → R which is σ-additive over BB(Rd). This implies
that µ is locally-finite, but µ may not be defined over unbounded sets (some authors use the term pre-measure
for this object [27]). The total-variation measure of µ, noted |µ|, is the smallest positive measure such that
|µ(A)| ≤ |µ|(A) for all A ∈ BB(Rd) [28], Chapter 6. If |µ| can be extended finitely and σ-additively to B(Rd)
(hence |µ|(Rd) < ∞), then µ is said to be finite, and it can be extended uniquely and σ-additively to B(Rd).
The space of measures (resp. finite measures) over Rd is denoted M (Rd) (resp. MF (Rd)). The space of (real
Borel) measurable functions over Rd is denoted M(Rd). MB(Rd) and MB,c(Rd) denote the subspaces of M(Rd)
consisting of bounded and bounded compactly supported functions respectively. A function f ∈ M(Rd) is said
to be integrable with respect to µ ∈ M (Rd) if |f | is Lebesgue integrable with respect to |µ|. In such a case, we
note ⟨µ, f⟩ :=

∫
Rd fdµ =

∫
Rd f(x)dµ(x). We remark that the total variation measure |µ| can be expressed as

|µ|(A) = sup
φ∈M(Rd),|φ|=1A

|⟨µ, φ⟩|, ∀A ∈ BB(Rd). (3.1)

We recall the useful Lusin’s Theorem, considered in a simplified version over Rd [29], Theorem 7.10:

Theorem 3.1 (Lusin). Let µ ∈ MF (Rd) and ψ ∈ M(Rd). Then, for every ϵ > 0 there exists a closed set
E ⊂ Rd such that ψ is continuous over E (with the subspace topology) and |µ|(Ec) < ϵ.

One special property of measures over Rd is that they are derivatives in distributional sense of regular
functions. Moreover, if the measure is finite those primitives grow in a controlled manner. Consider thus the
following (double) anti-derivative operator O : MF (Rd) → C(Rd):

O(µ)(x⃗) :=

∫ x⃗

0

µ((−∞, u⃗])du⃗, ∀x⃗ ∈ Rd, (3.2)
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where we have used the abbreviated notations∫ x⃗

0

(·) du⃗ :=

∫ x1

0

∫ x2

0

...

∫ xd

0

(·) dud...du2du1 ; (−∞, x⃗] := (−∞, x1]× (−∞, x2]× ...× (−∞, xd], (3.3)

for every x⃗ = (x1, ..., xd) ∈ Rd. Note that the function u⃗ 7→ µ((−∞, u⃗]) is bounded (since µ is finite) and càdlàg
in each component when the others are fixed, therefore the iterated integrals in (3.2) are simple Riemann
integrals and thus O(µ) is a continuous function. The following bound holds for O(µ):

|O(µ)(x⃗)| ≤ |x1|...|xd||µ|(Rd), ∀x⃗ = (x1, ..., xd) ∈ Rd. (3.4)

O is an anti-derivative operator in the sense that ∂2dO(µ)
∂x2

1...∂x
2
d
= µ in distributional sense over Rd, that is

∫
Rd

O(µ)(x)
∂2dφ

∂x21...∂x
2
d

(x)dx =

∫
Rd

φ(x)dµ(x), ∀φ ∈ D(Rd). (3.5)

3.2. Measure-covariance random measures and properties

Definition 3.2. A centred measure-covariance second-order random measure (from now on m-cov random
measure) over Rd is a zero-mean stochastic process indexed by the bounded Borel sets M = (M(A))A∈BB(Rd)

such that there exists CM ∈ M (Rd × Rd) such that

E(M(A)M(B)) = CM (A×B), ∀A,B ∈ BB(Rd). (3.6)

The first implication of Definition 3.2 is the following.

Proposition 3.3. M is a σ-additive function from BB(Rd) to L2(Ω,A,P).

In other words, M is an L2(Ω,A,P)-valued (locally finite) measure over Rd. The extra adjective m-cov is
added because of the identification of the covariance of M to the covariance measure CM , which, as mentioned
in the introduction, does not apply for a general second-order random measure [9], Chapter 2, Example 2. It
is clear that covariance measures are symmetric in the sense CM (A×B) = CM (B ×A). It is possible to verify
that |CM | is also a symmetric measure. Covariance measures are positive-semidefinite in the sense

⟨CM , φ⊗ φ⟩ ≥ 0, ∀φ ∈ MB,c(Rd). (3.7)

Conversely, every symmetric measure over Rd×Rd satisfying (3.7) is the covariance measure of an m-cov random
measure.4 If φ ∈ M(Rd) is such that

⟨|CM |, |φ| ⊗ |φ|⟩ <∞, (3.8)

then the stochastic integral

⟨M,φ⟩ :=
∫
Rd

φ(x)dM(x) (3.9)

can be uniquely defined as a random variable in L2(Ω,A,P). This is just an example of the Dunford-Schwartz
integral of φ with respect to the L2(Ω,A,P)-valued measure M ; see [9], Chapter 2 for an effective introduction,
[30], Section IV.10 for the details, and [31], Proposition 3.3.1 for the sufficiency of condition (3.8). Also, the

4Construct a Gaussian m-cov random measure using Kolmogorov Extension Theorem.
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French textbook [13], Chapter 5 covers in great detail, although with other terminology, the treatment of second-
order random measures with a measure covariance and the integrals of deterministic function with respect to
them. If φ and ϕ satisfy (3.8), then

E (⟨M,φ⟩⟨M,ϕ⟩) = ⟨CM , φ⊗ ϕ⟩. (3.10)

The next theorem, which will play an auxiliary role, is called here semi-stochastic Fubini Theorem, since it
provides sufficient conditions under which we can switch integral signs when one of the integrating measures
is random and the other is not. Other stochastic Fubini theorems can be found in the literature but usually
with diverse sample path, predictability or martingale-type conditions ([9], Theorem 7.4.10, [32], Section 4.5,
[33]), which are not the focus here. The version here presented aims to provide conditions on CM under which
stochastic integrals can be defined with Riemann sums, without extra requirements on the sample paths of M .

Theorem 3.4 (Semi-stochastic Fubini). Let M be an m-cov random measure over Rd with covariance
measure CM and let µ ∈ M (Rm). Let ψ ∈ M(Rd × Rm) such that

(i)
∫
Rd×Rd×Rm×Rm |ψ(x, u)||ψ(y, v)|d|CM | ⊗ |µ| ⊗ |µ|(x, y, u, v) <∞.

(ii) The function (u, v) 7→ ⟨ |CM | , |ψ|(·, u) ⊗ |ψ|(·, v) ⟩ is locally bounded and there exists E ∈ B(Rm) with
|µ|(Ec) = 0 such that the function (u, v) 7→ ⟨ CM , ψ(·, u)⊗ ψ(·, v) ⟩ is continuous over E × E.

Then, ∫
Rd

∫
Rm

ψ(x, u)dµ(u)dM(x) =

∫
Rm

∫
Rd

ψ(x, u)dM(x)dµ(u). (3.11)

Let us now focus on the case of finite random measures.

Definition 3.5. An m-cov random measure M over Rd is said to be finite if its covariance measure CM is
finite.

When M is finite, its definition can be extended uniquely, finitely and σ-additively to the whole Borel σ-
algebra B(Rd), the random variable M(Rd) having finite variance. There is also an extra regularity property
which holds for finite random measures.

Proposition 3.6. Let M be an m-cov finite random measure over Rd. Then, the function over Rd × Rd

(u⃗, v⃗) 7→ CM ((−∞, u⃗]× (−∞, v⃗]) (3.12)

is continuous over a set of the form E × E, with E ∈ B(Rd) such that ℓ⊗d(Ec) = 0.

Let us now define the application of the anti-derivative operator O to a finite m-cov random measure M .
The application u⃗ 7→M((−∞, u⃗]) defines a stochastic process over Rd whose covariance function is (3.12), being
thus mean-square continuous outside a set of null Lebesgue measure and with bounded covariance. Thus, the
stochastic integral (see Lem. A.2)

O(M)(x⃗) :=

∫ x⃗

0

M((−∞, u⃗])du⃗ (3.13)

is well-defined through Riemann-alike approximations. This process has covariance function

CO(M)(x⃗, y⃗) =

∫ x⃗

0

∫ y⃗

0

CM ((−∞, u⃗]× (−∞, v⃗])dv⃗du⃗, (3.14)
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which is a continuous function over Rd × Rd (it is actually the function O ⊗ O(CM )), therefore O(M) is
mean-square continuous. In addition one has the bound

|CO(M)(x⃗, y⃗)| ≤ |x1|...|xd||y1|...|yd||CM |(Rd × Rd), ∀x⃗, y⃗ ∈ Rd. (3.15)

Finally, an application of semi-stochastic Fubini Theorem 3.4 allows to conclude ∂2dO(M)
∂x2

1...∂x
2
d
=M in distributional

sense over Rd, that is, we have the equality between the stochastic integrals∫
Rd

O(M)(x)
∂2dφ

∂x21...∂x
2
d

(x)dx =

∫
Rd

φ(x)dM(x), ∀φ ∈ D(Rd). (3.16)

3.3. Examples of m-cov random measures

We provide some examples of commonly used random measures for which a KL expansion as it is presented
here can be obtained.

3.3.1. White noise and other orthogonal random measures

A (non-necessarily Gaussian) White Noise over Rd is a centred m-cov random measureW = (W (A))A∈BB(Rd)

with covariance given by

Cov(W (A),W (B)) = ℓ⊗d(A ∩B). (3.17)

The covariance measure of W satisfies ⟨CW , ψ⟩ =
∫
Rd ψ(x, x)dx for every ψ ∈ MB,c(Rd ×Rd). CW is a measure

concentrated on the hyperplane {x = y} = {(x, y) ∈ Rd × Rd | x = y}, sometimes denoted δ(x − y). White
Noise is a particular case of an orthogonal random measure. An orthogonal random measure is a centred m-cov
random measure M = (M(A))A∈BB(Rd) such that there exists ν ∈ M (Rd) positive such that

Cov(M(A),M(B)) = ν(A ∩B). (3.18)

CM is also concentrated on {x = y} but with another weighting measure, having ⟨CM , ψ⟩ =
∫
Rd ψ(x, x)dν(x).

We denote in such a case CM = νδ(x − y). Orthogonal random measures have the property of assigning null
covariance when evaluated over disjoint sets, or when integrated against functions with disjoint support. These
kinds of random measures appear in the spectral analysis of stationary random random fields [34]. In the stronger
case where M takes independent values at disjoint sets, M is sometimes called a completely random measure
[35, 36], or an independently scattered random measure [37]. Lévy processes [38] can be seen as primitives
of completely random measures (the Lévy basis), and therefore their derivatives in distributional sense are
orthogonal random measures in the sense (3.18) if the increments of the Lévy process have finite variance. KL
expansions for Lévy processes have been worked out for example in [39].

Orthogonal expansions for an orthogonal random measure M can be obtained with relative ease. Let (fn)n
to be an orthonormal basis of the space L2(Rd, ν). Then,

⟨M,φ⟩ =
∑
n∈N

ϵn(fn, φ)L2(Rd,ν), ∀φ ∈ L2(Rd, ν), (3.19)

with ϵn = ⟨M,fn⟩. Note that in this case Var(ϵn) = 1, therefore the expansion is not traceable contrary to
the case of Section 2. This can be arranged, for example, by multiplying each ϵn by a coefficient σn > 0, with∑

n σ
2
n < ∞, and then take µn = fn/σn as functions in the expansion. Note that in such a case, (µn)n is not

an orthonormal system of L2(Rd, ν) but of another more abstract Hilbert space, with respect to which M has a
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traceable KL expansion (see further in Sect. 5.1). In order to identify expansion (3.19) as a KL expansion such
as the here developed, fn and µn must be interpreted as measures, not as functions.

Some orthogonal random measures provide the crucial example of L2(Ω,A,P)-valued random measures that
cannot be seen as random measures in the sense of random variables taking values in a space of measures
or almost surely so. Over Rd, independently scattered measure-valued random variables must necessarily be
a point process [36]. In consequence, if M is a Gaussian orthogonal random measure such that the weighting
measure ν is not purely a discrete measure, the sample paths of Gaussian orthogonal random measures have
almost surely unbounded variation [40]. This includes the case of Gaussian White Noise, as it is widely known
[41], Exercise 2.17.

3.3.2. Poisson and Cox point processes

A point process [42] is a stochastic process indexed by the bounded Borel sets (M(A))A∈BB(Rd) which can
be represented as

M(A) =
∑
j∈N

δXj
(A), (3.20)

where (Xj)j∈N is a family of Rd-valued random variables such that M(A) < ∞ almost surely. M is called an
inhomogeneous Poisson process if for every disjoint collection of bounded Borel sets (Ak)k, the random variables
(M(Ak))k are independent Poisson random variables with E (M(Ak)) = ν(Ak) for some positive measure ν ∈
M (Rd) (the intensity measure). From the independence at disjoint sets condition, the covariance structure of
an inhomogeneous Poisson process is given by (3.18), and thus M − ν (that is, centering M) is an orthogonal
random measure. In consequence, orthogonal expansions of the form (3.19) also hold for it, with (fn)n interpreted
as measures.

Now, let Λ : BB(Rd) 7→ L2(Ω,A,P) be a positive second-order random measure over Rd, that is, Λ(A) ≥ 0
for every A ∈ BB(Rd). It is known [43], Proposition 2.4 that in such a case, the covariance of Λ is always
identified with a covariance measure CΛ ∈ M (Rd × Rd). In addition, the σ-additivity implies that the mean
ν(A) := E(Λ(A)) defines a measure ν ∈ M (Rd). Now, define M such that, conditioned on Λ, M is a Poisson
point process with intensity Λ. Then,M is another form of point process, commonly used in applications, called
the Cox process [44]. In such a case M − ν is also an m-cov random measure, with covariance measure

CM = νδ(x− y) + CΛ. (3.21)

Thus, M has a richer covariance structure than a Poisson process, with an orthogonal random measure part
νδ(x − y) plus an extra positive covariance CΛ. The most popular Cox process among applications is the
log-Gaussian Cox process [45], where the random intensity is given by

Λ(A) =

∫
A

eZ(x)dx, (3.22)

where Z is some mean-square continuous Gaussian process. Note that random measures constructed from the
integrals of an enough regular stochastic process with respect to a deterministic measure such as in (3.22) also
provide an example of m-cov random measures, see Appendix A.2.

3.3.3. Derivatives of fractional Brownian motion

Let (BH(t))t≥0 be a zero-mean R-valued Gaussian process with covariance function

CBH
(t, s) = Cov(BH(t), BH(s)) =

t2H + s2H − |t− s|2H

2
, (3.23)
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where H ∈ (0, 1). Then BH is called a fractional Brownian motion and H is called the Hurst index. If H = 1
2 ,

BH is a standard Brownian motion. Consider the case H > 1
2 . Let

d
dtBH be the distributional derivative of BH ,

whose covariance is given by [11]

∂2

∂t∂s
CBH

= H(2H − 1)|t− s|2H−2, (3.24)

which is not a continuous function but it is integrable over [0, T ] × [0, T ] for every T > 0. It follows that the
covariance of d

dtBH can be identified with the measure

C d
dtBH

(E) = H(2H − 1)

∫
E

d(x, y)

|x− y|2−2H
, ∀E ∈ BB([0,∞)× [0,∞)). (3.25)

d
dtBH is thus another example of an m-cov random measure. Note that some authors call d

dtBH a long-range
dependence process [46, 47]. It is known that the case H > 1

2 is regular enough to develop an stochastic calculus
around BH without requiring specialized techniques, contrary to the Brownian motion case [48].

4. Expansion of random measures

Now that every required definition and basic result is established, we present the KL expansion for finite
random measures, which is the main result of this work.

Theorem 4.1 (Karhunen–Loève expansion of finite random measures). Let M be an m-cov finite
random measure over Rd. Then, there exists a sequence of pairwise uncorrelated random variables with summable
variances (Xn)n∈N, and a linearly independent sequence of finite measures over Rd, (µn)n∈N such that

⟨M,φ⟩ =
∑
n∈N

Xn⟨µn, φ⟩, ∀φ ∈ MB(Rd), (4.1)

with the series convergence understood in the mean-square sense.

To prove Theorem 4.1, we associate the random measure M to a random object X which acts linearly on a
Hilbert space such as in Section 2. Namely, we first apply the anti-derivative operator O, getting X := O(M).
X is a mean-square continuous stochastic process which can be identified with a mean-square continuous linear
mapping over the separable Hilbert space L2(Rd, ν), being ν a conveniently defined measure. Thus, a KL
expansion with respect to L2(Rd, ν) exists. Then, we derive X and its expansion to retrieveM and its expansion.
This logic has been applied for the case of general tempered random distributions [17]. The particularity here
is the measure structure of the objects (µn)n and the convergence mode (4.1), which requires extra attention.
The proof will be split into Lemmas. New notations will be introduced and kept along the Lemmas. The reader
may recognize very similar arguments to the proof of the classical KL expansion for mean-square continuous
stochastic processes over compact intervals [5], Section 37.5.

Lemma 4.2. There exists ν ∈ MF (Rd) such that for every m-cov finite random measure M over Rd the process
O(M) has a KL expansion with respect to L2

(
Rd, ν

)
.

Proof of Lemma 4.2: Consider the polynomial function p : Rd → R+ given by p(x⃗) =
∏d

j=1(1+ |xj |2)2. Consider
the finite measure over Rd

dν(x) :=
dx

p(x)
. (4.2)
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Let CO(M) be the covariance function of O(M). From bound (3.15) we conclude

∫
Rd×Rd

CO(M)(x, x)dν(x) ≤ |CM |(Rd × Rd)

(∫
R

t2

(1 + t2)2
dt

)d

<∞. (4.3)

O(M) thus has a traceable KL expansion with respect to L2(Rd, ν) (Sect. 2), having thus∫
Rd

O(M)(x)φ(x)dν(x) =
∑
j∈N

Xj(fj , φ)L2(Rd,ν) =
∑
j∈N

Xj⟨ν, fjφ⟩, ∀φ ∈ L2(Rd, ν), (4.4)

being (fj)j∈N the orthonormal basis of L2(Rd, ν) given by the eigenfunctions of the covariance operator of
O(M), and (Xj)j∈N the associated uncorrelated random variables with variances (σ2

Xj
)j∈N, satisfying

σ2
Xj
fj =

∫
Rd

CO(M)(·, y)fj(y)dν(y) ; Xj =

∫
Rd

O(M)(x)fj(x)dν(x);
∑
j∈N

σ2
Xj

<∞. (4.5)

The measure ν in Lemma 4.2 is far from being unique: one can take any measure with fast-enough decreasing
density so second-order primitives (in each component) of finite measures are integrable with respect to it (a
Gaussian density works, for instance).

Let us now fix M as a given finite m-cov random measure.

Lemma 4.3. For every j such that σ2
Xj

> 0, the distribution
∂2dfj

∂x2
1...∂x

2
d
is in MF (Rd).

Proof of Lemma 4.3: An arbitrary f ∈ L2(Rd, ν) determines a distribution over Rd through the application

φ 7→
∫
Rd f(x)φ(x)dx = ⟨fpν, φ⟩. Therefore, the derivatives

∂2dfj
∂x2

1...∂x
2
d
are well defined as distributions over Rd.

The eigenvalue-eigenfunction relation implies for σ2
Xj

> 0

fj(x⃗) =
1

σ2
Xj

∫
Rd

CO(M)(x⃗, y⃗)fj(y⃗)dν(y⃗)

=
1

σ2
Xj

∫
Rd

∫ x⃗

0

∫ y⃗

0

CM ((−∞, u⃗]× (−∞, v⃗])dv⃗du⃗fj(y⃗)dν(y⃗)

=
1

σ2
Xj

∫ x⃗

0

∫
Rd

∫ y⃗

0

CM ((−∞, u⃗]× (−∞, v⃗])dv⃗fj(y⃗)dν(y⃗)du⃗

=
1

σ2
Xj

∫ x⃗

0

∫
Rd

O (CM ((−∞, u⃗]× · )) (y⃗)fj(y⃗)dν(y⃗)du⃗,

(4.6)

where we used (deterministic) Fubini Theorem5 for changing the order of integration, and CM (A× · ) stands
for the measure B 7→ CM (A×B) for any A ∈ B(Rd). Inspired by this, we define

µj(A) :=
1

σ2
Xj

∫
Rd

O (CM (A× · )) (y⃗)fj(y⃗)dν(y⃗), ∀A ∈ B(Rd). (4.7)

5The classical Fubini Theorem for positive measures can be extended easily to the case of real measures over Euclidean spaces
provided that the corresponding integrals using the total-variation of the measures involved are finite.
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Given the property (3.4) of the operator O, the function O
(
CM (A× ·)

)
is in L2(Rd, ν) and the integral (4.7) is

thus well-defined. Since O is linear, the application A 7→ µj(A) is additive. From bound (3.4) we have

|µj(A)| ≤
1

σ2
Xj

∫
Rd

|y1|...|yd||fj(y⃗)|dν(y⃗)︸ ︷︷ ︸
<∞ since y⃗ 7→|y1|...|yd| ∈ L2(Rd,ν)

|CM |(A× Rd). (4.8)

Since |CM | is a finite measure, if we take any sequence of Borel sets (An)n∈N such that An ↘ ∅ we have
|CM |(An ×Rd) ↘ 0 and hence |µj(An)| → 0. This proves that µj is a measure over Rd and it is also finite since
CM is finite. In addition, from (4.6) we have

fj(x⃗) =

∫ x⃗

0

µj((−∞, u⃗])du⃗ = O(µj)(x⃗). (4.9)

Thus, fj is nothing but O(µj), therefore

µj =
∂2dfj

∂x21...∂x
2
d

. (4.10)

When σ2
Xj

= 0 the distribution
∂2dfj

∂x2
1...∂x

2
d
is not necessarily a measure, but such a case does not really intervene

in the decomposition (4.4) (Xj = 0). For simplicity, we assume from now on that σ2
Xj

> 0 for all j ∈ N (for the

case where the sum (4.1) is finite we have nothing more to prove).

Lemma 4.4. M has the following expansion

⟨M,φ⟩ =
∑
j∈N

Xj⟨µj , φ⟩, ∀φ ∈ D(Rd). (4.11)

Proof of Lemma 4.4: For φ ∈ D(Rd), one has φp ∈ L2(Rd, ν). Thus, from expansion (4.4) we have

⟨O(M), φ⟩ =
∫
Rd

O(M)(x)φ(x)p(x)dν(x) =
∑
j∈N

Xj⟨ν, fjφp⟩ =
∑
j∈N

Xj

∫
Rd

fj(x)φ(x)dx. (4.12)

Considering the derivative relations (3.16) and (4.10), we conclude

⟨M,φ⟩ = ⟨∂
2dO(M)

∂x21...∂x
2
d

, φ⟩

= ⟨O(M),
∂2dφ

∂x21...∂x
2
d

⟩

=
∑
j∈N

Xj⟨fj ,
∂2dφ

∂x21...∂x
2
d

⟩

=
∑
j∈N

Xj⟨
∂2dfj

∂x21...∂x
2
d

, φ⟩ =
∑
j∈N

Xj⟨µj , φ⟩, ∀φ ∈ D(Rd).

(4.13)

The goal of the following Lemmas is to extend the expansion (4.11) to φ ∈ MB(Rd). We begin by computing
an important covariance. The semi-stochastic Fubini Theorem 3.4 will be used here.



KARHUNEN–LOÈVE EXPANSION OF RANDOM MEASURES 61

Lemma 4.5. The following formula holds for every A ∈ B(Rd):

E (M(A)Xj) = σ2
Xj
µj(A). (4.14)

Proof of Lemma 4.5: By definition of O(M) and Xj (Eq. (4.5)) we have

Xj =

∫
Rd

O(M)(y⃗)fj(y⃗)dν(y⃗)

=

∫
Rd

∫ y⃗

0

∫
Rd

1(−∞,u⃗](s⃗)dM(s⃗)du⃗fj(y⃗)dν(y⃗)

=

∫
Rd×Rd

∫
Rd

1(−∞,u⃗](s⃗)dM(s⃗)θy⃗(u⃗)fj(y⃗)d(ℓ
⊗d ⊗ ν)(u⃗, y⃗),

(4.15)

where θy⃗ is the function θy⃗ : Rd → {−1, 0, 1} such that
∫
Rd θy⃗(u⃗)φ(u⃗)du⃗ =

∫ y⃗

0
φ(u⃗)du⃗ for every φ ∈ C(Rd)6. We

shall apply semi-stochastic Fubini Theorem 3.4 to switch integral signs in (4.15). Consider the measure λ over
Rd × Rd given by dλ(u⃗, y⃗) := θy⃗(u⃗)fj(y⃗)d(ℓ

⊗d ⊗ ν)(u⃗, y⃗). λ is finite since by (deterministic) Fubini

|λ|(Rd × Rd) =

∫
Rd×Rd

|θy⃗(u⃗)fj(y⃗)|d(ℓ⊗d ⊗ ν)(u⃗, y⃗) =

∫
Rd

∫
Rd

|θy⃗(u⃗)|du⃗|fj(y⃗)|dν(y⃗)

≤
∫
Rd

|y1|...|yd||fj(y⃗)|dν(y⃗) <∞.

(4.16)

For condition (i) we use that both CM and λ are finite, so

∫
(Rd×Rd)×(Rd×Rd)×(Rd×Rd)

1(−∞,u⃗](s⃗)1(−∞,v⃗](⃗t)d (|CM | ⊗ |λ| ⊗ |λ|)
(
(s⃗, t⃗), (u⃗, y⃗), (v⃗, z⃗)

)
≤ |CM |(Rd × Rd)

[
|λ|(Rd × Rd)

]2
<∞.

(4.17)

For condition (ii), we have to study the function

((u⃗, y⃗), (v⃗, z⃗)) 7→
∫
Rd×Rd

1(−∞,u⃗](s⃗)1(−∞,v⃗](⃗t)dCM (s⃗, t⃗) = CM ((−∞, u⃗]× (−∞, v⃗]) . (4.18)

This function is clearly bounded and it does not depend upon y⃗, z⃗, so it is continuous in such components.
Moreover, from Proposition 3.6 it also follows that (4.18) is continuous over (E × Rd) × (E × Rd), being E ∈
B(Rd) such that ℓ⊗d(Ec) = 0, and therefore such that |λ|

([
E × Rd

]c)
= 0. Semi-stochastic Fubini Theorem can

then be applied to switch the integral order in (4.15), obtaining

Xj =

∫
Rd×Rd

∫
Rd

1(−∞,u⃗](s⃗)dM(s⃗)dλ(u⃗, y⃗) =

∫
Rd

∫
Rd×Rd

1(−∞,u⃗](s⃗)dλ(u⃗, y⃗)dM(s⃗). (4.19)

6The function θy⃗ is just the indicator function of [0, y⃗] when the components of y⃗ are all positive. When they are not, corresponding
minus signs must be added in order to make the integrals coincide. In any case, θy⃗ has compact support.
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Using formula (3.10) and (deterministic) Fubini Theorem, we obtain

E (M(A)Xj) = E
(∫

Rd

1A(⃗t)dM (⃗t)

∫
Rd

∫
Rd×Rd

1(−∞,u⃗](s⃗)dλ(u⃗, y⃗)dM(s⃗)

)
=

∫
Rd×Rd

1A(⃗t)

∫
Rd×Rd

1(−∞,u⃗](s⃗)dλ(u⃗, y⃗)dCM (⃗t, s⃗)

=

∫
Rd×Rd

∫
Rd×Rd

1A(⃗t)1(−∞,u⃗](s⃗)dCM (⃗t, s⃗)dλ(u⃗, y⃗)

=

∫
Rd

∫ y⃗

0

CM (A× (−∞, u⃗])du⃗fj(y⃗)dν(y⃗)

=

∫
Rd

O
(
CM (A× · )

)
(y⃗)fj(y⃗)dν(y⃗)

= σ2
Xj
µj(A).

(4.20)

Lemma 4.6. The bilinear form Λ : MB(Rd)×MB(Rd) → R given by

Λ(φ, ϕ) =

∞∑
j=1

σ2
Xj

⟨µj , φ⟩⟨µj , ϕ⟩ (4.21)

is well-defined, the series being absolutely convergent.

Proof of Lemma 4.6: Let us define the sequence of finite random measures

Mn =
∑
j≤n

Xjµj , n ∈ N. (4.22)

Their covariance measures CMn
are given by

CMn(A×B) = E(
∑
j≤n

∑
k≤n

XjXkµj(A)µk(B) )

=
∑
j≤n

σ2
Xj
µj(A)µj(B),

(4.23)

where we have used E(XjXk) = σ2
Xj
δj,k. In addition, using Lemma 4.5 we conclude

E (M(A)Mn(B)) = E(
∑
j≤n

M(A)Xjµj(B) )

=
∑
j≤n

E (M(A)Xj)µj(B)

=
∑
j≤n

σ2
Xj
µj(A)µj(B) = CMn(A×B).

(4.24)

Developing the expression E
((
M(A)−Mn(A)

)(
M(B)−Mn(B)

))
, one concludes from (4.23) and (4.24) that

M −Mn is an m-cov finite random measure with covariance

CM−Mn
= CM − CMn

= CM −
∑
j≤n

σ2
Xj
µj ⊗ µj . (4.25)
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Since CM−Mn
is a finite covariance measure it must be positive definite, having

⟨CM − CMn , φ⊗ φ⟩ = ⟨CM−Mn , φ⊗ φ⟩ ≥ 0, ∀φ ∈ MB(Rd), (4.26)

which implies

⟨CMn , φ⊗ φ⟩ ≤ ⟨CM , φ⊗ φ⟩, ∀φ ∈ MB(Rd). (4.27)

Using Cauchy-Schwartz inequality, we conclude for every n

∑
j≤n

σ2
Xj

|⟨µj , φ⟩||⟨µj , ϕ⟩| ≤
√∑

j≤n

σ2
Xj

|⟨µj , φ⟩|2
√∑

j≤n

σ2
Xj

|⟨µj , ϕ⟩|2

=
√
⟨CMn

, φ⊗ φ⟩
√

⟨CMn
, ϕ⊗ ϕ⟩

≤
√
⟨CM , φ⊗ φ⟩

√
⟨CM , ϕ⊗ ϕ⟩ <∞,

(4.28)

which proves that the series (4.21) is absolutely convergent and thus the bilinear form Λ is well-defined.

The following Lemma is the crucial part where an argument essentially different from those found in the proof
of the classical KL expansion is needed. Here, an adequate use of Lusin’s Theorem will help us to conclude the
convergence against measurable and bounded functions.

Lemma 4.7. The following equality holds

Λ(φ,φ) = ⟨CM , φ⊗ φ⟩, ∀φ ∈ MB(Rd). (4.29)

Proof of Lemma 4.7: Lemma 4.4 guarantees that (4.29) holds for φ ∈ D(Rd). We will extend it to φ ∈ MB(Rd).
We begin by considering φ ̸= 0 of the form φ = 1I , where I ⊂ Rd is a rectangle I = I1 × ...× Id, each Ij being
an interval of R. In such a case φ can be approximated point-wisely by a sequence of functions in D(Rd), the
sequence being dominated by ∥φ∥∞. Let ϵ > 0. Since CM is a finite measure, from dominated convergence we
can choose ϕ ∈ D(Rd) approaching φ so that ∥ϕ∥∞ ≤ ∥φ∥∞ and so that

⟨|CM |, |φ− ϕ| ⊗ |φ− ϕ|⟩ < ϵ2

64∥φ∥2∞|CM |(Rd × Rd)
. (4.30)

Now, from triangular inequality we have

|Λ(φ,φ)− ⟨CM , φ⊗ φ⟩| ≤ | Λ(φ,φ)−
∑
j≤n

σ2
Xj

|⟨µj , φ⟩|2|︸ ︷︷ ︸
(a)

+ |
∑
j≤n

σ2
Xj

|⟨µj , φ⟩|2 −
∑
j≤n

σ2
Xj

|⟨µj , ϕ⟩|2|︸ ︷︷ ︸
(b)

+ |
∑
j≤n

σ2
Xj

|⟨µj , ϕ⟩|2 − ⟨CM , ϕ⊗ ϕ⟩|︸ ︷︷ ︸
(c)

+ | ⟨CM , ϕ⊗ ϕ⟩ − ⟨CM , φ⊗ φ⟩|︸ ︷︷ ︸
(d)

.
(4.31)
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By Lemmas 4.6 and 4.4, there exists n0 such that both terms (a) and (c) are smaller than ϵ
4 if n ≥ n0. For the

term (d) we use the symmetry of CM , the Cauchy-Schwarz inequality and inequality (4.30) to obtain

(d) = |⟨CM , φ⊗ φ− ϕ⊗ ϕ⟩|
= |⟨CM , (φ+ ϕ)⊗ (φ− ϕ)⟩|

≤
√
⟨CM , (φ+ ϕ)⊗ (φ+ ϕ)⟩

√
⟨CM , (φ− ϕ)⊗ (φ− ϕ)⟩

<
√
|CM |(Rd × Rd)4∥φ∥2∞

√
ϵ2

64∥φ∥2∞|CM |(Rd × Rd)
=
ϵ

4
.

(4.32)

On the other hand, for the term (b) we can do similarly, considering the covariance measure CMn
(Eq. (4.23))

and inequality (4.27):

(b) = |⟨CMn , φ⊗ φ− ϕ⊗ ϕ⟩|
= |⟨CMn , (φ+ ϕ)⊗ (φ− ϕ)⟩|

≤
√
⟨CMn , (φ+ ϕ)⊗ (φ+ ϕ)⟩

√
⟨CMn , (φ− ϕ)⊗ (φ− ϕ)⟩

≤
√
⟨CM , (φ+ ϕ)⊗ (φ+ ϕ)⟩

√
⟨CM , (φ− ϕ)⊗ (φ− ϕ)⟩ < ϵ

4
.

(4.33)

We conclude that |Λ(φ,φ)− ⟨CM , φ⊗ φ⟩| ≤ ϵ for every ϵ > 0, and therefore Λ(φ,φ) = ⟨CM , φ⊗ φ⟩ for every φ
of the form φ = 1I . By bilinearity of Λ, we can easily extend this result to every φ in the space

E := span{ 1I

∣∣ I ⊂ Rd rectangle }. (4.34)

Now, in order to extend this result to any φ ∈ MB(Rd), we use Lusin’s Theorem 3.1 applied to the space Rd

with the finite measure |CM |( · × Rd). Given φ ∈ MB(Rd), φ ̸= 0, and given ϵ > 0, there exists a closed set
E ⊂ Rd such that φ is continuous over E (with the subspace topology) and such that

|CM |(Ec × Rd) <
ϵ2

1536∥φ∥4∞|CM |(Rd × Rd)
. (4.35)

Consider a typical Riemann-alike approximation of φ, done through a sequence of functions of the form

ϕn :=

n∑
j=1

φ(xnj )1In
j
, (4.36)

where for each n, (Inj )j=1,...,n is a collection of rectangles forming a partition of a subset Kn of Rd, satisfying

that Kn ↗ Rd and max
j=1,...,n

diam(Inj ) → 0 as n → ∞; and xnj ∈ Inj is a tag-point chosen so xnj ∈ E when

Inj ∩E ̸= ∅. Let x ∈ E. Denote jn the index of the interval Inj where x belongs to. By construction the sequence
(xnjn)n is in E, and xnjn → x ∈ E as n→ ∞. Since φ is continuous over E with the subspace topology, we have
ϕn(x) = φ(xnjn) → φ(x) as n → ∞. In addition, one has ∥ϕn∥∞ ≤ ∥φ∥∞. The sequence (4.36) converges thus
point-wisely and dominated to φ over E. By dominated convergence (CM is a measure), for every ϵ > 0 we can
select ϕ of the form (4.36) (so in E) with ∥ϕ∥∞ ≤ ∥φ∥∞ such that

∫
E×E

|φ− ϕ| ⊗ |φ− ϕ|d|CM | < ϵ2

128∥φ∥2∞|CM |(Rd × Rd)
. (4.37)
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By splitting integrals, using elementary bounds and the symmetry of |CM |, we have

⟨|CM |, |φ− ϕ| ⊗ |φ− ϕ|⟩ =
∫
E×E

|φ− ϕ| ⊗ |φ− ϕ|d|CM |+
∫
E×Ec

|φ− ϕ| ⊗ |φ− ϕ|d|CM |

+

∫
Ec×E

|φ− ϕ| ⊗ |φ− ϕ|d|CM |+
∫
Ec×Ec

|φ− ϕ| ⊗ |φ− ϕ|d|CM |

≤ ϵ2

128∥φ∥2∞|CM |(Rd × Rd)
+ 3 · 4∥φ∥2∞|CM |(Ec × Rd)

<
ϵ2

128∥φ∥2∞|CM |(Rd × Rd)
+ 12∥φ∥2∞

ϵ2

1536∥φ∥4∞|CM |(Rd × Rd)

=
ϵ2

64∥φ∥2∞|CM |(Rd × Rd)
.

(4.38)

With this set up, we can study the expression |Λ(φ,φ)− ⟨CM , φ⊗ φ⟩| for any φ ∈ MB(Rd) by using the same
splitting arguments exposed in (4.31), using ϕ ∈ E constructed as above. Expressions (a) and (c) can be bounded
by ϵ

4 for n ≥ n0 for some n0. In expressions (b) and (d) we can also follow line by line the arguments (4.32) and
(4.33) to bound both of them by ϵ

4 . We conclude once again that |Λ(φ,φ)− ⟨CM , φ⊗ φ⟩| ≤ ϵ for every ϵ > 0,
and therefore, since φ is arbitrary,

Λ(φ,φ) = ⟨CM , φ⊗ φ⟩ =
∑
j∈N

σ2
Xj

|⟨µj , φ⟩|2, ∀φ ∈ MB(Rd). (4.39)

Now we finish the proof of Theorem 4.1.

Proof of Theorem 4.1: With everything in place, we use Lemmas 4.6, 4.7 and expression (4.25) to obtain

E
(
|⟨M,φ⟩ −

∑
j≤n

Xj⟨µj , φ⟩|2
)
= E(|⟨M −Mn, φ⟩|2)

= ⟨CM−Mn , φ⊗ φ⟩
= ⟨CM − CMn , φ⊗ φ⟩

= Λ(φ,φ)−
∑
j≤n

σ2
Xj

|⟨µj , φ⟩|2 → 0, ∀φ ∈ MB(Rd).

(4.40)

From Theorem 4.1 it follows that the covariance measure CM has the expansion

⟨CM , φ⊗ ϕ⟩ =
∑
j∈N

σ2
Xj

⟨µj , φ⟩⟨µj , ϕ⟩, ∀φ, ϕ ∈ MB(Rd). (4.41)

There is a slightly stronger convergence mode for this expansion: if we fix φ (or ϕ) then the measure ⟨CMn , φ⊗ · ⟩
converges in absolute variation to ⟨CM , φ⊗ · ⟩.

Proposition 4.8. For every φ ∈ MB(Rd), one has∣∣⟨CM , φ⊗ · ⟩ −
∑
j≤n

σ2
Xj

⟨µj , φ⟩µj

∣∣(Rd) → 0, as n→ ∞. (4.42)
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Proof of Proposition 4.8: Let φ ∈ MB(Rd). We use expression (3.1) for the total-variation measure of
⟨CM−Mn , φ⊗ · ⟩. Since (4.25) implies ⟨CM−Mn , ϕ⊗ ϕ⟩ ≤ ⟨CM , ϕ⊗ ϕ⟩ for every ϕ ∈ MB(Rd), we have

|⟨CM − CMn
, φ⊗ · ⟩| (Rd) = |⟨CM−Mn

, φ⊗ · ⟩| (Rd)

= sup
ϕ∈M(Rd),|ϕ|=1

|⟨CM−Mn
, φ⊗ ϕ⟩|

≤ sup
ϕ∈M(Rd),|ϕ|=1

√
⟨CM−Mn , φ⊗ φ⟩

√
⟨CM−Mn , ϕ⊗ ϕ⟩

≤
√
⟨CM−Mn

, φ⊗ φ⟩ sup
ϕ∈M(Rd),|ϕ|=1

√
⟨CM , ϕ⊗ ϕ⟩

≤
√
⟨CM−Mn

, φ⊗ φ⟩
√

|CM |(Rd × Rd) −−−−→
n→∞

0.

(4.43)

To finish, we present the expansion of function-regulated random measures, which covers some non-finite
random measures cases (such as White Noise or Poisson processes with non-finite intensity). Let us introduce
the following definition.

Definition 4.9. A measure µ ∈ M (Rd) (resp., an m-cov random measure M over Rd) is said to be function-
regulated if there exists a strictly positive and locally bounded measurable function f such that µ/f is finite
(resp., such that M/f is finite).

It is not difficult to verify that M is regulated by f if and only if CM is regulated by f ⊗ f .

Theorem 4.10. Let M be an m-cov random measure over Rd regulated by a function f . Then, there exist a
sequence of pairwise uncorrelated random variables with summable variances (Xn)n∈N and a linearly independent
sequence of real measures (µn)n∈N ⊂ M (Rd), all of them regulated by f , such that

⟨M,φ⟩ =
∑
n∈N

Xn⟨µn, φ⟩, ∀φ ∈ MB,c(Rd), (4.44)

with the series convergence understood in the mean-square sense. In addition, the covariance measure CM

satisfies

| ⟨CM , φ⊗ · ⟩ −
∑
j≤n

σ2
Xj

⟨µj , φ⟩µj |(K) −−−−→
n→∞

0, ∀φ ∈ MB,c(Rd),∀K ⊂ Rd compact. (4.45)

Proof of Theorem 4.10: We apply Theorem 4.1 to the finite random measure 1
fM , obtaining thus

⟨ 1
f
M, ϕ⟩ =

∑
j∈N

Xj⟨νj , ϕ⟩, ϕ ∈ MB(Rd), (4.46)

with νj ∈ MF (Rd) for every j. By posing µj = fνj and using ⟨M,φ⟩ = ⟨ 1fM,fφ⟩ the result follows. The

convergence for the covariance (4.45) is obtained following the same arguments as in Proposition 4.8.

5. Concluding remarks

The following remarks are meant to clarify some important points, expose some remarkable cases and provide
ideas for extensions and applications of the results here obtained.
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5.1. Hilbert space-based approach and uniqueness of the expansion

In general, KL expansions are based on a Hilbert space, either by taking the random object as a random
variable with values in the Hilbert space, or by interpreting the object as a linear mapping over it, as in Section 2.
Our case is no exception, although the space at stake is not yet explicitly shown. To make it precise, we consider
the space of finite measures MF (Rd) endowed with the following positive-definite bilinear form

(µ1, µ2)E 7→ (O(µ1),O(µ2))L2(Rd,ν) , (5.1)

where ν ∈ MF (Rd) is defined as in (4.2). By construction, O : MF (Rd) → L2(Rd, ν). From the continuity of
O(µ) together with the fact that ν has a strictly positive density, one has

∫
Rd |O(µ)|2dν = 0 ⇐⇒ O(µ) = 0. Since

O(µ) is the primitive of the function u⃗ 7→ µ((−∞, u⃗]), O(µ) = 0 implies µ((−∞, u⃗]) = 0 u⃗-almost everywhere,
and from right-continuity it must be null. We conclude (µ, µ)E = 0 ⇐⇒ µ = 0, and thus (5.1) is a Hilbert
product. The completion of MF (Rd) with this product is then an abstract separable Hilbert space E in which
MF (Rd) is dense. This space consists of distributions which are derivatives of order 2d of elements in L2(Rd, ν).
The KL expansion (4.1) can be obtained as the Hilbert-based expansion of M with respect to E. The measures
(µn)n are orthonormal in E, since fn = O(µn) (Eq. (4.9)). Following Section 2, one can identify M as a process
linearly indexed on E by

M(µ) =

∫
Rd

O(M)O(µ)dν, ∀µ ∈ E. (5.2)

It is important to remark that the choice to link M with the Hilbert space L2(Rd, ν) is arbitrary and other
Hilbert spaces can be used. In other words, one can find many different separable Hilbert spaces in which the
space MF (Rd) can be embedded: L2(Rd, α) with a sufficiently fast decreasing density measure α other than ν;
a Sobolev space Hβ(Rd) with β > 0 if one takes enough anti-derivatives of M to obtain a mean-square β-times
differentiable stochastic process; a low fractional order Sobolev space Hβ(Rd) with β < 0 by taking the Fourier
transform ofM and dividing by a corresponding polynomial; to mention only a few examples. In all these cases,
an operator is applied to M in order to obtain a random linear mapping over the separable Hilbert space, its
KL expansion is obtained, and then we retrieve M by applying some inverse operator. The resulting expansions
are not the same, with different principal measures (µn)n, random coefficients (Xn)n and variances (σ2

Xn
)n. The

choice of L2(Rd, ν) is made here only for simplicity.
A consequence of this arbitrariness is that the KL expansion for M is not unique and it depends on the

Hilbert space to which we can associate it. This also happens for regular stochastic processes. For example, take
X = (X(t))t∈[a,b] to be a mean-square differentiable stochastic process. Then one can interpret X as a random
object with values in L2([a, b]), in L2([a, b], α) with α some bounded density, or in the Sobolev space H1((a, b)).
In all these cases a KL expansion for X with respect to the chosen Hilbert space can be obtained and they
consist of different eigenfunctions and random coefficients.

An interesting question, not addressed in this work, is whether the expansions for M have some common
reference property which would allow us to speak about ‘the’ KL expansion ofM . For instance, it is expected that
if we change ν for another density measure α, the newly obtained principal measures (µn)n∈N will be absolutely
continuous with respect to the ones obtained with ν. Regardless of this, we remark that the main contribution of
this work is the proof of a stronger convergence mode than the one induced by the Hilbert space, here translated
into a MB,c(Rd)∗-weak sense implying set-wise convergence, analogously to the classical uniform-mean-square
convergence for the expansion of a mean-square continuous process over a compact interval. Another question
to address is whether if such a convergence mode also remains present when changing the Hilbert space.

5.2. Gaussian case

If M is Gaussian, that is, if (M(A1), . . . ,M(An)) is a Gaussian vector for every A1, . . . , An ∈ BB(Rd), then
the variables Xj in the expansion of M are independent and Gaussian, since all the variables involved are
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constructed linearly. In addition, the convergence of the series is also almost sure. This follows from a classical
result on almost sure convergence of series of independent random variables with variances forming a convergent
series [49], Section 12.2. In our case,∑

n∈N
Var(Xn⟨µn, φ⟩) =

∑
n∈N

σ2
Xn

|⟨µn, φ⟩|2 = ⟨CM , φ⊗ φ⟩ <∞ =⇒
∑
n∈N

Xn⟨µn, φ⟩ converges a.s. (5.3)

5.3. Expansions for non-regular processes and trawl processes

Theorems 4.1 and 4.10 can be used to obtain, as corollaries, diverse forms of KL expansions of non-regular
stochastic processes over Rd. Consider for instance a process of the form Z(x⃗) = ⟨M,ϕx⃗⟩, with M being a
function-regulated m-cov random measure and ϕx⃗ ∈ M(Rd) for every x⃗, such that any of the Theorems 4.1 or
4.10 holds for any x⃗. Then, the following traceable KL expansion for Z holds:

Z(x⃗) =
∑
n∈N

Xngn(x⃗), (5.4)

where gn(x⃗) = ⟨µn, ϕx⃗⟩. Note that the convergence (5.4) is mean-square-point-wise, and this holds without
requiring any particular regularity on Z (no mean-square continuity or measurability), since x⃗ is acting just as
an index parameter for ϕx⃗ with respect to which no regularity is required.

One important example of so-defined stochastic processes are trawl processes [50, 51]. As mentioned in
Section 3.3.1, a Lévy basis with finite variance is an example of m-cov random measure. If M is such a Lévy
basis over [0,∞), then a process defined as

Z(t) = ⟨M,1At
⟩, t ≥ 0, (5.5)

is called a trawl process. For every t, At ∈ B([0,∞)) is called the trawl set. If M is finite, or if M is function-
regulated and At is bounded for every t, then expansion (5.4) holds, providing thus a KL expansion for trawl
processes.

5.4. General m-cov random measure case

It is not clear if a general m-cov random measure M can be regulated by a function f as it is required in
Theorem 4.10. One thing that can always be done is to construct a KL decomposition locally. That is, for every
D ∈ BB(Rd), M has a decomposition of the form (4.1) for every φ ∈ MB,c(Rd) null outside D. This holds since
one can focus on the compactly supported random measure 1DM , which is finite and thus Theorem 4.1 applies.
In this case, the measures µj and the random variables Xj depend upon the set D.
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[8] P. Morando, Mesures aléatoires. Sémin. Probab. Strasbourg 3 (1969) 190–229.

[9] M. Rao, Random and Vector Measures. World Scientific Publishing (2012).

[10] M. Thornett, A class of second-order stationary random measures. Stoch. Processes Appl. 8 (1979) 323–334.

[11] I. Borisov and A.A. Bystrov, Constructing a stochastic integral of a nonrandom function without orthogonality of
the noise. Theory Probab. Appl. 50 (2006) 53–74.

[12] I. Kruk, F. Russo, and C.A. Tudor. Wiener integrals, Malliavin calculus and covariance measure structure. J. Funct.
Anal. 249 (2007) 92–142.

[13] R. Fortet, Vecteurs, fonctions et distributions aleatoires dans les espaces de Hilbert: Analyse harmonique & prevision.
Hermès (1995).

[14] I.M. Gelfand and N.I. Vilenkin, Generalized functions, Vol. 4 of Applications of Harmonic Analysis. Academic
Press, New York (1964).
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[22] L. Schwartz, Théorie des Distributions. Hermann, Paris (1966).
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Appendix A. Proofs of claims presented in Section 3

A.1 Proof of Proposition 3.3

Let M be an m-cov random measure over Rd with covariance measure CM . Let (An)n∈N be a sequence of pairwise
disjoint bounded Borel subsets of Rd such that

⋃
n∈NAn ∈ BB(Rd). By symmetry of CM , we have

E
(
|M
( ⋃
j∈N

Aj

)
−
∑
j≤n

M(Aj)|2
)
= CM

( ⋃
j∈N

Aj ×
⋃
j∈N

Aj

)
− 2CM

( ⋃
j≤n

Aj ×
⋃
j∈N

Aj

)
+ CM

( ⋃
j≤n

Aj ×
⋃
j≤n

Aj

)
. (A.1)

Since CM is a measure, by σ-additivity (A.1) must go to 0 as n→ ∞. □
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A.2 Proof of semi-stochastic Fubini Theorem 3.4

The first issue with semi-stochastic Fubini Theorem 3.4 is the proper definition of the iterated integrals in (3.11).
Namely, we require a canonical definition of the integral of a µ-almost everywhere mean-square continuous stochastic
process with respect to a deterministic measure µ (right side of (3.11)). Here, we follow an approach using classical
Riemann sums, as it is exposed in [25], Section 4.5 for d = 1 over a compact interval (there the measure is used through
its bounded variation primitive). Here we need slightly more generality, so we develop explicitly such general definition,
but the procedure is essentially the same as in [25]. We remark that a standard method for defining integrals of stochastic
processes with respect to deterministic measures is using the Bochner integral [52]. However, Bochner integrability requires
actually stronger conditions than the one required here, therefore we do not follow such approach.7

Lemma A.1 (Dominated convergence for double sequences). Let (E, E , µ) be a measure space (µ ≥ 0).
Let (fn,m)n,m∈N be a double-sequence of complex functions such that supn,m∈N |fn,m| ∈ L 1(E, E , µ). Suppose that
the double limit limn,m→∞ fn,m exists µ-almost everywhere. Then, the µ-almost everywhere defined function f(x) =
limn,m→∞ fn,m(x) is in L 1(E, E , µ) and

lim
n,m→∞

∫
E

|fn,m − f |dµ = 0. (A.5)

Proof of Lemma A.1: 8 f ∈ L 1(E, E , µ) since supn,m∈N |fn,m| ∈ L 1(E, E , µ). Suppose the double limit (A.5) is not 0.
Then, there exists ϵ > 0 such that for any k ∈ N there are nk,mk ≥ k such that∫

E

|fnk,mk − f |dµ ≥ ϵ. (A.6)

The sequence fk := fnk,mk converges µ-almost everywhere to f , with supk∈N |fk| integrable. By traditional dominated
convergence theorem [53], VI.9, fk → f in L 1(E, E , µ). But this contradicts (A.6).

Lemma A.2. Let Z = (Z(x))x∈Rd be a centred second-order stochastic process with locally bounded covariance function.
Let µ ∈ M (Rd). Suppose Z is mean-square continuous outside a |µ|-null set. Let A ∈ BB(Rd). For every n, let (Inj )j∈Jn ⊂
B(A) be a finite partition of A such that maxj∈Jn diam(Inj ) → 0 as n → ∞. Let xnj ∈ Inj be an arbitrary tag-point for
every (j, n). Then the limit in mean-square∫

A

Z(x)dµ(x) := lim
n→∞

∑
j∈Jn

Z(xnj )µ(I
n
j ) (A.7)

exists and does not depend upon the choice of partitions (Inj )j,n or tag-points (xnj )j,n. In addition, the application A 7→∫
A
Z(x)dµ(x) is σ-additive on BB(Rd).

7For information, for defining a stochastic integral of the form
∫
Rd Z(x)dµ(x) with µ ∈ M (Rd) and Z a second-order process in

the spirit of the Bochner integral, one requires, at least,∫
Rd

√
CZ(x, x)d|µ|(x) <∞, (A.2)

where CZ is the covariance function of Z. Such a condition is actually stronger than the one we require, namely (see Lem. A.3)∫
Rd×Rd

|CZ |d|µ| ⊗ |µ| <∞. (A.3)

The implication (A.2) ⇒ (A.3) follows from the Cauchy-Schwarz inequality. An example in which (A.3) holds but (A.2) does not
is d = 1, µ the Lebesgue measure, and

CZ(x, y) =
e−|x−y|

xy
1[1,∞)(x)1[1,∞)(y). (A.4)

Also, in [13], Chapter 4 one can find a general Bochner-alike integral development for Hilbert-valued functions over general mea-
surable spaces with respect to a finite measure, but there, condition (A.2) plays the essential role, rather than the weaker condition
(A.3).

8The essentials of this proof has been borrowed from the StackExchange discussion https://math.stackexchange.com/questions/
448931/dominated-convergence-thm-dct-for-double-sequences, consulted for the last time on March the 27th 2025.

https://math.stackexchange.com/questions/448931/dominated-convergence-thm-dct-for-double-sequences
https://math.stackexchange.com/questions/448931/dominated-convergence-thm-dct-for-double-sequences
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Proof of Lemma A.2: For a given sequence of Riemann sums, we study the Cauchy gaps for n,m ∈ N

E

(∣∣∣ ∑
j∈Jn

Z(xnj )µ(I
n
j )−

∑
k∈Jm

Z(xmk )µ(Imk )
∣∣∣2) = E

(∣∣∣ ∑
j∈Jn

∑
k∈Jm

(
Z(xnj )− Z(xmk )

)
µ(Inj ∩ Imk )

∣∣∣2)
=

∑
j,j′∈Jn

∑
k,k′∈Jm

E
(
(Z(xnj )− Z(xmk ))(Z(xnj′)− Z(xmk′))

)
µ(Inj ∩ Imk )µ(Inj′ ∩ Imk′ )

=

∫
A×A

∑
j,j′∈Jn

∑
k,k′∈Jm

[
CZ(x

n
j , x

n
j′)− CZ(x

n
j , x

m
k′)− CZ(x

m
k , x

n
j′) + CZ(x

m
k , x

m
k′)
]
1Inj ∩Im

k
×In

j′∩Im
k′︸ ︷︷ ︸

fn,m:=

dµ⊗ µ.

(A.8)

Let E ∈ B(Rd) be a set such that |µ|(Ec) = 0 and Z is mean-square continuous over E. CZ is therefore continuous
over E × E. Therefore, by construction of the Riemann partitions we have limn,m→∞ fn,m(x, y) = 0 for every (x, y) ∈
(E × E) ∩ (A×A). In addition, since CZ is locally bounded and A is bounded, we have∫

A×A

sup
n,m∈N

|fn,m|d (|µ| ⊗ |µ|) ≤ 4 sup
(x,y)∈A×A

|CZ(x, y)||µ|(A)2 <∞. (A.9)

By Lemma A.1, (A.8) must go to 0 as n,m → ∞. The sequence of Riemann sums is Cauchy and thus converges to a
random variable in L2(Ω,A,P), noted as in (A.7). If we consider another sequence of Riemann sums with partitions

(Ĩnj )j,n and tag-points (x̃nj )j,n, j ∈ J̃n, then,∑
j∈Jn

Z(xnj )µ(I
n
j )−

∑
j̃∈J̃n

Z(x̃nj̃ )µ(Ĩ
n
j̃ ) =

∑
j∈Jn

∑
j̃∈J̃n

(
Z(xnj )− Z(x̃nj̃ )

)
µ(Inj ∩ Ĩnj̃ ). (A.10)

Applying E(| · |2) to (A.10), we can use the same splitting and dominated convergence arguments as in (A.8) and conclude
that (A.10) converges to 0 in L2(Ω,A,P). Thus, the limit does not depend upon the partitions and tag-points.

Finally, using a particular Riemann partition of A ∪B one concludes for A and B bounded

Cov
(∫

A

Z(x)dµ(x) ,

∫
B

Z(x)dµ(x)

)
= lim

n→∞
Cov

∑
j∈Jn

Z(xnj′)µ(I
n
j′ ∩A),

∑
j′∈Jn

Z(xnj′)µ(I
n
j′ ∩B)


= lim

n→∞

∫
A×B

∑
j∈Jn

∑
j′∈Jn

CZ(x
n
j , x

n
j′)1Inj ×In

j′
dµ⊗ µ

=

∫
A×B

CZdµ⊗ µ,

(A.11)

which follows from dominated convergence. The application A 7→
∫
A
Z(x)dµ(x) thus has a covariance structure identified

with the measure over Rd × Rd given by D 7→
∫
D
CZdµ⊗ µ, being thus σ-additive on BB(Rd) (Prop. 3.3).

For the case of an integral over an unbounded set, we define it through growing bounded sets.

Lemma A.3. Let Z and µ be as in Lemma A.2. Suppose in addition∫
Rd×Rd

|CZ | d|µ| ⊗ |µ| <∞. (A.12)

Let A ∈ B(Rd). Then, for every sequence (Kn)n∈N ⊂ BB(Rd) with Kn ↗ Rd, the limit in mean-square∫
A

Z(x)dµ(x) = lim
n→∞

∫
Kn∩A

Z(x)dµ(x) (A.13)

exists and is independent of the growing sequence (Kn)n. In addition, the application A 7→
∫
A
Z(x)dµ(x) is σ-additive

on B(Rd).
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Proof of Lemma A.3: For a growing sequence (Kn)n, we use the additivity of the integral (Lem. A.2):

∣∣∣∣∫
Kn

Z(x)dµ(x)−
∫
Km

Z(x)dµ(x)

∣∣∣∣ =
∣∣∣∣∣
∫
Kn∨m\Kn∧m

Z(x)dµ(x)

∣∣∣∣∣ . (A.14)

Applying E(| · |2), using formula (A.11) we obtain∫
Kn∨m\Kn∧m×Kn∨m\Kn∧m

CZ dµ⊗ µ. (A.15)

Since CZ ∈ L 1(Rd × Rd, |µ| ⊗ |µ|) (condition (A.12)), (A.15) goes to 0 as n,m→ ∞. Thus, the limit (A.13) exists as a
limit of a Cauchy sequence in L2(Ω,A,P). Now, if (K̃n)n is another sequence of bounded Borel sets growing to Rd, we
have ∣∣∣∣∫

Kn

Z(x)dµ(x)−
∫
K̃n

Z(x)dµ

∣∣∣∣ = ∣∣∣∣∫
Kn△K̃n

Z(x)dµ(x)

∣∣∣∣ , (A.16)

where Kn △ K̃n denotes the symmetric difference between Kn and K̃n. The E(| · |2) of (A.16) is given by∫
Kn△K̃n×Kn△K̃n

CZ dµ⊗ µ, (A.17)

which goes to 0 as n→ ∞ since CZ ∈ L 1(Rd ×Rd, |µ| ⊗ |µ|). Hence, the limit does not depend upon the chosen sequence
(Kn)n. Finally, for any A,B ∈ B(Rd) we have

Cov
(∫

A

Z(x)dµ(x) ,

∫
B

Z(x)dµ(x)

)
= lim

n→∞
Cov

(∫
A∩Kn

Z(x)dµ(x) ,

∫
B∩Kn

Z(x)dµ(x)

)
= lim

n→∞

∫
A∩Kn×B∩Kn

CZ dµ⊗ µ

=

∫
A×B

CZdµ⊗ µ.

(A.18)

The application D 7→
∫
D
CZdµ defines a finite measure and therefore A 7→

∫
A
Z(x)dµ(x) defines a finite m-cov random

measure over Rd, being thus σ-additive over B(Rd) (Prop. 3.3).

Proof of semi-stochastic Fubini Theorem 3.4: Condition (i) implies that the function
∫
Rm ψ(·, u)dµ(u)⊗

∫
Rm ψ(·, v)dµ(v)

is in L1(Rd × Rd, |CM |)9. Hence, the integral of
∫
Rm ψ(·, u)dµ(u) with respect to M over Rd (left side of (3.11)) is a

well-defined stochastic integral (condition (3.8)).
For the iterated integral at the right-hand side of (3.11), we set

Z(u) :=

∫
Rd

ψ(x, u)dM(x). (A.19)

The covariance function of Z is

CZ(u, v) =

∫
Rd×Rd

ψ(x, u)ψ(y, v)dCM (x, y). (A.20)

9
∫
Rm |ψ|(·, u)d|µ|(u)⊗

∫
Rm |ψ|(·, v)d|µ|(v) is the Radon-Nikodym derivative of the measure over Rd × Rd

D 7→
∫
D

∫
Rm×Rm

|ψ|(x, u)|ψ|(y, v)d(|µ| ⊗ |µ|)(u, v)d|CM |(x, y)

with respect to |CM |.



74 R. CARRIZO VERGARA

By condition (ii), CZ is well-defined and locally bounded, so Z is well-defined as a second-order process. From condition
(i) we conclude CZ ∈ L 1(Rm × Rm, |µ| ⊗ |µ|) and that CZ is continuous over E × E, being E ∈ B(Rm) such that
|µ|(Ec) = 0. By Lemmas A.2 and A.3 the iterated stochastic integral

∫
Rm

Z(u)dµ(u) =

∫
Rd

[∫
Rd

ψ(x, u)dM(x)

]
dµ(u) (A.21)

is well defined via Riemann sums.
Let us now consider the variance of the difference between the iterated integrals

Var
(∫

Rm

∫
Rd

ψ(x, u)dM(x)dµ(u)−
∫
Rd

∫
Rm

ψ(x, u)dµ(u)dM(x)

)
= Var

(∫
Rm

∫
Rd

ψ(x, u)dM(x)dµ(u)

)
+ Var

(∫
Rd

∫
Rm

ψ(x, u)dµ(u)dM(x)

)
− 2Cov

(∫
Rm

∫
Rd

ψ(x, u)dM(x)dµ(u),

∫
Rd

∫
Rm

ψ(x, u)dµ(u)dM(x)

)
.

(A.22)

For the variances we have (Eqs. (A.20) and (3.10))

Var
(∫

Rm

∫
Rd

ψ(x, u)dM(x)dµ(u)

)
=

∫
Rm×Rm

∫
Rd×Rd

ψ(x, u)ψ(y, v)dCM (x, y)dµ⊗ µ(u, v), (A.23)

Var
(∫

Rd

∫
Rm

ψ(x, u)dµ(u)dM(x)

)
=

∫
Rd×Rd

∫
Rm

ψ(x, u)dµ(u)

∫
Rm

ψ(y, v)dµ(v)dCM (x, y). (A.24)

For the covariance in (A.22), we consider a sequence of bounded subsets (Kn)n growing to Rm and, for each n, a sequence
of Riemann partitions of Kn, say (I ñj )j∈Jñ,ñ∈N and uñ

j ∈ I ñj tag-points. Then we have

Cov
(∫

Rm

∫
Rd

ψ(x, u)dM(x)dµ(u),

∫
Rd

∫
Rm

ψ(x, u)dµ(u)dM(x)

)
= lim

n→∞
lim

ñ→∞

∑
j∈Jñ

Cov
(∫

Rd

ψ(x, uñ
j )dM(x),

∫
Rd

∫
Rm

ψ(x, u)dµ(u)dM(x)

)
µ(I ñj )

= lim
n→∞

lim
ñ→∞

∑
j∈Jñ

∫
Rd×Rd

ψ(x, un
j )

∫
Rm

ψ(x, u)dµ(u)dCM (x, y)µ(I ñj )

= lim
n→∞

∫
Kn

∫
Rd×Rd

ψ(x, u)

∫
Rm

ψ(x, u)dµ(u)dCM (x, y)dµ(v)

=

∫
Rm

∫
Rd×Rd

ψ(x, u)

∫
Rm

ψ(x, u)dµ(u)dCM (x, y)dµ(v),

(A.25)

Now, since CM is a measure, from condition (i) we can use the deterministic Fubini Theorem to argue that all the
iterated integrals in (A.23), (A.24), (A.25) coincide. The variance (A.22) thus equals 0, showing that both iterated
integrals coincide (the random variables involved are all zero-mean).

A.3 Proof of Proposition 3.6

We consider the following Lemma.

Lemma A.4. Let µ ∈ MF (Rd). Then, the function x⃗ 7→ µ ((−∞, x⃗]) is continuous outside a Lebesgue measure null set.

Proof of Lemma A.4: We first remark that for d = 1 this holds immediately since the function x 7→ µ ((−∞, x]) is càdlàg
and therefore it has an at most countable set of discontinuities (the atoms of µ). For d > 1 we proceed as follows. For each
j = 1, . . . , d, consider the positive measure µj over R defined by marginalizing the measure |µ| over all its components
except the j-th one:

µj(A) := |µ|(R× . . .× A︸︷︷︸
position j

× . . .× R), ∀A ∈ B(R). (A.26)
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Let F : Rd → R be the function F (x⃗) = µ((−∞, x⃗]). Then, by additivity

|F (x⃗+ h⃗)− F (x⃗)| ≤ |F (x1 + h1, . . . , xd−1 + hd−1, xd + hd)− F (x1 + h1, . . . , xd−1 + hd−1, xd)|
+ |F (x1 + h1, . . . , xd−1 + hd−1, xd)− F (x1 + h1, . . . , xd−1, xd)|
+ . . .

+ |F (x1 + h1, x2, . . . , xd)− F (x1, . . . , xd)|
= |µ

(
(−∞, x1 + h1]× . . .× (−∞, xd−1 + hd−1]× (xd ∧ (xd + hd), xd ∨ (xd + hd)]

)
|

+ |µ
(
(−∞, x1 + h1]× . . .× (xd−1 ∧ (xd−1 + hd−1), xd−1 ∨ (xd−1 + hd−1)]× (−∞, xd]

)
|

+ . . .

+ |µ ( (x1 ∧ (x1 + h1), x1 ∨ (x1 + h1)]× (−∞, x2]× . . .× (−∞, xd] ) |
≤ µ1 ( (x1 − |h1|, x1 + |h1|] ) + . . .+ µd( (xd − |hd|, xd + |hd|] ).

(A.27)

Since all the measures µj are over R, they all have an at-most countable quantity of atoms. Let Aj be the set of atoms
of µj . Note that if x /∈ Aj , then µj( (x− |h|, x+ |h|] ) → 0 as h→ 0. Set

E :=
[ d⋃
j=1

R× . . .× Aj︸︷︷︸
position j

× . . .× R
]c
. (A.28)

Since Ec is a finite union of ℓ⊗d-null sets, we have ℓ⊗d(Ec) = 0. From inequality (A.27) it follows that F is continuous
over E.

Proof of Proposition 3.6: From Lemma A.4, there exists E ∈ B(Rd) such that ℓ⊗d(Ec) = 0 and such that u⃗ 7→ |CM |(Rd×
(−∞, u⃗]) is continuous over E. Using the symmetry of CM and analogous inequalities as in (A.27), we obtain∣∣∣CM ((−∞, u⃗+ h⃗1]× (−∞, v⃗ + h⃗2])− CM ((−∞, u⃗]× (−∞, v⃗])

∣∣∣ ≤ ∣∣∣CM

(
(−∞, u⃗] × (−∞, v⃗ + h⃗2]△ (−∞, v⃗]

)∣∣∣
+
∣∣∣CM

(
(−∞, u⃗+ h⃗1]△ (−∞, u⃗] × (−∞, v⃗]

)∣∣∣
≤ |CM |

(
Rd × (−∞, u⃗+ h⃗1]△ (−∞, u⃗]

)
+ |CM |

(
Rd × (−∞, v⃗ + h⃗2]△ (−∞, v⃗]

)
,

(A.29)

By continuity of u⃗ 7→ |CM |(Rd × (−∞, u⃗]), if (u⃗, v⃗) ∈ E × E then (A.29) goes to 0 as (⃗h1, h⃗2) → 0.

A.4 Properties of the anti-derivative operator O

The derivative property (3.5) is justified by a convolution argument which we make precise for d = 1, the case d > 1
is analogous but requires a more tedious notation. Let µ ∈ MF (R). We can rewrite O(µ) as

O(µ) = 1[0,∞) ∗
[(
1[0,∞) ∗ µ

)
1[0,∞)

]
− 1(−∞,0) ∗

[(
1[0,∞) ∗ µ

)
1(−∞,0)

]
, (A.30)

where ∗ denotes the convolution operation. Using the properties of the convolution with respect to derivatives, that the
Dirac measure δ is its identity element, and that d

dx
1[0,∞) = δ, one has

d

dx

{
d

dx
O(µ)

}
=

d

dx

{
δ ∗
[(
1[0,∞) ∗ µ

)
1[0,∞)

]
− (−δ) ∗

[(
1[0,∞) ∗ µ

)
1(−∞,0)

]}
=

d

dx

{(
1[0,∞) ∗ µ

)
1[0,∞) +

(
1[0,∞) ∗ µ

)
1(−∞,0)

}
=

d

dx

{
1[0,∞) ∗ µ

}
= δ ∗ µ = µ.

(A.31)
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For the stochastic case, the derivative relation (3.16) comes from semi-stochastic Fubini Theorem 3.4: if φ ∈ D(Rd),
we claim that we can exchange the order of integration and conclude

∫
Rd

O(M)(x⃗)
∂2dφ

∂x21...∂x
2
d

(x⃗)dx⃗ =

∫
Rd

∫ x⃗

0

∫
Rd

1(−∞,u⃗](s)dM(s)du⃗
∂2dφ

∂x21...∂x
2
d

(x⃗)dx⃗

=

∫
Rd

∫
Rd

∫ x⃗

0

δs((−∞, u⃗])du⃗
∂2dφ

∂x21...∂x
2
d

(x⃗)dx⃗dM(s)

=

∫
Rd

⟨O(δs),
∂2dφ

∂x21...∂x
2
d

⟩dM(s)

=

∫
Rd

⟨δs, φ⟩dM(s) =

∫
Rd

φ(s)dM(s).

(A.32)

The arguments verifying that the hypotheses in semi-stochastic Fubini Theorem 3.4 hold are completely analogous to
the case presented in the proof of Theorem 4.1 (see the proof of Lem. 4.5). We therefore omit them.
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