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NONCENTRAL MODERATE DEVIATIONS FOR TIME-CHANGED
MULTIVARIATE LEVY PROCESSES WITH LINEAR
COMBINATIONS OF INVERSE STABLE SUBORDINATORS

NEHA GupTA! AND CLAUDIO MAccI®>*

Abstract. The term noncentral moderate deviations is used in the literature to mean a class of
large deviation principles that, in some sense, fills the gap between the convergence in probability to a
constant (governed by a reference large deviation principle) and a weak convergence to a non- Gaus-
sian (and non-degenerating) distribution. Some noncentral moderate deviation results in the literature
concern time-changed univariate Lévy processes, where the time-changes are given by inverse stable
subordinators. In this paper we present analogue results for multivariate Lévy processes; in particular
the random time-changes are suitable linear combinations of independent inverse stable subordinators.
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1. INTRODUCTION

The theory of large deviations gives an asymptotic computation of small probabilities on exponential scale
(see [1] as a reference of this topic). The term moderate deviations is used for a class of large deviation principles
which fills the gap between a convergence to a constant g (at least in probability), and a weak convergence
to a non-constant centered Gaussian random variable. The convergence to z¢ is governed by a reference large
deviation principle with speed v;, and a rate function that uniquely vanishes at zo. Moderate deviations provide
a class of large deviation principles which depend on the choice of some positive scalings {a; : ¢ > 0} such that
a; — 0 and via; — oo (as t — 00), each one with speed 1/a; (thus the speed is slower than v;).

The term noncentral moderate deviations has been recently introduced when one has the situation described
above, but the weak convergence is towards a non-constant and non-Gaussian distributed random variable.
A recent reference with some examples and several references is [2]. Several examples in the literature concern
families of real valued random variables; a multivariate example is presented in [3].

In this paper we consider light-tailed h-variate Lévy processes

{(S1(t),...,Sn(t)) : t >0}
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with independent components (see Asm. 1.1); obviously the univariate case h = 1 is also allowed. Our
alm is to present noncentral moderate deviation results for two classes of independent time-changes of
{(51(t),...,Sp(t)) : t > 0} in terms of two classes of linear combinations of (independent) inverse stable
subordinators; see Conditions 1.4 and 1.5 for a rigorous description.

The interest of time-changed processes is motivated by their potential applications in different areas (e.g.,
finance, physics, and queueing theory) where random fluctuations can have an important impact on the system
dynamics. Indeed random time-changes can add a layer of complexity and realism to models. Several examples
of random time-changes are given by nondecreasing Lévy processes (called subordinators) or their inverses. Here
we recall some references in which some inverse of subordinators (or their mixtures) are studied: [4] for inverse
Gamma subordinators, [5] for inverse stable subordinators, [6] for inverse of mixtures of stable subordinators,
[7] for inverse tempered stable subordinators, and [8] for inverse of mixtures of tempered stable subordinators.
We also recall that the inverse stable subordinators have important connections with time-fractional processes.

We start by introducing the light-tailed h-variate Lévy processes {(S1(t), ..., Sn(t)) : t > 0} with independent
components; moreover we introduce some related notation.

Assumption 1.1. Let {S1(¢) : t > 0},...,{Sh(t) : t > 0} be independent real-valued Lévy processes; moreover
they are assumed to be light-tailed, i.e. the functions kg, , ..., ks, defined by

kg, (0) :=log E[e?S:M]  (for all i € {1,...,h} and 0 € R)
are finite in a neighborhood of § = 0, and therefore the vector
m = (my,...,my) = (k5,(0),...,K%5, (0) = (E[S1(1)],...,E[Sn(1)])

is well-defined.
We have the following remarks.

Remark 1.2. If x% (0) = 0 for some i € {1,...,h}, then {S;(t) : ¢ > 0} is a deterministic Lévy process and,
with the notation in Assumption 1.1, we have S;(t) = m;t. Thus we can say that, if m = (my,...,ms) =0 € R
and wg (0) = 0 for every i € {1,...,h}, then the processes in Conditions 1.4 and 1.5 below are identically
equal to zero and all the results below will be trivial; moreover, in such a case, the weak convergence results in
Propositions 3.2 and 5.2 are towards the constant random variable equal to 0 € R".

Remark 1.3. Here we present a brief discussion on Assumption 1.1. The independence of the processes {51 (t) :
t>0},...,{S(t) : t > 0} allows to make calculations on each component of the random vectors separately;
therefore we can refer to the asymptotic behavior of the Mittag-Leffler functions involved, and we can refer to
what happens for the univariate case. In our opinion this difficulty could be overcome at least under suitable
hypotheses, and this could be studied in a successive work. Moreover {Sy(t) : t > 0},...,{Sn(t) : t > 0} are
assumed to be light-tailed, and this allows to apply the Gértner Ellis Theorem (Thm. 2.1). In general this
problem would not be easy to face. For instance, as discussed in Section 4 in [9] (where the Lévy processes are
compound Poisson processes), one could hope to find a connection with the results on empirical means of i.i.d.
semi-exponential distributed random variables (see the references cited therein).

Now we present two classes of independent time-changes for {(S1(¢),...,Sn(t)) : t > 0} studied in this paper.
In particular we refer to the concept of inverse stable subordinator recalled below (see just after Eq. (2.2)). We
remark that, actually, some of the positive coeflicients ¢; in Condition 1.4 and ¢;; in Condition 1.5 could be
equal to zero, and the statements of the results can be suitably modified (the details will be omitted).

Condition 1.4. Let cg,cq,...,cp > 0 be arbitrarily fixed. Then let

{(S1(cr Ly (t) + coLg (t)), - - ., Sulen Ly (t) + coLg°(t))) : t > 0}
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be the stochastic process defined in terms of the following families of independent random variables:

o {S1(t):t>0},...,{Sh(t) : t > 0} are as in Assumption 1.1;
o {Ly°(t) -t >0}, {L"(t) -t >0},....,{L"(t) : t > 0} are independent inverse stable subordinators of
parameters vy, V1, ...,V € (0, 1), respectively.

Condition 1.5. Let {c;; : ¢ € {1,...,h},j € {1,...,k}} be arbitrarily fixed positive numbers. Then let

k k
S1 chjL;‘/(t) sy Sh ZchjL;(t) :t>0
j=1 j=1

be the stochastic process defined in terms of the following families of independent random variables:

o {Si(t):t>0},...,{Sn(t) : t > 0} are as in Assumption 1.1;
o {LY(t):t>0},...,{L}(t) : t > 0} are independent inverse stable subordinators of parameter v € (0,1).

The results in this paper have some analogies with the ones for univariate time-changed Lévy processes in
the literature: see e.g. [10], with some results for Lévy processes with bounded variation (and therefore for
differences of two independent subordinators); see also [9] which concerns compound Poisson processes only,
and [11] which concerns Skellam processes (which are differences between independent Poisson processes). This
paper is the first contribution with results for the multivariate case.

Under both Conditions 1.4 and 1.5 we present the following results.

e A reference LDP with speed v; = ¢ (which does not depend on m in Asm. 1.1), and we have a convergence
in probability to zq = 0, where 0 € R” is the null vector; see Proposition 3.1 under Condition 1.4, and
Proposition 5.1 under Condition 1.5.

e Two weak convergence results (for m = 0 and m # 0, where 0 € R” is the null vector) towards non-
constant and non-Gaussian distributed random variables; see Proposition 3.2 under Condition 1.4, and
Proposition 5.2 under Condition 1.5.

e Two noncentral moderate deviation results (for m = 0 and m # 0, again) concerning classes of LDPs
which depend on the choices of some positive scalings {a; : t > 0} such that

a; — 0 and tay — oo (as t — 00); (1.1)

see Proposition 3.3 under Condition 1.4, and Proposition 5.3 under Condition 1.5.

We can say that the results in this paper have some features of the results for the univariate processes in
the literature; see [10] (Sect. 3), or in [9] (for compound Poisson processes only). We mean that the reference
LDP that does not depend on m in Assumption 1.1 while, for the other results, we have to distinguish the cases
m = 0 and m # 0. To this aim it is useful to introduce the notation

for v € (0,1). (1.2)

(V) =

1—v/2 ifm=0
1—v if m #£0,

Moreover, for the results concerning Condition 1.4, we use the notation x V y to denote the maximum between
z,y € R.

We conclude with the outline of the paper. Section 2 is devoted to recall some preliminaries. In Section 3 we
prove the results under Condition 1.4, and in Section 4 we present some cases in which it is possible to get an
explicit expression for the rate function in Proposition 3.3 (concerning moderate deviations). In Section 5 we
prove the results under Condition 1.5.
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2. PRELIMINARIES

In this section we recall some preliminaries on large deviations, on the Lévy processes in Assumption 1.1,
and on the inverse the stable subordinator, together with the Mittag-Leffler function.

2.1. Preliminaries on large deviations

We start with some basic definitions (see e.g. [1]). In view of what follows we present definitions and results
for families of R®-valued random variables {Z(t) : t > 0}, for some b, defined on the same probability space
(Q, F, P), where t goes to infinity. Throughout this paper we always have b = h.

A real-valued function {v; : ¢ > 0} such that v; — 0o (as t — o0) is called a speed function, and a lower
semicontinuous function I : R® — [0,00] is called a rate function. Then {Z(t) : t > 0} satisfies the LDP with
speed v; and a rate function I if

1
limsup —log P(Z(t) € C') < — inf I(x) for all closed sets C,

t—oo Ut zelC

and

1
liminf —log P(Z(t) € O) > — ing I(x) for all open sets O.

t—oo U xe
The rate function I is said to be good if, for every B > 0, the level set {z € R?: I(x) < B} is compact. We also
recall the following known result (see e.g. Thm. 2.3.6(c) in [1]).
Theorem 2.1 (Girtner Ellis Theorem). Assume that, for all § € R, there exists

1
A(6) == lim — logE {evthu»}

t—o0 Ut

as an extended real number (here {-,-) is the inner product in R ). Assume that § = 0 € R® belongs to the interior
of the set D(A) := {0 € R” : A() < oo}; moreover assume that the function A is essentially smooth and lower
semi-continuous. Then the family of random variables {Z(t) : t > 0} satisfies the LDP with good rate function
A* defined by

A (z) := sup{{0,z) — A(0)}

OERD

(i.e. A* is the Legendre-Fenchel transform of A).

We also recall (see e.g. Def. 2.3.5 in [1]) that A is essentially smooth if the interior of D(A) is non-empty, the
function A is differentiable throughout the interior of D(A), and A is steep, i.e. |A'(6,)] — oo whenever 6,, is
a sequence of points in the interior of D(A) which converge to a boundary point of D(A).

2.2. Preliminaries on Lévy processes in Assumption 1.1

Some well-known properties on Lévy processes will be used for the processes in Assumption 1.1. Firstly, for
every t > (0, we have

E[e?5 )] = ets: (@)  (for all i € {1,...,h} and 6 € R).
Moreover, for every i € {1,...,h}, we consider the following Taylor formulas for the function kg;,:

ks, (6) =m0 +0(0) asd—0
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and, f m=0€R" je.my=---=my =0,

2
ks, (0) = K, (O)% +0(0?) as 6 — 0.

We recall the discussion in Remark 1.2 on the case xg (0) = 0.

2.3. Preliminaries on inverse stable subordinators

We start with the definition of the Mittag-Leffler function (see e.g. [12], Eq. (3.1.1))
o0 k
x
Eo(r) =S —2
() kz_o T(ak +1)

It is known (see Prop. 3.6 in [12] for the case a € (0,2); indeed here we consider the case v € (0,1) only) that
we have

xl/a
Eqo(z) ~ S~ asx — 00 (2.1)
if y < 0, then %logEa(xy) — 0 as ¢ — o0.

Then, for the stable subordinator of order v € (0, 1), denoted by {S,(t) : t > 0}, for all ¢ > 0 we have

ER 1= it 6> 0.

{ e =07 if e <0
Moreover, for the inverse stable subordinator {L, (t) : t > 0} (defined by
L,(t) :==inf{s >0:5,(s) > t},
where {S,(t) : £ > 0} is a stable subordinator of order v € (0, 1)), for all ¢ > 0 we have

E[e’tv®] = E,(6t") for all § € R. (2.2)

3. RESULTS UNDER CONDITION 1.4

We start with the reference LDP and the result does not depend on m in Assumption 1.1. In particular one
can check that Iyp(zy,...,z,) = 0if and only if (z1,...,z5) = (0,...,0).

Proposition 3.1. Assume that Condition 1.4 holds. Let U be the function defined by
h

U, 00) == > (cirs, (0:)" Vs, 01201
=1

h 1/vo
+ (coz,%si (ei)> Lt s, 0020y (for all 61,0, > 0),
i=1

and assume that it is an essentially smooth and lower semicontinuous function. Then

{ (SI“IL? () + ol () SulenLy (1) + oL (1)) ) > 0}
: . t .
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satisfies the LDP with speed function t and rate function I,p defined by

h
Iip(zq,...,2R) = sup Zeixi—\p(el,...,eh) (for all (z1,...,zp) e RM).
(91,...,9h,)€Rh i=1

Proof. The desired LDP can be derived by applying the Gértner Ellis Theorem (i.e. Thm. 2.1). In fact, for all
t >0 (and for all (0y,...,0,) € R"), we have

E o ;;1eisqv,(ciLfi(t)woL;O(t))] —E|E {62?:191-51:(n+m)}
TOZCQLZU (t),ri=c1 LTI (t),...,rn=cn L’Vlh (t)
h

HE [ee,isi(l)

i=1

) -E [ezﬁzgcw;’i (H)+eoLg® (t))ns,xen}

} i L] () +eoLg? (t)‘|
—E [eZLl ci Ly ()R, (0)+eo Ly (8) ly ks, (6:)

whence we obtain (by the independence of the involved inverse stable subordinators, and by the expressions of
the involved moment generating functions given by (2.2) with one among g, v4,. .., v, in place of v)

h
1logIE eXiz1 0iSi(ei Ly (H)+eoLg” (t))] — Z ! logE [eCiLiyi (s, (91‘)} + 1logIE [ecoLgo(t)Z?zl Ks; (91‘)}
t t t
i=1
hoy 1 h
= Z n log Ey, (ciks, (0:)t") + n log Ey, (co Z Ks; (Gi)t”“> .
i=1 i=1

Finally, if we take the limit as ¢ tends to infinity, we get

v

lim < logE [ezz;leisi(cwi W+eli® )| — w(a,,...,0,)
t—oo

by taking into account equation (2.1) with o = v; for all i € {1,...,h}, and for o = 1. O

In the following results we have to distinguish the cases m = 0 and m # 0, where 0 € R" is the null vector.
We start with the weak convergence result; in our setting the weak convergence can be proved by taking the
limit of moment generating functions (instead of characteristic functions).

Proposition 3.2. Assume that Condition 1.4 holds. Let o, (v) be defined in equation (1.2). We have the
following statements.

t

o Ifm =0, then {(to‘m("ﬂv”i) Sieili* (M+eoly” (t))> " it > 0} converges weakly to

(VoL R O ey Zi oo L R, Oy Z2)

where Zy, ..., Zp, 21, ceey Eh are independent standard Normal distributed random variables, and indepen-
dent of all the other random variables.
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Vi

o Ifm #0, then {(to‘m(”ov”f) Sileil, (tHCOLfV’U(t))) oy t > O} converges weakly to
i€{1,,

t

(eimilipe<uy L (1) + comil v <o} 0" (1) je gy gy

Proof. In both cases m = 0 and m # 0 we study suitable limits (as ¢ — 00) of suitable moment generating
functions, which can be expressed in terms of Mittag-Leffler functions (see (2.2), with one among vy, v1,. ..,V
in place of v). Moreover

H h
E ezi;l 0 _ iz10i d—am (V)

e

pom (vovry) SieiLy <f«>+coLS°<t>>]
T t

Siei LY W) +eo g (1) 1

ho g Silritro)
_ E |e=i=t Y famtoven)
’I"(]:C()Lgo (t),rlzcl Lll,l (t),.,.,T‘h:ChLZh (t)

-E [ez?ﬂ(ciL?i ()+eoLg” (t))nsi,<ei/t1—am<"0%>)}

E [oeunsu i/ DL | | oo s w0/ o 0T R O

|
.E?

i=1

i=1

h h
= ] 5., (eums, (0,100 B, (Z <9i/t1-%<”””“>t”°> |
i=1

We start with the case m = 0. We have

E {ezz;l putemtvaven it

K5, (0) 67 1 v A0 1 v
Zl_llEui <01( 5 gwover T O\ v | )t E,, coz; 5 gover PO\ v ) )1

and, by (2.1), one can check that the limit of the moment generating function (as t — o) is equal to

LY (t)+eg L0 (1) ]
t

h " h "
cik’s (0) k% (0)
H Ew (?1{V0<Vi}9?> EVO (CO Z 512 1{ViSVo}9i2
1=1 =1
_ HE |:60i\/ciL;i(1)ngi (0)1{U0<,i}zi] E [eZ?l iy /co L (1), (0)1{%@0}21}

_E [ezﬁlei(ww?(mgi (O)1(ug<v) Zictyfeo L (DE, (o>1{uism2i)] _

Finally the case m # 0. We have

E {ezzb_l Butem o

i 0; 1 i 0, 1
= H El’i <Ci (K//S; (0) tl/()\l/l/i +o (tl/o\/y,i >> tul) EVO (CO Z <K"/97 (0) tyo\z/ll,i to <t1/0\/1/i >> tu‘))
=1 =1

) si(ciL‘i’i(t,)JrcoLgO(n))]
t
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and, by (2.1), one can check that the limit of the moment generating function (as t — 00) is equal to (we recall
that x’s (0) = m;)

h

HEW (CiKiS’ ( )1{u0<u }6 Vo (CO Z KS 1{u1<u0}9 )

i=1

h
— HE I:ecig%mil{yogui}ll;i(l)} E [eco St 0imil(, <ugy L0 (1)

=E |:eZ:iL:1 ei(cimil{voivi}L;ji(1)+Comi1{uiSV0}LgO(1))i| .

Now we conclude with the noncentral moderate deviation result.

Proposition 3.3. Assume that Condition 1.4 holds. Let a,,(v) be defined in equation (1.2). Then, for every
family of positive numbers {a; : t > 0} such that equation (1.1) holds, the family of random variables

{ ((tat)“m(l'ovl’i) Sileili7 () - coly (t))> it > 0}
t i€{1,...,h}

satisfies the LDP with speed 1/a; and good rate function Inp(-;m) defined by

Iup(z1,...,zp;m) == sup {ZH xl— m(01,. .., Gh)},

(01,...,0n)ERN

where

1/v;
h Cz"'@ (0)
Zi:l ( - 1{Vo<la}92>

~ n o K%, (0) .
U (01, ....0,) = +(COZi L Lo 07 ifm=0 (3.1)

1 Vi
S (Cimi1{uo§u7:}9i1{6,;mizo}) /

+(coz’? mil 0,1 )W’ if m %0
i=1 M {v; <vo}Yi4{0;m;>0} .

Proof. For every m € R we apply the Gértner Ellis Theorem (Thm. 2.1). So we have to show that

logE e =V, (61,...,60,) (forall (6y,...,0;) € R"),

lim

e Ly Yi(t)te L'JO
LS gt L)em (o Ve Sileq (t) 0 () ~
t—o0 /at

=:p(t)

where ‘I’m(Gl, ...,01) is defined by equation (3.1). Indeed, for every m € R", the function (61,...,0}) —
m(01,...,0p)is finite-valued and differentiable (thus the hypotheses of the Gartner Ellis Theorem are satisfied).
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In view of what follows we remark that

ho o Silei LY +eLg® (1)

o) —am VYD) ] — a, log]E[ S ks, (0 (tag) —om0VED) (¢, LY (t)—&-cOLSO(t))}

p(t) = aslogE |e

h
=a {Zlog]E {ecmsi(9i/(tat)l‘”m”"v””)L? (t)} +logE [ecﬂ T s ((’i/(tat)l_“m““v”“)%o(t)} }

i=1

h h
—a {Zlog By, (cis, 01/ (tar) =m0} + log B, ( S ks, <ei/<tat>1Wovmﬁ"o) } .
i=1

=1

We start with the case m = 0. We have

h "
cig, (0) 6? 1 v
= log E,. i i o
a¢ {; Og v (< 2 (tat)llo\/l/i +0 (tat)uo\/l/i
cors, (0) 67 1 )
+log E,, <z; ( (tag)vovvs +o0 (fay) o7 Vo

and, by equation (2.1), we obtain

Finally the case m # 0. We have

h
0; 1
= log £, i (0 : tvi
a {; 0og i ((C h:sz,( )(tat)VOVui +o ((tat)uo\/yi >) >
h
0; 1 V
+10gEUO <Z <COK/S W+O<W>)to>}’
=1

1=

and, by equation (2.1), we obtain

t—o00

h h 1/vo
1 Vi
lim p(t) =Y (cimilivo<u0ilio,m,>0y) aa (CoZmil{muo}@l{eimpo}) :
=1

i=1
O
Remark 3.4. The weak limit in Proposition 3.2 is a sum of two independent vectors
(B1,...,By) + (Bi,...,By)
for some random variables By, ..., By, El, ce Eh (say), where By,..., By are independent, and El, ce Eh are

conditionally independent given L{°(1); actually, if m # 0, (El, cey éh) is a deterministic vector multiplied by
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( ). This can be related with the expressions of the function U, defined by equation (3.1) (for both cases
=0and m #0), ¢

h h 1/vo
U (01, 00) = D 77 (0:) + (Z ﬁw»)
i=1 =1

for some functions fi ..., fp, fl, ceey fh (say).
We also remark that, for every i € {1,...,h}, the factors 17, <,,3 and 1y,,<,,} appear in B; and B; (and

also in f; and j; as well), respectively. These two factors are both equal to 1 if and only if vy = v;; otherwise
one factor is equal to 1, and the other one is equal to zero.

4. SOME CASES WITH AN EXPLICIT EXPRESSION FOR Iyp(+;m)

In general we do not have an explicit expression for the rate function I1,p concerning the reference LDP (see
Prop. 3.1); this is not surprising because we have the same situation for the univariate processes studied in
the literature (see e.g. Prop. 3.1 in [10]). On the contrary, by taking into account again what happens for the
univariate processes (see e.g. Prop. 3.3 in [10]), we can wish to get an explicit expression for the rate function
Iyp(+;m). In this section we present some cases in which this is possible.

In view of what follows it is useful to consider the following notation.

e For m = 0, we consider the function U,, . o) : R — [0, 0] defined by

/(2 . 2/(2 X 2.’172 1/(2 Vl)
Uui,n’s'_(O) (x) == ((yi/Q)’/t/( —vi) _ (vi/2) /( _Vz)) —
‘ kg, (0)

for k' (0) > 0, and

0 ifxz=0
Uv,wig, (0) (%) = { oo ifz#£0.

for kg, (0) = 0.
e For m # 0 (note that, in general, we can have either m; = 0 or m; # 0, but there exists j € {1,...,h}
such that m; # 0), we consider the function V,, n, : R — [0, 0o] defined by

vi/(1—v; 1 1—v; 1/(1 vi) e X
Vi, (z) = (v; [ - /( )) (mz) if ma >0
’ %0 if 8 <0

for m; # 0, and

Voima (z) :

0 ife=0
00 ifex#0

for m; = 0.
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4.1. On the case vy < min{vi,...,vn}

If vp < min{vy,..., v}, then the function in (3.1) reads

_ Zh Ci“'s/i(o) p 1/vs N
U (01,...,0,) = i=1 2 i tm=
2?:1 (Cimiail{eimizo}) if m #£ 0.

1/1/1'

So, in both cases m = 0 and m # 0, the function ‘T/m is a sum of A functions, and the i-th function depends on
0; only. In this case Inp(-;m) = Inp (21, - .., xp;m), which is the Legendre-Fenchel transform of ¥,,, is a sum
of h functions, and the i-th function depends on x; only; so in some sense we have the asymptotic independence
of the components. In detail we have the following

Proposition 4.1. Assume that vy < min{vy,...,vp}. Then

Zf:l Uui7cingi (0) (xz) Zf m =0

Iup(z1,...,zp;m) = N ‘
Zi:l Viieoms (i) if m # 0.
Proof. By construction we have

cirg, (0)

1/I/i
Z?=1 SuPg, er {aimi - (2 93) } ifm=0

1/v; .
i SUPg, e {91% — (cmibilpmz0) } if m # 0.

Iup(z1,. .., zp;m) =

We start with the case m = 0. For every ¢ € {1,...,h} we have to check that

k(0 1/v;
sup {01171 — (CZHA;()012) } = Uui,cing_(O)(aji)'

6;eR

The case wg (0) = 0 is immediate. For % (0) > 0 it is easy to check with some computations that the supremum

is attained at
2 1/ (2=vi) v; vi/(2—vi)
b=\ (5=) :
ik,
and we get
ek (0 1/v;
sup {Hixi — (5()012> }
0;€R 2
B 2 1/(271/1') (V’i )Vi/(Q—Vi) Cilig’i (O) 2 2/(271/1') (V’i )21/1;/(2—1/”
B cik’g, (0) 9 i i 2 cik’g, (0) 9 i

1/(2—v;) o /(9 1/(2=vi) —u;
_ 2 (1/7) SE) iy (2 (2)2/(2 D) 2/(2-w)
cirg (0) 2 ¢ cik’g (0) 2 ¢

B ((V;)”"/(z”i) a (1;)2/(2”1')) <sz€2£éa:?(())> = Usicintz (0 (%)

1/v;
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Finally the case m # 0. For every i € {1,...,h} we have to check that

sup {91'%‘ - (Cimieil{eimizo})l/”i} = Vi com, (@)
0:€R

The case m; = 0 is immediate. For m; > 0 one can check that: for z; < 0 the supremum is equal to infinity by
taking the limit as 6; — —oo; for z; > 0 the supremum is attained at

(I/ixi)l/i/(lfl/i)
- (cimi)l/(l—l’i)

(after some computations), and we get

sup {Hixi — (Cimigil{a,mzizo})l/yi}
0;eR

T (emy 1/(1*111')% N
(cimi)

1/vi vi/(1—-v; —Vi
(vy;) i/ (=) (vyg) i/ (=) / yril =) ) y M/ a=w) )
(Cimi)l/(lfl’i) g (Cimi)l/(lfyi) ?

/(1=vi) 1/(1-vi) z \ VT
= (p// T Ty =V, com, (x3).
(V’L VZ ) (Clml> 1,01 ”L(x )

For m; < 0 we remark that

sup {0:z; — (cimibilio,m=01) """ b = sup {0i(—2) — (ci(=mi) (—6:) L0,y m, s
;}é%{ 2 = (eimibilo,m,0p) " | ;;élﬂ?@{ (=) = (e(=ma) (=) Loy -mpzar) " |

and, by referring to the previous part of the proof with —m,; > 0 in place of m;, we get

1 V;
sup {*91(*1’1) — (ei(=mi)(=0:)1(—0,)(~mi)>0}) / } = Vi, ci(—ma) (—Ti).
0;eR

Then, since V,, ¢, (—m.) (i) = Vi, c;m, (%:) by construction, the desired equality holds also for m; < 0. O

Remark 4.2. We do not have the asymptotic independence of the components for the rate function Iy,p =
Iip(x1,...,zp) (as we said above for Inp(+;m)). Indeed, in general (if vy < min{vy,...,v,} holds or not), the
function ¥ in Proposition 3.1 cannot be expressed as a sum of h functions such that the i-th function depends
on 6; only.

4.2. On the case v9 > max{vy,...,vp} with m # 0

If vo > max{vy,..., v}, then the function in (3.1) reads
" 1/1’0
. (wzt, %) it =0
U (61,...,0,) = ”
(CO Z?:l mieil{eimi20}> if m #£ 0.

Actually here we concentrate our attention on the case m # 0 only. We have the following

Proposition 4.3. Assume that vy > max{vy,...,vs} and m # 0. Moreover consider the following conditions:
(i) xym; >0 for everyi € {1,... h};
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(i) if m; =0 some j € {1,...,h}, then z; = 0.
Then, if we consider the set

A= {(z1,...,23) €R": (i) and (ii) holds},
we have

VVocom‘, il. 17...,h se.-3Lh
ot ) = (80 S b)) 54

Proof. We start noting that, if h = 1, we can refer to a slight modification of Proposition 3.3 in [10] (here we
have to consider com; in place of my, and m # 0), and therefore

. _ VV0700m1 (l‘l) rymi; >0
Tp (z15m1) = { 00 otherwise.
So, from now on, we essentially refer to the case h > 2. We start with (z1,...,2) ¢ A, and we have two cases.
o If (i) fails, then there exists j € {1,...,h} such that z;m; < 0. So we have two cases:
if z; > 0 and m; < 0, then we have
lim 6;x; — (com-9-1{9.m.>0})1/yo = lim #;x; = 4o0;
9]'—>+O<> 7 777 I = 9J—>+OO 7
if x; < 0 and m; > 0, then have
. 1/v .
o i 0a; = (com;0ilig,m;z0p) T = lim 05 = oo
e If (ii) fails, then we have m; = 0 some j € {1,...,h} and z; # 0; so we immediately get

1/v
sup {93‘%‘ — (com;f3140,m,50y) 0} = ;ue%{‘gjxj} = too.

ej eR
Now we consider (x1,...,z,) € A. By taking into account what we have shown above, we do not lose of generality
if we assume that m; # 0 for every ¢ € {1,..., h}; moreover we can say that
h h 1/vo
Iyp(x1,...,2p;m) = sup ZGixi — <0029imi> :0;x; >0 for every i € {1,...,h} p. (4.1)
i=1 i=1

Then we can consider the equations for the stationary points

1/v
/o

I’j:

h 1/1/071
(Z 0¢mi) m; for every j € {1,...,h}, (4.2)
i=1

0
1)
which admit solutions if

there exists & = a(x1,...,xp) > 0 such that z; = am, for every ¢ € {1,...,h}. (4.3)
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So we have two cases: (4.3) holds, or (4.3) fails. If (4.3) holds, then (after some computations, in which we

set n = Z?zl 0;m;) we get

[0
Inup(ama, ..., amp;m) = sup{an — (con)'/"0} = {an — (con)/™} ., =V () .
720 n=(=g2)ro/(=vo) Co

Then, in this case, the desired result is proved because we have
@ .
Vie.coms (i) = Vi1 . for every i € {1,...,h}.
0

If (4.3) fails, then the supremum in (4.1) is attained when we have 6; = 0 for some j € {1,...,h}. Thus

IMD(irlv e 7xh;m) = maX{le ey Qh}v

where
h h 1/vo
0j = sup Z@ixi — (co ZGimZ) :0;z; > 0 for every i € {1,...,h}, and 0; =0
i=1 i=1

for every j € {1,...,h}. Then, by induction on h (we already know that the case h = 1 works well), we get
0j = max{ Vi, com;(x:) 1t € {1,...,h}\ {j}} foreveryje {1,...,h};
thus we easily obtain
Iup(z1, ..., zp;m) = max{Vy, com: (@) 17 € {1,...,h}}
as desired. O

5. RESULTS UNDER CONDITION 1.5

We start with the reference LDP and the result does not depend on m in Assumption 1.1. In particular one
can check that Jyp(z1,...,2,) = 0 if and only if (z1,...,z5) = (0,...,0).

Proposition 5.1. Assume that Condition 1.5 holds. Let T be the function defined by

k h 1/v
Y(b1,...,0p) = Z (Z Cijks; (91)> Lish ey ins, (620} (for all 61,...,0, > 0),

j=1 \i=1

and assume that it is an essentially smooth and lower semicontinuous function. Then

S1 (Z?Zl C1jL§’(t)> Sh (Z?:l ChjL;’(ﬂ)

. :t>0
t t
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satisfies the LDP with speed function t and rate function Jyp defined by

h
Jip(x1, ... xp) = sup Oix; — Y(61,...,0n) (for all (z1,...,2p) ERh).
(917...,0;L)E]Rh 1

1=

Proof. The desired LDP can be derived by applying the Géartner Ellis Theorem (i.e. Thm. 2.1). In fact, for all
t > 0 (and for all (6y,...,0,) € R"), we have

E |e ?:1 97?51‘(2?:1 CijL;(t))] =K |:E |:e ?:1 9iSi(Z§:1 Cijrj):| :|
leLi(t)w»-aTk:LZ(t)

=FE

=B

k TV
E [eeisi(l)} D (”] —E [ezé;l(zf-:l e L (t))nsiwn}
=1

—E {e o1 (Sl cigns, (00) L5 (1)

whence we obtain (by the independence of the involved inverse stable subordinators, and by the expressions of
the involved moment generating functions given by (2.2))

k k h
1 9,8, k_ e LY 1 hciikg, (0;)LY 1 v
J10gE o1 0:8i(Th_, cij m)} _ Z T logE [ezlzl irs; (0:)L (t)} — Z Slog B, Z%.ﬁsi )t | .
j=1 j=1 =1
Finally, if we take the limit as ¢ tends to infinity, we get
lim llogE [eZﬁ‘:l 0:5:(35-, cmL]”-(t))} = T(6y,....00)
t—oo t
by taking into account equation (2.1) with a = v. O

As happens for the analogue results in Section 3, in the following results we have to distinguish the cases
m =0 and m # 0, where 0 € R" is the null vector. We start with the weak convergence result and, again, we
take the limit of moment generating functions (instead of characteristic functions).

Proposition 5.2. Assume that Condition 1.5 holds. Let o, (v) be defined in equation (1.2). We have the
following statements.

) koo LV
o Ifm=0, then {(tam(V)S’(zflt”LJ(t))) it > 0} converges weakly to
ie{l,...,h}

k
> e LY (1)K (0)Z; ,
i=1 ie{l,...,h}

where Z1, ..., Zy are independent standard Normal distributed random variables, and independent of all
the other random variables.
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) ki LY
o Ifm#0, then { <tam(l/)s’(zj=1t7LJ(t))> it > 0} converges weakly to
ie{l }

k
m; Z CijL]”»(l)
j=1

i€{1,0,h}

Proof. In both cases m = 0 and m # 0 we study suitable limits (as ¢ — 00) of suitable moment generating
functions, which can be expressed in terms of Mittag-Leffler functions (see (2.2)). Moreover

5 (Eh e 240)

1= am (V)

k
sk 9;t0m () Si(ZJ 1Ly (”)

h
7 i=10i

=E |e

k
g Si(Zimr i)
e&i=1"t T T—am @)

—E|E :]E[e ?:1(2?:1CijL.?(f))“Si(f’i/t“amw)}

] ri=LY(t),...,re =LY (t)

k k h
— H E [62?21 CijRs; (ei/tliam‘y))l‘;(t)] = H EU (Z Cijlisj, (ei/tlam(u))tu> .
j=1 Jj=1

i=1

We start with the case m = 0. We have

L gugem ) Si(Zh e 1O K%, (0) 67 1
R i | L S CLLIEN)
2t tY

]:1 =1

E

and, by equation (2.1), we get

GZ?:l 0, t0m (V) S'i(zéc 1 cig Ly () ] H (Z Cij HSi (O) 02> =K |:eZ)iLL1 6; \/Z?:1 CijL_lj/(l)Ngi (O)Zi:|
2 K]

(the second equality can be easily checked).
Finally the case m # 0. We have

i(Shoy ey Ly ) k h 0, 1
s ettamwM T & A% 1V
¢ H v Z Cij K’Si( )tu +o tv

and, by equation (2.1), we get

lim E

t—o00

E

She tem () —Si(Z? Leity® b Zh 0;m Zk ci; LY (1)

i i=1"Y1% = i=10imi 25y Cijly

tlggoE esi=1 U g cijkg, ( E {e i i }

(the second equality can be easily checked; we recall that x (0) = m;). O

Now we conclude with the noncentral moderate deviation result.
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Proposition 5.3. Assume that Condition 1.5 holds. Let a,,(v) be defined in equation (1.2). Then, for every
family of positive numbers {a; : t > 0} such that equation (1.1) holds, the family of random variables

S (X5oy el (®)

(tay)®m®) .

>0

i€{1,...,h}

satisfies the LDP with speed 1/a; and good rate function Jyp(-;m) defined by

h
JMp(T1, ..., xRy M) = sup {ZQixi—Tm(Gl,...ﬁh)},

(01,....0n)€R | i

where

k b cijrg, (0) o Yy e
ijl D oict 5—0; ifm=0

Yon(Or,-.,00) = "
k h .
> -1 (Zi:l Cijmﬂil{eimizo}) if m #0.

(5.1)

Proof. As in the proof of Proposition 3.3, for every m € R we apply the Gértner Ellis Theorem (Thm. 2.1). So
we have to show that

o () Si(Shoy cis Ly )
)t S X (0h,. ., 0,)  (for all (y,...,0,) € RM),

Sy Oiltar

1 a
lim logE |ea

t—o00 1/at

=:p(t)

where 'Y‘m(Hl, ...,0y) is defined by equation (5.1). Indeed, for every m € R" the function (0y,...,0))
Y0 (61, ...,0%) is finite-valued and differentiable (thus the hypotheses of the Géartner Ellis Theorem are satisfied).
In view of what follows we remark that

e—i=1 T el om ()

n g Si(Zhm1cuti®)
p(t) = a;logE ]

= as log]E [QZ?:I(E?:1 Cij L; (t))NSi (Gi/(tat)liam(u))} =qy logE [627:1(2?:1 CijKs; (e,i/(tat)lf‘lm“’)))L]”. (t)i|

k k h
= a; Z log]E [62?:1 Cijks; (ei/(t”‘t)17&7'L(V))L;(t)j| = Q¢ Z 10g El/ (Z CijRS; (Gi/(tat)l_am(”))tl’> .
j=1

j=1 i=1

We start with the case m = 0. We have

plt) = “tilog B (i v <Kg§(0) (tf)v e ((talﬁ”)) tu)
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and, by equation (2.1), we obtain

1/v
//O
po 0= Y (e b0 )

Jj=1

Finally the case m # 0. We have

0=aime. (S (505 ()

and, by equation (2.1), we obtain (we recall that ' (0) = m;)

& 1/v
tli}gop Z <Z C’ijla 1{0 m; >0}> :

j=1 \i=1
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