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STOCHASTIC SEWING WITH BESOV REGULARITY

PETR COUPEK*® AND FRANTISEK HENDRYCH

Abstract. Under various conditions, sewing lemmas provide convergence of the Riemann-type sum
Z[S,t]eﬂ =+ for a given two-parametric map = as the mesh sizes of the considered partitions 7 tend to
zero. In this note, we prove a stochastic sewing lemma for two-parameter processes whose increments,
when viewed as functions with values in L™ (€; V) for m > 2 and a real separable Banach space V with
a non-trivial martingale type, are of Besov regularity. The contribution is two-fold: First, we generalize
the stochastic sewing lemma of Lé [Electron. J. Probab. 25 (2020) 1-55] for processes whose increments
belong to a Besov and not necessarily Holder space. Second, we show here that the assumptions of the
Besov sewing lemma of Friz et al. [J. Differ. Equ. 339 (2022) 152-231] can be relaxed if stochastics is
incorporated in the sewing from the beginning. As an application, Besov regularity of the It6 integral
of Brownian functionals is obtained.
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1. INTRODUCTION

Consider a two-parametric map
Z:{(s,t) €[0,T]*: s <t} = E,

where E is a real Banach space and T > 0. In general, sewing lemmas provide sufficient conditions for the
convergence of the sum

—
§ =
—Ti—1,Ti

[Ti1,mi]€mn

as n — oo for a sequence of partitions {m, } of the interval [0, T] whose mesh sizes tend to zero. Such results are
of particular interest for abstract integration and, consequently, for the treatment of differential equations driven
by irregular functions. For example, the choice = ; = Y,(X; — X,) for Y € C*([0,T]) and X € C?([0,T]) with

a+ B> 1 leads to the Young (generalized Riemann) integral foT Y, dX, (see, e.g., Sect. 4.1 of [1] or Sect. 6 of
[2]); the choice 55 = Y5(X; — X,) + Y/X, ; for a rough path X = (X,X) of Holder regularity o € (1/3,1/2] and
a path Y = (Y, Y”) controlled by X of regularity 2« leads to the rough integral fOT Y, dX, (see, e.g., Sect. 4.3
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of [1] or Prop. 1 of [3]). Various other sewing lemmas and their applications are also given, for example,
in [4-9].

An important contribution is made by Lé in [10] where a version of a sewing lemma in the case when
E = L™(Q) for m > 2 is given. This so-called stochastic sewing lemma shows that it is possible to relax the
regularity assumptions in one part by half if stochastics is incorporated in the sewing from the beginning. The
result has proved useful in a number of applications (see, e.g., [11-14]) and some of its generalizations can be
found in [15, 16].

Most of the classical results mentioned above are given in the Holder setting, i.e. when the considered to-be-
sewed map = (as well as its second-order increments) is of Holder regularity. Recently, however, Friz and Seeger
[17] obtained a sewing lemma for maps that are of Besov regularity, see Theorems 3.1-3.3 therein. Such a result
is important because many of the stochastic processes to which sewing lemmas are commonly applied are of
Besov regularity—for example, while the paths of the Wiener process do not lie in the Hélder space C''/2([0, T)
almost surely, they do lie in the Besov space Bl,/;([(), T)) almost surely for any p € [1,00); see [18].

In this note, we prove a stochastic sewing lemma for processes = that are of Besov regularity. Namely, we
consider E = L™(Q;V) for m > 2 and a real separable Banach space V of non-trivial martingale type. We
assume that = is .#;-adapted and that 6= — EZ 6= and EZ 6= belong to certain Besov-type spaces. (Here we
denote EF 65 : (s,u,t) — E356557u7t). We obtain the existence of a stochastic process Z (which is of Besov
regularity, provided that = is) whose increments (s, t) — Z; — Z, are the limit of

(S;t) — Z Es+r,;_1(t—s),s+fi(t—s)

[Ti—1,7i]€Tn

as n — oo in a Besov-type norm. (Here, {7} is a sequence of partitions of interval [0, 1] whose mesh sizes tend
to zero as n — 00). As explained in [17], such parametrization is done because functions from a Besov space
are, a priori, defined only almost everywhere.

The main result described above is given in Theorem 3.4. It covers both the stochastic sewing lemma
(Thm. 2.1) of [10] and the Besov sewing lemma (Thm. 3.1) of [17]. For the former, it allows more flexibil-
ity because also processes of lower Besov regularity, as opposed to Holder regularity, can be considered. For
the latter, it shows that if stochastics is incorporated in the sewing from the beginning, the (Besov) regular-
ity requirement can be relaxed. A more detailed discussion is given in Remark 3.5. As an application, Besov
regularity of the It6 integral of Brownian functionals is obtained in Example 3.6 and Example 3.7.

Organization of the article. The article is organized as follows. In Section 2, the multi-parameter Besov spaces
are defined and their properties that are useful for our analysis are given. The main result in Theorem 3.4 is
formulated in Section 3 and proved in Section 4. Appendix A and Appendix B contain some auxiliary lemmas.

2. PRELIMINARIES: MULTI-PARAMETER BESOV-TYPE SPACES

In this section, we define the multi-parameter Besov-type spaces that will be needed throughout the article
and collect some of their properties. Let us begin by fixing some notation. For d € N and A C R, we denote
A?A=Aifd=1 and

NA={(uy,...,uq) € A | uy < -+ <y}

if d > 2. For a map £ : [0,7] — E (where T'> 0 and E is a real Banach space), we define the (first-order)
difference map by

AL A2[0,T] = E: (s,t) = & — &

The multi-parameter Besov-type spaces are defined now.
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Definition 2.1. Let 7 > 0 and d € {1,2, 3}, and let E be a real Banach space. Let also = : A0, T] — E be a
Borel measurable function. For p € [1,00] and 7 € [0, 7], set

esssupl|[|AZ, 1w llell e (0,7-h); dr)» d=1,
c[0,7
wd(Z,7) = ess sup||[| =y r+nllell e (0,7~ 1]; dr) d=2, (2.1)
P €[0,7]
sup esssup|||| =y rronr4nllEllLeor—nyary, — d=3.

0€[0,1] he[0,7]

Additionally, for s € (0,00) and ¢ € [1, 0], we define

—
—

B4 (10,T)E)

La([0,T];57)

and we call the space

B;j‘;([QT];]E) = {Z: AY0,T] — E Borel measurable | || =] B2 ([0,1]E) < oo}

equipped with the (Besov-type) norm ||-|| L» (jo,7):£) + ||~||B;;‘3([0_’T];E) for d = 1 and with |||

B0 rym) for d =23

a (d-parameter) Besov-type space.

Remark 2.2. Let us make two brief remarks.

e Ford=1ands € (0,1), the space B3¢([0, T]; E) from Definition 2.1 is the usual Besov space Bj ([0, T]; E)
defined either in terms of Littlewood—Paley blocks or in terms of the first-order difference; see Remark 2.3
in [17] and [19, 20]. For d = 2,3, the space Bi4([0,T];E) is not the usual Besov space By (A0, T]; E).

e It can be shown that the Besov-type space B, ([0, T]; E) is a Banach space. This will be important in the
proof of Theorem 3.4.

Remark 2.3. Definition 2.1 should be compared to Definition 2.1 and Definition 2.3 in [17]. In particular,
here, the moduli of continuity for d = 1 and d = 2 in (2.1) are defined with the essential supremum while in
[17], the supremum is used. If d = 1, this does not make a difference; however, if d = 2, then the use of the
essential supremum leads to a Besov-type space in which functions that are equal A%-a.e. on A%[0,T] have the
same Besov-type norm while if the supremum is used, the norms of two functions that are equal A\%-a.e. can be
different (consider functions f and g on A2[0,7T] such that g =0 and f = Li(uw): vmust Z1)-

Two inequalities between the Besov-type norms that will be needed in the subsequent sections are given in
the following proposition. The proofs are straightforward. (Here and in the rest of the article, we use the symbol
A < B for two expressions A and B if there is a constant C' € (0, 00) whose particular value is not important
such that A < CB. If we need to stress the dependence of the constant C' on some parameter k, we simply write
A<, B).

Proposition 2.4. Suppose that E is a real Banach space and let d € {2,3}. Let, moreover, s,s1,s2 € (0,00),
and let P,P1,P2,4,491,492 € [1700} Then

(W) 1|
(i) |-

. < . . 1
B (o,1yE) ST || Mlgsait o gy 51 = 52,

B4 ([0,T]E) Spipa 7] B3 ([0.T)E) if p1 < pa.
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3. MAIN RESULT: STOCHASTIC SEWING LEMMA WITH BESOV REGULARITY

Fix T'> 0 and a filtered probability space (2,.%,{Z}ic0,1),P). We assume completeness of both P and
{Zi}iepor), . {N € F : P(N) =0} € F. Let us also fix m € N such that m > 2 and a real separable
Banach space V. For simplicity of notation, we shall write L, = L™ (€; V) and B3¢ = B5%([0, T]; Ly,) whenever
there is no risk of confusion. We say that a stochastic process = : A4[0,T] — L,, is F-adapted if =, 4, is
F,-measurable for A\-a.a. (ui,...,uq) € A0, T]. For such a process, we also define the mapping

EZZ: A0, T) = Ly : (u, ..y ug) = EZ9 50, s

where E¥ on the right denotes the standard conditional expectation E[- %] with respect to a g-algebra ¥ C .%.In
the proof of our main result in Theorem 3.4 below, we will need that an analogue of the Burkholder-Davis—Gundy
inequality holds. Let us therefore recall the following definition that provides such an inequality.

Definition 3.1 (Martingale-type of a Banach space). The Banach space V is said to have martingale type
p € [1,2] if there exists 7 € (1,00) and a finite positive constant C' = C,., v such that

N P
Mnllvlzro < C <M0||§/ + Z”Mn - Mn_1||§/> (3.1)

=t Lr(9)

holds for every L, -integrable V-valued martingale { M, }2_, where N € N.

Remark 3.2. Every Banach space has (the so-called trivial) martingale type p = 1 because inequality (3.1)
in Definition 3.1 holds by the triangle inequality. If V has (the so-called non-trivial) martingale type p € (1, 2],
then it also has martingale type t for every v € [1,p] and inequality (3.1) holds for all r € (1,00); see, e.g.,
Proposition 3.5.27 and Corollary 3.5.28 in [21].

Example 3.3. Let us recall a few examples from Proposition 2.3 in [15]. As already mentioned, every Banach
space has martingale type 1. Further, every Hilbert space has martingale type 2, the Lebesgue space LP([0,T])
for p € (1, 00) has martingale type min{2, p}, and the Besov space B, ,([0,T];R) for p,q € (1,00) and s € (0,1)
has martingale type min{2, p, ¢}.

Finally, to avoid ambiguity, we note that the term partition of interval [s,t] C R means some finite strictly
increasing sequence 7 = {t;}¥,, where N € N, with values in [s,#] which starts at s and ends at ¢, and we
denote its mesh size by |x|, i.e. |7| = max;—1 . n|t; —t;—1]. Moreover, we recall that if E is a Banach space and
£ :[0,T] = E, we have defined the (first-order) difference map by

AE AP0, T] = K (s,t) = & — &
Additionally, if = : A2[0,T] — E, we define the (second-order) difference map by
§Z AP0, T) = E: (s,u,t) = Zgt — Zgu — Suts

and, if T ={0 =1ty <t; <--- <tny =1} is a partition of interval [0, 1], we also define

N
ITr : A2[07T] —E: (S,t) — ZES+ti_1(t78),S+ti(t78)' (32)
=1

The main result of the present article can now be formulated.
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Theorem 3.4 (Stochastic sewing with Besov regularity). Assume that V has martingale type p € (1,2] and let
Z: A?0,T] — L,, be a Borel measurable #;-adapted process such that the mapping EZ = : A?[0,T] — Ly, is
also Borel measurable and

165 —EZ 65| geris < 00, (3.3)

|\E9’55||B;33 <00 (3.4)

hold for some p1,ps € [1,00], s1 € (p/\%,oo), s2 € (1,00), and q € [p Ap1,00]. Then there exists a Borel
measurable stochastic process I : [0,T] — Ly, that satisfies

lim [|AZ — ™|
N—oc0

B =0 (3:5)

for any sequence {mn}_; of partitions of interval [0,1] satisfying Nlim |mn| = 0. Moreover, it holds that
— 00

[AZ - =] B;ixz"; Ss1,s2.p.01.0.7 162 — E” 55”52&{?} + ||E955| BZ%> (3.6)
\|E9(AI - 5)| B;gﬁ Ssma,q ||Eﬂ55| B;;iiv (3~7)
and AT is Fy-adapted. If, in addition,
1= sz <o

holds for some § € (0,00) and p € [1,00], then

[

BN Asasl < 0
PAP1AP2,9

holds as well.

Remark 3.5. Let us briefly discuss Theorem 3.4 in view of related results in the literature. At first, a comparison
is made with the stochastic sewing lemma from Theorem 2.1 from [10].

o If V=R" (for some n € N) and p; = ps = ¢ = 00, then convergence (3.5) with estimates (3.6) and (3.7)
from Theorem 3.4 reduce to the corresponding statements in Theorem 2.1 from [10] where a Hélder-
type condition for 6= is assumed. Therefore, Theorem 3.4 is a generalization of that result and it is also
a generalization of Theorem 3.1 of [15] where Banach-space-valued stochastic processes are considered
(although there are some small differences that make Theorem 3.1 of [15] slightly more general in the
Holder case; e.g., the use of another conditional moment and a control function).

Let us also compare Theorem 3.4 to the Besov sewing lemma in Theorem 3.1 of [17].

e If = is deterministic and if we set s; = s9, p1 = 00, and p = 1, it is readily seen that our convergence
result (3.5) and inequality (3.6) reduce to the convergence (3.1) and estimate (3.2) from Theorem 3.1 of
[17], respectively.

e We also note the appearance of the bound s; > ﬁ
in Theorem 3.1 of [17] may be relaxed if the target space for = is the space L,, (as opposed to a general
Banach space). This is similar to what happens in the Holder setting, ¢f. [10] for further discussion.

which shows that the regularity requirement for 6=

Example 3.6. Let (Q2,.7,P) be a complete probability space endowed with a complete filtration {.%; }+cjo,77,
let B = (By,t €[0,T]) be a standard .#;-Brownian motion and let f(z) = 1(g,o0)(z), z € R. We wish to use
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Theorem 3.4 to define the It6 integral f0° f(By)dB, as the limit (in a suitable Besov space of stochastic processes)
of the Riemann-type approximations

on
Igtn = Zf(Bs—i-d;Ll(t—s))(Bs+d;L(t—s) - Bs+d§’;1(t—s))7 (Sat) € A2[07T]7 (38)
i=1

where {D,,},, denotes the sequence of dyadic partitions D,, = {i/2"}?_, of the interval [0, 1]. To this end, let

[1]

st = F(B)(Be— By, (s,t) € £2(0,T]. (3.9)
Let also m be an integer such that m > 2. Note first that for h € (0,7) and r € (0,7 — h), there is the estimate

EIZr 0™ = E|f(Br)(Brin — Br)|™ < E[Brin — Be|™ = Cmh® (3.10)

W=

where ¢,,, = (% T (m—H) denotes the m!™" absolute moment of a standard normal random variable. Let now

he(0,T),re (0,7 — h)27 and 0 € (0,1) be fixed and note that
05y ryonrrh = —(f(Brion) — f(Br))(Brin — Brion) (3.11)
holds so that we obtain the equality
EZ65, rvonrtn = —E7(f(Bryon) — f(Br)E7"+" (Bryp — Brion) = 0. (3.12)
It follows that
El0Zrrtonrih — EZ7 05, rronrin™ = EI0Z, rtonrin|™ = I + I
where we denote

Iy = Elp, . ,,>01(B,<0)| Bran — Bryonl™,

I =Elip, 4, <0)1(B,>0]| Brin — Brion|™.
To evaluate term I, note that
I = E (Yp,<0)E [1(B,,0n—B,>- B, Brin — Brion|™ | By])

holds and, as the random variables B,., B, g5 — B;, and B,yj — B, 15, are independent and normally distributed
with mean zero and variance r, 6h, and (1 — 0)h, respectively, we obtain

m m o, om —T
EI:l[B,.+9}L—BT>—J)]‘BT‘+h7B7“+0h| | BT :ﬁ] :Cm(179)2h2 <1(I> <\/%>) s IER,

where ® denotes the cumulative distribution function of the standard normal distribution. It then follows that

moom 1 -B
L=c,(1—0)zh2z [ = —E1 ol —1).
1= Cm ) (2 (B, <0] (\/%))
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Since

Br *° T 1 1 r
E1l o — = P _ P - 4 - o
(B, <0] ( m) /0 ( Ohm) d®(z) 1 + 5 arctan ( 9h>

holds by using the fact that

* 1 1
/0 b (az)dd(x) = 1 + o arctan(a), a € R,

which can be obtained, for example, by substitution to polar coordinates after rewriting ® as the integral of the
density of the standard normal distribution, we finally obtain

mom (1 1 T
Li=cn,(1-0)2h <4—2Farctan( 9h>>

By similar arguments, we also obtain

mo om (1 1 r
Li=c,(1-0)2h (4+27Tarctan(— WL))

and it follows that

m m m [6h
E|0Z, rton r+h — EL%éET,TJrgh’HhW = c—(l —0)= h?2 arctan ( ) ) (3.13)
T T
1. 1.
Now, it clearly follows from (3.10) that = € Bgo’?oo. From (3.13) we have that 65 — EZ6=5 € Béo’?oo but §5 —
E76= ¢ BEOTOOQP) for any o > 0 so that Theorem 2.1 of [10] cannot be used. On the other hand, if 1 < p < 2m,
1,1
we obtain from (3.13) that 65 —EZ 6= ¢ Bﬁ;ﬁm # Tt follows from Theorem 3.4 that if 2 < p < 2m, there exists
Te 83,2.10 CCiv ([0,T7; Ly,) for which there is the convergence

=0

lim ||AZ —TP"|| 1,4,
n—oo 61)210027n

where IP» are the Riemann-type approximations given by (3.8).

Example 3.7. Consider the same setting as in Example 3.6 but instead of a particular function f, consider a
general Borel measurable function f : R — R. Assume that there exists o € (0,1), p € [2,00], and n € (2, 00)
such that f(B) € Byl ([0,T]; Ly,). Then for every integer 2 < m < n, there is the estimate

| |

2 .. 5= —EZS5= _
”Béi([o,T];Lm) * ”Bélﬁ’"s

SIIf(B ‘ B) || e
(0175 ILf (Bl e (o,m:z,) + I1f( )||Bp,;([O,T];Ln) < 00

1
so that it follows by Theorem 3.4 that there exists Z € 31?7’020([0, T); L,,) for which there is the convergence

lim ||AZ —IP~|| 1. =
N—oo Bg,oo ([OVT]vLm)
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where again IP~ are the Riemann-type sums given by (3.8). Indeed, if = is again defined by (3.9), we obtain
by using the Holder inequality and the equivalence of moments of Gaussian random variables the estimate

m
2

EISr+a™ S (EIf(B)") "R
from which we immediately obtain the estimate

= : S NFB) e (io,11:.)-

B 0o ([0,T]; Ly

Moreover, as (3.11) and (3.12) also hold, we obtain by Hélder’s inequality and the equivalence of moments of
Gaussian random variables that

m
2

E|657',7'+9h,7'+h - Eﬂr557',7'+9h,7'+h|m = E|5Er,r+9h,r+h|m S (E‘f(Br-&-Gh) - f(B7)|n) (1 - 0)%]1

from which we immediately obtain the estimate

- _EFSso )
|62 —E 6H”Bé;a:3([0,T];Lm) S ||f(B)HB;};;([QT];L,L)-

Note that the above condition is easily verified with f being a Holder continuous function of order n € (0,1),
a =2, p=o00,and any n € (2,00) (by appealing to the equivalence of moments of Gaussian random variables
again) so that this example extends Example 2.10 of [10].

4. PROOF OF THEOREM 3.4

We shall split the proof of Theorem 3.4 into three separate steps. At first, the existence of the process 7
that satisfies convergence (3.5) is proved in Section 4.1. Subsequently, in Section 4.2, we will show that process
T satisfies the bounds in (3.6) and (3.7). Finally, the .#;-adaptedness of AZ is shown in Section 4.3. For the
remainder of this section, let us therefore assume that V has (non-trivial) martingale type p € (1,2] and that
Z: A?0,T] = Ly, is a Borel measurable .%;-adapted stochastic process that satisfies (3.3) and (3.4) for some

1

fixed p1,p2 € [1,00], 51 € <W’OO)’ 82 € (1,00), and ¢ € [p A p1, 00]. We set

so =81 ANsy and pg=pi A ps.

4.1. Existence of Z and the proof of convergence (3.5)

Let m = {mn}%_; be a sequence of partitions of interval [0,1] that satisfies || — 0 as N — oo. In this
subsection, we first prove that the sequence {I™ — Z}%°_,, where I™ is defined by (3.2), is Cauchy in the
Besov-type space B;gig. As this space is complete, this yields the existence of the limit R™. (This is done in
Sect. 4.1.1). Subsequently, we will show that the limit R™ is independent of the sequence of partitions m. (This

is done in Sect. 4.1.2). From this point onward, we will be justified to simply use the symbol R for the limit.
Subsequently, we will show that there exists a process Z : [0,7] — Ly, such that I;; := (£ + R)s, Pas. AT,
holds for A\%-a.a. (s,t) € A2[0,T7]; i.e. that the abstract map I essentially comprises of the increments of another
stochastic process (the so-called additivity of I') which will yield convergence (3.5). (This is done in Sect. 4.1.3).

4.1.1. Exzistence of the limit R™

In this section, we prove that the sequence {I™ — Z'}%°_, is Cauchy in the space B;gﬁ. To this end, we use
the bound from the following key lemma. Its proof is rather technical and it is given in Appendix B for clarity
of the exposition.
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Lemma 4.1. Let my and 7y, be two partitions of interval [0,1] such that w0y, refines mn, i.e. mn C Ty, and
|mn| < 4. Then there is the following bound:

Jrm — 17|

__1 —_ —_ — —_
B2 Ssvsappra [N 02 — EF 05 g + [my |27 [ETOZ] (4.1)

B2l
Remark 4.2. Note that if 7y and 7y, are two partitions of [0, 1] that are not necessarily included in one another
but which satisfy |mn| V |rn/| < %, one can define 75 =y Uy, for N = NV N’ and apply Lemma 4.1 twice
to obtain the inequality

17 — 17|

oo + [T [T 7 (|65 — EZ 52|
P1-9

—_1 —_ T« —
592 Sevseppra TN (|65 — BT 6Z|

+ |y ]2 EF 65

50i3
Bpl »q

— F o
gy v ET 05 | gggi.

The existence of the limit R™ can be proved now. To this end, let 7P = {0, %, 1} and note that

D = o w¥ s F 5o o wF s F =
1™ = Ellggee < 105l < 0= —E7 05l go0 + | E™ 0500 SOZ —E 050 + BT 055522
(4.2)
holds by using Theorem 2.4 and that
™ 7P = F = F o
[T — 1™ ||B;31§ SIE-E 5:”5;(;13 +IE 5:”5;3:; (4.3)

holds by Remark 4.2. By combining (4.2) and (4.3), we immediately obtain, for fixed N € N, the estimate

1™ = =]

D
gz < |17 =177
Po-q

D
= = _EFFS=
sz T = Ellgggz S 105 - E705]

F e
sy T IET0Z]

5933,
BZ’ZMI

where the constant depends on s1, $2,p,p1,p2,T and |7y|. The right-hand side of the above inequality is finite
by assumptions (3.3) and (3.4). This means that the sequence {I™ — Z}3_; belongs to the space B502.
Recall now that the sequence of partitions m = {mn }%¢_, satisfies |7y| — 0 as N — oco. From this sequence,
select m, and 7, for some m,n € N. Without loss of generality, we may and do suppose that |m,|V |m;,| < %
Define @ = 7, U m,,. Similarly as above, adding and subtracting I™ — = inside the norm and the subsequent
successive use of the triangle inequality, Theorem 2.4, Remark 4.2, and assumptions (3.3) and (3.4) yield
| - =) - (1™ - 2)

__1 1
lgsoz S |mal™ A7+ [ 7T 7 o (4.4)

where the constant depends on s1,s2,p,p1,q,T,[65 — EZ6Z]

s0:3, and ||[EZ 65
Bpl 2q
the sequence {I™ — =3}%_; is Cauchy in B;gjg and, as this space is complete, the existence of the limit R™
follows, i.e.

B2 - Thus it is shown that
p2,9

lim ||R™ — (I™ — 5)]

N —oc0

oz = 0. (4.5)

0,49

B

4.1.2. Independence of R™ of m

Let us now show that the limit R™ does not depend on the sequence of partitions 7 = {nny}3_;. Let
7 = {7n}%_; be another sequence of partitions of interval [0, 1] satisfying |Tn| — oo as N — oo and denote

the limit of {I™ — Z}3_; in the space B52'2 by R™. Then it holds for any N € N that

|R™ - R + |[RF - (17 - =)

w2 < |RT—(I™ - =
sg2 < |RT— (I - 5)|

. TN _ JTN
sy I = I

50;2 5032 .
Bpg.a Bpg.q
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Because of convergence (4.5), the first and the second term on the right-hand side of the above inequality tend
to zero as N — oco. The third term is shown to tend to zero as N — oo as well by obtaining a bound that is
the same as the one in (4.4) in the same manner as in there. Thus we obtain that R™ = R™ in B;gig. Hence, we
have a unique limit R = R™ that is independent of 7 and setting I = = + R yields

[ =17

B;Bii - ]VIE)I'IOOHR - (Iﬂ-N — E)| ;i = O (46)

50
Bpy,

lim
N—o0
4.1.3. Additivity of the limit I and convergence (3.5)

From now on, we denote I = =+ R. We will show here that there exists a Borel measurable stochastic process

Z:[0,7] — Ly, such that AZ; , Pas I ; holds for A%-a.a. (s,t) € A2%[0,T], i.e. that the abstract map I essentially
comprises of the increments of another stochastic process. This together with convergence (4.6) implies that
(3.5) holds. Moreover, we immediately obtain that if || =] zs:2 < oo for some § € (0,00) and p € [1,00], then

1]

SAsy Asoil = E— snsnz <z . ||?| ||| ;
BENs1As2sl = ||AI| giNs0sl = HI| BENS032 J§,s1,82,P,p1,p2,T 1= 1l gé:2 + || R Bo032 < 0.
PAP1AP2,:9 PAPQ,9 PAPQ>9 P,q P0-9q

A criterion for the existence of stochastic process Z is given in Lemma 4.3 below. Its proof is similar to the
proof of Lemma 2.9 in [17].

Lemma 4.3. If A: A%[0,T] — L,, is a Borel measurable stochastic process such that

esssup|| |0 A r1onr+nllz,, |70, 7=n);ar) = 0 (4.7)
helo,7]

holds for some p € [1,00], A-a.a. 8 € [0,1], and A-a.a. T € [0,T], then there exists a Borel measurable stochastic
process A : [0,T] — Ly, such that

P-a.s.
AAs,t = As,t

holds for A?-a.a. (s,t) € A2[0,T).

Proof. We extend A, and therefore also §A, to the whole [0,7]? and [0, T3, respectively, by setting A; s = —As ¢
for s < t. Assumption (4.7) then implies that |0 As 4.¢|/z,, = 0 holds for A3-a.a. (s, u,t) € A3[0,T]. Moreover, it
is also seen that ||0As u.¢|z,, = 0 holds for A3-a.a. (s,u,t) € [0,T]3 by observing that

SA B 0As .t sgno =1,
olemt) = _6As,u,t7 sgn o = _17

holds for any permutation ¢ on three elements with sign sgn o. Fubini’s Theorem then yields s € [0, T] for which
16As.ullz,, = 0 holds for A-a.a. (u,t) € [0,7)? and we define A, = A for t € [0,T]. Then we have

At - -Au = As,t - As,u = Au7t + 6As,u,t P-gs‘ Au,t

for A2-a.a. (u,t) € [0,T)?. As the map A : A%[0,T] — L,, is Borel measurable, the same holds also for the map
A:[0,T)> = L,, and, consequently, also for the map A : [0,T] = L, : t — A;. O

Let us now verify that I satisfies the assumptions of Lemma 4.3. To this end, we will show that

ess sup||[|0 Ly r+on 4wl L, [| oo (0,7~ ) ary) = O
helo,7]
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holds for A-a.a. § € [0,1] and A-a.a. 7 € [0,T)]. Indeed, pick 6 € (0,1) arbitrarily and define a sequence of
partitions of [0, 1] as follows:

™ ={0<0<1},
9 ={0<6<0<0+6(1-06)<1},

0,N+1 0,N+1 0,N+1
T ={0=t" T <PV < <0 T = 1)
where for N € N we define
N =N for i =0,...,2%,
GN8N g N 8Ny for i=1,...,2N.

We observe two important things. The first observation is that there is the following convergence:

. Jim 6N =0, 0> 1,
lim |7y | = oo
N_m' vl lim (1-6)Y =0, <1
N—oo

The second observation is that there is the inclusion 7%, C 7%, whenever N < M. Now, fix N € N and write

€S8 SUPpe(o,7) H |\5Ir,r+9h,r+h ||Lm HLPO ([0,T—h]; dr)

TS0

<zN+zZy (4.8)
La([0,T};4x)

where
T

N _ esssupyeio,7) |16 Lr,r40n,r+n — 61 Y op i n |, | Lr0 (0,711 ar)

1 /7—50 ’

La([0,T);4x)
0

N _ esssuPpe(o 111017 Ny o s n | Zon Il Lr0 (0,7 R); dr)

2 7—80

La([0,T];47)

We shall show that both Z{ and Z¥ on the right-hand side of inequality (4.8) tend to zero as N — oo for
A-a.a. € [0,1]. In order to prove that imy_,o, Zi¥ = 0 holds for M-a.a. 6 € [0, 1], let us write

I‘n’?\, 8

0 0
— ™ ™~ N
5Ir,r+0h,r+h -0 r,or+0h,r+h Ir,r+h - Ir,rJrh - (IT77'+9h - Ir,r+t9h) - (Ir+9h,r+h - IT+0h,r+h)

for h € [0,T], r € [0,T — h], and 6 € (0,1). It follows that
ZN <3| = I™ | ooz
0,49

holds for A-a.a. 6 € [0, 1]. By appealing to formula (4.6), we obtain that the right-hand side of the above inequality
and, therefore also Z{, tends to zero as N — oo for M-a.a. § € [0, 1]. To prove that also limy_,oo Z2 = 0 holds
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for A-a.a. 6 € [0, 1], we can write
6 6 0 6 6 0
TN _ N TN TN _ TN TN+1
5I7‘,7'+0h,7'+h - I7',T'+h - I7',7'+9h - I7‘+9h,r+h - I?',7'+h - IT',T-{-h

for h € (0,77, r € [0, — h], and 6 € (0,1), and estimate

ZN < | I — [

B3
for A-a.a. § € [0,1]. However, 7%, refines 7% and hence, we can use bound (4.1) (at least for those N large

enough to satisfy |7x| < 1) from Lemma 4.1 which, combined with Theorem 2.4, yields the claim. It thus follows
that the left-hand side of (4.8) equals to zero for A-a.a. 7 € [0,T] and A-a.a. § € [0, 1] which means that

ess sup|| |01y yon,r 1l L || Lro (0, 7—1):dr) = O
helo,T]

holds for A-a.a. # € [0, 1] and A-a.a. 7 € [0,T]. This concludes the proof of the existence of Z satisfying (3.5).

4.2. Proofs of estimates (3.6) and (3.7)

In this section, estimates (3.6) and (3.7) are proved. Take the sequence {7y }%_; of dyadic partitions 7y =
{k;/QN}iZO, N €N, of interval [0,1]. For h € [0,T], 7 € [0,T — h], and N € N, we rewrite

TN = _JTN 7T =
Ir,'r+h — —=r,r+h — Ir,rJrh Ir,r+h + 5“T,r+%h,r+h' (49)

4.2.1. Estimate (3.6)
We shall proceed through

IAZ — =|

sy = 1AL = Il + 17 = Slgppez- (4.10)

The first summand on the right-hand side of (4.10) tends to zero as N — oo thanks to (3.5). Therefore, we only
need to estimate the second summand appropriately and let N — co. Formula (4.9) yields

wo (I™ — Z,7) Sw? (I™ —I™ 1)

= Fr§ =
+ esssup “’6“7”77“+§h77"+h —E 5_T,r+%h,r+hHL

hel0,7] m L1 (jo,7=h]; dr)
+ esssup ’ H EgréETﬂ“Jr%h,rJrh‘

he(0,7] L |l Lr2 ([0, 7—R]; dr)

for 7 € [0, T] from which the estimate
2 T - 2 T T 3 - F o= 3 F o=
Woo I™ = Z,7) <w, (I™ = 1™, 7) +w, (6= —E76=5,7) + w,,(E7 65, 7)
as well as the estimate

1™ = =]

wr T = I g + |05 — EF 52| oois + [[EF 52
eig < W™ = ™ gy + 105 — 705 gy + E70

5933
Bp3la
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are obtained immediately. We only need to estimate the first term of the above inequality. As 7wy refines m; and
|mi| = %, the bound in (4.1) yields

[T =T |5

I
02 oy sappnal 2 TeAn |65 — E‘g(SEHB;?;i + 2752+ |EF 55|

B3y
Finally, bound (3.6) is obtained by combining the last two estimates with inequality (4.10) and letting N — oo.

4.2.2. Estimate (3.7)

At first, recall the contraction property of the conditional expectation, i.e.

IEZ (D5, < IE*(-)

Lo, (4.11)

holds for two o-algebras satisfying 4 C % C .7; see, e.g., [22]. We shall proceed through

IE7 (AT — 5)]

w0z < _ I~
s < 18T 17

. FI™N _ =
g2+ [EZ (L™ — )]

533 (4.12)
where we used the contraction property (4.11) in the first term on the right-hand side, and hence, this term
tends to zero as N — oo thanks to formula (3.5). It is therefore sufficient to only estimate the second summand
appropriately and let N — co again.

First, we take EZ of both sides of equation (4.9). We obtain that

wgo(Eg(I”N—E) 7) < w? JEZ(I™ —I™),7) + esssup
hel0,7]

L,

’HE 6‘—‘r7‘+ hr+h‘
Lr2([0,T—h];dr)

holds for 7 € [0,T]. (We have also used formula (4.11) again). By the same argument as in the proof of estimate
(3.6), the estimate

IEZ (™ — =)

B:,gfz < ”Ey(lmv _ Im)|

F 5=
s T IET 0 sz,

(4.13)

is then shown to hold. It remains to estimate the first summand of the previous inequality. Let us choose
h €[0,T] and r € [0,T — h]. We can take the conditional expectation EZ~ of both sides of equality (B.5) and
use inequality (4.11) again to get

N no_l 2m
Z, sink
[SEUERES LIRS D5 DS D [ s
i=1 n=0 k=1 "
N ng_l 2m

cinok
—I—E E E E s 5._41nk sivnk aink
1858y

i=1 n=0 k=1

Ly,

which yields

N nO 1 9n

a i,n,k —_
wy, (EZ(I™ —I™), <ZzzesssupHHE WG ik ginik gk

i=1 n=0 k= 1h€OH

Ll Lrz (j0,7—R); dr)

N 77’0_1 on

si,n,k
+§ E gesssup E T 0E nk ginak giinak
37T 8 N 8y

i=1 n=0 k= 1h€0H]

)

LP2([0,T—h]; dr)

L
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and we would proceed in the same manner as we would proceed from identity (B.7) to the use of Lemma B.3
to obtain

w2 (EZ (I™ — I™), h) _ EN: i wd (EF6Z,2(t; — t;i_1)h2™")
hs2 |4 2—nps2
Leo.Tlgy) =t st La((0,7);42)

Now, Lemma B.3 yields

IEZ (1™ — 1)) 27t |E7 5]

<
502 Sg 5933 .
Bp3lg ~o2P4 Bp3lq

We conclude the proof of the bound in estimate (3.7) by combining the last estimate with inequalities (4.12)
and (4.13) and by letting N — oo.

4.3. Proof of .#;-adaptedness of AT
In what follows, we prove that AZ is .#;-adapted. To this end, pick any sequence {my}3¢_, of partitions of

interval [0, 1] satisfying J\;im |7n| = 0. Then
— 00

wgl/\pz(AI —I™)

T51 NS2

|
o

lim
N—o00

La([0,T],47)

holds by (3.5). The convergence in the L9([0,7], 47)-norm implies the convergence in the measure 47 and
therefore, we can select a subsequence {mp, }32, such that

lim w? , (AT — I™%)

hson “P1AP2 lim esssupl|[|[AZ, ;4n — I:Z:-T-hHLm||LP1’\P2([O,T—h],d7') =0

k—ro0 helo,r]

holds for A-a.a. 7 € [0,T]. It follows that for A-a.a. h € [0, 7], we have

i [{[AZ oy, — L g Lo ses (jo.7—h), ar) = 0

and we fix one such h arbitrarily. Repeating the argument, we can select a subsequence {kaj }‘;’;1, depending
on h, such that

. TN,
jh_{go||AIr,r+h - Inr-s-h”Lm =0
holds for A-a.a. r € [0,T — h| and we fix one such r arbitrarily. Once more, we can select a subsequence {m Ny, 12,
1
depending on r (and h), such that it holds that

for P-a.a. w € Q. However, I, is % ,-measurable for any m € N, v € [0, T}, and u € [0,7 — v]. This means

that also AZ, ,;p, being the pointwise limit of ., p-measurable functions, is .#,;,-measurable.

ACKNOWLEDGMENTS

We would like to thank the anonymous reviewers for their careful reading of the article and for their useful suggestions
and remarks that have improved the readability of the article.

FuNDING

This research was supported by the Czech Science Foundation project 22-12790S.



464

P. COUPEK AND F. HENDRYCH

DATA AVAILABILITY STATEMENT

The research data associated with this article are included in the article.

(1]
2]

3]
(4]
[5]

REFERENCES

P.K. Friz and M. Hairer, A Course on Rough Paths. Springer (2020).

L.C. Young, An inequality of the Holder type, connected with Stieltjes integration. Acta Mathematica 67 (1936)
251-282.

M. Gubinelli, Controlling rough paths. J. Funct. Anal. 216 (2004) 86-140.

D. Feyel and A. de La Pradelle, Curvilinear integrals along enriched paths. Electron. J. Probab. 11 (2006) 860-892.
D. Feyel, A. de La Pradelle and G. Mokobodzki, A non-commutative sewing lemma. FElectron. Commun. Probab.
13 (2008) 23-34.

A. Gerasimovics and M. Hairer, Hérmander’s theorem for semilinear SPDEs. Electron. J. Probab. 24 (2019) 1-56.
A. Gerasimoviés, A. Hocquet and T. Nilssen, Non-autonomous rough semilinear PDEs and the multiplicative Sewing
lemma. J. Funct. Anal. 281 (2021) art. no. 109200.

M. Gubinelli and S. Tindel, Rough evolution equations. Ann. Probab. 38 (2010) 1-75.

R. Hesse and A. Neamtu, Local mild solutions for rough stochastic partial differential equations. J. Differ. Equ.
267 (2019) 6480-6538.

K. Lé, A stochastic sewing lemma and applications. Electron. J. Probab. 25 (2020) 1-55.

S. Athreya, O. Butkovsky, K. Lé and L. Mytnik, Well-posedness of stochastic heat equation with distributional drift
and skew stochastic heat equation. Commun. Pure Appl. Math. 77 (2024) 2708-2777.

O. Butkovsky, K. Dareiotis and M. Gerencsér, Approximation of SDEs: a stochastic sewing approach. Probab.
Theory Relat. Fields 181 (2021) 975-1034.

M. Hairer and X.-M. Li, Averaging dynamics driven by fractional Brownian motion. Ann. Probab. 48 (2020)
1826-1860.

X.-M. Li and J. Sieber, Mild stochastic sewing lemma, SPDEs in random environment, and functional averaging.
Stoch. Dyn. 22 (2022) Art. no. 2240025.

K. Lé, Stochastic sewing in Banach space. Electron. J. Probab. 28 (2023) 1-22.

T. Matsuda and N. Perkowski, An extension of the stochastic sewing lemma and applications to fractional stochastic
calculus. Forum Math. Sigma 12 (2024) e52.

P.K. Friz and B. Seeger, Besov rough path analysis. J. Differ. Equ. 339 (2022) 152-231.

Z. Ciesielski, Modulus of smoothness of the Brownian paths in the L norm, in Constructive Theory of Functions.
Varna, Bulgaria (1991) 71-75.

H. Amann, Operator-valued Fourier multipliers, vector-valued Besov spaces, and applications. Math. Nachr. 186
(1997) 5-56.

C. Liu, D. J. Promel and J. Teichmann, Characterization of nonlinear Besov spaces. Trans. Amer. Math. Soc. 373
(2020) 529-550.

T. Hytonen, J. Van Neerven, M. Veraar and L. Weis, Analysis in Banach Spaces, Vol. 12. Springer (2016).

D. Landers and L. Rogge, Characterization of conditional expectation operators for Banach-valued functions. Proc.
Amer. Math. Soc. 81 (1981) 107-110.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

STOCHASTIC SEWING WITH BESOV REGULARITY 465

APPENDIX A. AUXILIARY LEMMA

Lemma A.l. Suppose we have a non-decreasing function f :[0,00) — [0,00); n,m € N such that m > n; h € (0,T];
and c € (0,1]. Moreover, let p € [0,00) and v € (0,00). Then

ho—n+1

Z f(ch2™ 2php / fler) dr < 2"ePhY /Ch2 " yV*P%. (A1)
2—kp log2 ™ 7 = log2 L= ([0,cT];47) Jo Y

Proof. Because the function x — f(ch27™7) is non-increasing, we can write

f(r)

T

k

f(ch2™%) < f(ch2™")dz

k—1

for any k =mn,n+1,...,m. As 2°? > 2(*=DP holds for z € [k — 1, k], we obtain the inequality

- f(Ch2 prp [ f(ch2™
Z 2— kp 2 h h2 Z]P

The first inequality in (A.1) is then obtained by substituting 7 = h2™* and by decreasing the lower bound in the resulting
integral from h2™™ to 0. The second inequality in (A.1) is obtained from the first inequality by further substituting y = cr
and estimating

f(7)

T

(1)

T

&) ‘ . ye (0,ch2™Y).

Lo ([0,eT]; 47)

Lo ([0,cT);dT) ’

APPENDIX B. PROOF OF LEMMA 4.1

Here, the proof of Lemma 4.1 is given. We recall the notation
so =81 As2 and po=p1Apa2.
Let us assume that
an={0=to<ti < - <tn=1}Cap ={0=ty <t; < ---<th =1}

and let us take H € [0,T], h € [0, H], and r € [0, T — h]. We shall assume that N’ > N holds. (The case N’ < N is not
possible if we assume that 7y C 7y, and if N’ = N, then the norm on the left-hand side of (4.1) is zero). We can write

N

TN N’ = —
Ir r+h I’r r4h = é Zr4t;_1h,r+t;h § ~—'r+tg 1h,r+t’
i=1 Jotim1<th<ty

Now we can use the following Lemma B.2 which is a consequence of the non-trivial martingale type of V and which
provides us with a Burkholder-Davis—Gundy-type inequality.

Lemma B.1. Fiz K € N and t > 0. Assume that we are given Borel measurable stochastic processes AR [0,t] = Ly, for
it =1,...,K. Suppose that there is a collection of o-algebras {9, }i=1, .. K;rejo, satisfying gtc...cyfcz for any
r € [0,t]. Moreover, assume that o(Z}),...,0(Z*) C 4™ for anyn =1,...,K —1 and r € [0,t] (the symbol o stands
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for the generated o-algebra). Finally, suppose that E“" Z" is Borel measurable forn=1,..., K. Then

_1
A PAP
e > (B.1)

LP([0,t];dr)

K

Nz " 7))

1=1

K .
= (ZHIIZiEgTZﬁHLm\
i=1

Ll e ((0,4]; dr)
holds for any p € [1, ).

Proof. Fix r € [0,t]. Set Mg =0 €V and M, = > | (Z} — Eg"i'Zf;) for n =1,..., K. Then the sequence {M}}E_, is
a martingale and, consequently, we obtain

K

Sz -E% 7))

i=1

Se

B K . W
< <Z|Zi - EfTZH‘;,,L) (B.2)
Lvn(Q)

i=1

K .
> Nlzi — e Zi|l5
i=1

Lm

by appealing to inequality (3.1) (as V is assumed to have non-trivial martingale type p) and by using Minkowski’s
inequality (as m > 2 > p). Now, the LP-norm is applied to both sides of (B.2) and for the case p € [1, p), inequality (B.1)

follows by using the inequality (a + b)% < av + b%, a,b > 0 while for the case p € [p, o), we use the triangle inequality.
For the case p = 0o, inequality (B.1) is immediate. O

Given h € [0, H], we set

1

1 —_
rh = Sr4t;_1h,r+t;h T E
Jtio1<ti<t;

[1

r+t;71h,r+t;h7 re [Oa T — h}?
for the rest of the proof. We obtain

7
™~  _ 7N/
Ir,r+h ‘Ir,r+h

Lm || Lo (j0,7—h]; dr)

(5

i=1

PAPL

LP2 ([0,T—h]; dr)

¥y N
)%
=1

|25 — 7tz

|67z

Ly, Ly,

LP1([0,T—h];dr)

by using Lemma B.1 to Zi = Z}L,h and 4 = Fr4t;_,h- From this estimate, the bound

’
TN TN
I’r,r+h - Ir,T+h

Ly

LPO ([0,T—h]; dr)

(s

i=1

. (B3)

N
i— LP2([0,T—h]; dr)

PAPL %
)%

LP1([0,T—h];dr) i=1

easily follows by using inequality (4.11). The following Lemma B.2 can be used on every Z* in the inequality above. The
proof of Lemma B.2 is only a slight generalization of the proof of Lemma 2.14 in [10] (we only need to take into account
the dependency of all the objects on r,r + h) and we therefore omit it here.

T
Zr,hH

F. ) i
ez

L Lm

Lemma B.2. Consider a V-valued stochastic process (Su,v)(u,vyen2(syy where 0 < s <t <oo. Forn € No and k =
0,...,2", set ty = 2% Pick any partition {0 =to < t1 < --- <ty = 1} where N € N. Then there exists no € N and
random vectors R:L,ﬁ-h forn €Ny, k=1,...,2", h € [0,t —s], and r € [s,t — h] such that for A-a.a. h € [0,t — s] it holds
that

1. R:’Tlﬂrh Pas g for anyn >mno, k=1,...,2%, and for A-a.a. r € [s,t — h];
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2. forallm € Ng and k =1,...,2", there is (s7F, siF 2% 7Py € A*tR_, (7] such that

n,k P-a.s. = _ = _ = _ —-
r,r+h - Hr+s?'kh,r+52’kh ur+s?'kh,r+s;’kh “_'r+sg’kh,r+sg’kh Hr+sg’kh,r+52’kh

holds for A-a.a. v € [s,t — h];

= N = P-a.s. nog—1 2m n,k
8 Errth = Dpey Srtth_rhorttih = dontg dop—y By, for A-a.a. v € [s,t — h].

By using Lemma B.2 as indicated, we obtain that there exist n§ € N, i = 1,..., N, and (s7™F sb™" si™* simk) e
AEL K] k=1,...,2", n=0,...,n5 —1,i=1,..., N, such that for Ad-a.a. h € [0, H], the equality
néfl omn
i Pfis. = . X
mho T Z Z |:‘_‘T'+ti—1h+311'7hk(ti_ti—l)hﬂ”"'tiflh"'sin’k(ti_ti—l)h
n=0 k=1

T Tt htst T (=t )Rty Ry ™R (=t _1)h

T Tt hs T (4t )Rt Aok ™R (8t 1R

75T+ti_1h+sé’n’k(ti7ti_1)h,T+t7’,—1h+Si)n'k(ti*ti—l)hi| (B.4)
holds for A-a.a. r € [0, — h]. Let us denote
At,n,k i,n,k ]
S; :r+ti_1h+sj (ti*ti_l)h, VES {1,2,3,4},
and let us add and subtract =i n.k i« in the last sum of equality (B.4). Thus we obtain
1 23
n[i)—l omn né—l on
i P-as. = ) ) = ) )
rh = ZO ;5~—r§'i,n,lc,éé,n,k7§'§,n,,k + ZO ;5_§71,,n,,k,§é‘n,k’§i,n,k. (B.5)

Therefore, we can estimate the first term on the right-hand side of inequality (B.3) as

1
PAPL PAPL

i
L

3

i=1

m

LP1((0,T—h]; dr)

N [ny-1 o

1
PAP1IN\ PpApy

F ik
—E ¢ 0= inik iynik inik
S1 0% 0%
Ly, NLP1([0,T—h]; dr)
3 nlo_l on
sk
+ E E E ° Elink gink gin,k
: ; ’ j+1

L || L2 (j0,7—n], dr)

and the second term, using inequality (4.11), as

S5

LP2([0,T—h];dr) j=21i=1 n=0 k=1

snuk si,n,k singk
i i+l

Ly,

N

: : Frdt, _1h 7t
HHE o

=1

Lm P2 (jo,7—n], dr)
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If we insert these last two inequalities into inequality (B.3), we obtain

IN’

I’r r+h rr+h

Lm || Lo (jo,7—h]; dr)

3 N [nh—1 o
Sp E E E E 05 ink iink sink
Stoo% %
j=2 \i=1 | n=0 k=1
1
PAPL\ PApr
F ik
—E ¢ 0= inik iynik sinok
fro% i
Ly ILP1([0,T—h]; dr)
3 n6—1 mn
gink

JFE E E 51 6-_uznk~1nkﬂznk
— £ %1 558

L ||l L2 (j0,7—n], dr)

and the application of Lemma B.1 again with ¢* = ﬂéi,n,kﬁ for k=0,...,2" — 1 and %?n = Frye,n yields

TN N/
IT,T+h - ['r,'r+h

Lm || pro (jo,T—h]; dr)

ng—1 on

NP E E E E 5._4A1nkﬁznkwnk
%1 55 S5l

=1 n=0 k=1

1 1
F ik PAPL vapr PPN BApy
—E ¢ ’ 654 n,k ~i,n,k ~i,n,k
S UL P AL P it
Ly | LP1 ([0, 7—h); dr)
3 nh—1 gn
J n,k
Jrg E E E 5._4A7nkszm,kwnk
— £ 1 i %t ||
j=21i=1 n=0 k=1 m || LP2([0,T—h],dr)
It follows from the above estimate (B.6) that
2 F TN e
wpo(E (™ —I"™~ ),H)
3 N ni—1 on
<p E E ( E [E (esssup”H(Sgdnkynkynk
j=2 Li=1 \ n=0 "k=1 h€[0.H] ’ it
1
Ap1 | PAP]
F ik A /\ P
—E " 65Ai,n,k Link Ai,n,k”LmH P )p pl} ParL
51 )85 ey LP1([0,T—h];dr)
3 N no_l 2m
222 ZesssulelE weE lz..
-:Ai,n,k si,n,k siunLk || L
02 i=1 n=o k=1 helo,H] gyl sl gt Mllbm I Lp2 (j0,7-h), dr)

holds. Observe that for fixed i =1,...,N,n=1,...,nd — 1, k=1,...,2", and j = 2,3 the inequalities

~t,n,k A’L ,n,k ~t,n,k
1 <3 <

- 87 Sjt1
~t,n,k Az,n,k 1 . .
2. Sj+1 — S S 27(t1 7t171)H

hold for any h € [0, H]. These two inequalities lead to the estimates

F imk .
H(Suandnkhz ne —E 17 0E
1 % 8541

nkunkunk}
S S

ess sup a0
S17TH8; j+1

hel0,H)

Ly,

LP1([0,T—h],dr)

(62 —EZ 6=, (t; — t;1)H2

(B.6)

(B.7)
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and

< wp, (E7 65, (t — tima) H2™);

Fink o
ess sup HE "1 6:§i,n,k sk §7nk}
. LP2([0,T—h], dr)

. L
hel0,H] Tl e

and these, after being inserted into estimate (B.7), yield
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PAP1Y pADT

b 1
’ 3 Z”” 8 (65 —ET85,2(ti — ti_1)h2~ ™))" P A
"‘)12'0 (I™ — ™~ h) < |:((.Up1( 2(_n 1) ))

=1 n=1

N

N nll) 3 F = —n
wm(E 5:,2(ti *ti_l)hQ )
+ Z 2777,

(B.8)

(we have also switched from H to h because they need not be distinguished anymore). The above estimate (B.8)
immediately yields the inequality

w2 (I™ — [~ h)
hso

La((o,7],4%)

1
PAPLY PART

n ; —_ F o —n
< Tsl—SO Z Zowgl(J:fE 5:,2(ti*ti_1)h2 )
~PpP —_n__
i=1 \n=1 2 »APLASL
La([o,T],4k)
N nh 3 F S —n
s9—50 wm(E‘ (5:,2(t¢*ti71)h2 )

=1 =1
= La([0,T],4k)

and it only remains to apply the following Lemma B.3, whose proof is similar to that of Theorem 3.1 in [17], to conclude
the proof of bound (4.1).

Lemma B.3. Let A: A*[0,T] — Lu, be such that there exists p € [1,00] for which wj(A,T) < oo for A-a.a. T € [0,T].
Moreover, take any partition #x = {0 = so < s1 < --- < sg = 1} of interval [0, 1], where K € N, satisfying |7x| < & and
any sequence {1;}1, where l; € N for all i = 1,..., K. Finally, take o € [1,00], ¢ € [1,00], and v € (0,00). If v > M%
and q > p A «, then

K /L 3 o\ P e
wy(A,2(5s — si—1)h27") SRS
Z <Z — Svpag [Tr [T 97 ||A||BZ.73([0,T];Lm>'

—__n
i=1 \n=1 2 Fnahy
La([0,T];92)

Proof. Let us set 0; = 2(s; — s;—1) for i = 1,..., K to simplify notation and let us choose h € (0,T] arbitrarily.
Case q < oco: Lemma A.1 gives for every ¢ = 1,..., K the estimate

§o e oh2 ™) 2w b /h wi(A, 0i7) dr
0

—= 2 wiap — log2 FAahy T
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from which we immediately obtain the estimate

1
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€
o[22
Il
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[\
|
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Q
=1

La([o,T],4L)

K
Sha D
=1

_1
pAa

D3 (A 0 pAa
(mﬁ/"&gﬁﬁﬂj (B.10)
0 rerahy T

Let us proceed from the interior of the sum on the right-hand side of (B.10). Fix any ¢ € {1,..., K}. As 7 is assumed to
satisfy v > —, we obtain

pAa’?

9
LeAe ([0,T],49%)

1

h 1 dr R wne

77T Aa — =
0

1
T - PAc

1
and we can simply normalize the (finite) measure Ijg p)(7)7" ™ PAe % to a probability measure. Then, it is possible to use
Jensen’s inequality with

3
4, 0i
X(r) = 7%’(7_;9 7) and  ¢(z) =2

because the Monotone Convergence Theorem ensures that Jensen’s inequality still holds for a, possibly not integrable,
non-negative random variable and an increasing convex function which is zero at zero provided that we define its value
at infinity as its limit there. We obtain

' (hmﬁ /h wi(A,gir) d7'>p/\a
T T
0 TPAa hY T Lﬁ([o,T},%)

e T ws [ ek edem) A dh
Tam e e o noo)
1
1 /Tv—m " ks {wf:(Avw)]qzﬂ
0

(v = 5x)"Jo wrwAa o ™ T b

P
PAC

In the last term, we have

/T/hi1 L L(Awﬂqzﬁz/ivﬁ /T 1 dh] [wp(4 em)]" dr
o Jo h“/*ﬁ T T h 0 - hvfﬁ h T T

by Fubini’s theorem and, moreover, we can estimate

T
TW*“%/ ! %S 11

e ~ pha
Thus, the following inequality is obtained:
—9q9
1 VP ong .
0 rerahy T LW\%([O,T],%) 0 T T
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The substitution y = ;7 in the integral on the right-hand side of the above inequality yields the estimate
q
b WB(A. 0 pAcl A 0T 3(A q
@ﬁ/f@gﬁﬂ) <Www/ Piﬂ}@swwv
o rErehpr T 0 Y

~ Yy BYi3([0,T)iLm)
which, after being inserted into (B.10), yields
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K l; 3 —n pha pAo K
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Yy et < T ra . S (si— s
( 9~ FAa b Svpoa [T P [ Allgyis 0,71, 7;:1(81 s

1=1 n=1
La([o,T],4k)

Case ¢ = co: Lemma A.1 leads to the inequality

L s . .
wy(4, 0ih27") - eih 4 dy
It A=A S Syt L N 5 v-5hs Y
,;1 o brap P o " N Al sy (to,1,5m) .Y y

1

Again, as we suppose y > ohe

the integral on the right-hand side can be rewritten as

ih __1
ﬁywﬁ@:&ﬂ;:
0

1

Yy ~ PAa
Combining the last two expressions yields
pra i
K L _ pAc
Z M < % |77M%”AH Y
— \ = 2 vRahy R TR BY 3 ([0,7),Lm)"
1= n=

Lo ([0,7],92)

The proof of Lemma 4.1 is now concluded by the application of Lemma B.3 to inequality (B.9).
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