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CENTRAL LIMIT THEOREMS DESCRIBING ISOLATION
BY DISTANCE UNDER VARIOUS FORMS
OF POWER-LAW DISPERSAL

RAPHAEL FORIEN! AND BASTIAN WIEDERHOLD?*

Abstract. In this paper, we uncover new asymptotic isolation by distance patterns occurring under
long-range dispersal of offspring. We extend a recent work of the first author, in which this information
was obtained from forwards-in-time dynamics using a novel stochastic partial differential equations
approach for spatial A—Fleming—Viot models. The latter were introduced by Barton, Etheridge and
Véber as a framework to model the evolution of the genetic composition of a spatially structured
population. Reproduction takes place through extinction-recolonisation events driven by a Poisson
point process. During an event, in certain ball-shaped areas, a parent is sampled and a proportion of
the population is replaced. We generalize the previous approach of the first author by allowing the area
from which a parent is sampled during events to differ from the area in which offspring are dispersed,
and the radii of these regions follow power-law distributions. In particular, while in previous works the
motion of ancestral lineages and coalescence behaviour were closely linked, we demonstrate that local
and non-local coalescence is possible for ancestral lineages governed by both fractional and standard
Laplacians.
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1. INTRODUCTION

Probability of identity by descent. In most natural settings, the physical expansion of the population
is too broad to be visited by a single individual during its lifetime and several generations are necessary to
bridge large spatial distances. Consequently, in the presence of neutral mutations, individuals further apart in
space carry, on average, more different genetic information; an effect which is known as isolation by distance.
In infinitely-many-alleles models, mutations are deemed unlikely to affect the same nucleotide twice, such that
mutation events create new types never seen before in the population. Under this assumption, relatedness of
individuals can be measured by the probability of identity by descent F(x), that is, the probability that two
individuals sampled from two locations at separation x are of the same type because no mutation occured since
their most recent common ancestor.
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Historically, the displacement distance between offspring and parents has been assumed to be of finite vari-
ance. Wright and Malécot ([1], [2]) were the first to observe that if Gy is a Gaussian transition kernel associated
with Brownian motion, F'(x) is approximately given by the Wright—-Malécot formula (ignoring model specific
parameters)

F(z) ~ /000 e Gy (2)dt, (1.1)

where p > 0 is the rate at which neutral mutations arise in a given ancestral lineage or line of descent. An
ancestral lineage refers to the sequence of ancestors of an individual sampled from a population. As we consider
spatial processes we effectively refer to the spatial random walk described by the positions of the ancestors as
an ancestral lineage. If individuals in the population mutate at a certain rate p, with the same rate we see
mutation along the ancestral lines in reversed time.

The formula reflects the idea of probability of identity by descent. Since p is the neutral mutation rate, e~
is the probability that no mutation occurred on the line of descent of either individual since the time ¢ of their
most recent common ancestor. Mutation rates estimated from biological data are often very small. If we wish to
detect mutations, we therefore need to consider large time scales. Over large time and space scales, in turn, the
central limit theorem tells us that jump processes of ancestral lineages are approximated by Brownian motions.
Hence, the two ancestral lineages are at the same place and coalesce with a rate proportional to Go¢(x) after
time ¢. The universality of the central limit theorem in approximating jump processes and ancestral lineages
explains why the Wright—-Malécot formula has been proven for a large variety of different spatial models such
as the stepping stone model or the Gaussian version of the spatial A-Fleming—Viot model ([3], [4], [5]).

2ut

Long-range dispersal in biology. Over the past decades, the assumption of a finite-variance distance
relationship between parents and offspring has been challenged by many biological examples such as butterfly
populations ([6]), expansion of aquatic species ([7]) or the dispersal of plant seeds ([8]) and the spread of pollen
([9]). In plants, long-distance dispersal of seeds has even been proposed to be an instance of the Levy foraging
hypothesis ([10]), which supposes that long jumps are more efficient in the search for sparse resources.

Studying the effect of events covering an exceptionally large area on genealogies was one of the motivations
for the introduction of the spatial A-Fleming—Viot model (SLFV) and already [11] explored deviations from
Kingman’s coalescent. However, only recently, the papers [12] and Smith and Weissman [13] have started to
classify regimes for probability of identity by descent patterns under long-range reproduction. Exceptionally
large events can even persist in the limit and lead to ancestral lineages described by stable processes. Addition-
ally, coalescence of lineages may not only happen locally when lineages meet, but globally, when lineages are still
separated in space. The first instance of a long-range Wright-Malécot formula was established in [12], in which
a long-range behaviour of ancestral lineages always occurred together with global coalescence. This was com-
plemented and confirmed by the simulation-based approach of [13]. Exploring dimensions one and two, Smith
and Weissman discovered that the same stable behaviour of ancestral lineages can appear together with both
local and global coalescence. The present paper includes and considerably extends those previous classifications
by generalizing the new technique of [12].

Novel central limit theorem technique. The classical formula (1.1) contains an innate mathematical
difficulty: Brownian motions and thus ancestral lineages do not meet in dimension two or higher. Wright and
Malécot as well as [4] and [5] circumvented this problem by introducing a parameter for the local scale. Only
recently, the paper [12] provided a mathematically rigorous solution to this obstacle. The key is the observation
that even in higher dimensions, in all prelimiting models a non-zero probability of coalescence remains, vanishing
only in the limit. By scaling the probability of identity by descent as the model converges to the limit, [12],
Theorem 2.4 has been able to recover the classical Wright—Malécot formula regardless of dimension.

A central limit theorem type result involves taking a limit of the scaled population process p¥ — A, corre-
sponding to a law of large numbers, and considering the difference p)¥ — A\ around the resulting deterministic
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limiting object A. If the differences p — X are scaled appropriately, in our case by a sequence we dubbed /N7y,
the fluctuations

ZN = \/Non(p™ = N) (1.2)

will converge to a stochastic partial differential equation (SPDE), which one can regard as a central limit
theorem. Strikingly, the fluctuations of the model in [12] and this work have a straightforward connection to the
probability of identity by descent. The scaling of the fluctuations v/ N7y required for the central limit theorem
will be precisely the scaling required for the convergence of the probability of identity by descent. Additionally,
various other parts of the SPDE will directly reflect the Wright—Malecot formula: the operator, such as the
Laplacian, corresponds to the motion of lineages and the spatial correlation of the noise of the SPDE will reflect
the coalescence behavior. We believe this to be a wider phenomena, in a follow up work [14] will illustrate this
correspondence for a different class of SPDEs.

Spatial A—Fleming—Viot model - forwards and backwards. The arguments of [12], Theorem 2.4 are
based on a central limit theorem for the SLFV with mutation. The SLFV process was first introduced in [15],
while the mutation mechanism was envisioned by [16]. The process is based on the idea that reproduction occurs
through a sequence of spatial events, which replace a proportion of the population inside the affected area.

More precisely, individuals carry types described by real numbers from [0,1] and are distributed over a
geographic space R, Between reproduction events, individuals mutate by assuming new uniform labels from
the interval [0,1] with a certain mutation rate y, corresponding to the infinitely-many-alleles model. In each
reproduction event, a ball B(z,r) centered at x € RY and with radius r > 0 is affected. If there is no individual
in the area, nothing happens. If there are individuals, we sample uniformly at random one of them to be the
parent, kill each individual in the ball independently of each other with probability u € (0,1] and add new
individuals of the parental type sampled from a Poisson process with intensity proportional to ul g, ., in such
a way that the mean density of individuals is kept constant (see [17]). The proportion u is known as the impact
of an event. Location of events, as well as their parameters are sampled according to a Poisson process.

The SLFV is then obtained as the limit of the above process when the spatial density of individuals tends to
infinity. The limit is described by a process (p;,t > 0) such that, for each t > 0, p; is a measurable map from
RY to the space of probability measures on the set of genetic types (see Def. 2.1 below). At each reproduction
event, we update the map p; inside the ball affected by the event by replacing a proportion u of the mass by a
Dirac mass on the parental type, which is selected at random from the distribution of genetic types in the ball
just before the event. On the other hand, the mutations in the limit result in an exponential decay of p; towards
the constant map which assigns the uniform distribution on [0, 1] to each point # € RY. Even though the density
of individuals is infinite in this process, the population is still subject to genetic drift as the allele frequencies
fluctuate randomly at each reproduction event. The strength of this genetic drift can be tuned by changing the
impact parameter u, which affects the amount by which allele frequencies change at each reproduction event.

In population genetics one is often interested in the distribution of the genealogy of a sample of individuals.
Here, a sample of individuals is understood as a sample of genetic types from the distribution of types at some
specified locations. Using the reversibility of the Poisson point process driving the reproduction events, [11]
have shown that the SLFV admits a genealogical dual which can be described as a system of coalescing random
walks. Following the genealogy of a sample backwards-in-time, at each reproduction event, we mark each lineage
present in the ball affected by the event independently of each other with probability u, and all marked lineages
coalesce and move to a new location selected uniformly at random from the same ball. This backwards-in-time
process is connected to the forwards-in-time SLFV through a mathematical relationship called duality (see
Appendix A for a statement in the context of the present paper).

How are we able to consider a law of large numbers if the process is already an infinite-population limit? The
SLFV retains a notion of finite-population size through the size of the impacts u. Smaller impacts correspond
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to smaller stochastic changes in the composition, so a smaller genetic drift, which can be seen as considering
larger population sizes.

Throughout this work, we will switch between the forwards- and backwards-in-time perspectives on the
process. The main results will be obtained forwards-in-time and through the Wright—-Malecot formula we will
give interpretations in terms of the backwards-in-time behavior of lineages. Under the considered limits, the
ancestral lineages describing the position of the ancestors will converge to Brownian motions or stable Lévy
processes with surprising coalescing behavior, described at the end of the introduction. We expect that these
dynamics, which we obtain through the central limit theorem, could be obtained by working directly with
the backwards-in-time genealogical dual of the process under the appropriate scalings. Proving this explicitly
goes beyond the scope of this work; the crux of the central limit theorem technique is that one can work
forwards-in-time.

Formulae for short and long-range dispersal. Crucially, the central limit theorem approach yields a
generalisation of the Wright—-Malécot formula to populations with long-range reproduction events, that is to say
when the distribution of the radius of balls in which events take place has a heavy tail 7~ (T4t dr with o < 2
(if a > 2 we degenerate to the classical case, as this work will show). Under a suitable spatial and temporal
rescaling, ancestral lineages converge in the long-range case to stable processes instead of Brownian motions
(see e.g. [18]). In the new approach, the probability of identity by descent is evaluated for a pair of individuals
sampled independently at two locations chosen at random from two probability densities ¢, . Let PN (¢, )
denote this probability for a population evolving according to the N-th rescaled SLFV model (p¥,t > 0). It is
shown in [12] that

Y Jim NowPY 0,0 = [ (= al)ote)ut)ddy
for some function F': R; — R, which depends on the dispersal regime. As mentioned before, the scaling factor
Ny from the central limit theorem (1.2) is precisely the scaling factor of the probability of identity by descent
to recover a non-trivial formula, i.e. captures how quickly the probability of identity by descent converges to
zero as the limit is approached. In the short-range case, where the event radius is a constant R > 0,

F(le —y]) = / et Gy (2 — y)dt. (1.3)

This is the classical Wright—Malécot formula, see [4]. In the long-range case, where the event size distribution
has a heavy tail r— (14t dr ancestral lineages become stable processes with parameter a € (0,2). In this case,
it was shown that

Fllz—y)) = /O /(Rd)z "2 GO (3 — )G9y — 20) K (21, 2)dz1dzndt, (1.4)

where

C
K(z1,22) = B (1.5)

Reflecting the convergence of ancestral lineages, the Brownian transition kernel Gy is replaced by a stable
transition kernel G¢. The formula involves a new term K (z1,23), which appears as the spatial correlations
of the noise of the SPDE arising in the central limit theorem. The correlations K (z1,z22) encode the rate of
coalescence for ancestral lineages located at positions z; and zs.



CENTRAL LIMIT THEOREMS DESCRIBING ISOLATION BY DISTANCE 117

New phenomena. In this paper, we will expand the technique of [12] to more general models. The broader
regimes will unveil some new phenomena, a detailed interpretation can be found in Section 3.6.

In [12] there was a strong link between the behaviour of ancestral lineages and asymptotic coalescence, while
our regimes show that this is no necessity. The short-range Wright—-Malécot formula (1.3) can be interpreted
as having a coalescence/spatial correlation term K(z1,x2) = Cd,, (z2) for a constant C' > 0. This indicates
that coalescence happens only locally and ancestral lineages need to be at the same position x; = x5 in order
to coalesce asymptotically. In the long-range regime (1.4), ancestral lineages became stable processes and the
coalescence/correlation term K (x1,x2) of (1.5) indicated that coalescence happens globally over large distances.
In this work, we will see mixtures of both behaviours: Brownian motions with global coalescence and stable
ancestral lineages which still only coalesce locally. More generally, in most cases, local coalescence or a range
of different powers « appearing in (1.5) is possible for a fixed either stable or Brownian behaviour of ancestral
lineages (see Thm. 3.4 and the corresponding formulae in Thm. 3.7).

Furthermore, we will demonstrate that the coalescence/spatial correlation behaviour shows a dimension-
dependent phase transition. We will identify a critical threshold for the tail behaviour below which global
coalescence occurs and above which only local coalescence takes place. The critical case will exhibit local
coalescence and requires a special scaling regime.

Our more general SLFV models involve two different radii r1 and 72 in reproduction events (Def. 2.1).
Inside a ball of radius r; a parental type will be chosen. Thereafter, a proportion of the population will be
replaced by the parental type inside a ball of radius r. Our new Wright-Malécot formulae show that the joint
distribution of r; and 79 determines the asymptotic behaviour of lineages while only the ro marginal determines
the coalescence regime. Moreover, if both tails have independent heavy-tailed distributions, one of the tails
dominates the parameter of the resulting stable lineages (see (3.1), (3.3) and Table 1).

For potential inference of long-range dispersal patterns, this new variety of formulae has far-reaching conse-
quences, which we hope to cover in future work. The formulae illustrate that long-range reproduction leaves a
clear trace in isolation by distance patterns. However, as we obtain many situations which lead to similar or
even the exact same formulae, inference of more precise model parameters might be hindered.

The Wright—Malécot formulae have been obtained entirely forwards-in-time, raising the hope that the tech-
niques can be applied to other complex spatial models with difficult backwards-in-time behavior and untractable
dual processes. Indeed, in the related work [14], we employ the strategy of this paper to a model, in which the
dual process is too complex to describe due to varying population size.

Outline. In Section 2, we introduce the SLFV models considered in this work. The central limit theorem
and the corresponding Wright—Malécot formulae are stated in Section 3. In Section 4, we give an overview
of the proof strategy of [12] and the adaptations needed in the present case. Section 5 provides proofs of all
steps requiring significant changes from [12] to cover the new regimes. Appendix A proves the existence and
uniqueness of the SLFV models of Section 2.

2. DEFINITION OF THE MODEL

This paper makes use of spatial A-Fleming-Viot (SLFV) processes, a framework introduced in ([15], [11]) in
which the evolution of a population is driven by a family of reproduction events. These events affect balls of
varying radius and in each event, a fraction of the population inside the ball is replaced by the offspring of one or
a few individuals. The SLFV process presented here differs in two ways from the most commonly studied version
([11]): a mutation mechanism, introduced in [16], and different areas for the origin of parents and dispersal of
offspring. We first define the state space = of the process (p¢,t > 0), then we clarify its evolution.

Let M ([O, 1]) denote the set of probability measures on the interval [0, 1]. The state space = is defined as the
set of maps

p:RY— M([0,1]),
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where we identify two maps p1, pa, if {# € RY : py(x) # pa(z)} is a Lebesgue null set. This space is in one-
to-one correspondence with the space of measures on R x [0, 1] with Lebesgue measure as a spatial marginal
and probability measures as the marginals on [0,1]. At time ¢, the measure p;(z) describes the probability
distribution of the type of an individual sampled from position z. We will frequently switch between both
perspectives on the state space throughout this work. To introduce a suitable topology on the space =, let
(nyn > 1),¢, : R x [0,1] — R be a sequence of continuous functions with compact support on R, which
separate elements of =. For p1, po € = we define the metric d by

oo

1
P17p2 Z ? pla¢n <p2>¢n>|7 (21)

which induces the vague topology on =. It is useful, for later proofs, to define p-norms as in [12] only on the
spatial argument of the test functions

1/p
Il = ( [, sw |¢<x,k>1’dx> . (22

ke[0,1]

We can assume without loss of generality that for multi-indices x € N¢
sup {1xeully : 15 < 2,p € {1,00}} < oo, (2.3)
ne

The next definition describes the evolution of the spatial A-Fleming-Viot process. It extends [12], Definition 1.1
by introducing balls of different sizes for the selection of parents and dispersal of offspring and allowing the
impact of reproduction events to be random.

Definition 2.1. Suppose we are given a positive constant x and a o-finite measure v on (0, 1] x (0, 00)2, which
encodes the event impact and the event radii and satisfies

/ urd v(du, dry, dry) < oco. (2.4)
(0,1] % (0,00)

Then let I be a Poisson point process on R, x RY x (0, 1] x (0, 00)? with intensity d¢ ® dz ® v(du, dry,dry). The
spatial A-Fleming-Viot process with mutation (SLFV) is defined as a stochastic process p = (ps, ¢ > 0) taking
values in = which evolves through reproduction and mutation.

1. Reproduction: For every point (¢, x,u,r1,r2) € II, first choose a spatial position y uniformly at random
from within the parent search area B(x,r;) and a parental type ko € [0, 1] according to p;- (y,dk). Then,
replace a proportion u of the population inside the dispersal area B(z,72), i.e. set

Vz € B(x,r2), pi(z,dk) = (1 —u)p;-(2,dk) + udy, (dk). (2.5)

2. Mutation: If a point x € R is hit by events at times ¢; and t, with no events in between, we set for
t1 <5<t

ps(x, dk) = e 1) p, (2, dk) + (1 - e_“(s_t1)> dk. (2.6)

In Figure 1, we show the effect of a reproduction event as described above on the frequency of a single allele
in two cases: if the parent search radius r; is larger than the replacement radius ro and if the former is smaller
than the latter.
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FIGURE 1. Example of the effect of a single reproduction event on the frequency of one allele
in a spatial A-Fleming-Viot model with two alleles (0 and 1). The characteristics of the repro-
duction event are (t,x,u,r1,r2) with u = 0.4, and we plot z — p;—(2,{1}) on the top row and
z — pe(z,{1}) on the bottom row. On the left, the parent-search radius r; is larger than the
replacement radius 7o and the parent is selected at a point with high proportion of allele 1,
even though this allele is relatively rare in the replacement area. We then plot the most likely
outcome: that kg = 1, and a fraction u of the population in the ball of radius ro is replaced
by new offspring carrying allele 1. On the right, the parent-search radius r; is small and the
replacement radius ro is relatively large. The parent is then selected near the centre of the
event, where allele 1 is less abundant. We again plot the most likely outcome: that kg = 0,
and a fraction u of the population in a large area is replaced by new offspring carrying allele
0. In both cases, the average distance between parent and offspring is large, but the spatial
correlations induced on allele frequencies are very different. Note also that, when r; > 79, the
region occupied by allele 1 may become disconnected.

The mutation mechanism is specifically tailored to capture probabilities of identity by descent. In infinite-
alleles models, if an individual acquires a mutation, a new type is created. In other words, identity in state is
almost surely equivalent to identity by descent. This can be captured by a mutation kernel with no atoms; our
choice of the uniform distribution is arbitrary. In the large population limit, uniform mutation at rate p then
corresponds to an exponential decay towards a uniform distribution. In [12], more general mutation mechanisms
are also considered.

Definition 2.1 allows us to define the infinitesimal generator of the SLFV with mutations on a suitable set of
functions. For p € 2, z € R, r € (0,00), u € (0,1] and ko € [0, 1], define

(1 —u)p(z,dk) + udy, (dk) if z € B(z,r),

@x,r,u,ko (p)(z, dk) = {p(z,dk) if 2 §é B(EL',T)'
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Let D(G) denote the set of functions Fy 4 : = — R of the form Fy 4(p) = f({p, #)), where ¢ : R4 x [0,1] — R is
continuous and compactly supported, and f : R — R is continuously differentiable. The infinitesimal generator
of the SLFV of Definition 2.1 is the operator G, defined on D(G) as

GFr(p) = nf' ({p, #)) (A = p, )

F x,ro,u, kP )) _F) [))
/Rd/Ol]x(ooo)2|B$7“1|/mrl 0.1] £.6(O ry i (p .6(P)
ply, dk)dy v(du, dry, dry) dz,

where |B(z,r1)| denotes the Lebesgue measure of B(x, 1) and A denotes the constant map which associates
Lebesgue measure on [0, 1] to each z € RY, i.e. A\(z,dk) = dk. We then say that a Z-valued process solves the
martingale problem associated to (G, D(G)) if, for any F' € D(G),

F(pt) — F(po) / GF(ps)d

is an Fy-local martingale, where (F3,¢ > 0) is the natural filtration associated to the process (p¢,t > 0).

Theorem 2.2. Under condition (2.4), there exists a unique Markov process taking values in = which solves the
martingale problem associated to (G, D(G)).

We prove Theorem 2.2 in Appendix A, extending the arguments used in the proof of Theorem 1.2 in [19].
Hereafter, the unique solution to the martingale problem associated to (G, D(G)) is called the SLFV with
mutations (or simply the SLFV), with impact and radii intensity measure v and mutation rate p.

3. MAIN RESULTS

This paper generalizes the results of [12] to a spectrum of regimes exhibiting new phenomena. Its centrepiece
is a central limit theorem for the fluctuations of the process, from which we deduce the asymptotic behaviour
of pairs of ancestral lineages.

3.1. Choice of parameters

We consider two possible choices for the intensity measure v, which are interpreted in detail in view of the
main results in Section 3.6. In the one-tail regime, the premise is that the parental search radius r; is always a
power of the replacement radius 7. The intensity measure v governing the reproduction events is chosen as

dT’Q

S 3.1
T%er«kafc ( )

N(du, d?"l7 d’l"g) = ]1,«221 (SuNT’; c (du) 57,5 (d’r’l)

where uy € (0,1], a € (0,00) and b,c € [0,00) are parameters. Here, ancestral lineages will converge to
symmetric a-stable processes with parameter

a
= — A 2. 2
«@ a/\b/\ (3 )

The parameter ¢ appears in the tail distribution of the radius ro and the impact v = uyr; ©. When we consider
the behaviour of lineages, both appearances annihilate each other, so that the parameter of the stable processes
(3.2) does not depend on ¢ (see Sect. 3.6 for details). Introducing the parameter ¢ allows us to modulate the
impact of large events. For example, if ¢ = d the offspring mass uV;., produced is the same for every reproduction
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FIGURE 2. Two realisations of the spatial A-Fleming-Viot model with two alleles (0 and 1) in
two dimensions. Initially, the population inside the white circle is monomorphic of type 0, while
the population outside the circle is monomorphic of type 1. The plots show the proportion of
the type 1 allele after some time. The parameters of the SLFV are chosen according to the
one-tail regime, one where b = 2 (on the left) and one where b = 0.5 (on the right). In both
simulations, the parameter a is chosen so that « = 1.3, and ¢ = 1.

event regardless of the radius ro. Examples of realisations of the SLFV in the one-tail regime are displayed in
Figure 2.

In contrast, in the two-tails regime, the parental search radius r; and the replacement radius r, are sampled
independently of each other accordingly to heavy-tailed distributions. The intensity measure v has the form

d’l"l d’l“g
— — b
T%+al c1 T%er + a2 —ca

UN (du, d’l‘1, d’r‘g) = ]1T121 ]1,«221 6uNr7 €1, c2 (du) (33)

where uy € (0,1], aj,a2 € (0,00) and c1,co € [0,00) are parameters. In this case, limiting ancestral lineages
will be symmetric a-stable processes of parameter

a=a; NagA2. (3.4)

It can then easily be checked that both these measures satisfy (2.4). Indeed,

+OO d’l‘2

un J; e in the one-tail regime,
ury vy (du, dry, drg) = "2
2 YN s G4, U2 ) — 400 drq 400 dry . h il .
(0,1]%(0,00)2 un J; T )i T I the two-tails regime.
1 2

In both regimes, the right hand side is finite.

Remark 3.1. The paper [12] considers the one-tail regime with parameters b = 1 and ¢ = 0, which amounts
to considering only a single radius 71 = r2 and deterministic impact. Our results augment the corresponding
results of [12] to the above broader parameter setting and an interpretation thereof is given in Section 3.6.

3.2. Choice of scaling

Our goal is to derive a central limit theorem for the process. To derive a law of large numbers in Theorem 3.3,
we apply the following scaling, identified in [12], to the process. The scaling will be explained in Remark 3.2. We
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first choose a sequence (6, N > 1) of positive real numbers which converges to zero as N — co. Let (p¥,t > 0)
be the SLFV of Definition 2.1, with

Uo H
unN = ﬁ7 KN :5]%Na

where « is given by (3.2) in the one-tail regime and by (3.4) in the two-tails regime. The rescaled process is
then defined as

x
Py (x,dk) = pNy/se (5,dk> :
N

The sequence of rescaled processes (pi,t > 0) converges to a deterministic limit given by Lebesgue measure \.
The convergence will be made precise in Theorem 3.3. This allows us to consider the fluctuations

zN = /Nan (o =N, (3:5)

where 7y is a sequence of real numbers capturing the magnitude of fluctuations. In the one-tail regime, we set

0N ¢ if a+c<d,
Ny =4 0% Ylog(1/6n)""  if atc=d,
s if a+c¢>d,
while in the two-tail regime,
(5?\6[_212 o2 if ag+co < d,
Ny =4 0% log(1/6n)""  if ag+cp =d,
(5?\‘[7d if ag+co>d.

Remark 3.2. We wish to clarify how our choice of scaling aligns with our aim to show a central limit theorem
for the process. To obtain a deterministic law of large numbers, we require the impact uy to converge to zero
and would like to consider large spatial scales. Without loss of generality, we can assume uy = ug/N and scale
space by 1/6y for a sequence of positive reals converging to zero.

Ancestral lineages need to be among the impacted individuals in order to jump, which causes the speed
of an ancestral lineage to be proportional to the average impact of events ([11]). If we sample individuals at
rescaled distance D, which in unrescaled spatial units is proportional to 1/dy, it will therefore take roughly a
time ND* ~ N/é%; to cover this distance. We scale time by N/d%, so that the time to cover a distance D is
of order O(1) and lineages are capable of movement as we approach the limit. To be able to detect mutation
and genetic events in the population, the expected number of mutations along the lineages needs to be of order
O(1) and as 1/pu ~ N/0% we scale the mutations by the inverse.
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3.3. Law of large numbers

With the above definitions at hand, we can formulate the law of large numbers extending [12], Proposition 3.6.
Its proof can be found at the end of Section 4.2.1.

Theorem 3.3. Let (05, N > 1) be a sequence of positive numbers converging to zero as N — oo and such that
Nnn — o0 as N — co. Let pN be the SLFV started from pg = . Then, for each fized T > 0,

lim E

N—o00

sup d(p;’ ,A)] =0,
t€(0,T]

where d is the metric defined in (2.1).

3.4. Central limit theorem

Prior to stating the theorem, we need to introduce a few notations. Let V, denote the volume of a ball
B(z,r) of radius 7 > 0 centered at x € RY in R? and let V,.(z,y) denote the volume of the intersection of
B(x,r) and B(y,r) for z,y € RY. Let «, 8, 7, o and ¢ be given by Table 1. Define an operator D, acting on
twice-continuously differentiable functions ¢ : R x [0,1] — R by

Cfooo (a(a:, k,r) — ¢(x, k)) % if v < 2,

Dad(a, k) :={ (3.6)
%Aqﬁ(w, k) if o =2,
where ¢(z, k,r) is defined as the average of y — ¢(y, k) over the ball B(z,7), i.e.
— 1
r JB(z,r)
and the Laplacian operator A acts only on the spatial coordinates, i.e.
d
&%
A(b(xak) = P aixlg(xa k)
In the case a < 2, Dyo(x, k) is equal to
¢ G k) (e k)

Vi(d+a) r=0 Jga\p(g,y |12 — 2[4+

which in turn, if multiplied by ¢~'V;(d +a)2°7~4/20(4E2)|T(—9)|~, is the fractional Laplacian applied to

x> ¢(x, k) (see [20]). Furthermore, define a measure Kz on (R%)? by
(5302 (dx1>d$2 if ﬁ 2 d,
Kg(dzy,dzs) == 1 (3.8)

Our next result shows the convergence of the fluctuations (3.5) to the solution of a stochastic partial dif-
ferential equation (SPDE). A majority of this work will be dedicated to proving this result. The SPDE is of
a common form, and mirrors the corresponding result of [12], Theorem 2.1, Theorem 2.3. However, the one-
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TABLE 1. Expressions for the different parameters of the limiting fluctuations. The constants
Cc(llo)t and C’fﬁg, are given by

(1) ._ o Vi(0e1) dr dr
Cia=Jo == C = [ Vi(0, e1) s,

where e; denotes an arbitrary point of the unit sphere in R9.

One tail regime Two tail regime
« ang A2 a; Aag A2
B at+c ag + Co
2172
uoVi if B> d
2172 (a1 +c1)(ag+c2—d)
Up Vy .
——— ifg>d
atc—d ugVy? if 3 =d
g w2V2 g =d — it f =
wCY)  ifp<d 2
oCdp 1P w3Cf) .
— if g<d
a] +c¢1
1 1 1 1
o2 ugV1 4 uo V1 +
d+2 \a—2b a-2 d+2 \ (a1 —2)ag  aj(az—2)
upVy upV1 £
v if b#1 a1V ay if a3 # ap
¢ oW
Y i p=1 vi(Lodl) .=
Vl(d +a) Uo V1 ;1 + ;2 1 a; = ag

and two tail regimes allow for a plethora of new parameter combinations specified in Table 1. We denote the
space of tempered distributions acting on S(RY x [0, 1]) by S’(R? x [0, 1]). The proof of the result is given in
Section 4.2 and differences to [12] are detailed in Section 4.2.3.

Theorem 3.4. Let (ZN,t > 0) be the fluctuations of an SLFV process with mutation as defined in (3.5).
Suppose that the assumptions of Theorem 3.3 are satisfied and that, in addition,

Nlim \/ UWN&'{{\C =0, in the one-tail regime, (3.9)
—00
: "IN cdAcs . . .
th ”W(SN =0, in the two-tail regime. (3.10)
—00

Then the sequence (ZN,t > 0), N = 1,2,... converges in distribution in D(R.,S'(R? x [0,1])) to a process
(Zy,t > 0) solving the mild form of the equation

(3.11)

Zp=0.
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Here, (W(t),t > 0) denotes a Wiener process on RY x [0, 1], uncorrelated in time, with covariation measure
Q(d.’tldkldl'gdkg) = Kﬁ (dl’l, dl’g) (dk15k1 (dkg) — dkldkg)
Remark 3.5. The results of [12] appear in Theorem 3.4 as a special case of the one-tail regime whenb = 1,¢ =0

and a+c < d.

Remark 3.6. The assumptions (3.9) and (3.10) on the convergence speed of the sequence (x5, N > 1) follow
in many situations already from the assumption that §;y — 0 as N — oo, e.g. in the case ¢ > d and a+c # d
(so that there the logarithmic term does not occur in 7y). The additional assumptions (3.9) and (3.10) are only
used in the proof of Lemma 4.9.

3.5. Wright—Malécot formulae

From the central limit theorem, we can derive expressions for the probability of identity for two individuals
sampled from a population evolving according to our SLFV model (see Sect. 4.3). The connection was established
in [12], Theorem 2.4 and the main idea can be described as follows: Let ¢, : R — R be two smooth and
compactly supported probability densities. Recall from the introduction that PN (¢,) denotes the probability
that two individuals sampled independently according to ¢, from the N-th rescaled SLFV model (p¥,t > 0)
are of the same type. We can write

PN (o, 9) =E[{(p) @p/ (0@ ¢)1a)]

where 14 :[0,1]2 — R is defined as the indicator of the diagonal A = {(k1,k2) € [0,1]? : k1 = ko}. It was
observed in [12], p.33f that

P (¢,9) = (Nn) E[( 2 © 2", (¢ @ ¥)1a ) ],
since Z) := /Nnn(pYN — \) and the Lebesgue measure A does not charge the diagonal A. This implies

Jim NoxPN(6,v) =E[(Zi® Z,, (9@ ¢)1a)],

and connects PN (¢,1) to the fluctuations enabling us to recover Wright-Malécot formulae.

Theorem 3.7. Let Gf¥ be the fundamental solution associated to Oy — D,. Then the Wright—Malécot formula
s given by

Jim Jim NoyPY(6,0) = [ Fas(le - ol)o()()dady, (3.12)
o (]Rd)z
where the function Fy o g : Ry — Ry is defined as
o0
Fiap (|:v — y\) = 7/ / e MG (1 — 21)G(y — z2) K p(d2y, dzg)dt. (3.13)
0 (Rd)z

Section 4.3 is devoted to the proof of this theorem.

3.6. Interpretation

For a given set of parameters of the one- or two-tail regime, Table 1 provides the values of a and 3, from which
we deduce the form of D, Kg(dz1,dxs) and the corresponding Wright-Malécot formula (3.12). The generator
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Do, a € (0,2] reflects either a stable process or Brownian behaviour of ancestral lineages. The correlations
Kg(dxzq,dzs) are either of the form 6,, (x2), indicating local coalescence, i.e. asymptotically ancestral lineages
need to meet to coalesce, or are of the form

Kﬁ(d’l}l,dl’g) = dl‘ldCEQ.

2y — 2|
This quantity reflects the rate of long range coalescence after noting that

e dr
2
'}/Kﬁ(xl, (I}Q) = ugc&gKﬁ("El, (I}Q) = ug/ V,,(xl, (I}Q)mdxldxz.

|w1—x2|/2

Ancestral lineages at positions x1 and xo coalesce precisely if they are affected by a reproduction event of radius
bigger than |x; — x3|/2, whose centre falls into the intersection of B(x1,r) and B(ze,r) of volume V,.(x1,x2).
This happens at a rate proportional to the squared impact uZ/r?¢, as both ancestral lineages need to be affected
by the event. Integrating with respect to r we arrive at the above expression. Our results reveal two main new
phenomena.

Decorrelation of ancestral motion and coalescence behaviour. Most notably, a phase transition occurs
at f=d. Ifa+c=:8>dor ag+cy =: 8 > d no spatial correlations persist and coalescence happens locally,
while if 8 < d the spatial correlations are of non-trivial form Kg(dz1,dzs) = ||x1 —z2| —Bdxydxy and coalescence
happens at long range. Crucially, the correlations/coalescence behaviour Kg(z1,x2) and the parameter a of
stable ancestral lineages are not as closely linked as suggested by the results of [12]. Fractional Brownian
lineages can now appear with only local coalescence, e.g. by choosing in the one-tail regime in dimension d = 2,

a=15 b=1 ¢=0.7.

By Theorem 3.4, ancestral lineages are fractional (o« = a = 1.5) and coalescence happens locally as § =a+c¢ =
2.2 > 2 =d and therefore K(x1,72) = udVd,, (v2). Even more surprisingly, in dimension d > 3 we can obtain
Brownian lineages, while still maintaining long range coalescence. For example, we can choose in the one-tail
regime in d = 3,

a=2, b=0.5 ¢=0.2.

Again, by Theorem 3.4, ancestral lineages are Brownian o = ﬁ A2 =2and because f =a+c=22<3=d
the spatial correlations/coalescence rate is

2 ddfgdl‘g
K(dxl, dl‘g) = ugct(m) m

Both of the above cases can be found in Figure 3.

Asymmetric influence of r; and r;. The operator D,, is a fractional or standard Laplacian depending on
the value of a. We can note that « is governed by the tails of the two marginal distributions of r1 and rso.
More precisely, the radius with the heaviest tail dominates and determines the dispersal regime of the ancestral
lineages (with a correction by a factor r¢ in the tail of 7, coming from the rate at which a reproduction event
affects a given spatial location, see Section A.1 below).

On the other hand, the coalescence regime (i.e. whether K is concentrated on the diagonal or not) is only
determined by the tail of the replacement radius ro. Long range coalescence can only originate from reproduction
events with a very large replacement radius. This is why b does not appear in the formula for £ in the one-tail
regime, and neither do a; and c; in the two-tail regime.
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F1GURE 3. Graph of the function r — Fy o g(r) defined in (3.13) for several choices of o and
B. The function is computed after setting ¢ = 1, 02 = 1, p = 0.2, and +y is chosen in order to
normalize the functions at r = 3. We do not specify ug,a,b,c and as such the functions are
only defined up to multiplicative constants. We thus normalize by our choice of v; the aim of
the figure is to show how alpha and beta affect the way in which the probability of identity
decreases as a function of the distance between the samples. On the left, d = 2, and four curves
are plotted: the blue curve corresponds to long range dispersal (a = 1.5 < 2) and long range
coalescence (§ = 1.5 < d), the orange dashed curve corresponds to long range dispersal (« < 2)
with short range coalescence (§ = 2.2 > d), the green and red curves correspond to short range
dispersal (a = 2) and short range coalescence (5 > d). The last two curves are superposed
because of the normalization. On the right plot, four curves with the same parameters are
plotted in dimension d = 3: the blue and orange curves correspond to long range dispersal
(v = 1.5 < 2) and long range coalescence (8 < d), the green curve corresponds to short range
dispersal (o = 2) and long range coalescence (8 = 2.2 < d), and the red curve corresponds
to short range dispersal (o = 2) and short range coalescence (5 = 3 > d). It can be noted
that having either long range dispersal or long range coalescence significantly slows down the
decrease of the probability of identity with geographic distance, and that this effect is more
pronounced for small values of o and S.

The parameter ¢ (or ¢; and cg in the two-tail regime) describes how the impact of a reproduction event
depends on its size. For instance, if ¢ = 0 in the one-tail regime, the impact is constant, and the mass of
offspring produced during an event is proportional to r¢, while if ¢ = d, the mass of offspring produced is
independent of the size of the reproduction event. The parametrisation of the two regimes in the definition of
vy (see (3.1) and (3.3)) is such that these parameters do not affect the value of a, but they do impact /3. Hence
the parameter ¢ (or ¢3) is another way of decoupling the dispersal from the coalescence regime.

4. PROOF OF THE MAIN RESULTS

At the heart of the present work lies Theorem 3.4, a central limit theorem for the SLFV process. First, we
represent the SLE'V process as a semimartingale driven by worthy martingale measures in Section 4.1. Worthy
martingale measures were used by [21] to generalize classical stochastic integrals to include space. In turn,
this theory allows us to write the sequence of SLFV processes as a sequence of stochastic integrals. Second,
in Section 4.2, we proceed by proving tightness of the sequence and uniqueness of limit points, which proves
Theorem 3.4. The Wright—Malécot formulae will follow almost immediately from the corresponding central limit
theorems (Sect. 4.3).
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The overall strategy of the proofs follows [12]. Non-trivial adaptations to cover the new regimes are necessary

in several intermediate lemmas, which we introduce in the overall context in this section. We will summarize
these adaptations in Section 4.2.3, before proving the lemmas in Section 5.

4.1. Semimartingale decomposition

We characterize the SLFV via a martingale problem adapting the calculations of [12], Proposition 3.3 to
include two different radii and varying impact. Let

EP = LP(RY x [0,1]) N L>=®(R? x [0,1])

be the space of uniformly bounded LP-functions. For ¢ € EP, the averaged function ¢ was defined in (3.7).
Accordingly, the double averaged function is for radii 71,79 > 0 is defined as

= 1
d(w,k,r1,m2) 1= / / (2, k)dzdy.
V?”l V?”Q B(z,r1) Y B(y,r2)

For 1,75 > 0 and p € Z, we define [p,, ,, : R x R4 — M([0,1]) U {0} by

[p]Tl , T2 ('rlv T2, dk')

o . o/ |
_— p(z,dk)dzdy  if |x1 — 2] < 279,
= Vrg (1‘1,12) B(z1,r2)NB(x2,r2) V;"l B(y,r1)

0

otherwise;

where once more V,(z1,z2) := Vol(B(z1,r) N B(zg,r)) for r > 0. Furthermore, we define the map

Fy(p)(l‘l,l‘g,dk'l,dkg)
=/ WV, (21, 22) | [plry ry (1, 22, dK1) S, (dka) — p(1, dK1) [l o (1, T2, dR2) (4.1)
(0,1]%(0,00)2

= [Pl o (21, T2, dR1) p(2, dR2) + p(w1, dk1)p(22, dk2) |v(du, dry, drg).

The symbols [p], r, and I'V are used to express the predictable variation process in the semimartingale below.
More precisely, the integral % J Bly.r) p(z,dk)dz describes the distribution of parental types for an event at
™1 )

center y € R? and of parental search radius 71. In turn, [p],, ., is the distribution of the parental type in an
event given that both x; and x5 are in the replacement ball of the event and I' measures the rate at which the
covariance between p;(x1,dk) and p;(x2,dk) increases over time due to these reproduction events.

Lemma 4.1. Let (p;,t > 0) be the SLFV with mutations. For any test function ¢ € E!,

My(9) r—<pt,¢>—<po,¢>—/0t{u(x\—pmb)

+/ UV, ( psy d(571,72) — &) V(du7d7’17d7“2)}d5 (4.2)
(0,1]%(0,00)2



CENTRAL LIMIT THEOREMS DESCRIBING ISOLATION BY DISTANCE 129

is a square-integrable martingale adapted to the natural filtration (F¢,t > 0) with predictable quadratic variation
process

tH/O (I(ps) 6@ ¢) ds

Proof. The proof is a straightforward adaptation of the calculations of [12], p.18f to reproduction events with
two radii ry and ro. The finite variation term is a consequence of

1
51351051}3 [(pt—st, @) — (e, &) |pe = p]

1
-/ / (WL (o) By — )2 8) Lo, Ao}y (du, dry, drs)
R’ J(0,11% (0,002 V1 J B(a,r1)x[0,1]

+ (A = p, d)

and the exchange of the order of integration. The four terms of (4.1) originate from a similar calculation applied
to

5t—00t

Ad/Ol 0002‘/71

As a next step, we will consider the martingale problem under the rescaling introduced in Section 3.2. For
this purpose, we define the rescaled measure v by

lim IE [((pt 5t ) — <Pt> |Pt —p]

U’]]'B(’I' rg)(dko )v¢>2p(y7dkO)dyV(duvdrlvdTZ)dx' O
\T1 X[O 1

/(0 N0y flu,ry,ro)vi (du, dry, drg)
X oo

= / f(Nu,dnr, 5Nr2)5;,(a+d)1/1\/(du,dr1, drs),
(0,1]%(0,00)
and the operator £V acting on E' by

£N¢(x, k) := / uVp, (E(x, k,ri,m2) — o(x, k)) v (du, dry, drs).

(0,N]x(0,00)2

The idea to determine the rescaled martingale problem is to use the equation
<p£\f’¢> = <pﬂ7¢]\7>7

where ¢y (z, k) := 04 0(Onw, k), i.e. rewrite ( p¥, ¢ ) as a version of (p;,t > 0) with accelerated time integrated
against test functions with the correct spatial scaling.

Lemma 4.2 (extends [12], p.19f). Let (p¥,t > 0) be the rescaled SLFV model as described in Section 3.2. Then
for any ¢ € E!

<piv,¢>:<p07¢>+/0 {u</\piv,¢>+<piv,£N¢>}ds+Miv(¢),
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where M,{V(d)) is a square-integrable martingale with predictable quadratic variation given by

(MY 0)), = Ji,/ot (15 (p2), 6 @ 6)ds.

t

Hereafter, we apply the scaling of the fluctuations

2N = Nun(p = N) (4.3)

to the martingale problem. The resulting martingale problem falls within the martingale measures framework
developed by Walsh in [21]. Martingale measures generalise the notation of martingales and stochastic integrals
to involve a spatial component (Def. B.1). Additionally, for a suitable class called worthy (see Def. B.2), powerful
theorems about the convergence of stochastic integrals exist (see Thms. C.1, C.3). In this framework, we can
rewrite the fluctuations as a sequence of stochastic integrals, and applications of the convergence theorems will
lead to Theorem 3.4. For functions f : [0,7] x RY x [0,1] — R and a worthy martingale measure M, we will use
the abbreviation

M(f) == / f(s,z, k)M (ds,dz,dk).
[0,¢] R4 x[0,1]

Rewriting the semimartingale decomposition in Lemma 4.2 with this new terminology and applying the scaling
of the fluctuations (3.5) results in the following representation.

Proposition 4.3 (extends [12], Prop. 3.1). Assume that p)Y = \. For any ¢ € E', the fluctuations Z} =
VNN (A = pN) can be written as

(ZN,) :/0 (2N, LN(6) — uo ) ds + MY (),

where MY is a worthy martingale measure on RY x [0, 1] with

V@), = [ (6,00 0)ds
0

Proof. The calculations and argumentation of [12], p.19f readily carry over to the new SLFV models. A
dominating measure for the martingale measures is given by

DN(dt, dxl, dkl, dIIZQ, dkg) = 77N|].—‘|V‘1"V (pi\i )(Zl, o, dkl, dkg)dxldl’gdt, (44)
where we define
|F|V(p)(x1,x2,dk1,dk2)

11/ UerQ(Il,wz)[[P}m,m(zla$27dk1)5k1(dk2) + p(z1, dk1)[plr, vy (21, 32, dk2)
(0,1]%(0,00)?

+ [plryro (21, T2, A1) p(22, dR2) + p(21, dkl)ﬂ(@,dkz)}/(du,dﬁ, dry).
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The operator

oG k) = [ Vi, (6(. k1, 72) = 6o, k) )R (du, dry, dr)

(0,1]%x(0,00)2

can be interpreted as the generator of a continuous-time jump process (X/¥, ¢ > 0) describing the spatial motion
of an ancestral lineage in the process with behaviour as follows. At rate

/ uVy, v (du, dry, drg)
(0,1]x(0,00)2

the process jumps, if located at position x, to position = + (Y1 Ry + Y2 Rs), where (R1, R2) is a random variable
taking values in (0,00)? with distribution

f(o’l] uVg,v{ (du, dRy, dRy)
J0.17% (0,00)2 WraV (du, dry, dra)”

and Y7,Ys are two independent uniform random variables on B(0,1). The operator £V — i generates the
strongly-continuous semigroup P} acting on E*, defined as

PNo(w, k) i= e ME, [6(XN, K] (4.5)

Now, the semimartingale decomposition in Proposition 4.3 enables us to represent (Z{",¢) as a stochastic
integral with respect to a martingale measure. Indeed, by [21], Theorem 5.1 we can write

2.0 = [ PY (e, k)M (ds, da, dk). (4.6)
[0,t]xRd x[0,1]

This representation, together with a convergence theorem which can be found in [21], will play a crucial role in
the proof of the central limit theorem.

4.2. Central limit theorem

In this subsection, we prove the convergence of (Zn, N > 1), i.e. the central limit theorem for our SLFV
models, following the overall strategy of [12], Section 3. Classically, tightness of the sequence will show that
any subsequence admits limit points, and we shall conclude by proving uniqueness of the finite-dimensional
distributions of these limit points. Afterwards, in Section 4.2.3 we highlight the main points where additional
arguments are needed compared to [12]. In turn, the proofs of these main points are detailed in Section 5.

4.2.1. Tightness of the stochastic integrals

Here, we will apply Mitoma’s theorem:

Theorem 4.4 ([21], Thm. 6.13). Let X = ((X{¥)ie0,1, N = 1) be a sequence of stochastic processes in
D([0,1],S8"(RY)). Then X is tight if and only if for each Schwartz function ¢ € S(RY), the evaluated sequence
(X (D)reppy, N = 1) is tight in D((0, 1], R).

This allows us to reduce tightness of (ZV, N > 0) to tightness of ((Z,¢),.,, N > 1) C D(Ry,R) for

¢ € S(RY x [0,1]). Theorem C.1 will show tightness of the latter sequences, when written in the stochastic
integral form of (4.6). The vague convergence pl¥ — \ will be an additional byproduct of a bound in this
theorem and we give a short proof below. To apply Theorem C.1 to the sequence of stochastic integrals (4.6)
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we need to verify three conditions. The first one requires the dominating measures of the integrators M% to be
uniformly bounded, whereas the other two conditions describe sufficient properties of the integrands P ,¢.

Lemma 4.5 (extends [12], Lem. 3.4). Condition 1 of Theorem C.1: Let DV be the dominating measure from
(4.4). Then in the one-tail and two-tail regimes, we can find a constant C > 0 such that for all N > 1,0 < s <t
and ¢, € S(R x [0,1]),

(DY Ao @) < Clt — sl (Il 19l + Il 1612 ). (47)

Lemma 4.6 (extends [12], Lem. 3.5). Conditions 2 — 8 of Theorem C.1 + convergence of the semigroups: Let
PY and P, be the semigroups associated with LY — p and D, — p according to (4.5).

1. If p € S(RY x [0,1]), then PN ¢ € S(RY x [0,1]) and t — PN¢ is continuous.
2. Then for allt >0,N > 1,p>1 and ¢ € S(RY x [0,1])

1P éll, < el
and for any k € N, the derivatives are bounded by
18P, < €10kl
3. Furthermore, there exists constants C > 0 and 8 > 0 such that for all N > 1 andt >0

|76 = Pigll, < Cofte™" max 9.1l

The convergence of the semigroups will be required to identify limit points in the next subsection. The proof
of Lemma 4.6 will require the boundedness and convergence of the corresponding generators.

Lemma 4.7 (extends [18], Prop. A.3). Let D, be the generator (3.6) and ¢ : RY — R be a twice continuously-
differentiable function with max|. <4 ||0x¢|l, < 0o for 1 <p < oco. Then there exists constants 6, C,C" > 0 such
that

1£7]l, < € max 0.6, (4.8)

and

[£%6 = Dadl|, < €3 max10x61l (4.9)

To cover our new regimes, the proofs of Lemmas 4.5 and 4.7 require significant changes and will therefore be
detailed in Sections 5.1 and 5.2. The remainder of this subsection aligns with the arguments of [12], p. 22f.

Proof of Lemma 4.6. Recall the definition of PN ¢ in (4.5). The random walk is invariant by translation
E; [0(X{, k)] = Eo [¢(z + X7, k)]

which by Fubini’s theorem and [, ¢(z + y)dz = [pq ¢(z)dx for y € RY implies

/R . E. [o(X], k)] dz = o(z, k)dz.

Rd
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This allows us to write, by Jensen’s inequality,

1/p
||PtN¢||p < (/ sup |e*#t]Eac [(b(XN’k)} ’Pdl")
R

d k€[0,1]
1/p
<e M /]Ez sup |¢(XtN,k)|p dz
Rd ke[0,1]
<e "¢llp.

The bounds on the derivatives and that the PN ¢ are Schwartz functions follows from similar calculations. To
prove property 3., let us consider the difference

9 =PNo—Pio
whose time derivative is
Ongy = (LN — g +u(LN — Do) Pig.

As the difference g{¥ is zero, this yields the representation
t
g =u / PN (LN = Dq) Pogds.
0
Taking the LP-norm on both sides, we get

t
lg¥ 1y < u / e =9 (LN — D) P
0

ds,
P

and we can apply (4.9) in Lemma 4.7. O

We are now in a position to apply Theorem C.1 to obtain the tightness of the stochastic integrals and the
convergence to Lebesgue measure.

Corollary 4.8. Under the assumptions of Theorem C.1, the sequence (<ZtN,q5>t>0,N > 1) Cc D(R4,R) is
tight for any ¢ € S(RY x [0,1]).

Proof. With minor adaptations (see [12], Proof of Prop. 3.6), Lemmas 4.5 and 4.6 prove conditions 1 — 3 of
Theorem C.1, which yields the tightness of the stochastic integrals (4.6). O

Proof of Theorem 3.3. In addition to the tightness, Theorem C.1 shows that there exists a constant C* > 0
such that for all T > 0, N > 1 and ¢ € S(R? x [0,1]),

1/2
2
E| sup ‘ ZN. ‘ < C* max max ||0xd|,- 4.10
LM (2N.0) max max 0,91 (4.10)

This allows us to bound

cr X1
E| sup d(pM,\)| < — max max |[0.dnll,,
Le[o,T] (e )] VNN nz::l 2" qe{1,2} |n|<2 | I»
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where d is the vague metric on = defined in (2.1) and ¢,, the corresponding sequence of test functions. Using

equation (2.3), the right-hand side is bounded by \/J\CTJW for some C > 0, proving the result. O

4.2.2. Uniqueness of finite-dimensional distributions

We need to prove the convergence of the integrands and integrators of (4.6) to show convergence of the finite-
dimensional distributions. In the last subsection, we have seen the LP-convergence of the integrand PN — P;.
The convergence in law of the martingale measures M~ will follow from Theorem C.2 applied to M (¢) for
test functions ¢ € S(RY x [0, 1]) with the limit given by

M@= [ oW dadh

for the Wiener process W of Theorem 3.4. With both convergence of integrands and integrators at hand, by
an adaptation Theorem C.3 of [21], Theorem 7.12 this suffices for the convergence of the finite dimensional
distributions

((zN.0))_ - < / Pt,i_m(x,k)M(ds,dazdk))
[0,t;]xRdx[0,1]

i=1,....n N—o0

1=1,...,n

for ¢y,...,t, > 0 and functions ¢, ..., ¢, € S(R? x [0,1]). In turn, by [21], Theorem 6.15 we will conclude that
the sequence ((Z)i>0, N > 1) converges in law in D(R,,S’(RY x [0,1])) to the solution (Z;,t > 0) of (3.11)
defined by

<Ztv¢> = / Pt75¢($,k)M(dS,d{L‘,dk). (411)
[0,¢] xRd x[0,1]

We separate the prerequisites of the martingale convergence theorem into two lemmas:

Lemma 4.9 (extends [12], Lem. 3.10 Part 1). For any Schwartz function ¢ € S(RY x [0,1]) the jumps of the
martingale measures

sup | MY (¢) — MY (¢)] —— 0
t>0 N—oc0

vanish almost surely.

Lemma 4.10 (extends [12], Lem. 3.10 Part 2). Let Q be defined as
Q(dildkld:l?Qdkg) = VKB(dl‘l, dl‘g)(dkldkl (dkz) — d]{ildk’g), (412)

where v and Kg(x1,x2) are defined as in Table 1 and (3.8). Then for any fixed t > 0 and for any Schwartz
function ¢ € S(RY x [0,1]) the covariation process converges in probability

(MY(¢)), = t(262¢).

We postpone the proofs of Lemmas 4.9 and 4.10 to Section 5.3, as both require adaptations to hold for the
generalized regimes. Following [12], the limiting martingale measure of (MY, N > 1) is then characterised by:
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Lemma 4.11 (extends [12], Lem. 3.9). Suppose M is a continuous martingale measure on Ry x RY x [0,1]
with covariation

dt5t (dS)’ng (dxl, dxg) (dk15k1 (dkg) — dkldkg) .

Then the sequence (MY, N > 1) converges in distribution to M in D(Ry,S’(RY x [0,1])).

Proof. Let ¢ € S(RYx [0, 1]) be a Schwartz function and consider the sequence (M} (¢);>0, N > 1). Lemmas 4.9
and 4.10 amount to the two conditions of Theorem C.2, yielding the convergence of (M} (¢),t > 0) to (M;(¢),t >
0) in distribution in D(R,R).

Now let ¢y, ..., ¢ € S(R? x [0,1]) be Schwartz functions. Since both ( MY (¢;) >t and ( MY (¢;) >t converge,
the covariation ( MY (¢;), M (¢;) ) , converges by polarization. Applying Theorem C.2 again, we get conver-
gence of finite-dimensional distributions (M} (¢1), ..., M (¢x),t > 0). Consequently, (MY, N > 1) satisfies the
prerequisites of [21], Theorem 6.15 and the convergence of (MY, N > 1) to M follows. O

4.2.3. Summary of significant changes required to the proofs of [12]

In order to unify the arguments, we will generalize the various lemmas of the proof of [12] to the one-
and two-tail regimes. While the general form of the lemmas has been preserved, the proofs require non-trivial
adaptations, which we provide in Section 5. In summary:

1. Lemma 4.5 deals with the bound on the dominating measures. Here, we are able to use the same bounds
in new combinations to cover the new regimes.

2. Prior calculations cannot be transfered to Lemma 4.7, because in the one- and two-tail regime one of the
averages of £V vanishes asymptotically.

3. For general sequences (dn, N > 1) converging to zero, the proof of Lemma 4.9 does not carry over. It is
necessary to impose the new conditions (3.9) and (3.10) on the convergence speed of dy relative to N in
the one- respectively two-tail regime.

4. Lemma 4.10 analyses the quadratic variation of the martingale measures. If 5 < d, convergence becomes
much harder to justify, which led us to develop the auxiliary Corollary 5.1. The case § > d has been
adapted to two different radii and the case § = d involves new calculations to account for the novel
logarithmic scaling ny = (5?\‘7_‘i log™ ' (1/6x).

4.3. Derivation of the Wright—Malécot formulae

Let us explain how one derives the Wright—Malécot formula from the central limit theorem, analogously
to [12], Section 4. We are interested in P}¥(¢,1), the probability that two individuals sampled independently
according to ¢, from the N-th rescaled SLFV model (pY,t > 0) are of the same type. The probability densities
¢, are assumed to be smooth and compactly supported. Recall from Section 3.5 that

PN (o, 0) =E[(p) @p}, (0@ ¢)1a)]

where 1 :[0,1]> - R and A = {(k1,k2) € [0,1]% : k1 = ka}. Since Z := /Nnn(p) — \) and Lebesgue
measure A does not charge the diagonal A, this is equal to

PY(¢,9) = (Now) E[(Z)N @ 2, (9 @ ¢)1a ) ].

As a first step, we need to justify that the exchange of the limit N — oo with the expectation is possible.
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Lemma 4.12. Fort >0, two compactly supported and smooth densities ¢, and Z; the solution to (3.11) we
have

Jim Nyn PN (¢,0) =E[( 2 ® Zi, (¢ @ ¢)1a ) ].

Proof. From Proposition 4.3 and equation 4.6 we know

t
NN P (¢,0) = E [nN / (T7% (p), (P 0@ P ) 1a) ds} :
0
Combining Lemmas 4.5 and 4.6 yields

‘ (D% (pl), (PN ;¢ @ PN 0)1a ) — (qnT"¥ (p)), (Pres¢p ® Po_ ) 1n ) ‘

< Ot — 5207213,
As in Lemma 4.10 one can then deduce

77N/ <FVXL](pLIgV)7(Pt—s¢®Pt—sw)]lA>d5—>/ <Q, (Ps¢®Psw)]lA>d3
0 N —oc0 0

Again by Lemmas 4.5 and 4.6, the dominated convergence theorems allows to exchange limit and expectation.
O

Proof of Theorem 3.7. From the previous proof we know

t
B[(Z o 2 (6@ 0)1a)] = [ (Q (Péo Pu)ia)ds
0
The integral on the right-hand side stays finite by Lemmas 4.5 and 4.6 as ¢ — oo, which shows
Im E[(Z© Z. (69 9)1a)] = / (Q, (P ® Pap)1a ) ds.
> 0

If we let G§ be the fundamental solution associated to d; — D,, we can rewrite the above equation with the
representation

Profa) = e [ Gtyta =)ot by

The expressions of Theorem 3.7 follow as 1A integrated with respect to the types part of Q found in (4.12)
yields

/ LA (K1, ko) (O, (dkz)dky — dkydks) = 1. O
[0,1]2

5. PROOFS OF THE LEMMAS

This section collects all proofs requiring significant changes to generalize [12] to the new regimes.
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5.1. Bound on dominating measures

Proof of Lemma 4.5. The first estimates are the same as in [12], p.20f then we use new combinations of the
bounds for the various cases. Recall

t
(D 1o m0) = [ (TS (p}).60 w) do

Considering the four summands of |I‘|”1% separately, we can bound <DN g o @ ¢> by

4t — o (Nu)? / Vs (1, 22)
(0,1]x(0,00)2 (R4)? (5.1)

X sup |¢(z1,k)| sup |w(x2,k)|dx1dx26;,(d+a)1/]v(du,drl,drg).
kel0,1] kel0,1]

We defined LP-norms in (2.2) to involve the supremum over k € [0,1] and thus applying Vs, r, (21, 22) < Viyr,
the inner integral is bounded by Vs, r,||#]l1]|¢)]|1. Alternatively, the Cauchy-Schwarz inequality results in

/ Vinrs(®1,22) sup |¢(z1, k)| sup [|¢(z2,k)|dzidzy < V3, ||oll2]¢]|2, (5.2)
(R4)2 k€[0,1] k€[0,1]

since
2
/Rd Vinra (71, 22)dws = V5,

We only demonstrate how the two estimates can be used to bound (5.1) for the one-tail regime. The two-tail
regime follows in a similar fashion, as the double integrals can be written as a product of two integrals.

One-tail regime. If § = a+c < d, we split the integral in (5.1) and apply both bounds to obtain

1/on u? d
—a— —(d+ T2
4ts|{ / 0 e VinOn Y e 9l
1 2 )

*° ud _d dry
+ ga—a—c t0 . s (d+a) .
/1/51\7 N T%C onT2VN T%erJra,CHqS”l”le

The first integral can be bounded by a finite quantity independent of N

/ go—a—c U V52 5—(d +a) dry _ UQ/ ‘/62 SN d’l"ig
N N - %0 -
1 T%C NT2 rl 1 NT2 (5N7«2)1+d+a+c

1 2172
= U(Q)‘/lz/ dT2 < 7“0‘/1
— — )

oy ry P T d=p

since # < d. The second integral is equal to

e s} 2 [e’e}
/ §a—a—c U V;S 6*((1 +a) d’l“g _ ’U,2/ V;ﬁ 5N d?"g
N 2 NT2Y N 1+d —c Y0 NT2 1+d
1/6n T3¢ pytdta—c 1/6n (Onre)ttdtate

=uiVi /00 A ugW
0 1 T%+a+c B
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Similarly, if 8 = d, the first integral is bounded by

1/5]\]
J

log(1/33) 13° "

(5a7d 1 —( dT’Q _ 1/8n d’f'Q
d ors 0 e lalvlz = log(1/8w) 2 [ el

= VZlIol2llll2,
and the second integral can be bounded by
| O Ly e = Oy, [ Sl
e log(l/éN) T%C SnraON T%+d+a7c 1 1= log(l/éN) 1 L Jon T%er 1 1
_ Wllélhllh
dlog(1/én) "

If 8 > d, we can apply the Cauchy-Schwarz bound directly to (5.1)

> a—d 1 o —(d+a) dra 2 e drg
0N "5 VinrOn  rara—clllallvll: =Wy —arc—alglll¥lz
1 T3 Ty 1 Ty

_ V21sl2ll¥ll:
=L

This concludes the proof of the lemma. O

In the proof of Lemma 4.10, we will require a version of Lemma 4.5 for functions ¥ € S((R%)% x [0, 1]?).

Corollary 5.1. Let DV be the dominating measure from (4.4). Then in the one-tail and two-tail regimes we
can find constants C > 0,q > 1 such that for all N > 1,0 < s <t and ¥ € S((R%)? x [0,1]?)

1/
<DN’]1[s7t]\I/>§C’|ts|<||\IJ||1+/ (/ |\1/(x1,x2)|qdz2) qdm), (5.3)
Rd Rd

where we abbreviate supy, i, cpo.1)2 V(@1 T2, k1, k2) by ¥(z1, 22).

Proof. To prove (5.3), we need to bound the inner integral of (5.1) for functions ¥ € S((R%)? x [0, 1]?). Using
Visyrs (21, 22) < Vsyry, we obtain the bound Vi, ||¥[1. Alternatively, we can use Holder’s inequality with
%—l—%:landsetf:l/pe[o,l)

/(Rd)2 ‘/:SNT'Q (1‘1, xg)\l’(xh x2)d$1dx2

We can choose

2
P

1/p l/q
S/ (/ VéNrQ(xhl"z)pEdwz) (/ ‘/ts\(rlrz_g)(xlvx2) |‘I’($1,172)|qd$2> dzq
Rd Rd Rd_/_/

SV(SNT2
241 q 1/q
S ‘/5?\/7'2(1 dl’g dIl.
R4 R4

+ é arbitrarily close to 2, which allows us to apply the same arguments as in Lemma 4.5. [

\I/(xl,ozz)
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5.2. Convergence of generators

In this section, we show the convergence of the generator £V from (4.3) given by

ENQS(QC) = N(SIQO‘/ uV,, ((b(m, OnT1,O0NT2) — (b(x)) vy (du, dry, drs)

(0,N]x(0,00)?

to the fractional Laplacians D, defined in (3.6). Since the operators £V only act on the spatial variable, we
omit the dependence on the second variable & in this whole section. The main idea of the proof is that under
our scaling one of the averaging radii is much smaller than the other, and in the limit only the largest averaging
radius matters. The only case where the two radii are precisely the same, that is b = 1 in the one-tail regime,
was already covered by [18], Appendix A. The proof will require the following lemmas.

Lemma 5.2. Assume that ¢ : R — R has continuous derivatives up to the second order and max|, <2 [|0.d|
1s finite for 1 < q < oo. Then for all 1 <p < oo

3(r) — o < min {20gll,, 32 max 9,9l ). (5.4)
p 2 |k|=2

Proof. The first estimate of (5.4) stems from ||¢(r)||, < [|¢||,- The second estimate of (5.4) is derived by Taylor’s
theorem in [18], Proposition A.1. O

Lemma 5.3. Assume that ¢ : RY — R has continuous derivatives up to the fourth order and
MaX,e[1,o00] MaX|x|=4 |OxPllp s finite. Then for all 1 < p < oo and all r,s € [0,00)

_ r2 4 g2 a3 Y
ar.s) = o) = g Ad(w)]| < G max [0l (" + o) (55)
P
Proof. This is a generalization of [18], Proposition A.1 to two radii. O

Proof of Lemma 4.7. In the following proof, we focus on the more difficult second bound (4.9). The first bound
(4.8) can be shown using the same estimates.

One-tail regime. In the one-tail regime, substituting vy by its expression in (3.1), we can write

e = d
LNg(x) = 51?/0[/1 %V;" <¢($,5Nrb,51vr) - ¢(93)) ﬂT—ia—c

= U0V15R;a/1 (E(IJNTI’#SNT) - ¢(m)> %

The Brownian case. Suppose that a > 2 and § > 2, then a = 2. Let 0 > 0 be defined as

27’UJOV1 o 2b 2 dT‘
7 _d+2/1 )

_U()Vl 1 + 1
T d+2\a-2b a-2)°
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Let also (An, N > 1) denote a sequence taking values in (1, oo] which will be chosen later. We can then bound,
using the definition of o2,

An
< U0V1/
1
p

_o dr

_ 2 ..2b 2,2
S
N ,r-1+a

2 =
£N¢_%A¢ G(-, 0TS, ONT) — ¢ — e " A¢

é
P

= _o dr UOV1 o b dr
N TR I SRR
st [ ot o) = of 53255+ gy [t S1aal,
Using (5.5) in the first integral and (5.4) in the second we obtain
No-Cng| <o s /AN(r4b+r4) L +2/Oo(r2b+7‘2) L (5.7)
2 P N rita An rita Jogisj<a T '
for some constant C' > 0. First note that, since a > 2b and a > 2,
o0 dr 1 1
26, 2
r 4+ = + .
/AN( )7‘1+a (a—20)A%2"  (a— 2) A% 2
On the other hand
At-a_q Adb—a_g
/AN adr ) e /AN v dr ) S a# A,
rite log(An) a=4, 1 rite log(Ay) a=4b.

We can thus choose Ay = ocoifa >4V 4b, and Ay :6&5 with 0 < £ < ﬁ ifa <4and 0 < & < ﬁ if a < 4b.
In each case, the right hand side of (5.7) is bounded by C'6% maxo<|sj<4 ||0x®||, for some constant C' > 0.

The stable case. When b < 1 and a < 2, @ = a and, changing variables in the integral over r in (5.6), we
obtain

LY () = uWi / h (¢(x, St ) — ¢(x)) T‘ffa. (5.8)

oN

On the other hand, if b > 1 and § < 2, a = § and we instead write

£N¢(a;> _ uobV1 /°° (g(%r, (5]1V*1/b¢1/b) _ ¢<x)) rir%.

oN

Note that the two expressions above are of the same form, with 1/b in the second one playing the role of b in
the first one, so that the case b > 1 can be treated in exactly the same way as the case b > 1. The case b =1
has already been covered in [18].

We start by detailing the case b < 1. We see that, in (5.8), (511\,7177“[’ — 0 as N — oo. Let us set

D¥o(a) imuaVh [ (Blar) — 0(0) i

oN
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As a result,

= _ — dr
1£%6 = DV6l < uaVi [ 80,0510 r) = Bl

N

If b =0, we can use (5.4) to obtain

< d
1N~ DV, < C&% / " max ||0u6]l,

1
oy TR [nl=2

< Co3 " max [[0:6],-

|

1-b

If b > 0, using (5.4) for r < J, * , we obtain, for a # 2b,

1—b

- o " o dr
1£Y6 =DVl < C | 63" max 9.6, e 206l [ )
|k|=2 SN sy b T

*(217*‘1)1%17 2b—a
2(1-5) Oy — 0y 25“(1{b> 9
2% —a o 'N 0;?3\22 [0kl

a(l—b)
<o (57 4 830) max 10,01

0<|r|<2

If a = 2b, we instead obtain

N, N 2(1-b) s
I1£5¢ =D ¢ll, <C( oy "[log(On)[ + oy max ||0x¢|lp-

0<|r|<2

Since a < 2 and b < 1, in every case the right hand side is of the form C6% maxo<|, <2 [|9:¢||, for some constant
C>0.
It thus remains to bound |[DN¢ — D, ,. Using (5.4),

o dr
D6~ Daslly < Vi [ [57) = ol iz

ON
< C’/ r?~2~1dr max |0, 9|/,
0 [r|=2
< 06" max 0.4,
o=

for some constant C' > 0. This concludes the proof of (4.9).

Two-tails regime. In the two-tails regime, similar calculations as in (5.6) lead to

o o dryd
£N9() = wVidy [ [ (e dwr, o)  6(0) oo (59)
1 1 T



142 R. FORIEN AND B. WIEDERHOLD
The Brownian case. Suppose that a; > 2 and as > 2. Then o« = 2 and we set
2 - UQV1 2 d’l“ld?‘g
d + 2 1+a1 1+a2

- UOV1

Td+2 ((a1 e al(ai—2)> '

Then for Ay € (1, 00],

e

p
AN AN
Suovl/ /
1 1

AN oo —
o _o| sz it _drdry
wuoti [ [ ([ srdnr ¢HP6N+2(d+2)||A¢||p) e T

o'} 00 _ 2 2
= 7 _o  Ti+T5 dridrs
+UOV1 AN[ (“¢( 75NT1,5NT2) (ZSHPCSN + 2(d+2)A¢|ZD> r%+a1r%+a2'

dTld’I"Q
1+31T%+a2

= 8212 + 6%
d(,ONT1,0NT2) — ) — W

5 2

Using (5.5) and (5.4), we obtain

2
Hc%—"m
A A
N N dridr
<o [ [ ot o) T e 0.0l

An drid drid
1472 r1dra
+C / / T1+T2 1+a1 1+a2 / / 2 1+a1 1+32 max || 04| -
An An |r|=2

The bracketed term is equal to

1- Ay 1- A2 N 1 N 1
ag(ag —2)A% 72 ar(ap —2)AY (a1 —2)ax A} aj(ap —2)A% %~

CA;, ,
for some constants C' > 0 and 6 > 0. On the other hand, if a; # 4,

A A — a. —aq
/N/ Vg2 a drdr 75]2V1—AN2XA‘}V -1

NT1 1+a1 1+a2 as 4—a,

while if a; = 4,

AnpAn drydrs 1— Ay™
/ / 63} T =62 sz2N log(Ap).

The same integral with 73 instead of r{ is computed in the same way. As a result, if both a; > 4 and ay > 4,
we can take Ay = 0o, otherwise we chose Ay = 6;,5 where ¢ is such that

2
@—an® " d—a)t

0<é<
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This yields

2
o
H»CNéf)— EAﬁb
p

0
< 05N0§|13>§4 10k 0|

for some C > 0 and 6 > 0.

The stable case. Let us now treat the case where a; Aag < 2. From (5.9), it is clear that a; and as play
symmetric roles, so let us assume that a; < as. In this case, @« = a; and we change variables in the integral over
r1 to obtain

d?‘ld’l“g
LY ¢(z) = upV; / / ¢z, r1,0NT T)) T itas
oV1 5 1,0N 2) (b( )) r%+alr%+a2

Then, setting

wVi [ — dr
DYo(w) = "2 | (3e.r) - o)

a2
and using (5.4), we write

dridr
1V 6 — Dol < uVi /5 / I3, 6w72) = Bl et

- dridrs
< 2\ dmdraz
> C/5N /1 (1 N ((5N7"2) ) 1+a1 1+a2 O<| |<2 ||6,§¢||p

1/51\] [e’e) d'l"
< Coy™ | 63 1o / e Or
-7 (N/l T sy e ) ol 0%, 10+l

If ag # 2, this yields

2 —as 0<|k|<

Ca 5 (2 ag)_ a
1LY ¢ — DV, < Cox™ (512vN+51\?> max _|{|0xllp

5% — 0%
< Coy™ (a 5”) max [|0x0||p-
2

2 — 0<|x|<2

The right hand side above is of the form C6% maxg<|,|<2 [|0x|, for C > 0 and 6 > 0 since a; < as and a; < 2.
If ap = 2, the above yields instead

1LY ¢ — DN ||, < Co™ (3] log(dn)| + 03) e 10 |p»

which can be bounded by C6% maxg<|x<2 [|0x¢||, for some C > 0 and 6 > 0 for the same reasons. O

5.3. Convergence of the martingales measures
5.3.1. Martingale jumps

We now prove that the martingale measures become continuous in the limit.
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Proof of Lemma 4.9. We start as in [12], p.26f and then adapt bounds to implement our regimes. Note

MY (9) - (2= 2Y.0) = [ (2.0 o) as

\/7<pt _Pt ,¢>
\/7(<pNt/5“’¢N> <p(Nt/6 )- >¢N>)

If (t? Zo, U, Tl,TQ) € H7
[Pt on ) = (oo )| <u sup
koe[o,l]

§2u/ 5% sup |p(ONT, k)L 0—ag|<rpda.
RY  ke[0,1]

/ ON (k) Loy ra (B () — p¥ (2, dB))
Rd x[0,1]

Using 1|;_z,|<r, < 1 on the one hand and [¢(dnx, k)| < |4 on the other we get

6% sup 60N, k)| Lja—ryi<rade < min {6l]1, Vi 0l 6oc |-
R4 ke[0,1]

As a result, in the one-tail regime, there exists a constant C' > 0, depending only on ¢ and d, such that

1A (S d
sup |MN (¢) M;Y(QS)‘ < O,/% sup (( ICVTZ) )
t>0 ro>1 Ty

TIN dAc
< —_— .
<C4/ N (On)

Here, we used the fact that, if (¢, zg, u, 1, 72) € II, then u = uo/(r§N). The second inequality results from noting
that

1
d d—c .
<7
1/\(T(5N)d 6 1f1<7“_5N,
sup (—) = I
r>1 r=¢ ifr>—.
oN

If d < c, this function is decreasing and is bounded by 0%. In case d > ¢, the function assumes the maximum

for r = & in §%. In the two-tails regime, there exists a constant C' > 0 such that

oN
1/\((5N7"2>d
sup | MY - MY ‘<C ULS su (
tZg o (@) =)< V N r1>1,rpz>1 Ty

N dAc
< —_— 2,
<0y N (On)

In both regimes, the right-hand side converges to zero as N — oo by (3.9) and (3.10), which concludes the proof
of the lemma. O
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5.8.2. Spatial correlations

In this section, we prove Lemma 4.10 to characterize the correlations of the limiting noises in (3.11). We first
give a motivating calculation. We have already seen that

(V@) = [ (T (o) 6w 6) ds,
0

where I'V was defined in (4.1), and claim

t
7IN/ (Tv (Piv),¢®¢>d8 Ft<Qv¢®¢>,
0 oo
where Q is defined as
Q(diﬁldkldJL‘Qde) = ’YKﬁ(dl‘h dmg)(dk15k1 (dkz) — d]{ildk’g) (510)

The measure Kg(dz1,dzs) encodes the spatial correlations and coalescence rates in each regime and was defined
in (3.8). The form of (5.10) follows from I'Va by letting p¥ — \. Recall that

nNFVéV (pév)(xla T2, dk17 dk2)

1
= nN/ (Nu)2/ IlB(ml,éNrg)ﬁB(:rz,6NT2)(x) Vi /
(0,1]x[0,00)2 R4 onr1 JB(z,0nT1)

[Pg(yadk1)5k1(dk2) — p (y, dky)pY) (2, dk2)

— pY (w1, dky)pl (y, dks) + pl (1, dk1) pl (z2, dk2)]

1
dydm(sdﬁw\r (du,dry,drg).  (5.11)
N

If we replace pY by A, the right-hand side of (5.11) should converge to
9 1
N (Nu)™ | Lpersxra)nBezinrs) (T) 35—
(0,1]x[0,00)2 R4 onr1 JB(z,6nT1)
1
[dklékl (dks) — dkldkz} dyder—crz vy (du, dr, dr)
N

1
— N / (Nu) Vo (21, 22) <= vn(du, dry, dra) [dkad, (dks) — dkldkg].
(0,1]%(0,00)2 Oy

The term in brackets contains all spatial information and will equal yK3(dz1,dxs). For example, in the one-tail
regime, if § = a+c < d, we obtain

77N/ (Nu)* Vi g (ml,x2)6§(d+a)vzv(du,dr1,drg)
(0,1]x(0,00)2



146 R. FORIEN AND B. WIEDERHOLD

o0
1 dr
_ sa—a—c, 2 —(d+a) 2
=0y uo/ zcwwrz(mlaxZ)(sN Tfdfa—c
1 T2 Ty

N 5 dra
=t | Vawra(on,22)0N o

2 i dT’Q
= uj Vo (%1, %2) g7 a s e
N T2

Taking the limit 0y — 0 and abbreviating HZZZH = e1, this converges to

> d’l"2
2
UO/ Vi (%1, 72) I+d+a+c
0 T

> dr
.2 2
= uj /Rd/O 1{\w1—xz—y|<rz}]1{|o—y|<rz}r;+d+ﬁdy

2 2 d
uo/ / Uje—yl<ra/lwa—a1 1} Uiyl <ra/ o2 -2} TTa sz 121 — 22l%dy
Rd Jo ry

> 1 dr

2 2
= Lo, —yler 1 . d
O/]Rd/o {ler—yl<r2} H{lyl< 2}\\951 zo||? r§+d+ﬁ Yy

If 8 > d, we instead arrive at

77N/ uQVT2 (21, z2) V5 (dry, drs)
(0,1]x(0,00)2

= u%nN / (Nu)2V5NT2 (21, :cg)&;,(d +a)1/N (du,dry,drs)
(0,1]%x(0,00)2

o0
_,2sa—d —(d4a)  drs
- u05N / V5N7"2 (331, x2)5N 7‘1+d Tadtc
1 2

 Vsnro (1, 22)  dro

2172
= upVy —,
1 V52NT'2 T%JFQJFC d
and as this quantity is integrated against test functions
o0
Vsnr (21, 72) dry
2772 NT2 B}
U0V1/ / (1, k1) o(w2, k2) dzydzs -
1 J(RY)2 V52NT2 ré+“+° d
o0
oV [ e [ okt k),
N—oco 1 T%-ﬁ-a—i-c—d Rd

Noting floo Ty (Itate— d)dr2 = (av+c—d)~! the above expression matches the corresponding result in Table 1.
The spatial correlations vanish and the noise becomes white in space. A similar calculation holds in the case
B = d. The next proof will demonstrate that all these calculations are rigorously justified.

Proof of Lemma 4.10. In this proof, we will focus on the one-tail regime as the two-tail regime can be treated
with similar arguments. First, we will consider the case 8 = a+c¢ < d extending [12], Section 3.5, Proof of
Lemma 3.10 (3.32), stable case. Second, we will adapt [12], Section 3.5, Proof of Lemma 3.10 (3.32), fixed case
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to analyse the case 8 > d, where the spatial correlations vanish. Afterwards, we will treat the case § = d. The
covariation process can be written as

t
(MY(9)), =nn / / (Nu)? (TON 0872 (p)), 6 © ¢ ) 53" Doy (du, dry dra)ds,  (5.12)
0,1]x[0,00
where I'(ON"1:9872) is short for evaluation of I'V at the Dirac measure at (1,0571,0nT2).

Case 8 < d. Substituting integrals, (5.12) translates to:

Byb dry
/ ’U,O/5 oy Ty, )(p‘S ) ¢®¢>md$ (513)

In (5.13) we can change the limit of integration of the inner integral from [dx,00) to [0, 00), as the difference
converges to zero:

! 2 o (657l ra) AN dry
OUO . (rton = (ps)a¢®¢>md5
2

9 on 2 d?“g
<auwotlollf | V2, e 0,

N—o0

where we used again (5.2). Defining
Qrz (ml, Zo, dkl, dkg) = ‘/;2 (£U17 xg)(dklékl (dkg) — dkldkg)
it remains to show

¢ o 1obob oy droy
/0U3/ (TONTE) (] )¢®¢>md8

dra
Nooo /uo/ TZ’¢®¢>md

We proceed by dominated convergence. Calculations in Lemma 4.5 provide us with the necessary bound in
(r1,72). To see pointwise convergence of the integrand, note we can write

<F(“’T2)(P)’¢®¢> = V722 <pamgv{3,r2)>+<p®p’qjg7"3 ’”2)>

for two functions \I/Eii7rz)(x1, k1), \I'Eizn)(xl, X2, k1, k2). The first function is defined as

1 J—
O (g, k) = */ d(x, k1, 79) dz
(r1,m2) Vr1 B(z1,m1
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and the second function as
v

(r1,m2)

Viy P
= ‘/7*2('7;17"1"2)¢(‘T17kl)¢(£27k2) - Vv ¢(.’I}1,k1)/ (b(y’ k2’T2)dy
1 B(z1,r1)NB(x2,r2)

(1'13 T2, k17 k?)

V. _
V2¢($2,k2)/ ¢(y7kl7r2)dy'
1 B(z1,r1)NB(x2,r2)

Since () € S(R x [0, 1]), we know from (4.10) that

1/2

2

E| sup ‘ <ZtN,\I!(1) ) ’ < C max max |9, 9D, (5.14)
t€[0,T] ge{1,2} |rk|<2

The derivatives on the right-hand side are

0 1) 2V

— V2 z1, k1) = / Dy, k1,72) 0z (y, k1, 7m2)d
By 2 (1) (1 1) A B(xhh)¢(y 1,72) 0z (y, k1, m2)dy

and

82 5 (1) 2Vr2
aix%vrqu(rhrz)(xl’ kl) = :

Vv @(y,k]_,TQ)Q +$(y7 klar2)@(y;kla7a2)dy
r1 JB(zy,r1)

The Schwartz space S(RY x [0, 1]) is closed under multiplication and averages. This, together with Lemma 5.2,
allows us to bound (5.14) for U independently of r; and show pointwise convergence for the first summand.
To see the pointwise convergence of the second summand note

E[(2" 02, ) | <E[(D,1042®)].

Corollary 5.1 provides us with a uniform bound on the right-hand side. This implies the pointwise convergence
of ((pY — ) ® (pN — A), U@ ). The identity

pr @py —A@A=A@(p =N+ (P} =N @A+ (p) =A@ (py —N)
allows us to make the transition to
(pY @pY —A@NT@ ) = (Ngn) 2 (2N, ) +(Nw)(ZN @ ZzN, @) (5.15)

Here, U(z, k) = (NUO (2, k))+

< ,\IJ( x, 7/€)> and it remains to prove the pointwise convergence of the
middle term. We can represent (AT,

(-, 2,k) ) through averaged functions
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2
< >\7 \Ij( )(7 T2, k2) >

1
_ / Vi, (a1, ) / o(a1, ky)dkyder (. kz)
Rd 0

kl)dk‘l/ ]]'B(wg,T'z)a(yﬂ kQ,Tg)d]JdIl
Rd B(z1,r1)
Vg
v d (w2, k2) // Blwa,rs) (Y /¢y,k1,r2)dk1dydx1
71 Rd B(L1,71)
= ¢(x2,12) (22, ko) V.2 — V2B(-,m1) (-, k2,7“2)($2,7’2)—Wi¢($2,72)¢($2,k2)~

Again, this time for </\, TR( 2, k) >, we can bound the right-hand side of the inequality (5.14) independently
of r1 and the missing term of (5.15) converges.

Case 3 > d. We use a separate strategy, which extends [12] to different radii 71, r2 for the impacted area and
range from where to choose parents. Our strategy is to approximate the four summands of <F(“’T2)(p), oXoy (b>
by more tractable terms. The first summand equals

‘/722 <ﬁr1a$('7r2)2 >a

where we define for r > 0
_ 1
oz, dk) = —/ p(z,dk)dz.
B(z,r)
The second term is of the form
/ / / £E17 kl dxlph Z, dkl / ¢(£L’2, kQ)p(SEQ, de)dl’Qd(E (516)
R4 J[0,1] J/ B(z,r2) B(z,r2) J[0,1]
If we replace ¢(x1, k1) by é(z, k1) and ¢(z2, k) by ¢(z,k2) in (5.16), the distance between the new expression
‘/;"22 <pr1 : pr27 (b & ¢> = ‘/;22 /]Rd 0.1] ¢(xa k1)¢($7 k?)prl ($7 dkl)prg (l‘, dkz)dl’
x[0,1
and (5.16) is smaller than
min {20,V 63 max 1910, 4V2 1011161 |

This can be seen by applying

< mi .
< min {rV, mas [0, 2V; 0]}

/ (p(x1, k1) — d(x, k1)) p(wy, dky)dry
B(z,r)x[0,1]
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The last two terms of <F(”*T2), P® ¢> can be approximated in the same way to obtain

‘ <1—‘(7'1’T2)(p)7¢® ¢> —‘/;,22(<ﬁrl7$(',7"2)2 > - <ﬁr1 'ﬁr27¢ ® ¢>)‘
< min {8212 ma 9,6 | 6111 16V 6] /1011

In total, if a+c > d this leads to

’<MN(¢) >t _u(%d;f% /Ot /100 V62N7'2 ( <@6NT‘§’$(" 6NT2)2 >

N d
(s 0D urs6©0) ) e

> dr

—24d . 2
S u%t(sN 8||¢H1 /1 nmin {6Nr2‘/:52]vr2 ‘r,?l%)i ||8K¢||007 2%2NT2”¢H00}7'1+(1+3+C
- 2

p _ o . d?"g
< bt 80l [ min {raV e 0,0 . 2V2 16l )t
SN [r]=1 T3

1
_ d?“g
< W33 98]0 ma 0,6 /5 RV e

dr
+ ugtdy 16| ¢l ||¢||oo/ sz

This right-hand side converges to zero as N — co. Again from Theorem 3.3 we know pY — )\ in probability,
which implies (pé\f)gNTg — Aand (pY);, ., — A in the same sense. This shows

<MtN(¢)> —>U0V1 // <)\ >\¢®¢>)wds—<Q,¢®¢>-

Case 8 = d. Similar to the argument following (5.1), we can show the bound

(T (p), 60 6) | < 4V, o).

The following distance vanishes as N — oo:

6—2d

1/6n
‘<MN(¢>)>t e I RGN (g N

— dra
— (p{ev)éNrg (0 )spry @ © ¢>)md5
2

5—2(:1 1/6n ) d?"g
< t 8 ONT2 V5 0k b|loc —/———
> Up (1/5 ) ||¢||1/ NT2 OINT2 ‘I'B‘i}i || ¢|| 7’;+d+a+c
d’f‘Q

672d /oo
+udt—AN ‘ renronr2) (pl) ¢ @ ‘7
iog1/0) s | (0 089) | rravase
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672d 1/6n ) dT2
ot iSlolh [ v, ma 190 le e
~2d d’l"g

6 (oo}
+ u, ti ||g25||2/ Vs g ——7o— — 0.
Clog(1/on) M Jiysy NP pitdEate

Substituting u := % we obtain

6_2d

om/ /1/6N ‘/5Nr2(<(Ps )5Nrba¢( 5N7“2) >

. dry
—{ (Pév)tsNr‘g (P )syry @@ G) ) mds
2

1/6N o
*U0V1 // Pg Snrh) L o(-, 5NT’2) >

drg

_ <(ps )5Nr (ps )5N7’2’¢ ¢>)Wd8

_uovl // Ps 5L bu»¢( 511v7u)2>

(PN gy PNy 0@ ) ) duds.

Following a similar argument based on dominated convergence as in the case § > d, we can conclude the
proof. O

ACKNOWLEDGEMENTS

The authors wish to thank Alison Etheridge for valuable suggestions and feedback. Furthermore, the authors are grateful
to the Hausdorff Institute for Mathematics Bonn for its hospitality in the course of the 2022 Junior Trimester Program
”Stochastic modelling in life sciences”.

FUNDING

This program was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Ger-
many’s Excellence Strategy - EXC-2047/1 - 390685813. R.F. was supported in part by the Chaire Modélisation
Mathématique et Biodiversité of Veolia-Ecole Polytechnique-Muséum National d’Histoire Naturelle-Fondation X. B.W.
was supported by the Engineering and Physical Sciences Research Council Grant [EP/V520202/1].

DATA AVAILABILITY STATEMENT

The research data associated with this article are included in the article.

REFERENCES

[1] S. Wright, Isolation by distance. Genetics 28 (1943) 114.

[2] G. Malécot, Les Mathématiques de 'Hérédité. Masson et Cie., Paris (1948).

[3] J.T. Cox and R. Durrett, The stepping stone model: new formulas expose old myths. Ann. Appl. Probab. 12 (2002)
1348-1377.

[4] N.H. Barton, F. Depaulis and A.M. Etheridge, Neutral evolution in spatially continuous populations. Theoret.
Popul. Biol. 61 (2002) 31-48.

[5] N.H. Barton, J. Kelleher and A.M. Etheridge, A new model for extinction and recolonization in two dimensions:
Quantifying phylogeography. Evolution 64 (2010) 2701-2715.



152

[6]

R. FORIEN AND B. WIEDERHOLD

Z. Fric and M. Konvicka, Dispersal kernels of butterflies: power-law functions are invariant to marking frequency.
Basic Appl Ecol. 8 (2007) 377-386.

R. Kelly, M.G. Lundy, F. Mineur, C. Harrod, C.A. Maggs, N.E. Humphries, D.W. Sims and N. Reid, Historical
data reveal power-law dispersal patterns of invasive aquatic species. Ecography 37 (2014) 581-590.

M.L. Cain, B.G. Milligan and A.E. Strand, Long-distance seed dispersal in plant populations. Am. J. Bot. 87
(2000) 1217-1227.

V. Vallaeys, R. Tyson, W. Lane, E. Deleersnijder and E. Hanert, A Lévy-Flight diffusion model to predict transgenic
pollen dispersal. J. Roy. Soc. Interface 14 (2017) 20160942.

J. Treep, M. de Jager, F. Bartumeus and M. Soons, Seed dispersal as a search strategy: Dynamic and fragmented
landscapes select for multi-scale movement strategies in plants. Movement Ecol. 9 (2021) 4.

N. Barton, A.M. Etheridge and A. Véber, A new model for evolution in a spatial continuum. FElectron. J. Probab.
15 (2010) 162-216.

R. Forien, Stochastic partial differential equations describing neutral genetic diversity under short range and long
range dispersal. Electron. J. Probab. 27 (2022) 1-41.

T.B. Smith and D.B. Weissman, Isolation by distance in populations with power-law dispersal. G38
Genes—Genomes—Genetics 13 (2023).

R. Forien and B. Wiederhold, Central limit theorems describing isolation by distance under varying population size
(2024).

A M. Etheridge, Drift, draft and structure: some mathematical moodels of evolution. Banach Center Publ. 80 (2008)
121-144.

A. Véber and A. Wakolbinger, The spatial Lambda-Fleming—Viot process: an event-based construction and a
lookdown representation. Ann. Inst. Henri Poincaré, Probab. Statist. 51 (2015) 570-598.

N. Berestycki, A.M. Etheridge and M. Hutzenthaler, Survival, extinction and ergodicity in a spatially continuous
population model. Markov Processes Related Fields 15 (2009) 265-288.

R. Forien and S. Penington, A central limit theorem for the spatial Lambda—Fleming—Viot process with selection.
Electron. J. Probab. 22 (2017) 1-68.

A.M. Etheridge, A. Véber and F. Yu, Rescaling limits of the spatial Lambda—Fleming—Viot process with selection.
Electron. J. Probab. 25 (2020) 1-89.

M. Kwasnicki, Ten equivalent definitions of the fractional Laplace operator. Fract. Calc. Appl. Anal. 20 (2017)
7-51.

J.B. Walsh, An introduction to stochastic partial differential equations, in Ecole d’été de Probabilités de Saint-Flour,
XIV—1984, Vol. 1180 of Lecture Notes in Mathematics. Springer, Berlin (1986) 265-439.

A M. Etheridge, An Introduction to Superprocesses, Vol. 20. American Mathematical Society Providence, RI (2000).
S.N. Ethier and T.G. Kurtz, Markov Processes: Characterization and Convergence. John Wiley & Sons, Inc.,
New York (1986).

N. Cho, Weak convergence of stochastic integrals driven by martingale measure. Stochast. Processes Appl. 59 (1995)
55-79.

J. Jacod and A.N. Shiryaev, Limit Theorems for Stochastic Processes, 2nd edn. Grundlehren der mathematischen
Wissenschaften. Springer Berlin Heidelberg (2003).

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to publish
szo this journal in open access in the current year, free of charge for authors and readers.

n

& Check with your library that it subscribes to the journal, or consider making a personal
PéI donation to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

CENTRAL LIMIT THEOREMS DESCRIBING ISOLATION BY DISTANCE 153

APPENDIX A. EXISTENCE AND UNIQUENESS OF THE SLFV WITH MUTATIONS

The aim of this section is to prove Theorem 2.2. We adapt the arguments used to prove Theorem 1.2 in [19] to the
setting of the SLFV with different dispersal and parent search radius. We start by proving uniqueness of the solution to
the martingale problem associated to (G, D(G)), using a duality argument.

A.1 The dual of the SLFV with mutations

We define an ancestral process (A¢,t > 0) taking values in

No "
{((sl,sm<s2,52>,...,<§l,sl>) e U (B x {0} x P({1,...., No})
n=1
l
JSi=1{0,1,2,...,No} and VO < i # j <1< No: SN S, _(z)}.
1=0

At each time t, A; consists of a finite collection of lineages in RY x {0}. Their locations are denoted by (ff, 1 <5< Ny),
where N; is the number of lineages in A; at time ¢. By 0 we denote a cemetery state for the lineages. Forwards-in-time,
if interpreted as an infinite-population limit, the mutation mechanism corresponds to individuals mutating at rate pu.
Backwards-in-time, which corresponds to tracing samples in the population, we therefore see mutation along the ancestral
lineages at the same rate yu. However, as we hit a mutation event backwards-in-time, we cannot know the type of the
lineage prior to the event and therefore allocate the lineage the type 0. We do not need to know the type of the ancestor
prior to the mutation in order to know the distribution of the type of the individuals at the leaves of the coalescent, as
we know the form of the mutation kernel. Each of the lineages &/ comes along with an element S? of P({1,..., No})
indicating the labels of initial samples descended from the lineage.

Definition A.1. Let II be a Poisson point process on Ry x R x (0,1] x (0,00)? with intensity measure dt ® dz ®
v(du,dr1,drz). The initial condition is given by

Ao = ((517 {1})5 (527 {2})7 BEER} (fNov {NO})):

where ¢7 € RY and Ny € N. At each event (¢, z, u, ri,7r2) € II,

1. pick a location y uniformly at random from B(z,r1), the parent search area,

2. for each lineage which finds itself in the replacement area just before the event, i.e. such that fg_ € B(z,r2), mark
this lineage independently of the others with probability w, and let J C {1,..., No} denote the set of marked
lineages,

3. all marked lineages coalesce at time t, so the entries {(¢/_, 57 ), € J} are replaced by the single entry (y, UjesS7_).

Moreover, each lineage is killed at rate p independently of each other, and killed lineages instantly jump to 0, where
they are no longer affected by reproduction events.

Notice that each lineage jumps when it finds itself in the replacement area of an event and when it is marked, which
happens at rate

/ u|B(0,72)| v(du,dry, drs).
(0,1]x(0,00)2

By (2.4), this rate is finite, and since we consider only finitely many lineages, the jump rate of (A¢,t > 0) is almost surely
bounded by a deterministic constant (the number of lineages cannot increase). Hence the above definition gives rise to
a well-defined process. The following proposition states the duality relation between the SLFV with mutations and the
ancestral process defined above. Its proof is omitted as it is very similar to the proof of the corresponding result in [19]
(Prop. 2.2), see also [16], Theorem 1.
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Proposition A.2. Any Z-valued Markov process (pt,t > 0) solution to the martingale problem associated to (G, D(G)) is
dual to the ancestral process (A¢,t > 0) in the sense that, for any No € N, for any ) : RY — R continuous and compactly
supported and any x : [0,1] = R continuous, for ¢ ¥ x(z, k) := ¥ (z)x(k),

Epo (o v20™] = [

(®R)No

) ) No
LICEREI [H/O ; N5t po(eh, dk) | T w())dan ... dong,

j=1

with the convention that po(0, dk) = A(dk). Here, E,,[-] denotes the expectation with respect to the law of (p¢,t > 0) with
initial condition po. The cardinality of the set S is denoted by |S] and E(g, )[] is the expectation with respect to the

law of the ancestral process started from Ao = ((z1,{1},...,(zn,,{No})).

.....

Since the ancestral process is well defined and the expectation of the set of functions of the form p — (p, 1 K x )0
characterises the distribution of p (it is dense in the set of continuous real-valued functions on =, see Lemma 2.1 in [16]),
Proposition A.2 ensures that the solution to the martingale problem associated to (G, D(G)) is unique (if it exists).

A.2 Proof of Theorem 2.2

To prove the existence of a solution to the martingale problem associated to (G, D(G)), we follow the argument of
[19], Theorem 1.2, i.e. we construct a sequence of processes (p("),n > 0) which converges in distribution to a solution
of the martingale problem. The processes (p(”), n > 0) will be constructed as solutions to a sequence of approximating
martingale problems, (G, D(G™)), such that the overall jump rate of (pgn),t > 0) is bounded almost surely for each
n > 0.

To achieve this, consider an increasing sequence of compact subsets of RY, (En,n > 0), such that U,>0E, = R4, and
an increasing sequence (vn,n > 0) of finite measures on (0,1] x (0,00)* which converges to v as n — co. We then set,
for any F = Fy 4 € D(G™) := D(G),

G Frs(p) = nf ((p, #)) (A — p, )

Fr6(Ouraue(p)) = Fr.o(p))
/En /Ol]x(Ooo)2 |B(x,71) |/B(xr1)/01] o

oy, dk)dy vn(du, dri, drs) da.

We then define (pt )7 t > 0) as the unique Z-valued Markov process which solves the martingale problem associated to
(g<">,D(g<"))). This martingale problem is well posed because the overall jump rate of (pin),t > 0) is almost surely

bounded (note that the definition of (pi"),t > 0) amounts to replacing II by a Poisson point process with intensity
1seE,dt ® dz ® vp(du,dry, dre) - which is a finite measure - in Def. 2.1).

To prove Theorem 2.2, it remains to show that p{™ converges in distribution as n — oo to a solution to the martingale
problem associated to (G, D(G)).

Lemma A.3. For any T > 0, the sequence of Z-valued Markov processes (p™,n > 0) is tight in D([0,T],Z).

Proof. First recall that, by Lemma 2.1 in [16], = is a compact space. Therefore, by the Aldous-Rebolledo criterion (see e.g.
[22], Thm. 1.17), it is enough to show that both the finite variation parts and the quadratic variations of the real-valued

processes (Fr.o(p{™),t > 0) are tight, for any f € C'(R) and ¢ € C.(R%).
By the definition of (pin),t > 0), the finite variation part of (Ff,¢(p§")), t > 0) is given by

t
|6t (A1)
0
First note that, for any p € Z|

[ Up, o)A = p, @) <20l¢lls sup |f'(2)]. (A.2)

lz|<ll¢ll1
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In addition,

|Ft,6(Oz,ruk(p) — Fro(p)| < u‘ \S<1?|I<Z)5H | ()] [{1 B (5k — p), B)]|

<2u sup |f'(z)] sup |p(y, k)|dy.
l21<lidl1 B(a,r) ke[0,1]

Since ¢ is continuous and compactly supported, there exists a constant C' > 0 (depending only on f and ¢) such that,
for any p € E,

1Ft.6(Qnruk(p) = Fro(p)| < Cu(r® A1) p(a,r)nsupp(e)20- (A.3)

Using (A.2), (A.3) and the fact that there exists a constant C' > 0 such that

/d Lp,nnsupp(ez0dz < C(r v 1), (A4)
R

we see that

‘g(”)Ff,qﬁ(p)’ <C u(r2)"vn(du, dry,drs) + C',

(0,1]x(0,00)2
for some constants C,C’ > 0. As a result, under condition (2.4), the modulus of continuity of (A.1) is almost surely

uniformly bounded over all n € N, hence the finite-variation parts of (Ff,¢(p§")),t > 0) are tight.

The quadratic variation of (Ff7¢(p§")), t > 0) is given by

t
/ I Fy o (pl)ds,
0

where

n 1 2
rre) =[] o [ [ (Fre(urns0) = Fra(e)) ply. db)dyw, (du,dry, drs) do.
Eqn J(0,1]%(0,00)2 |B(z,7m1)] B(z,r1) /[0,1]
But, using (A.3) and the fact that w € (0, 1], there exists a constant C' > 0 such that, for all p € E,

1Ft.6(Orruk(p) = Fro(p)” < Cu(r® A1)Lp(a,rynsupp(s)20-

As a result there exists a constant C' > 0 such that, for all p € E,
It ()| <

and this shows that the quadratic variation processes of (Ff,¢(p§n)),t > 0) are tight.
By the Aldous-Rebolledo criterion, this concludes the proof of the lemma. O

We can now conclude the proof of Theorem 2.2.
Proof of Theorem 2.2. Uniqueness of the solution to the martingale problem associated to (G, D(G)) follows by the

duality relation of Proposition A.2. To prove existence, by Lemma A.3, there exists a converging subsequence of the
sequence (p("),n > 0), and it is enough to show that the limit of any such subsequence must solve the martingale
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problem associated to (G, D(G)) (we will also obtain the convergence in distribution of the whole sequence (p(™,n > 0)).
By Theorem 4.8.10 in [23], it suffices to prove that, for any Fy s € D(G),

G Fs 4(p) = GFy.4(p) as n — oo, uniformly in p € E.

But, using (A.3) and the fact that v, < v, for any p € E,

G Fyro(p) — QFM(P)‘ < C/ / | . w(r§ A D)1 B (@ ry)nsupp(e)20v(du, dri, dra)dz
< J(0,1]%(0,00)

+ C/ / w(rs A DB ) nsupp(e)20(v — va)(du, dry, dra).
Rd J(0,1]x (0,00)2

The first term on the right hand side tends to zero as n — oo by Lebesgue’s dominated convergence theorem, using (2.4),
and so does the second term, using (A.4). Since the right hand side does not depend on p, the convergence is uniform
on =, and the result is proved. O

APPENDIX B. DEFINITION OF WORTHY OF MARTINGALE MEASURES

Definition B.1 ([21], Chapter 2 [24], Def. 1.1). Let (92, F, 7%, P) be a filtered probability space and B(R?) be the Borel-
o-algebra on RY. A random set function M : Ry x RY — R is a martingale measure if the following three properties are
satisfied:

1. For disjoint A, B € B(RY), AN B = () the set function M is additive, i.e. M(t, AU B) = M(t, A) + M(t, B) almost
surely.
2. For A € B(RY), (M(t,A),t > 0) is a martingale.
3. There exists an increasing sequence (E,,n > 1) where E, € B(RY) whose union is R such that
(i) for every t > 0, if £, = B(Ey,) then sup . E(M(t, A)%) < oo;
(ii) and for every t > 0, if (Ax, k > 1) is a sequence of &, decreasing to (), then

E(M(t, Ax)?) — 0.

Definition B.2 ([21], p.291). A martingale measure M is worthy if there exists a random o-finite measure D on
B[R, x RY x RY) with the following properties:

1. D is symmetric with respect to the two spatial marginals and for fixed A, B € B(R?) the process (D([O7 t] x A x
B),t > 0) is predictable.
2. For any (s,t] x A x B C Ry x R x R the covariance functional is bounded by D, i.e.

| (M(4), M(B)), = (M(A), M(B)), | < D((s,1] x A x B).

APPENDIX C. CONVERGENCE THEOREMS

Theorem C.1 ([12], Thm. 3.7). Let (M™,N > 1) be a sequence of worthy martingale measures on R x [0,1] with
corresponding dominating measures (D™, N > 1). Let

PV {(s,1):0<s <t} xR x[0,1] = R (C.1)

be a sequence of functions and U be the sequence of stochastic integrals

vl = / Yoy (z, k) MY (ds, dz, dk).
[0,¢t] xR x [0,1]
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If @Y, N > 1) and (DY, N > 1) satisfy the conditions below with constants C1,C2,Cs > 0 and k € N, the sequence U{¥
is tight in D(R4,R) and for all T > 0 there exists a constant C(T) such that for all N > 1

IE< sup |UtN|2> < C(T)C1k(C3 + C3).
te[0,T)
The conditions are:

1. There exists C1 > 0 and k € N such that for any 0 < s < t, for all N > 1 and any Schwartz function ¢ €
S(R* x [0,1])

k
/[ R 012 ¢(x1,k1)¢>(:c2,kz)DN(ds,d:cl,dkl,dzg,dz@)gcl|t—s|2||¢||; (C.2)
s,t] X x[0,1

p=1

2. For any 0 < s <t and for all N > 1 the function ¢, is in S(R? x [0,1]) and the functions t — Y, and s — ¢L,
are both continuous.
3. There exist Ca,Cs, > 0 such that for all N > 1,0 < s <t and p € [1,k]

024l < a0,
and for all N >1,0<s' <s<t <t pellk
[ = ol < Cslt’ = tle (=), [ =], < Csls’ — sle 7).
Theorem C.2 ([25], Thm. VIIT 3.11). Let (X7 )t>0, N > 1) be a sequence of cadlag, locally square-integrable, d-

dimensional martingales and let (X¢,t > 0) be a continuous, d-dimensional Gaussian martingale. We write XN =
(XtN’l, ...,XtN’d) and Xy = (th, ...,Xtd) for the corresponding vectors. Suppose that

1. sup;>q |XtN — th\l| is uniformly bounded for N > 1 and converges to zero in probability,
2. for each t € Q and 1 <1i,j < d, the pairwise predictable quadratic variations

NI S
<X 17X ]>t — <XZ’XJ>t
converge in probability.
Then XN converges to X in distribution in D(Ry,RY).

Theorem C.3 ([12], Prop. E.1). Consider a sequence of worthy martingale measures (M~ , N > 1) on R x [0, 1] with
corresponding dominating measures (DN, N > 1). Suppose that (MN7N > 1) converges in distribution to a martingale
measure M in D(Ry,S'(R? x [0,1])) and that the dominating measures are bounded in the sense of (C.2) for a k> 1.
If a family of deterministic real-valued functions (f&¥, N > 1,i < n) on [0,T] x R? x [0,1] satisfies

1. forall N >1,1<i<n and s € [0,T] the function f~ (s,-) is contained in S(R? x [0,1]),
2. the functions f are uniformly bounded in LP for any p € [1,k] and1 <i<mn,

sup sup [|£(s,1)], < +oo.
N>1s€[0,T)

3. there exists limiting functions fi : [0,T] x RY x [0,1] = R, 1 <i < n such that the convergence is uniform in LP
forp € [1,k],

lim sup ||f(s,) = fi(s,-)]| =0,

N—=00 sel0,T] p

then the finite-dimensional distributions

(M) MY (FY)) s (Mi(f2), s Mi(F2))

t€[0,T] N—oo te[0,T]

converge in distribution in D(][0,T],R"™).
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