ESAIM: PS 28 (2024) 292-328 ESAIM: Probability and Statistics
https://doi.org/10.1051/ps/2024010 WWW.esalm-ps.org

A HYPOTHESIS TEST FOR THE DOMAIN OF ATTRACTION
OF A RANDOM VARIABLE

HEcTOR OLIVEROM ® AND DENIS TALAY?

Abstract. In this work, we address the problem of detecting whether a sampled probability distribu-
tion of a random variable V' has infinite first moment. This issue is notably important when the sample
results from complex numerical simulation methods. For example, such a situation occurs when one
simulates stochastic particle systems with complex and singular McKean—Vlasov interaction kernels.
As stated, the detection problem is ill-posed. We thus propose and analyze an asymptotic hypothesis
test for independent copies of a given random variable which is supposed to belong to an unknown
domain of attraction of a stable law. The null hypothesis Ho is: ‘X = v/V is in the domain of attraction
of the Normal law’ and the alternative hypothesis is H1: ‘X is in the domain of attraction of a stable
law with index smaller than 2’. Our key observation is that X cannot have a finite second moment
when Hp is rejected (and therefore Hy is accepted). Surprisingly, we find it useful to derive our test
from the statistics of random processes. More precisely, our hypothesis test is based on a statistic which
is inspired by methodologies to determine whether a semimartingale has jumps from the observation
of one single path at discrete times. We justify our test by proving asymptotic properties of discrete
time functionals of Brownian bridges.
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1. INTRODUCTION

In this paper we consider situations where one observes a sample of an unknown probability distributions
and wonder if that probability distribution has finite moments.

Let us give an important example of such a situation, which actually has motivated our research. A now
standard stochastic numerical method to solve non-linear McKean-Vlasov-Fokker-Planck equations consists in
simulating stochastic particle systems with McKean-Vlasov interactions of the type

t N t N
. . 1 . . 1 ) ) )
XN =X+ /0 N 2 BN XIN) ds + /0 N VXY XPN) AWl 1<i<N, (L)
j=1 j=1
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where the functions $ and 7 from R? to R? are the interaction kernels, the Xé’N’s are independent copies
of a random variable Xy and the W* are independent Brownian motions. Under appropriate conditions, the
preceding system propagates chaos: The measure-valued process % Zfil dyi.~ weakly converges to a unique

probability distribution on the space of continuous functions C from R? to R? which is the probability law of
the solution to the following McKean-Vlasov stochastic differential equation:

{Xt = Xo+ fy Jo B(Xa,ws) p(dw) ds+ [ fo7(Xews) p(dw) dWL,

1.2
p = Probability distribution of the process (X;). (1.2)

The time marginal distributions of this mean-field limit probability measure solve the McKean-Vlasov-Fokker-
Planck equation under consideration in the sense of the distributions. See the seminal survey by Sznitman [1].
We emphasize that, within the context of singular interactions, most often it seems inaccessible to prove or even
intuit accurate tail estimates on the probability distributions ps.

When the interactions kernels 8 and =y are so singular than no known theorem guarantees the well-posedness
of the equation (1.2), numerical simulations may help to study it. In particular, simulations may give intuition
on the (possibly local in time) finiteness of the expectations [, |3(z,ws)| p(dw) and [, |v(z,w,)| p(dw) with
x € R?%. Of course, this property is crucial to get existence of a solution. Similarly, we are interested in knowing
whether |3(x,w;)|? and |3(z,w;)|? are p-integrable and therefore whether we can apply a central-limit theorem
to get the weak convergence rate of (X"") to (X;) in terms of the number N of particles. See Talay and
Tomasevic [2] for an example of numerical simulations within a highly singular context.

Supposing that the system (1.1) is well-posed and propagates chaos for small times, considering that the
empirical measure % Zfil 6 xiv s a good approximation of the probability distribution of X, the numerical
strategy the naturally consists in using it to test the finiteness of the expectations or variances of |3(z, X;)| and
[y(@, X))l

In [3] Hawkins examines a related question in the simpler case of i.i.d. sequences: ‘Does there exist a test,
which makes the right decision with arbitrarily high probability if given sufficient data, of the hypothesis that
a given random variable V has finite expectation?’. To address that question, the author introduces the set G
(resp. H) of densities with finite (resp. infinite) means. He also introduces the class 7 of sequential tests which
terminate in finite time, whatever is the density of the data. The sets G and H would be distinguishable in T
if: Ve it would exist a test ¢ in T s.t.

Er(p) <e if Feg,
Ep(¢) >1—¢ if Fe?.

It is proven in [3] that G and H are not distinguishable.

Hawkins’ nice result led us to develop a test with a more restrictive objective than testing the finiteness
of E|V|. We actually consider the related question: ‘How to determine from samples of a random variable V
whether its probability distribution has heavy tails?’

In our Supplementary Material [4] we present some numerical experiments which illustrate Hawkins’ Theorem
[3] and the irrelevance of naive statistical procedures to determine the heaviness of the tails of a probability
distribution.

In this article we construct and analize an asymptotic statistical test under the additional assumption that
X := /]V] belongs to some domain of attraction DA (a) of a stable law of index 0 < a < 2 (see Sect. 2 below for
reminders on domains of attractions and stable laws). More precisely, we develop an hypothesis test for which
the null and alternative hypotheses respectively are:

Hy : X € DA(2)
and
H;: 0 <a<2, XeDA(a).
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Our key observation is that X cannot have a finite second moment when Hjy is rejected (and
therefore H; is accepted).

The construction of an effective test is not obvious because, first, the hypothesis test concerns tail properties
of the unknown distribution and, second, when « is close to 2 the probability density of the symmetric a-stable
law can hardly be distinguished from the standard Gaussian density on large finite intervals (see for example
[5], Figs. 2 and 3). Our construction of an effective hypothesis test is original. Unexpectedly, it is based on fine
properties of bivariations of semimartingales and a test for jumps which allows one to discriminate between
discontinuous stable processes and Brownian motions.

Here is our main result.

Theorem 1.1. Assume that X belongs to some domain of attraction. Consider and i.i.d. sample X1, ..., X
of X, and the statistic

Y

L%J — Lm(?—l” .
j:LM(i—l)J+1(Xj - Xm) Zj:LmT'j’j-i-l(Xj - Xm)

D)o

—

T =

n

2 b

mzj
3

;Lm(ifl)J_,’_l(Xj - Xm)

where X, stands for the sample mean. Let z, denote the q-quantile of a standard normal random variable and
let 02 :=1+ % - %. The rejection region

—~ 2 [o2
Cn,m = {‘ygﬂ — ﬂ" > Z1-q/2 n}

1. limsup,,_, o, limsup,,_,., P (Ch.m|Ho) < g.
2. 1imy, 0 liyy 50 P (Chp e [Hp) = 1.

satisfies:

Plan of the paper: The plan of the paper is as follows.
In Section 2, we recall important results on stable laws and domains of attraction.
In Section 3, we introduce the statistic .#,* on which is based our test.
In Section 4, we present our hypothesis test for domain/s\ of attraction of stable laws.
In Section 5, we prove the consistency of the statistic .7".
In Section 6, we prove a Central Limit theorem for 5/{\’?
In Section 7, we discuss some numerical experiments.
In our conclusion we comment on the performance and limitations of our test.
Finally, in the Appendix A we prove few intermediate technical results.

2. A FEW REMINDERS ON STABLE LAWS AND DOMAINS OF ATTRACTION

In this section we gather the few results on stable laws and domains of attraction which we need in the sequel.
For their proofs and further information, see e.g. Feller [6], Section 8, Chapter 9, Embrechts et al. [7], Section
2, Chapter 2 or Whitt [8], Section 5, Chapter 4. We also reformulate a standard functional limit theorem under
a form which prepares our hypothesis test to reject or accept Hy.

Let X, X1, X5, ... be a sequence of non-degenerate i.i.d. random variables and let

Smi=Y_ Xj, m=1,2,...
j=1



A HYPOTHESIS TEST FOR THE DOMAIN OF ATTRACTION OF A RANDOM VARIABLE 295

One says that X, or the law of X, belongs to the domain of attraction of a given law L if there exist centering
constants p,, and positive normalizing constants c,, such that (S,, — pm)/cm converges in distribution to L.
The only probability laws which have a non-empty domain of attraction are the stable laws.
The probability distributions of stable laws are fully characterized by the following theorem (see e.g. Feller [6],
Thm. la, Sect. 8, Chap. 9). We recall that a function H : Ry — R is said to be slowly varying at infinity if
limg_,00 H(sz)/H(s) =1 for any & > 0. The logarithm is an example of such a function.

Theorem 2.1. Let F be a probability distribution function. For R > 0 denote the truncated second moment of
F by

R
U(R) := / 2?F(dx).

-R

(i) The probability distribution F belongs to the domain of attraction DA(2) of the Gaussian distribution if
and only if the function U is slowly varying at infinity.

(ii) It belongs to some other domain of attraction DA(«) with 0 < a < 2 if there exist a slowly varying at
infinity function H : Ry — R and positive numbers p and q such that

. 1—-F(x) _ . F(—x) _
limg o0 WJF(F(,I) =p, limg 0o T F@)+F (-2 ¢

{1 — F(z)+ F(—2) ~ 22 27> H(z), x — oo,
The parameter « is called the characteristic exponent or the index of the stable law. Given 0 < a < 2, every
stable law with index « is called an a-stable distribution and denoted by L.
For specific values of a the stable law L, is simple. For a = 2, £,, is Gaussian (and possibly degenerate).
For o =1, L, is Cauchy. For a = 1/2, L,, is Lévy. For a < 2, L, has a density.
The preceding theorem implies the following moment properties (see e.g. Embrechts et al. [7], Cor. 2.2.10).

Theorem 2.2. If the random variable X belongs to D(«) then

E(|X]°) <oo for 0<6<a,
E(|X]°) =00 for §>a and a<2.

In particular, E(X?) = oo for a < 2.

Remark 2.3. In view of Theorem 2.1, if E(X?) < oo then X belongs to DA(2). The converse is not true. For
example, X = /|Y| with Y Cauchy belongs to DA(2) and has an infinite second moment. This observation
combined with Theorem 2.2 explains our choice of the null hypothesis.

In the Introduction we explained why often one cannot get a priori theoretical tail estimates on the probability
distribution of particles with complex dynamics. Consequently, even if one a priori knows that this probability
distribution belongs to some domain of attraction, to determine the parameter « is a hard statistical question.
That was a motivation to build a specific hypothesis test which is based on the following limit theorems.

We start with Donsker’s invariance principle for i.i.d. random variables. See e.g. Whitt [8], Theorems 4.5.2—
4.5.3.

Theorem 2.4. Let X, X1, Xo, ... be a sequence of non-degenerate i.i.d. random variables such that X € DA(a).
Then there exist centering constants ., and normalizing constants ¢, such that

S\l — Ut
Lm;:<L g r ,t20>—>D L

Cm m—o0
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(A) r=0.2 (B) r=0.8
FIGURE 1: Trajectories of L™ when the subjacent random variable X ~ |G|~", where G ~
N(0,1). In the left column r = 0.2, therefore the limit of L™ is a Brownian motion and the

trajectories of L™ seem to be continuous. In the right column, r = 0.8, hence the limit of L™
is a Lévy process and the trajectories of L™ seem to have jumps.

where L is a standard a-stable Lévy process if a < 2, whereas for « = 2 L is a Brownian motion. Here, one
considers weak convergence in the Skorohod space endowed with Ji topology.

For o < 2, the trajectories of a-stable processes are a.s. discontinuous, whereas for o = 2 the trajectories
of the Brownian motion are a.s. continuous. In addition, one expects that for m large enough, the trajectories
of (S|m¢t] — tmt)/cm resemble the trajectories of the limit process (see Fig. 1). Therefore, testing for jumps in
the trajectories of (S|m¢| — ftmt)/cm should allow to discriminate between X € DA(2) and X € DA(«a). This is
illustrated by Figure 1. Simulations have been run with X = |G|~", with G a standard normal random variable
and m = 10000. For r = 0.2 we are under Hop and we can compute the explicit value of E(X) and E(X?). For
r = 0.8 we know that |G|~" is in the normal domain of attraction of stable distribution with index 1/r. Hence,
the normalizing constant is ¢,, = m'/". Indeed, respectively denoting by ® and ¢ the cumulative distribution
function and the density function of a standard normal distribution we have

. 1
From L’Hopital’s Theorem it follows that
- 20 (1/2V/7) — 1 26 (1/24/7) (1/24/7)
o PUGIT>0) oy 20U 2L 20 () (a1 2
T—00 ]_/xl/r T—00 ]_/xl/r T—00 (1/1:1/7“) ™

We thus deduce the desired result from [8], Theorem 4.5.2.

This heuristic approach has a severe drawback: we do not know the values of yu,, and ¢,,, in particular because
we do not know «. Nevertheless, as Proposition 2.7 below shows that one can use the Mapping Theorem to
bypass the fact that u,, is unknown.

Remark 2.5. The conclusion of Theorem 2.4 still holds true in some cases when the X;’s are weakly dependent.
Sufficient conditions to respectively obtain Brownian or stable Lévy limits can be found in Shao [9] or Tyran-
Kaminska [10].

The following lemma will allow us to reformulate Theorem 2.4 as a statement where p,,, does not need to be
known.
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Lemma 2.6. Denote by DI0,1] the space of cadlag functions defined on [0,1] and consider the mapping ¥ :
DI0,1] — DI0,1] defined as

U(z)(t) := x(t) — tx(1).

The mapping ¥ is continuous for the the Ji-Skorokhod topology.

Proof. The addition is continuous in the J;-Skorokhod topology if one of the summands is continuous. (See e.g.
Jacod and Shiryaev [11], Prop. 1.23, Sect. 1b, Chap. VI). O

From the previous lemma and the Mapping Theorem we deduce:

Proposition 2.7. Let

S{mt| — tSm
Zm = <LtJ7t > 0) . (2.1)

C’"L

If X € DA(«), then

zm 2 5 7= (L),

m—r oo

where L is a standard a-stable Lévy process for o < 2 (and therefore U(L) is a discontinuous process), whereas
for ao=2 L is a Brownian motion (and therefore W(L) is a Brownian bridge).

To conclude, testing for jumps the trajectories of the limit process of Z™ defined in (2.1) should allow one to
discriminate between X € DA(2) and X € DA(a), 0 < a < 2. It now remains to construct an hypothesis test
for the continuity of ¥(L) which does not suppose that ¢, is known.

3. A BIVARIATION BASED STATISTIC

Determining whether a stochastic process Y is continuous or not from the observation of one single path at
discrete times, is an important modelling issue in many fields, notably in economics and financial mathematics.
It has been addressed by several authors in the last years. See for example Ait-Sahalia and Jacod [12] and the
references therein.

Our situation is somehow different since we are not observing a trajectory of a given process. We rather
are constructing one discrete time path by means of a normalization procedure of our (observed or simulated)
data and this constructed trajectory is always discontinuous. We therefore aim to construct a statistic whose
asymptotic properties will allow us to apply detection of jumps of semimartingale methods.

Following Barndorff-Nielsen and Shephard [13], for any stochastic process (Y;)o<¢<1 we set A}Y =Y/, —
Y(i—1)/n and consider the realized bivariation, the realized quadratic variation and the normalized realized
bivariation respectively defined by

n—1 n ~
B(Y,n) =Y |AMY[ATLY ], QYin) =) |ATY]E, F (V)= = . (3.1)
i=1 i=1 Q(Y,n)
In [13], the authors consider processes (Y;) of the form
t t Ny
Yt:Yo—F/ as ds—|—/ O dVVS—Fch, (3.2)
0 0

j=1
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where W is a Brownian motion and (V) is a counting process. They assume that a and o are cadlag processes, ¢;
are non-zero random variable, o is pathwise bounded away from zero and the joint process (a, o) is independent
of the Brownian motion (W;). Barndorff-Nielsen and Shephard provided a test to decide ‘Ho: (V) = 0’ against
“Hi: (Ny) #£0.

Barndorff-Nielsen and Shephard’s test is based on the statistic

or to a similar statistic depending on E(Y, n), @(Y, n) and fg ot ds only.

Barndorfl-Nielsen and Shephard’s analysis of the test (see [13], Thm. 1) does not apply in our context since
Brownian bridges are not of the type (3.2) with (o) satisfying the requested constraints.

The non-degeneracy of the integrands is also needed by Ait-Sahalia and Jacod (see Asm. 1-(f) in [12], p. 187).
In addition, they use the p-variation of semimartingales with p > 2 to test continuous paths against jumps.
We cannot follow the same way since we test ‘Brownian bridge’ against ‘a transformed alpha-stable process’
(recall Prop. 2.7) and the semimartingale representation of a Brownian bridge implies that the p-variation is
asymptotically infinite in both cases.

We therefore need to introduce a new statistic which is adapted to our specific situation.

Definition 3.1. For any n € N consider the real-valued functional 2 defined as follows: for z € D[0, 1],

S i) — 26— D)l + 1)/n) — 2(i/n)]
Fnl#) = S J2(ifn) — 2 — 1)Jn) P ' (3:3)

Let m € N, given an i.i.d. sample of X : X,..., X,, and the corresponding process Z™ as in (2.1) we define
our statistic ." as the normalized bivariation of Z™, that is,

I = S (Z™). (3.4)

n

The next result provides a key property of the statistic 5/”;’”.

Proposition 3.2. The statistic 5’;’" 18 scale-free and satisfies

S (5 K| IS L (X - K
=L L+

v —1
s

—

T =

n

2

L7n1
Z Z m(z I)J"Fl(Xj - Xm)

Proof. Observe that

T = S 2T

n—1 zm m
_ Zi:l | i/n (1 1 /n||Z(z+1)/n - Zz/n'
Zz 1 | i/n Z(z—l)/nl
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S LSm Stm(ifl)J_$S7n

mi | =
L]

Cm Cm

-1
Z?:l -

Cm Cm

(i+1) s
Stmqul)J_TSm SL"Z”"S’”’

; 2
. i—1
SL%J_%S”L B SL7n(7;:1)J7TSm

2im

Cm Cm

n—1
S [ty = S mens ) = 2| |8 men | = Spams) — L8|

2

m(i+1
| |

EZL:_ 11 Z - y’rn)

2 )

L= o ,
o1z X’")‘ ‘ = (L

i

£y 5
ZjZI_m(i;I)JJrl(XJ Xm)

which is the desired result. O

Remark 3.3. Notice that computing 2’” only needs the values of the sample. In particular, one does not need
the unknown centering and normalizing factors p,, and ¢, in Theorem 2.4.

4. OUR HYPOTHESIS TEST FOR DOMAINS OF ATTRACTION OF STABLE LAWS

In this section we present our hypothesis test for Hgo against H;. It is based on the following consistency
property and Central Limit Theorem for the statistic .7".

The consistency of 5/”,\2” is provided by the following proposition whose lenghthy proof is postponed to
Section 5.

Proposition 4.1. For any € > 0 one has

lim lim P (|57nm K| < e) —1, (4.1)

n—oo m—r0oQo

|

The next proposition provides a Central Limit Theorem for the statistic 5/”2”. We postpone its proof to
Section 6.

with

when X € DA(2),
when X € DA(a), a < 2.

[=ERIN]

Proposition 4.2. If the subjacent random variable X belongs to the domain of attraction of the normal law,
for any bounded and continuous function ¢ : R — R we have

lim lim E [ap (ﬁ (Zm - 2>)] =E[p(N)],

n—00 M—00 Or T

where 02 =1+ % - % and N is a standard Gaussian random variable.

Propositions 4.1 and 4.2 allow us to propose and analyse the following hypothesis test:

Theorem 4.3. Assume that X belongs to some domain of attraction. Consider and i.i.d. sample X1, ..., X
of a r.v. X. We consider the test hypotheses
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Hp: X € DA(2)
and

H;: 0 <a<2, X €DA(a).

Let z, denote the q-quantile of a standard normal random variable and o2 = 1+ % — %. The rejection region

om 2 Ox \/ﬁ om 2 \/ﬁ om 2
Cn,m = {‘yn - ﬂ" > Zlq/2\/ﬁ}: { (yn - ;) < zq/2}U{ (yn - ;) > Zlq/2}

Or Or

satisfies:

1. limsup,,_, o limsup,,_,., P (Cph.m|Ho) < g.
2. limy, s o0 limyy, 00 P (Cn,m‘Hl) =1.

Proof. To prove the first claim, we fix 6 > 0 and consider the function ¢s : R — R given by:

1 for @ < z4,
1—%(3:—2(1/2) for 240 <x <240 +6,
Ys(x) = X 0 for z40+0 <z <z21_g/2—79,
5@ —21¢/2) for zi_gpp ST < 21gp0,
1 for 2zy_g4/2 <.

Therefore,
P (Con[Ho) < E (15(7")[Ho)
In view of Proposition 4.2 we obtain

lim sup limsup P (C,, ., |Ho) < E [¢5(N)],

n—oo m—r o0

where N is a standard Gaussian random variable. Thanks to the dominated convergence theorem we have
lm B [1)5(N)] = P (N < 292) + P (N > 212) = .
We thus can conclude that

limsup limsup P (C),,,m|Ho) < g.

n—oo m—r oo

As for the second claim, it suffices to use Proposition 4.1 since under H; it holds that

Ve>0, lim lim P(Eﬂ;mge):L

n—oo m—roQo

O

Remark 4.4. Other tests in the literature related to ours: In [14] Jureckovd and Picek develop a
statistical test for the heaviness of the tail of a distribution function F' assuming that F' is absolutely continuous
and strictly increasing on the set {x : F'(x) > 0}. In their case, for mq given, the null hypothesis is

Hp,,: 2™ (1 - F(z)) > 1, Yo > x for some z¢ > 0,
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whereas the alternative hypothesis is

Ky, o limsupa™°(1 — F(z)) < 1.
T—r00
Notice that for my = 2 the non-rejection H,,, implies that F' has infinite second moment. Although this test
has a very good behavior even for small samples, it is only applicable to absolutely continuous distributions
whereas our test does not need such a condition, which is essential for applications to samples produced by
complex simulations of random processes. Moreover, Jureckova and Picek’s test applies to I.LI.LD. random vari-
ables, whereas our methodology can be extended to some weak dependence cases (see Sect. 7.4 below). This
potentially allows applications to interacting particles which propagate chaos. Finally, we refer to [15] for other
nonparametric techniques in the context of heavy tailed distributions.

5. CONSISTENCY OF THE STATISTIC .#,": PROOF OF PRroP. 4.1

The objective of this section is to establish the consistency proposition 4.1.
To prove this proposition we need two preliminary results.

5.1. Two consistency properties of 5/”,:

Proposition 5.1. Recall that we have set Z = V(L). For any n € N it holds that

gm D (7). (5.1)

Proof. For any positive integer n recall the functional 5/”; : D[0,1] — R defined in (3.3). This functional is not
continuous on D[0, 1] for the Skorokhod topology. Its discontinuity set is

Jn:={z€D[0,1]:Fi=1,...,n—1:Az(i/n) > 0}
U{ze D[0,1] :¥Vi=0,...,n—1:2(i/n) =2((i — 1)/n)}.

Therefore, as soon as P(Z € J,,) = 0 we can apply the Continuous Mapping Theorem to get

FulZ™) =2 Fu(2).
On the one hand, if the subjacent random variable X belongs to DA(2), then Z is a Brownian Bridge and
therefore P(Z € J,,) = 0.
On the other hand, if X belongs to DA(«) with 0 < a < 2, then the limit process Z is equal to U(L) where
L is a a-stable process. Notice that Z and L hav the same jumps. Since the probability of L having a jump at
any fixed time is zero, it follows that P (Z has a jump at i/n) = 0. In addition, we have

n—1
P(Z € J,) <Y P(Z has a jump at i/n) + P (Zy, =0, i=1,...,n—1) =0,
=1

since since Zy = Z; = 0, each summand in the first term of the right-hand side is zero, and the second term in
the right-hand side is zero because law(Z;) is absolutely continuous with respect to the Lebesgue measure (see
Bertoin [16], p. 218).

To summarize, in both cases we have P(Z € J,,) = 0 and (5.1) holds true. O

Proposition 5.2. Let ¥ be defined as in Lemma 2.6 and 5/”; be defined as in (3.1). Then,
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1. If (Yi)o<t<1 is a standard Brownian motion one has

o a.s. 2
In(W(Y)) —— -

2. If (Yi)o<i<1 is an a-stable process starting from 0 one has

Vi<a<2, Z,(0(Y)) 20

n— oo

For o <1 the convergence holds in probability only.

Proof. In view of (3.1) we succesively consider Q(¥(Y),n) and B(¥(Y),n).
A straightforward computation leads to

QUE(Y),m) = QYym) — V7. (5.2)

The second term in the right-hand side converges to zero a.s. We thus have to prove the a.s. convergence
of Q(Y n).

When Y is a standard Brownian motion we have
1 n
— LS (vaaryy? e
n i—1 n— oo

thanks to the Strong Law of Large Numbers, from which

QU(Y),n) =1 (5.3)
and
o _ BW(Y),n) . =
lim 7, (¥(Y)) = lim ————— = lim B(¥(Y),n).

Consequently, the first statement of the proposition results from the two following results which will be proven
in the next subsection (see Lem. 5.3 and 5.4): For any Brownian motion Y,

and

Now, when Y is an a-stable process with a@ < 2 we have

i=1

and the positive random variable U; = (nl/o‘A?Y)2 satisfies P(U; > t) ~ t—*/2. Consequently, as n goes to
infinity, Q(Y,n) converges in distribution to a stable law @ with index § <1 (see Thm. 4.5.2 in [8], Sect. 5,
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Chap. 4), from which P(Q = 0) = 0. From (5.2) it follows that Q(¥(Y),n) also converges in distribution to Q.
We now use the two following results which will be proven in the next subsection: If Y is an a-stable process
starting from 0, then

B(Y,n) 250

n— oo
and

lim B(¥(Y),n) = lim B(Y,n),

n—oo n—oo

where the limit is in probability.
Consequently, in view of Slutsky’s lemma,

In the proof of Proposition 5.2 we have used the two following lemmas.

5.2. Two key lemmas

The first point of the first Lemma in this subsection is contained in Barndorff-Nielsen and Shephard [13],
Theorem 4. We here give its easy proof for the sake of completeness. The second point requires less obvious
arguments.

Lemma 5.3. We have:

1. Let (Yi)o<t<1 be a standard Brownian motion, then

5 a.s. 2
B(Y,n) -2 =,
n—oo T

2. Let (Yi)o<t<1 be an a-stable process starting from 0. For a > 1, we have

B(Y,n) —%2 0,

n—roo

whereas for o < 1 this last convergence holds in probability only.
Proof. 1. Let (Y2)o<t<1 be a Brownian motion. Then,
n—1 [n/2] [n/2]—1
SIAMYIALLY = > A aV[AnY |+ D [AnY||AgiaY]
i=1

i=1 i=1

n n n "
+2(5 - 150) 1anyiany|
12 22 Lo Ln2l-1
=5 ; |\/EA2i_1Y|‘\/HA2iY|+§E ; VN Y ||[v/nlgi 1Y
n n . "
+2(5 - 15]) 1Ay liagy .
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Notice that v/nA;Y ~ N(0,1). The Law of the Large Numbers imples

[n/2]
2 a.s. 2
- Z |\/7€A2i71Y||\/ﬁA2iY| —
n pt n—oo T
9 [n/2] 9
n P n—oo T

In addition, the continuity of the trajectories of the Brownian motion implies that

2(5 - 151) 1Ay iany| < 2180, vilazy| -0,

Putting all together we get

-~ a.s. 2
B(Y,n) —— =

n—oo T

2. Let (Y;)o<t<1 be an a-stable process starting from 0. In this case we have

[n/2] [n/2]-1
~ 1 2 o o 1 2 o o
BYn) =3 a7 E_; S e 2:: B I Y]
n n n n
+2(5 - 151) 185,y lALY ),
2 2
and for any i = 1,...,n, n'/*A,;Y are independent a-stable random variables. We proceed by cases:
e a € (1,2) : Notice that
9 [n/2] 1 9 [n/2]
7’1,2/0‘ Z |n1/O‘A2i_1Y||n1/O‘A2iY| = W ﬁ Z |Tl1/aA21'—1YHTl1/aA21'Y|
i=1 =1

The Law of Large Numbers implies that the term inside the parenthesis in the right-hand side a.s.
converges to a finite quantity. Therefore the whole right-hand side a.s. tends to 0. Similarly,

[n/2]—1
n2/a Zl |n1/0‘A2iY||n1/O‘A2i+1Y| % 0.

We finally observe that

lim sup ‘2 (ﬁ - LEJ) |A;§71Y|\AQY\‘ <2 lim ‘Yl Y,
2 n—00

n— oo 2

’Y1,l - Y1,2 =0 a.s.
n n

1
n

since the paths of Y have left limits. Therefore, for « € (1,2) we have

B(Y,n) == 0.

n—oo
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e a€(0,1): In view of Embrechts and Goldie [17], corollary of Theorem 3 we have that
|7’L1/OCA21'_1Y||7’LI/O[A2¢Y| € DA(a)

Therefore, there exists a slowly varying function £y such that

/2]
1 1 1
—_ E YAy 1YY Ay Y|,
nt/oly(n) T In 2i-1Y||n 2:Y|

converges in distribution to an a-stable random variable. Hence

9 Ln/2] , lo(n) 1 [n/2] , ,
1/e . 1/c . _ Lo\ 1/ . 1/ .
;:1 N7 Dgi 1 Y[n Ay Y| = w17 mi7ato(n) i; In'/*Ag; 1Y |0/ * Ay Y|

n2/a

tends to zero in probability, because is the product of a sequence of random variables converging in
distribution and a real sequence converging to zero. For the other terms we can proceed as before. We
thus are in a position to conclude that

~

B(Y,n) —— 0.

n—oo
e o =1: We need to study normalized sums of the type

(/2]
Z |TLA27;,1Y| |TLA21Y‘ .
i=1

12
2 n2

Denote by A such a quantity. Notice that for each i, nA;Y has a 1-stable law. By again using Embrechts
and Goldie [17], corollary of Theorem 3 we get that [nAg;_1Y|nAs;Y| belongs to DA(1). Hence, we
need to introduce centering factors to obtain the convergence of A.

In view of Whitt [8], Theorem 4.5.1 the centered and normalized sums

1 [n/2]
( Z |TLA21,1YH’I7,A22Y|
i=1

(n/2)lo(n/2)
— (n/2)2l5(n/2)E {sin <|nA21_1Y||nA2iY|>} >

(n/2)lo(n/2)

converge in distribution to a 1-stable random variable. Then

lo(n/2)
2n

+ Lo(n/2)E {sin <

A:

(Converging in Distribution Sequence)
(n/2)to(n/2) )|’

The first term tends to 0 in probability because is the product of a deterministic sequence converging
to 0 and a weakly convergent sequence of random variables. As for the second one, there exist 1-stable
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random variables S; and Sy such that

ttof20E sin (PR )| = oo [ (it )
wsﬂ L

n/2

where in the last inequality we have used |sin(z)| < 1/|z|. Hence the right-hand side converges to 0.
We thus conclude that

B(Y,n) L 0.

n—oo

O
The second lemma in this subsection shows that B (Y,n) and B (¥(Y),n) have a similar asymptotic behaviour.

Lemma 5.4. If (Y;)o<i<1 s, either a Brownian motion or an a-stable process starting from 0 with a > 1, then

B(Y,n) — B(¥(Y),n) %> 0.

n—roo

Moreover, if (Y;)o<i<1 i an a-stable process starting from 0 with o < 1 this last convergence holds in probability
only.

Proof of Lemma 5.4 . Since for all a,b € R ||a| — |b]| < |a — b|, we have

n—1
ZlA" V)| A7 ¥( |fZ|A”Y|\Az+1Y| < |APE(YV)AL L B(Y) - ATY ALY,
=1
and then
n—1 n—1 n—1
S ATV AT (V) - 3 IArY]AL, Y| < A"Y\ S Mag,y ]

i=1 i=1 i=1

We now analyze each term in the right-hand side of (5.4). We start with the third one:

n—1

>

=1

1

Y2
n2 1

(n - 1) Y12 a.s. 0.

n2 n—00

As for the second term in the right-hand side of (5.4), we have

n—1

>

i=1

Yy n |Y1| 1 1/aAn
n@d e Z’ ArY|

Notice that, for i =1,...,n — 1, |n1/D‘A?Y| are i.i.d. random variables with stable law of index «.
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When Y is a Brownian motion or when o > 1, there exists y € R such that E Unl/o‘A?Y\] =y for any n > 1.
Then, the Law of Large Numbers implies

1 n—1 ) ‘

- /o n a.s.

n z; ‘n Al Y n—00 Y
1=

from which

n—1

>

i=1

Y1 n |Y1| 1 1/aAn
nAiY‘ e Z’ ATY

’I’L*)OO

When « < 1 we use Embrechts et al. [7], Theorem 2.2.15 to get that there exists a slowly varying function
£y such that

1 n—1
— ALY

=1

converges in distribution as n — oo to a stable random variable. Therefore,

)

i=1

Y,

Yé
AnY’ | ! 0
n

Am

is the product of a random variable which a.s. converges to 0 when n goes to infinity and of a random variable
which converges in distribution, and thus converges to 0 in probability.

Finally, if @ = 1, we have that nAY € DA(1). Therefore, in view of Whitt [8], Theorem 4.5.1, there exists
a slowly varying function ¢y such that

Mol <Z|nmy|_n%( JE |:bin (ZZAOZ?:))D

converges in distribution to a stable distribution. We conclude that

| (- (23]

+4o(n)E [Sin (ZEAO?:L;) >]

converges to zero in probability since the first term in the right-hand side is the product of a random variable
which converges to zero a.s. when n goes to infinity and a a random variables whcih converges in distribution.
As for the second term in the right-hand side, one can check that it goes to zero by proceeding as in the end of
the proof of the previous proposition. To summarize, we have

Z

i=1

" SATY| 0.
Tl*)OO

)y

i=1
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We thus have obtained that

n—1

ZY

1 P
A?HY’ S
— n n— 00
i=

and
n—1 n—1 P
n n _ n n
D IV U = 3D IANY] 1A% Y] 0
O
5.3. End of the proof of Proposition 4.1
We now are in a position to prove the proposition 4.1.
We start with proving that for any bounded and continuous function ¢ : R — R we have
lim lim B [o(77)] = o(r). (5.5)

In view of Proposition 5.1 we have:

lim_[E [o(7)] — E[o(Zn(2))]| = 0.

m—o0

In addition, in view of Proposition 5.2 we have

lim ’E [ga(yn(Z))] - gp(m)‘ —0.

n—oo

Therefore, the desired limit in (5.5) is obtained by letting m and then n tend to infinity in the right-hand
side of

—~

E[e( 7] - o) < [E [o(Z)] ~E [o(Za@)] | + [E[o(Fa2))] - o)

Now, fix € > 0 and define the function ¢ as follows: ¢ takes the value 0 outside the closed interval [k — €, k + €],
growths linearly from 0 to 1 on [k — €, k] and decreases linearly from 1 to 0 on [k, k + €]. From

—~

P17 = hl < €) =E [T cnra(FM] 2 E [0(7)]
it results that

lim lim P (\5‘;’” — k| < e)] > lim lim E [<p(5/ﬂ:fl)] =p(k) =1.

n—o0 Mm—r0o0 n—o0 m—r0oo

6. A CLT rOoR ,9”2”: PRrROOF OF PrOP. 4.2

In this section we prove a Central Limit theorem for 5/’;’” defined as in Proposition 4.2.

~ ~

We start with proving the CLT for the pair (B(Y,n), Q(Y,n)), with (¥})o<¢<1 being a Brownian Motion.
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6.1. Three CLT for (B(Y,n),Q(Y,n))

The first result in this subsection concerns the case where Y is a Brownian motion. It is a particular case of
Barndorff-Nielsen and Shephard [13], Theorem 3. For the sake of completeness we here provide a straightforward
proof adapted to the specific Brownian case.

Lemma 6.1. Let (Y;)o<t<1be a Brownian motion. One then has

(va [Bovin - 2] v [an - 1] ) 2o aa 0,3,

where

™
Il
N
—_
+
:w;:w;
:!‘b—‘
(V1]
[NCERIN

) . (6.1)

Proof. Notice that

(ﬁ [E(Y’ n) - i] Vn [@(Y, n) — 1} )
1 (Z VAALY VAL, Y| - 2, S WAy ? - 1>.
\/ﬁ i=1 ™ =

The right-hand side has the same law as
1 n—1 |: n
I (X flediGeal - 2| (e - )
\/ﬁ (i—l =1

where G; is a standard Normal random variable.

The vectors (|G;||Git1| — 2/7,G7 — 1) are identically distributed, centered, and such that (|G;||Gy1] —
2/m,G? — 1) is independent of (|G;||Gj11| —2/m, GF — 1) if |j — | > 1. Hence, we can apply the Central Limit
Theorem for 1-dependent sequences of vectors (see Hoeffding and Robbins [18], Thm. 3). The asymptotic
covariance matrix is given by

2 2
<|Gi+1||Gz'+2| - >
™

2= B[ (1Galleal - 2) (61 - 1)| + & [ (1elcal - 2) (63 - 1) + & [(16aliGal - 2 ) (@2 - )] - 2

and

2 2 4 12
Y1 :=E +2E |:(|Gi|Gi+l - 7r> <|Gi+1|Gi+2 - Wﬂ =1+--—

)
I

|

S i=E[(GF - 1)"] +2E[(G3 - 1) (6§ - 1)] =2

In the next Lemma we extend the previous result to Brownian Bridges.
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Lemma 6.2. Let (Y;)o<i<1 be a Brownian motion. Then

| (va B - Bn)])| + & | (v [@wm)n - awm)]) | < £ (6.2
In addition, one has
(v |Beworm - 2] valawm.m -1]) 2o e 0.9), (6:3)

where ¥ is defined as in (6.1).

Proof. A straightforward computation shows that

Therefore, we have

e [(va @@ - owm])] & [v) - 2

Now consider a family of independent random variables G; ~ N(0,1) and set G :=n~1 Y | G;. It holds that

n—1ln—1

e [(vi [Bow)m - Bn])’| =0 3 3] (arew)an ww)l - arviay,v)
i=1 k=1
< (APRYIAE Y] - [AFY ALY
= L L B|(6:- GG = 1 = (G Gonl)
1=1 k=1

< (16s = GG — G = Gal G |
=: Sl + SQ,

where we have split the sum according to k =4,7+ 11in Sy and k ¢ {i,7 + 1} in Ss.
As for S7, notice that

Gi = G"|Gip1 — G| = |Gil|Giga| < |GMIG™ = Gi = G,

and therefore

n—2i+1

> D E[(IG: = G"IGisr = G| = |Gil|Giia]) (G = G™|Grar = G| = |GKl|Gra])]
1=1 k=1
n—21+1

= % Z Z \/E {(‘Gl = G"|Gi1 — G| = |Gi||Gi+1|)2]

1=1 k=1t

X \/E [(|Gk — G|Gryr — G| — |GkHGk+1|)2}

1

n

S1 =
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n—21+1
S 722\/ [|GP2|G™ — Gi — Gia ] E [|G" |G — Gy — Grya ]
=1 k=1t
n—21+1 _ _
<3S YEIGHE[IGn — Gi — Ga [ E |G E |G — Gi — Genal]
=1 k=1t
C
< —.
n

As for S5, we use the following inequality which we admit for a while (see Sect. 6.4 for its proof):

~n N ~N N C
| (65~ 6"1Gins = 671 = G Grl) (G~ 67l|Gksn — 671 = [GillGun) | < S (6a)
This ends the proof of (6.2).

From (6.2) it follows that (\/ﬁ[g(\II(Y),n) — B(Y, n)], \/ﬁ[@(\II(Y),n)) —Q(y, n))] converges in probability
to zero. Therefore, Slutsky’s Theorem implies that

(var[Ben - 2. va [y -1))

converges in distribution to A3(0,X).

We thus now in a position to obtain the following result.

Proposition 6.3. Let (Y;)o<i<1 be a Brownian motion. One then has:

w n—o0 7T2

\/ﬁ[ﬁg(qf(y))—ﬂ LN(O,Hi—m).

Proof. Notice that

B(U(Y),n) 2 vn ~ 2 ~
V| Gy W] 30 B - 2auee).n)
- W (va [ Bem - 2| - 2 [ue,m -1 ).

In view of Lemma 6.2 the term in the parenthesis in the right-hand side converges to a centered Gaussian
random variable with variance

4 4 12 2 4 4 4 20
E11—2 2124—*222—1-&-*—*—2* -+ = 2—1-1-*—*

2 T w  w? 2

In addition, Q(¥(Y),n) —=* 1 in view of (5.3). Therefore, Slutky’s Theorem allows us to conclude. O

n—oo
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6.2. End of the proof of Prop.4.2

We now are in a position to end the proof of Prop.4.2. Observe that for Y a Brownian motion

<ple (o (-2 = (57 (o D))

o fo (L (Zwrn-2))] -2w.

Ox T

Thanks to the Mapping Theorem and Proposition 2.7, we get that the first term in the right-hand side goes to
zero when m tends to infinity. Thanks to Proposition 6.3, we get that the second term in the right-hand side
also tends to zero when n tends to infinity.

6.3. A corollary to Tanaka’s formula

Before proving Inequality (6.4) we need to deduce a key estimate from Tanaka’s formula.

Proposition 6.4. Let (W,s > 0) a standard Brownian motion, G € R?? a random vector with density
fo with respect to the Lebesque measure and independent of W and f : R x R2¢ — R. Let us denote
2= (21, 21y Zig1s e Z2a) € RZTY 20(2) = (21, .., 2im1, @y Zig 1, - - -, 224) € R2? and

fo i R=R, 2= f.(z) = f(z,2).
Suppose:
1. For any z € R%, f. is reqular enough to apply the Ité-Tanaka formula

Fw) = £.0)+ [ D_pov) awes g [ ziov) D), (65)

where D_f, is the left derivative of f,, D?f, is the second derivative of f in the distributional sense and
LY(W) is the Local time of W.
2. For any z € R4, £.(0) = 0.

8. For any z € R?, D_f, has polynomial growth such that the stochastic integral in (6.5) is a martingale.
4. For any z € R?, the measure D*f, can be decomposed as
2d
D2f.(dy) = f2(y) dy+ Y 7% 6:(dy), (6.6)

i=1

where d, is de Dirac distribution at point a € R.
E [f&(Wy)] is bounded in a neighborhood of t = 0.
6. For anyi=1,...,2d, E[h;(W})] is bounded in a neighborhood of t = 0, where

o

hi(z) = (/Rm_l Vii(wy fa(2'|z) dzi) fa. (),

where the v'’s are given by (6.6), fa(2'|z) is the conditional density of the vector G knowing that G; = x
and fq, is the Gaussian density of Gj.
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Then one has E[f(W;, Q)] = O(t) for any t in a neighborhood of 0.

Moreover, assume now that conditions 5 and 6 are respectively replaced by

5°. The function x — ho(z) := E[f{(x)] is null at zero, twice differentiable with first and second derivative

that have at most polynomial growth.
6°. For anyi=1,...,2d, h;(0) =0, h; € C%, and h} and h! have at most polynomial growth.

Then, it holds that E [f(W;, G)] = O(t?) for any t in a neighborhood of 0F.
Proof. From Conditions 1, 2 and 3 if follows that

E[f.(W)] = [ / D2 L. dy)Ly(Wﬂ
From condition 4 it then results that

BU.0v)] = 32| [ fe)novia] + 5

2d
>t
i=1

By using the Occupation Time Formula we thus get

BILWl = 3 | EZOV)ds+ 5

2d
D oLy (W)] :

i=1

In addition, as G and W are independent we have

Elf(W, G)] = E[E[f (W, 2)] |-=c]

=E[E[f2(W)] |-=c]
2d
%/0 E| ds—|—;]E ZZ_;VE:L?(W)]

Now observe that

B L8 )] =B [ L8 V) fa()ds

]E/ Veian Li* W) fa(2'|2:) fa (2:)dz dz;
0o JR2d—1
Eloo </]R2d1 rY;l(ZL)fG( |Zl) > fG (Zv) (W)d21
= ]E/ h
t
_ ]E/

0

i(zi) Ly (W)dz;
h;(Ws)ds,

where in the last equality we have again used the Occupation Time formula. Consequently, we have

BIO.GI= 3 [ UG+ Z/
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If conditions 5 and 6 hold true, we have just obtained
[E[f(Wi, G)]| < Cit + Cat.

If conditions 5’ and 6’ hold, we apply Ité’s formula to f{(Ws) and get

E[f(W;,G / / E [hf(W,)] duds + = Z / / E [h (W,)] duds,

from which the desired result follows. O

6.4. Proof of Inequality (6.4)

In this subsection we prove the inequality (6.4) which we have used in the proof of Lemma 6.2.
Consider a family of independent random variables G; ~ N (0,1) and set G" := n~' " | G;. Define the
function ¢(z,a,b) : R® — R by

q(z,a,b) := |z — al|lz — b — [al|b].
We aim to prove: For any k ¢ {i,7+ 1} one has

_ _ C
E [q(Gnv Giv Gi+1)q(Gn7 Gkv Gk+1)] < ni

(6.7)

Notice that G™ can be expressed as the sum of a random variable independent of (Gi, Git1, Gi, Ggy1) and
a random variable which a.s. converges to O:

o=ty Gt Om Ot G gy Hik

J¢{ii+1,k,k+1}

In addition, as
Q(m +y,a, b) < q($, a, b) + |y||2l‘ —a-— b| + |y|27
for any y € R, we have that

E [Q(G" Gi,Git1)q(G", Gi, Gry1)]
H’L k

Hi
=E|q(G" + LG, Gig)q(GM* =22 G, Gry) }

[ = i =~ H;
<E (q<an#,ai,ai+l> PGy 4 G — 207+ |22 )

_ = H;
< (a6, GG - 26+ | A

=K q(én#v Gi7 Gl+1)Q(Gn#7 Gka Gk+1):|

g Hi N
+ ]E[Q(G”#,G¢7Gi+1) <| n’k |Gk + G111 — 2G #|> }
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H?
l,k:A:|’

n2

H; _ _
+E[ (| G+ Gigr — 26"#0 q(G"#,Gk,GHl)} +E[

n

where A is random variable with finite second moment. An easy computation shows that

H?2
E[’Q”“A} < <.

n n?

Since G4, Giy1, Gr, Gy1 are i.i.d. we have

n

_ H; .
E[q(G”#,Gi,Gm) (I *|Gr + Gry1 — 2G #|) ]

H N
B E{ ('nkHG” +Gip —2G #> (G, Gy, Grs1) |

Hence, to prove (6.7) it is enough to prove

5 - C
]E|:Q(Gn#aGiaGi+1)Q(Gn#aGk7Gk+l):| <3 (6.8)
and
. H; . C
E{q(c"#,ci,cm) (| n”“||G,€ + Gry1 — 2G #N < (6.9)

Notice that G"# is independent of (G;, Giy1, Gk, Gr11) and has the same probability distribution as a Brownian
motion W at time (n — 4)/n?. Therefore, to prove the two preceding inequalities we aim to use Proposition 6.4.
This step requires easy calculations only. We postpone it to the Appendix.

7. NUMERICAL EXPERIMENTS

In this section we present some numerical experiments which illustrate our main theorem 4.3 and its lim-
itations when applied to synthetic data. For two families of examples we examine the practical choice of the
parameters m and n and their effects on the Empirical Rejection Rates and Type II errors. We also numerically
compare the power of the test and the significance level in a neighborhood of the null hypothesis.

The interested reader can find an extended version of this section in our Supplementary Material [4].

7.1. Experiments under Hy

In this subsection we consider the r.v. X = |G|™" with G ~ N(0,1) and r > 0. Notice that X has finite
moments of order smaller than 1/r and that X € DA(2) when r € (0,1/2].

We have performed simulations for the parameter r taking values in {0.1,0.2,0.3,0.4,0.45} and for levels of
confidence ¢ = 0.1 and ¢ = 0.05. For each value of r, we have generated 10* independent samples with sizes
from m = 10° up to m = 108. In the cases r = 0.4 and r = 0.45 we have also considered m = 10°. To study the
respective effects of m and n, for each sample size m we have made the number of time steps n vary from n = 10!
up to n = 104,

According to Theorem 4.3 one expects that the larger m and n are, the closer to ¢ the empirical rejection
rate is. The experiments show that increasing m improves the approximation of the empirical rejection rates
to their expected values, whereas increasing n does not have the same effect. One actually observes that the
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TABLE 1: X = |G|™". Values of the parameters m and n for which the best empirical rejection rate (ERR) of
the 7 "-test is attained under Hg for different values of r and gq.

T m n ERR T m n ERR
0.1 108 10,107 | 0.100 0.1 | 10% [ 10* | 0.050
0.2 108 103 0.100 0.2 | 10% | 10* | 0.050
0.3 107 10T 0.100 0.3 [ 10% | 10" | 0.050
0.4 | 107,108 10! 0.101 0.4 | 10% | 10' | 0.053
0.45 | 108,107 10T 0.109 0.45 | 10% | 10T | 0.061

(a) ¢ =10.1. (b) ¢ = 0.05.
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FIGURE 2: X = |G|~". The empirical distribution of standardized .7 for different values of r,
m and n. The red line corresponds to the density of the standard normal distribution. In the
left-hand side 7 = 0.1, m = 10® and n = 10%. In the center r» = 0.4, m = 10° and n = 10%. In
the right-hand side r = 0.45, m = 10° and n = 102.

empirical rejection rates become close to 1 when n becomes too large. Moreover, it seems that m being fixed
the optimal choice of n depends on the value of r.

In other words, even if our theoretical result is valid when n goes to infinity, in practice, we should use n
significantly smaller than m. In addition, as m increases, the convergence of the process Z™ can be very slow.
Therefore, if n is chosen too large, one is zooming in too much and sees the discontinuities that Z™ has by
construction. We continue the discussion on that issue in Sections 7.2 and 7.3.

In Tables 1a and 1b we report the experimental values of m and n for which, under Hg, the best empirical
rejection rate is attained. Notice that the best value for n decreases when the parameter r tends to the critical
value r = 0.5 (that is, when the subjacent random variable has lower and lower finite moments). In particular,
it does not seem to exist an optimal selection for the parameters m and n which is satisfying for any random
variable in the domain of attraction of the Gaussian law. .

In Figure 2 appear the empirical distribution of standardized .7, for different values of r, m and n. Notice
that the adjust to the standard normal distribution is worse when r is closer to the critical value.

7.2. Experiments under H;

In this section we present empirical results which concern the Type II Error of our test, that is, the probability
of failing to reject the Gaussian hypothesis Ho when the sample belongs to the domain of attraction DA(«),
with a < 2, notably when « is close to 2. Under H; the empirical rejection rate (ERR) is expected to be close
to 1.

We consider two cases. First, the case where X = |G|™" with G ~ N (0,1) and r > 1/2, so that X € DA(1/r).
Second, the case where X has an a-stable distribution.

Concerning the case where X = |G|™", we have performed simulations for the parameter r taking values
in {0.6,0.75,0.9} and for levels of confidence ¢ = 0.1 and ¢ = 0.05. For each value of 7, we have generated 10*
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TABLE 2: X = |G|™". First row: Empirical rejection rates (ERR) of the =5/’27”—test under H; for m = 108 and
different values of r, . Second row: Empirical Type II Errors of the .%,"-test under Hy for m = 10® and different

values of r, g. Third row: Empirical Type II Errors of the 5/’;"1—‘568‘5 under H; for » = 0.55 and different values
of m, q, n.

T n=10 [n=102 [ n=103 r n=101 [n=10%2 [ n=10°
0.55 0.157 0.589 1.000 0.55 0.102 0.526 1.000
0.6 0.194 0.761 1.000 0.6 0.123 0.712 1.000
0.75 0.268 0.950 1.000 0.75 0.189 0.934 1.000
0.9 0.340 0.987 1.000 0.9 0.251 0.984 1.000

(a) ¢ =0.1. (b) ¢ = 0.05.

T n=10 [n=102 [ n=103 r n=101 [ n=10% [ n=10°
0.55 0.843 0.411 0.000 0.55 0.898 0.474 0.000
0.6 0.806 0.239 0.000 0.6 0.887 0.288 0.000
0.75 0.732 0.050 0.000 0.75 0.811 0.066 0.000
0.9 0.660 0.013 0.000 0.9 0.749 0.016 0.000

(c) ¢g=0.1. (d) g = 0.05.

n n

m 200 250 500 m 200 250 500
10° | 0.077 | 0.042 | 0.001 10° | 0.105 | 0.058 | 0.002
10% [ 0.126 | 0.076 | 0.004 10% [ 0.160 | 0.103 | 0.007
107 | 0.164 | 0.109 | 0.011 107 | 0.206 | 0.139 | 0.017
10% [ 0.192 | 0.130 | 0.019 108 ] 0.233 | 0.163 | 0.028

(e) ¢ =0.1. (f) ¢ = 0.05.

independent samples with sizes from m = 10° up to m = 10%, and to study the respective effects of m and n, for
each sample size m we have made the number of time steps n vary from n = 10 up to n = 10%. To evaluate the
behavior of the test when the parameters are close to the limit case for moderate values of n, we also consider
r = 0.55 with n € {200, 250, 500}.

In Tables 2a and 2b we report the empirical rejection rates for different values of r and ¢ when n < 103.
Notice that the rates change between n = 10' and n = 102. Tables 2c and 2d show that the Type II Error
increases when 7 decreases to the limit case 1/2. Tables 2e and 2f show the satisfying behaviour of our test
for moderate values of n and m in the case where r = 0.55 for which the subjacent random variable belongs to
DA(20/11).

Concerning the case where X has an a-stable distribution, in our simulations the parameter « takes the
values {0.9,1.2,1.5,1.8}. The levels of confidence, sample sizes and numbers of steps are as above.

Similarly to the preceding tables, Tables 3a, 3b, 3¢ and 3d respectively concern empirical rejection rates and
Type II Errors for large or moderate values of m.

In both cases, we observe that, if one increases m by letting n fixed, the quality of the test decreases. The
situation seems symmetric of what we noticed above under Hy, although in this case increasing m for n fixed is
like zooming out the constructed trajectory and leads the test to interpret a small jump in the limit trajectory
as a side effect of the discretization and thus fails to reject the null hypothesis.

Moreover, Tables 2 and 3 allow one to deduce the Empirical Type II Error of the Test (ETIIE) for different
fixed values of m. We observe that it decreases, approximately, exponentially fast with n. For example, when
X = |G|7" with r = 0.45, one observes that ETIIE =~ 0,9exp (—0,007n). One thus may consider that ETIIE is
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TABLE 3: a-stable X. First row: Empirical rejection rates (ERR) of the 2’”—test under H; for m = 107 and

different values of «, ¢. Second row: Empirical Type II Errors of the ef/”zn—test under H; for m = 107 and

different values of «, ¢. Third row: Empirical Type II Errors of the 2m—test under H; for a = 1.8 and different
values of m, ¢, n.

a [n=10" [n=10° | n=10° a [n=10" [ n=10% | n=10°
0.9 0.396 0.997 1.000 0.9 0.302 0.996 1.000
1.2 0.300 0.977 1.000 1.2 0.218 0.968 1.000
1.5 0.224 0.883 1.000 1.5 0.153 0.854 1.000
1.8 0.162 0.611 1.000 1.8 0.102 0.552 1.000
(a) ¢ =0.1. (b) ¢ = 0.05.
a [n=10" [n=10° | n=10° a [n=10" [ n=10% | n=10°
0.9 0.604 0.003 0.000 0.9 0.698 0.004 0.000
1.2 0.700 0.023 0.000 1.2 0.782 0.032 0.000
1.5 0.776 0.117 0.000 1.5 0.847 0.146 0.000
1.8 0.838 0.389 0.000 1.8 0.898 0.448 0.000
(c) ¢g=0.1. (d) g = 0.05.
n n
m 200 250 500 m 200 250 500
10° | 0.120 | 0.067 | 0.005 10° | 0.154 | 0.091 | 0.007
10% | 0.149 | 0.095 | 0.010 10% [ 0.187 | 0.126 | 0.016
107 | 0.177 | 0.118 | 0.015 107 | 0.220 | 0.150 | 0.023
(e) ¢g=0.1. (f) ¢ = 0.05.
\ ® Empirical Type Il Error \ ® Empirical Type Il Error
‘ ——- Adjusted Type Il Error \. ——- Adjusted Type Il Error
081 \ 084
06 \\\ ¥ =0.9exp(—0.007n) 061 \\\ y =0.902exp(—0.008n)
g \\\ R2=0.99 UEJ \\\ R2=0.99
?§ 0.4 \0\\\ Eg 0.4 \‘.\
0.24 \.\\ 0.2 1 \\.\
LR \\..\‘
wl T » ol T hd
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FIGURE 3: Empirical Type II Error as a function of n. Left: X = |G|™" with r = 0.45 and
sample size m = 10%. Right: a-stable X with a = 1.8 and sample size m = 107. Both figures
exhibit a satisfying Determination Coefficient R? larger than 0.99.

less than 0.049 when n > 415. Similarly, when X is 1.8-stable, one observes that ETIIE =~ 0,902 exp (—0,008n)

and one can expect that ETIIE is less than 0.049 when n > 364. See Figure 3.

To summarize the tables in this section, in the cases where X = |G|™" and X has an a-stable distribution,
one can observe that for the moderate value n = 500 and different levels of confidence and different values of m,
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the Type II error is much smaller than the level of confidence ¢, even when r is close to the critical value r = 0.5
(respectively, when « is close to 2).

7.3. Some heuristic computations towards convergence rate estimates and finite-sample
unbiasedness

In this subsection we discuss the important issue of the convergence rate of our statistics when m and n
tend to infinity. Accurate convergence rate estimates would allow to prove the finite-sample unbiasedness of our
hypothesis test. As explained in Jureckova and Kalina [19], under H; one actually expects that the rejection
probability to be at least the significance level of the test. See [19] for proofs of this property for several rank
tests under suitable fairly general conditions. .

In our context, to accomplish this programme we have to face the complex algebraic expression of .. So
far, we have not succeeded to overcome the algebraic complexity of the necessary exact calculations. We thus
limit ourselves to the particular case of a symmetric a-stable random variable X and an analysis which is not
fully rigorous because of the use of a couple of approximations. However, our estimates below provide interesting
insights to the respective roles of the parameters m and n and on the rate of convergence of limy, oo P (Cy, 1 |[H1)
to 1 when n goes to infinity. Although asymptotic, these estimates also provide insights on the behaviour of
our test for finite samples in the neighborhood of the hypothesis and the necessary order of magnitude of the
parameters m and n to ensure under H; a rejection probability larger that the significance level of the test.

Recall that

En—l
i=1 . m(i—1)
il e

n

LMJ — Lm(H—l)J _
Z " (Xj - Xm) Zj:L%J_H(Xj - m)

2
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i (X~ Xom)

= U=y

We are interested in cases where o = 2 for which the expectation of |X| is finite . Thus the Strong Law of
Large numbers applies. Assume that m is large enough to have the empirical mean X, close to the mean of X,
that is, to have X,, ~ 0 a.s., and set
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Notice that for any integer ¢ the random variable W; has the same distribution symmetric a-stable as X.
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Proceeding as in the proof of Lemma 5.3 we can show that the Strong Law of the Large numbers holds for
the numerator. Therefore, for any n large enough,

nl

1

- > Wil [[Wi| = (E|Wh )2,
=1

In addition, we observe that
P(Wil? > 1) = 2P (Wi > 1/2) = 2P (X; > ¢/2) ~ 1072,

We thus can proceed as in the proof of Proposition 5.2 (see p. 11) and apply Theorem 4.5.2 in [8], Section 5,
Chapter 4 to the weighted sum

n—1
1
n2/o Z |W1|2
i=1

to conclude that it converges in distribution to an a/2-stable positive random variable W.
Consequently,

gm _ 1 = i Wil Wi o1 (E[W|)?
n n2/a—1 1 ZZL:_11|W’L|2 n2/a—1 w

n2/a

)

where W is a//2-stable. It comes:

i _ 2 [o%
P(yn <;721—q/2 n)
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Similarly,
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We now use a bound for the density of W. Let £ be a a-stable random variable. Its characteristic function is of
the form

exp(i a A — c® |\|%(1 —i B sign(\) w(\,@)))

for some parameters 0 <@ <2,¢>0and —1 < 3 <1, where

W\ 3) = tan(ZF) if @#1,
T =2 log(]N) if a=1.

In our case, W is positive and thus S = 1 (see e.g. Nolan [20], Lem. 1.1, Chap. 1, Sect. 1.4).
We now use that the density of any a-stable random variable with skewness parameter 5 = 1 and scale
parameter ¢ is bounded by I'(1 + 1/&)/em (see Lem. 3.11 in [20]), so

1 (E|WA])? F(1+2/a) 1 (E[W1))?

n2/0¢71 2 612r CTr n2/a71 2 0,72‘-’
R e Y =22\

PlW<

1 (E[W1])? I+2/a) 1 (E[W1])?

n2/(x—1 2 o n2/a—1 9 2 :
T A2\ T T A2\
— 2 [ o2 — 2 IO'Q

P(Cn’m‘Hl) =P <«5ﬂ,,:n < == Zlfq/Q 71') +P <y;ﬂ > — + Zlfq/g Tr)
s n s n

Cla,q)

2 b
na !

[N~}

Finally,

(7.1)
>1-

where the constant C(a, g) remains uniformly bounded for o € (1,2). Therefore, up to the couple of approxi-
mations made in the above calculation and the fact that a € (1,2), P(C,, ,»|H1) increases to 1 at a rate close
to n?/®~1 Notice that the parameter m is needed large enough only to ensure that X,, ~ 0 a.s. The following
useful convergence rate estimate w.r.t. m can be found in Basu et al. [21]:

Theorem 7.1. Let (X;) be a sequence of i.i.d. randonm variables with common probability density vi. Suppose
that they are centered and belong to the domain of attraction of a stable law of index 1 < o < 2 whose probability
density is denoted by v,. Suppose that their characteristic function belongs to L"(R) with r > 1. Finally, suppose
that fR 22 |v1(x) — vo(x)| dz < oo. Then, for some positive number A, for any m large enough, the probability
density v, of the normalized sum Z,, := # Z;Z1 X; satisfies:

sup(l + [2[%) |om(2) = va(2)] = O(—5 ).

In the case of our simulations where the common law of the X;’s is stable we deduce that

P(| X | > €) = P(|Z| > Ae m' ™)

1
/ , Va(®) dz 4+ O(—5—),
|z|>Aem' ™ @ ma—

IA
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We now use tail estimates from Gairing and Imkeller [22], Section 4.1. Let £ be a centered @-stable random
variable with characteristic function as above. Then, For any > 0 it holds that

1 a(@+1) ., _ « -= —25
P = — s « [e]
(&> - sin((@+9)%) cos(3E) T+ O(z™)
with 6 := 2 arctan(S tan(@%)). Similarly,
— 1 a(i 1 : — ™ il - —2a
P < —x) = = - sin((@ —9)7%) cos(35) Y4+ O(x™=9).
Here, @ = a and we deduce:
— C C
P X, < —. 2
(Tl > < s+ —5 (72)

In the preceding calculations, the approximation of 2’" by the more tractable quantity Zm is based on
the hypothesis that the common law of the X’s is stable and symmetric. In contrast, the result in [21] do not
suppose that the X;’s have a stable law: They actually apply to the case of random variables in the domain
of attraction of a stable law. Anyway, our estimates are certainly sub-optimal. For example, for ¢ = 1.8 the
heuristic convergence rate is n %! whereas the results in Table 3 tend to show an exponential decay.

However, whilst not perfect, these estimates give some insight on the reason for which m needs to be chosen
muc/h\ larger than n, especially when « is close to 2. Actually, X,, can be seen as a random perturbation term
in . whose expectation needs to be much smaller than the right-hand side of (7.1).

Finally, notice that, up to the approximation of X,, made in the above calculation, the inequalities (7.1)
and (7.2) show that, for any small € and any m and n large enough we have P(C,, ,,|H1) > 1 — €. which suggests
that our test is finite-sample unbiased.

7.4. Numerical experiments under weak dependence

The objective of this section is to show we can extend our test to some cases of weakly dependent data.
Certainly, extra assumptions are necessary to obtain functional limit theorems by using the Jj-topology as
in Theorem 2.4: For example, Avram and Taqqu [23] show that the Jj-weak convergence of normalized sums
cannot hold for the classes of dependent random variables they consider.

Let us exhibit some sufficient conditions to replace the independency condition in Theorem 4.3. Assume that
the sample is stationary, r-dependent and satisfy the two following conditions:

sup {| Corr(f, g)| : real f € L*(0(X1)),realg € L*(0(X2, X3,...))} <1 (7.3)
and

(Ve >0,V =2,....k) lim P(X;] > ecm/|X1| > ecm) = 0. (7.4)

Let us start with adapting the proof of Proposition 4.1 to this setting. First, if X is in the domain of
attraction of the normal law, in view of (7.3) Corollary 1.1 in Shao [9] implies that (S| — pin)/cm converges
to a scaled Brownian motion, from which Z™ converges to a Brownian bridge. Second, if X belongs to the domain
of attraction of a stable law, under (7.4) Corollary 1.4 in Tyran-Kaminska [10] states that (S|m¢| — tm)/cm
converges in distribution to a a-stable random process, from which Z™ converges in distribution to a a-stable
bridge. The rest of the arguments in the proof of Proposition 4.1 do not rely on the independency hypothesis.
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FIGURE 4: Empirical distribution of standardized 5/’;’” for the variables Y, defined in (7.5). The
red line corresponds to the density of the standard normal distribution.

Let us now turn to Proposition 4.2. Assume that X is in the domain of attraction of the normal law. In view
of (7.3) Z™ converges to a Brownian bridge. Therefore, under Hy,

‘E (LIl (L - D))

i Or T

)

converges to zero, for every fixed n, as m goes to infinity. All the other arguments in the proof of Proposition 4.2
remain valid in this weak dependence setting.
We thus have shown one possible extension for Theorem 4.3 to samples of non-independent random variables.
To illustrate the behavior of the test for non-independent random variables, we consider a sequence Ys, ..., Y,
of 1-dependent random variables constructed as follows. First, we generate a sample X, ..., X, of independent
copies of |G|~ where G ~ N(0,1), and then

X1

Y= ——— X}
P X 41t

(7.5)

Second, we apply our methodology to Ys,...,Y,, for r = 0.3 and r = 0.75. Just as above we consider 10*
scenarios.

For r = 0.3, Hg holds and the experiment shows that as m increases the empirical rejections rates tend to
the theoretical ones, for example for ¢ = 0.1, m = 10® and n = 103, the empirical rejection rate is 0.11. As in
the i.i.d. case we also observe that the performance of the methodology decreases when n becomes too large.

For r = 0.75, that is, under Hy, smaller values of n leads to bigger ‘type II’ error. Nevertheless, for n = 102
we observe empirical rejection rates close to 1.

8. CONCLUSION

Inspired by Barndorff-Nielsen and Shephard’s methodology to test the existence of jumps in the trajectories
of certain semimartingales, we have built an statistical test to determine if a given random variable X belongs
to the domain of attraction of the Gaussian law or of another stable law. This statistical test allows us to give
a partial answer to the ill-posed (but important in practice) problem of testing the finiteness of moments of an
observed random variable.

So far, our methodology is based on asymptotic results. For the purpose of practical applications it would
be interesting to obtain a non-asymptotic version of our test or, at least, to obtain theoretical results on
suitable dependences between the parameters m and n which guarantee that our hypothesis test is reliable.



324 H. OLIVERO AND D. TALAY

To obtain accurate estimates w.r.t. m and n for P (C,, ,,|Ho) and P (C,, ,|H1) = 1 (which supposes to obtain

P

non asymptotic estimates precising the CLT for .#) the calculations appear to be heavy, lengthy and very
technical. We hope to be able to obtain satisfying results in the next future.

APPENDIX A. AN ELEMENTARY LEMMA ON (GAUSSIAN DISTRIBUTIONS
In the proof below of the inequalities (6.8) and (6.9) we use the following elementary property of standard
Gaussian laws. Recall that at the beginning of Section 6.4 the function ¢ was defined as

q(z,a,b) = & — al|x = b — |a][b].

Let ¢, @ respectively denote the density and the cumulative distribution function of a standard Gaussian
random variable. In the computations below we will use the following elementary equalities that hold for any
zeR:

/j)o sgn(z — z1) ¢(z1) dzy = 2®(x) — 1, (A1)
/_Oo |z — 29| @(22) dzg = 22®(x) — x + 2¢(x), (A.2)

and
/_OO /_OO a(@, 23, 24) B(23) B(24) dzs dzg = (20®(x) — 2 + 26(z))° — % (A.3)

A.1 Proof of Inequality (6.8)

Let f(xz, 21, 22, 23, 24) be defined as

f(@, 21, 22, 23, 24) = q(x, 21, 22)q(x, 23, 24).

Then
D_f(x,zl, 22,23, 24) = D_q(a:, 21, 2’2)(1(% 23, 24) + Q(xa 21722)D—Q(x3 z3, 24)3
and
D2f(d$(},2!17222723,2,’4) = f//(x,ZhZQ,Zg,Zzl)d(E
+ 2|21 — 22|q(21, 23, 24)02, (dx) + 2|22 — 21|q(22, 23, 24)02, (dx)
+ 2|23 — z4|q(23, 21, 22) 02, (dT) + 2|24 — 23|q(24, 21, 22)0,, (d2),
where

(21,20, 23, 24) = 2 [sgn(z — 21)|x — 22| + |x — 21| sgn(z — 22)]
X [sgn(z — z3)|x — z4] + |z — 23| sgn(x — 24)]
+ 2sgn(z — 2z1) sgn(x — 22)q(x, 23, 24)
+ 2sgn(z — z3) sgn(x — z4)q(x, 21, 22).

It is then easy to check that the conditions 1-4 of Proposition 6.4 hold true.
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It remains to check that conditions 5’ and 6’ of Proposition 6.4 also hold true. We use the same notation as
in the aforementioned proposition. Observe that

ho(z) = E[f"(z,G;, Git1,Gr, Gig1)]
/ / / / (21, 2, 23, 24)P(21) P(22) P (23) b (24)d21 dzad z3d 24

_3 (/Oo sgn(z — zl)qzﬁ(zl)dz1> (/m z — z2|¢>(22)dz2)

14 ( | senta - zl>¢<zl>dzl)2 | Z / Z 4(, 25, 24)b(23) 9 (za)dzsdza.

— 00

In view of equalities (A.1), (A.2) and (A.3) a straightforward computation leads to

ho(z) = 12 (20(z) — 1)* 22®(z) — x + 2¢(x))* — % (20 (z) — 1)%.

It is clear that ho(0) = 0 and also that h is smooth enough to satisfy Condition 5’ in Proposition 6.4.
On the other hand, the weights of the singular part of D?f(dx, 21, 22, 23, 24) are given by

vi = 2|21 — 22|q(21, 23, 1), 72 = 2|20 — 21|q(22, 23, 24),

73 = 2|23 — 24q(23, 21, 22), Vi = 2|24 — 23]q(24, 21, 22).

Since G4, Giy1, G, Gr11 are ii.d. it follows

o= ([ [ lealite s zolastastndntada) o)
_ < /_ & — 2al6(22) sz> ( / / e zg,z4)¢(z3)¢(24)dz3d24> 6(z)
— (200(x) — z + 20(x)) ((2x<1>(x) 4 20(2))? — i) 6(z).

Notice that h; is C*°, and its derivatives have polynomial growth, therefore h; satisfies Condition 6’ in
Proposition 6.4.

Since G, Git1, Gk, Gry1 are identically distributed, one has that ho(x) = hs(z) = ha(x) = hi(x), and
therefore hy, hy and hy also satisfy Condition 6’ in Proposition 6.4.

ApPPENDIX B. PROOF OF INEQUALITY (6.9)

)

Gk + Gk+1 | (
n

Notice that

_ H,;
E[q(G”#, Gi,Gin1) < i

G; + Gi+1
n

< E[Q(Gn#, Gi,Git1) <| | + |

G+ Git1
n

G+ G| +2|G”#|)}

o G+ G,
:E[Q(G #aGiaGi+l)| Tﬂ

Gy + Gkﬂ] R {q(é“#,ai,cmn ||G”#|]
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_ G G 2
+E Q(Gn#vGi,GiH)%

- Gi+ Grit |
] +2E[q(G #,GiaGi+1)‘%”G #|]
=:F1+ FEs+ E3 + Ey.

We are now going to bound from above each E;.
Again notice that G™ is equal in law to a Brownian motion W at time (n — 4)/n2, from which

2
Ey==
n

E[|Gi + Gz’+1|Q(W%an‘an‘+1)|W72;1|]a
We aim to apply the proposition 6.4 to the function
flx, 21, 22) == |21 + 22| q(x, 21, 22) |x|.
In this case, z = (z1, 22). We have:
D_f.(x) = |z1 + 22|D_q(x, 21, 22)|x| + |21 + 22]|q(x, 21, 22) sgn(x),
and
D?f.(dz) = fI(x)dx + 2|21 + zo||21 — 22[8, (d2) + 2|21 + 22[|20 — 212, (dz),
where

f2(@) = 2|21 + 20| (sgn(z — 21) |z — 22| + |2 — 21| sgn(w — 22)) sgn(x)
+ 2|21 + 22| sgn(z — 21) sgn(z — 22).

We now show that for i = 0, 1,2, the functions ¢t — E [h;(WW;)] are bounded for ¢ in a neighborhood of 0.
Indeed,

|ho(2)] = B [f&()] |

< / (2[z1 + 22| |z — 22| + [ — 21]) + 2|21 + 22]) P(21)P(22)d21d 22
R2

< / ((zl 4 20)? 4 (|7 — 20| + |z — 21])% + 221 + 22|> $(21)(20)dz1d 20
R2

=2+ /]R2 ((m — ) 2z — zllr — 2| + (- 21)2> d(21)0(22)dz1dze + %
=2+2+22% 42 (/ |lx — 21|¢(21)dz1) (/ |lx — 22|¢(22)d21dz2) +

— 00 — 00

4
NG
=4+ 22% 42 (229(x) — z + 2¢(x))° +

4l

<(Ci+ CQ|I| + 03352.
Hence,
E [ho(Wy)] < C1 + CoE [|[Wy|] + C3E [W7] = C1 + CoVt + Cat.

In particular, Condition 5 in Proposition 6.4 holds true.
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Similarly,

m@l=[2 ([ 1 = Bloiz) o) <20 +1).

— 00

Due to the symmetries of the weights h; = ho, and therefore for i = 1,2

E [hi(Wy)] < C1 4 CoE [W}] = Cy + Cat,

and Condition 6 in 6.4 also holds true. We therefore are in a position to use Proposition 6.4 and get

n—4

El|Gi 4+ Git1|lq(Weza, Gi, Gig)[Was || <C

from which

C(n—4)

E, <
2S5

Similar arguments allow us to show that F; < % for i = 1, 3,4. That ends the proof of (6.9).
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