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APPROXIMATION AND ERROR ANALYSIS OF
FORWARD-BACKWARD SDES DRIVEN BY GENERAL LEVY
PROCESSES USING SHOT NOISE SERIES REPRESENTATIONS

*

T1LL MASSING

Abstract. We consider the simulation of a system of decoupled forward—backward stochastic dif-
ferential equations (FBSDEs) driven by a pure jump Lévy process L and an independent Brownian
motion B. We allow the Lévy process L to have an infinite jump activity. Therefore, it is necessary for
the simulation to employ a finite approximation of its Lévy measure. We use the generalized shot noise
series representation method by [26] to approximate the driving Lévy process L. We compute the LP
error, p > 2, between the true and the approximated FBSDEs which arises from the finite truncation
of the shot noise series (given sufficient conditions for existence and uniqueness of the FBSDE). We
also derive the LP error between the true solution and the discretization of the approximated FBSDE
using an appropriate backward Euler scheme.
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1. INTRODUCTION

We consider a system of decoupled forward—backward stochastic differential equations (FBSDE) with jumps
of the type

¢ ¢ ¢
Xt:XO—i—/ b(s,Xs)ds+/ a(s,Xs)st—i—/ /h(s,XS,)eﬁ(dads) (1.1)
0 0 0o JR
T T T
Vo= g(Xr)+ [ S XY ZoTds - [ 2B [ [ Uepitde,as), (12)
t t t JRr

for t € [0, T], where B is a Brownian motion and L is an independent pure jump Lévy process with Lévy measure
v where u(de,dt) is the corresponding Poisson measure with intensity v(de)dt and p(de,ds) = p(de,ds) —
v(de)ds the compensated Poisson measure. Let I'y = [, p(e)Us(e)ev(de). We discuss the case where L has an
infinite jump activity, i.e., (R) = co. (Assumptions on the functions a, b, f, g, h are discussed below.) For path
simulation it is therefore necessary to employ a finite approximation of the Lévy measure first. Afterwards we
have to discretize the FBSDE. We are interested in path simulation and the associated error between the true
solution and the approximate solution of (1.1)—(1.2).

Keywords and phrases: Decoupled forward—backward SDEs with jumps, Lévy processes, Shot noise series Representation,
discrete-time approximation, Euler scheme.
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Backward SDEs are a vibrant research topic since the seminal paper of [24]. They proved existence and
uniqueness in the L? sense of a solution of a BSDE (without jumps) under the assumptions of square integrability
of the terminal condition and Lipschitz continuity of the generator f. Since then BSDEs and/or FBSDEs have
been analyzed in many directions.

One strand of the literature treats extensions of the existence and uniqueness result of [24] by relaxing the
underlying assumptions or extending the BSDE under consideration. For example, [28] and [5] included jumps
into the BSDE. [8] discussed the existence and uniqueness in an LP sense given a Brownian filtration. [9] did
the same including jumps. Since then several papers have shown LP existence and uniqueness with a generalized
filtration under weak assumptions, e.g., [19], [30], and [12]. FBSDEs are the Markovian special case of BSDEs
where the terminal condition is determined by the forward SDE.

Another strand of the literature covers possible areas of applications of FBSDEs. For example, FBSDEs
turned out to be useful in mathematical finance, see [16] and [10], in optimal control, see [28], or for partial
differential equations, see [23] or also the book [25].

A third strand is about the discrete-time approximation of FBSDEs, which this paper aims to contribute to.
A popular approach is a backward Euler scheme, see [32] and [7] who derived the L? approximation error of
the scheme. [14] generalized this by computing the L? error. [6] derived the L? error for FBSDEs containing a
finite number of jumps. In the case of an infinite jump activity, [1] proposed a two-step approximation by first
approximating the small jumps by a Brownian motion to have only finitely many big jumps, and second by
discretizing according to [6]. [1] then derived the L? approximation-discretization error. The approach follows
[18] who approximated forward SDEs with infinitely many jumps by finitely many jumps.

This paper contributes to literature in the following way. First, we extend the results of [1] for the L2
approximation-discretization error to a more general LP, p > 2, version by incorporating a jump-adapted FEuler
scheme. Second, instead of partitioning the Lévy measure into jumps larger or smaller than a certain level we
allow for various truncation functions using the approach of shot noise series representations by [26], which may
be the more efficient way for a certain Lévy process (some examples are provided below). Third, we enlarge
the class of pure jump Lévy processes to these which do not fulfill the [3] assumption for the approximation
of small jumps. All in all, we obtain a statement for the L? error for general Lévy processes. We find that the
error depends on N~'/2 where N is the number of time steps, and on the pth and second moments of the Lévy
measure of the discarded jumps.

The remainder of this paper is organized as follows. In Section 2, we discuss the settings in more detail. In
Section 3, we derive an upper bound for the error of the approximation with a finite jump measure. In Section 4,
we present the discrete Euler scheme and prove an upper bound for the discretization error.

2. SETTINGS

This section introduces the setting and notation needed throughout this paper. Let (2, F, (F¢)o<i<7,P) be a
filtered probability space such that Fy contains the P-null sets, Fr = F, and (F) satisfies the usual assumptions.
We assume that (F3) is generated by a one-dimensional Brownian motion B and an independent Poisson measure
poon [0,T] x R with intensity v(de)dt, where v is a Lévy measure on R and R is equipped with the Borel set
B := B(R). We assume that the Lévy measure v satisfies [;,(1Ale|?)v(de) < K < oo, for a constant K > 0 (the
Lipschitz constant from below) and that ¥(R) = co. If ¥(R) < oo, a finite jump approximation would not be
necessary and we could skip Section 3.

Furthermore, we assume that

/ lelPr(de) < oo,
R

for p > 2. This implies that the pth moment of L; for each ¢ € [0,7] is finite. We denote by p(de,ds) =
u(de,ds) — v(de)ds the compensated Poisson measure corresponding to f.
For p > 2 we define the normed spaces on [r,t], r < t,
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. S[IL 4 is the set of real-valued adapted cadlag processes Y such that

1/p
I¥llsy,, o= | sup | <o
™ r<s<t

Hfr 1l is the set of progressively measurable R-valued processes Z such that

t p/2
</ |Zs|2ds>

is the set of (P ® B)-measurable maps U : Q x [0,T] x R — R such that

1/p

< 0.

12l =E

P
]Lm [r:t]

t p/271/P
L E [(/ /RUS(€)6|2V(de)ds> ] < 00,

where P is the o-algebra of (F;)-predictable subsets of © x [0, T].
L? is the set of measurable maps U : R — R such that

U]

I0le = ( [, |U<e>e|pu<de>)l/p <.

The space 5{;15] = S[ZJM] X Hi[)r,t] X Li[nt] is endowed with the norm

1/p
Y, Z,0)ller = (Y[l +1Zllge  +1UIIE» :
[r,t] [ryt] [ryt] [, t]

In the remainder we omit the subscripts if [r,t] = [0,7T], e.g., EP := S[I&T].

We introduce the set of assumptions needed throughout the proofs. Note that these assumptions are not the
minimal ones needed for existence and uniqueness. However they are not overly restrictive and used frequently
throughout the literature, e.g., [6] and [1].

Assumption 2.1. (i) Let a :RXR >R, b: RXxR =R, h: R xR — R be Lipschitz continuous functions
w.r.t. x and %—Hé’)lder continuous w.r.t. t, i.e., for a constant K > 0

b{t,2) = b(t'a")| + alt. ) — a(t'.a")| + h(t.2) = h(t's /)| + lg(t.2) — g(¢'.a")| < K (|t = V]2 + o — o))
(2.1)
is satisfied for all (¢,z), (t/,2') € [0,T] x R.
(ii) Let f:]0,T] x R x R x R x R — R such that it is Lipschitz continuous w.r.t. (z,v, z,q) and %—Hélder
continuous w.r.t. t, i.e., for a constant K > 0

[t 2y, 2,0) = f(t,2'y' 2 ) S K(E= 22+ |z — 2| + |y =3/ | + 2 = | + g = ¢]) (2.2)

is SatiSﬁed for all (t7 x’ y’ Z? Q)7 (t/7x/7y/7 Zl? q/) 6 [O’ T] X R X R X R X R'
(iii) Let p: R — R be a measurable function such that for a constant K > 0

p(e)] < K (1 Alel),

for all e € R.
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(iv) For p > 2 the integrability condition

E

T
(X + / If(t,0,070,0)|”dt] < .

is satisfied.

To prove Theorem 4.3 we need the following additional assumption. A discussion about it can be found in
Remark 4.4.

Assumption 2.2. The function h(¢,x) is differentiable in the x variable with derivative h, (¢, z) such that for
each e € R the function (¢, x;e) := h,(t, z)e + 1 satisfies one of the following conditions

t,z;e) > K=Y or f(t,zye) < —K L

uniformly in (¢,z) € [0,7] x R.

We choose a constant K that fulfills both assumptions. We next mention some important facts on Lévy
processes which we need to approximate the infinite Lévy measure. We opt for the approximation using series
representations which goes back to [26], see [31] for a recent overview. Let L be a pure jump Lévy process on
(Q, F, (Ft)o<t<T,P) with Lévy measure v as discussed above. The famous Lévy-It6 decomposition states that

L can be written as
t t
L, = / / epi(de, ds) +/ / eu(de,ds)
0 Jlel<1 0 Jle|>1
for t € [0,T].

[26] proved the useful result that it is possible to express jump-type Lévy processes as an infinite series. We
now summarize his theory of generalized shot noise series representations. We only present the one-dimensional
case (it is of course also available in d dimensions). Suppose that the Lévy measure v can be decomposed as

v(B) = /OOO P[H(r,V) € Bldr, Be€B,

where V is a random variable in some space V and H : (0,00) x ¥V — R is a measurable function such that for
every v € V, r — |H(r,v)| is nonincreasing. Then, it holds that

- ZH <T’ Vz‘) L10,4(Ti) — tes, (2.3)
i=1

for t € [0,T], where {G;};en are the arrival times of a standard Poisson process (i.e., a sequence of partial sums
of i.i.d. unit rate exponential random variables), {V;};en are i.i.d. copies of the random variable V' independent
of {G,}ien, {T;}ien are i.i.d. uniforms on [0, 7] independent of {G;};en and {V;}ien, and {c }ren are centering
constants such that

¢ = / / «P[H (r,V) € dz]dr.
i-1J|z|<1

Rosinski’s theorem offers several choices for different series representations. The most convenient representation
is case-dependent given the specific Lévy measure. Well-known special cases include the inverse Lévy measure
method, the rejection method or the thinning method, see [31] for details.
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To obtain a feasible numerical algorithm one has to truncate the infinite series in (2.3). Instead of truncating
the series deterministically, i.e., after n summands, we choose a random truncation

G
L? = Z H <T27Vz> ]1[07,5](Ti) - tCZ‘,
{i:G; <nT}

where we cut off all summands if G; > nT, which depends on the random Poisson arrival times {G;}. The
reason is that with the random truncation L™ itself is a compound Poisson process and hence a proper Lévy
process with Lévy measure

V"(B) = /On P[H(r,U) € Bldr, B < B(R%).

Note that the truncated Lévy measure only describes finitely many jumps, i.e., v"(R) = n < oc. In the following
we use the notation 7" (de) := v(de) — v™(de), which is the Lévy measure of the infinitely many small jumps
that are discarded. The important quantity which determines the approximation error of FBSDEs will be in
terms of the second and pth moments of the Lévy measure ™, which are defined as

7 (m)i= [ lepon(ae),

for p > 2. By u™ we denote the Poisson measure with intensity measure v™(de)dt and by ™ the Poisson measure
with intensity measure 7" (de)dt. Let p* and 7" be the corresponding compensated Poisson measures. Clearly,
v=v"+ 0" p=p"+g" and I = pt + an.

We give some examples for special Lévy processes with different series representations.

Example 2.3. We first consider the case where L is a gamma process, i.e., a Lévy process with Lévy measure
awl(e > 0)de, with a > 0, 8 > 0. There are four widely used series representation for the gamma process
[26].

L, = ;i B! <onIZ“) Lp0,4(T3), (inverse Lévy measure method)
i=1

LiE ;Z eci/(alT) 1 (ecef(ci;Ti 16_(6Gi/w))71 = Vi(l)) Toa(T) (rejection wethod)

L £ ;i Vi(2)]l (Vi(Z)Gi < aT) L0,4(T3), (thinning method)
i=1

L= ;i e*ﬁVi(g)ﬂ[O,t] (T3), (Bondesson method)

s
Il
-

for t € [0, T], where {G;};en are the arrival times of a standard Poisson process, {Vi(l)}ieN are i.i.d. uniforms
on [0,1], {Vi(z)}ieN are i.1.d. standard exponential r.v.’s, {1} };en are i.i.d. uniforms on [0,T]. All sequences are
independent of each other. Ey(x) := fifo %du is the exponential integral and E7 Lits inverse. The centering
constants ¢; are all equal to zero in this case. [15] showed the superiority of the inverse Lévy measure method
compared with the other methods when employing a finite truncation, i.e., its o?(n) is smaller for p > 2.
However, in practice it may be easier to work with the other methods. For example, for the gamma process the
inverse Lévy measure method relies on numerical inversion of the exponential integral function. The method of
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Bondesson may be the easiest to use in this case. Note that the gamma process does not fulfill the [3] assumption
for the approximation of small jumps.

Example 2.4. The second example are tempered stable Lévy processes see [27]. For simplicity, we here consider
the classical tempered stable subordinator L with Lévy measure 66”’,1 Ae) 1(e > 0)de, with @ € (0,1),6 > 0, A >
0. Again, the inverse Lévy measure method, the rejection method, and the thinning method can be derived, see
[17]. We omit these here and instead only present the method derived by [27] which works best in practice. As
in the example above, the inverse Lévy measure method is theoretically superior but numerically challenging.
The series representation of [27] is

oo —1/a 1/«
c aG; ViU,
> (( 5T ) A > Lo (T

i=1

for t € [0,T], where {G;};cn are the arrival times of a standard Poisson process, {U; }ien are i.i.d. uniforms
n [0,1], {V;}ien are ii.d. standard exponential r.v.’s, {T;};en are i.i.d. uniforms on [0,7]. All sequences are
independent of each other. The centering constants ¢; are all equal to zero in this case.

Remark 2.5. The Lévy measures v and 7" are assumed to be infinite, i.e., »(R) = " (R) = oo and thus

we cannot apply Jensen’s inequality to integrals of the type [ v(de). Assumption 2.1.(iii) provides a necessary
bound. Indeed, by Holder’s inequality

( / p<e>Us<e>eu<de>)2 < [veretviae) [ plerviae) < K° [ U.ereviae)

for U, € L2, because [(1 A |e[*)v(de) < K < oo is bounded by a finite constant.

Given the approximation of Lévy processes using truncated series representations we use /75 to approximate
the Poisson measure . We call (X", Y™ Z" U"™) the solution of the approximate FBSDE

t t
xr —X0+/ b(s, X" )ds—l—/ a(s,Xg)st+/ /h(s,X;t)eﬁﬁ(de,ds) (2.4)
0 o JR
T T .
ve=o0p+ [ sexeve s [z [0 [ vroanaes, @9
t t JR
where I'? = fR v"(de). The aim of the next section is to compute the approximation error between

the original FBSDE (1 1) (1.2) and the approximate FBSDE (2.4)—(2.5).

Remark 2.6. In this paper we restrict ourselves to one-dimensional FBSDEs. The extension to multidimen-
sional FBSDEs (the comparison principle, see [5], only holds for one-dimensional BSDEs) is straightforward.
We can replace It6’s formula by its multidimensional counterpart in the proofs and use the same arguments
and bounds to obtain the multidimensional results. We omit these details in the proofs in favor of a simpler
notation.

We end this section with a notational remark. Let C, denote a generic constant depending only on p and
further constants including K, T, a(0), b(0), f(0), g(0), h(0) and the starting value Xy, which may vary from
step to step.
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3. ERROR OF THE APPROXIMATION OF THE PURE JUMP PROCESS

In this section, we compute the LP approximation error between the original backward SDE (1.2) and the
approximate backward SDE (2.5), defined as

p/2

T
Errnpy(Y,2,U):=E | sup [Y, =Y + (/ 1Z, - Z?Fds)
0<t<T 0

([ o[ fsoracaon) ]

Furthermore, we derive an upper bound for the approximation error of the forward SDE defined as

E { sup | X —Xt"p} .
0<t<T

In the following proofs, the standard estimate for the solution of the FBSDEs is useful:
H(X7Y7Z7U)||SP><£P = (1+|X0‘p) (3'1)

for p > 2, see [6]. In particular, the forward SDE has the estimate

E { sup |Xt|p} < Cp(1+|XoP).
0<t<T

Because the FBSDEs are decoupled we can analyze the forward and backward components separately. We
begin with an error bound for the forward SDE.

Proposition 3.1. Let p > 2. Under Assumption 2.1 on (Q, F,(F),P)

e there exists a unique solution X of (1.1) on [0,T] with X =0,
e for any n € N, there exists a unique solution X™ of (2.4) on [0,T] with X =0,

Moreover, there exists a constant C, such that

E| sup |X;— Xt”|p] <G (Jp(n) + 02(n)p/2) . (3.2)
0<t<T

Proof. The existence and uniqueness is a standard result, see [2]. We thus only prove the bound (3.2) which is
an easy extension of [1].
Let ¢ <T. We plug in the SDEs and use the Burkholder-Davis-Gundy (see Thm. 2.11 of [20]) inequality to

obtain
</0t |b(r, X)) — b(r, Xﬁ)dr)p]

(f lar, X,) — a X:f>|2dr)p/2]

E| sup |X; —X§|p} <Gy <]E
0<s<t
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[ t p/2
+E </ /|h(r7Xr)—h(r,Xﬁ)|2|e|21/"(de)dr> 1
0o Jr
-t
+E //|h(r,XT)—h(r,X,f")|pe|pV”(de)dr}
LJo Jr
[ t p/2
+E </ /|h(’l",Xr)2|€217n(d6)dT’>
| \Jo Jr
t
+E [/ /h(r,Xr)|p|e|pu"(de)dr]>.
0o Jr
By Jensen’s inequality for the dr integral, the Lipschitz Assumption 2.1 and (3.1),
t p/2
(/ /(1+ X,.|2)|e|2un(de)dr> ]
0o Jr
t
+E U /(1 + |Xr|p)|e|p17”(de)dr]>
0o Jr

¢
<Cp (/ E[Sup |XSX;”’} dr+02(n)p/2+op(n)>.
0

0<s<r

0<s<t

t
E | sup |Xs—Xs"|p} <C, (E [/ |X,.—Xf|pd7‘] +E
0

Now the result follows from Gronwall’s lemma. O

We now turn to the approximation error of the backward SDE. We start with a remark which gives some
insights into the error and next we state and prove our first main result.

Remark 3.2. Observe that, by the Burkholder-Davis-Gundy inequality,

/ / e)epi(de, ds) / /U" e)eun(de ds)

sup
0<t<T
T —_—
< CLE | sup / /(Us(e)fUS”(e))eu"(de,ds + sup / /U e)ea™(de, ds) ]
o<e<t |Je JR 0<t<T

< C,E (/ /|U "(e)|*e*v"(de) ) (// 22”de)d>p/2

Theorem 3.3. Let p > 2. Under Assumption 2.1 on (2, F, (F:),P)

e there exists a unique solution (Y, Z,U) of (1.2) in EP,
e for any n € N, there exists a unique solution (Y™, Z™, U™) of (2.5) in EP.

Moreover, there exists a constant C, such that
Erro (Y, Z,U)P < C, (ap(n) + 02(n)1’/2) .

Proof. We omit the proof of existence and uniqueness because it can be found in the vast literature. The
standard way is to first show existence and uniqueness in the space £2 and second show that the solution also
belongs to EP. We refer to [5], [8], [9], [19] and [12]. Some of their techniques also provide to be useful for the
derivation of the error.
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Define

S A

— ()~ g(xp) + [ " O - / " jemds - ( / " a8, - / ' ng38>
(/ / e)epi(de, ds) / /U" e)eum(de ds))

— Gg(Xr) + / 5/(©.)ds - / 52,dB,

(/ /U e)ei™(de, ds) / /5U e)eu(de, ds)> ,

where we use the notations 6g(Xr) := g(Xr) — g(X%), 6Us(e) :=Us(e) —UZ(e), 6f(Os) := f(O5) — f(OF) and
50, = (5,0X,0Y,,07,,00,) := (8, Xy — X™,Ys — Y, Zy — Z7,T'y — L),
Step 1: We apply the It6 formula with the C?-function 7(y) = |y|P to the process §Y;. We use that

o L, - _ _
;Z(y)=py|y\p 2, T;Z(y):pw Hplp =2yl =plp-1)yP >

Hence

T
Vi = [8g(Xr)P + [ pOY.I8Y.P25£(0.)ds
t
T 1 T
“p [ VoISV 02, [ - 16V ez
t t
T
- / / (16Ys- + Us(€)el? — |8Ys [P — pbY,_|6Ys_ [P~2Us(e)e) A" (de, ds)
t R
T
_ / / (16Yo + 6UL(e)el? — 6Yo_ [P — pbY,_|6Y,_ [P~26U, (c)e) 1" (de, ds)
t R
T N T _
—p/ /5Y'S,|5Ys,|p_2US(e)eﬂ”(de,ds) —p/ /§}Q,|5}§,|p_25Us(e)eu”(de,ds) (3.3)
t R t R
T
— gl + [ bVl 25£(0.)ds
t
T 1 T
o [ SV lsVep22dB,— 5 [ bl - vV 20z2s
t t
T
—/ / (16Yo- + Us(e)el” — [8Yo P — p8Y,_|8Y,_ [P~2U,(e)e) 7" (de)ds
t R
T
—/ / (|6Ys— 48Uy (e)e|? — |8Yo—|P — pdY,_|6Y,_[P~26U,(e)e) v (de)ds
t R

T N T N
[ Ve @ Y e ds) < [ [ (8Yer 48Ul 8V ) e, ds)
t R t R
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We use a Taylor expansion of (z + y) around z.

n

- Sh@ = o =1) [ (1=l ar (3.4

> p(p— 1)3' Py |z|P 2.

n(r +y) —n(x)

The inequality follows by Lemma A.4 of [29], an earlier version of [30]. For the readers’ convenience we state it
now: Let p € (0,00) and let B be a generic real Banach space with norm |- |g. For any z,y € B,

1
/ (1 - o)z + aylfda > 3~ |g]g.
0
The above implies
T
- / / (|6Ys— + Usle)e|? — [6Ys—|P — pdY,_|6Y,_[P~2Us(e)e) 7" (de)ds
t R
T
—/ / (|0Ys— + 6Us(e)el? — |6Ys— [P — p§Y,_|0Ys_[P726U,(e)e) v™(de)ds
t R
T
<—plp- 13 [ [ v pv e e deds
t R
T
plp =13 [ [ 18V RsU ) et de)ds
t R
T T
= plp =13 [ IOV U, ds = pp - D3 [ SV, s
t v t v

Denote £, := p(p — 1)3'7P and by &, < @ we get that (3.3) becomes

T T T
A R A A A A AT R (T AL (LA
t t o t v
T T
< 3gCXr)lP + [ paYIoY.Par(©.)ds —p [ oY. oY, P 6Z.dB,
t t
T N T N
= [ [V s U@ 8V e, ds) < [ [ 8V 48U (el Y. ]?) (e, ds).
t R t R

Now we apply the Lipschitz condition (2.2) of f to obtain

T T T
VI ey [ 8V.P 20225y [ IOV Ay [ SV RIS, s

T T T
< |8g(X7)[P + Kp / 8Y4|0Y, P20 X,|ds + Kp / §Y,|0Y, [P tds + Kp / §Y,|0Y:[P~20Z,|ds
t t t

T

T
L Kp / 5Y, |6, P2 / p(e)|Us(e) er™ (de)ds + Kp / 5Y,|5Y, P2 / ()67 (e)|er" (de)ds
t R t R

T
—p [ oVl pozan,
t
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T N T N
[ [0V U@ 8V e, ds) < [ [ 8V 8L (el ~ 8V l?) (e, ds).
t R t R

Next we use the inequality ry < az? + y?/a for a > 0, 2,y > 0, the bound of p (recall Rem. 2.5), and that
0Ys < |8Ys]| to derive

T T T
|6yt|p+/<;p/ |§Ys|p72523d5+/<;p/ B ALIATEN ds+n,,/ 0V |P2||0U| 22 ds
t t v t v
T Kp T Kp T
< |5g(XT)\P+Kp(1+a+6+7+e)/ |(5YS‘Pds+7/ |6YS‘P—2|5XS|2ds+?/ 0Y,|P~2|6 Z,|ds
t t
K4 K4 T T
/ VP2 ds+ 2E [0V, ds—p [ oYe oY, p6z,dB,
t v t

o~ T o~
/ / (16Ye + Us(e)el? — |8Ya_|P) 7 (de, ds) — / / (16Ys- + 6U(e)el? — |8, [P) i (de, ds).

We make use of the Lipschitz condition (2.1) on g and Young’s inequality for [§Y;|P~2|§X,|? to get

T T T
VP 4, [0V 2623 s 4y [ BRI ds 4y [ 8V 6T, ds
t ¢ on f wn
p—2\ [T
t
2K T K4 T
+ 2 |5X IPds + p/ 16Y,[P~2(6Z,]%ds + J/ |6V, [P2||U |2 ds
Q t Yo Jt v
K4 T
+ 57 / YIS0 ds —p [ 8. oYl 202.a8,
t v t
T o~
[ [ v+ el — oY) e, ds)
t R
T o~
—/ / (|0Ys— 4+ dUs(e)el? — |6Y5—|P) pn(de, ds), (3.5)
t R

where we choose the constants a, 3,~,& > 0 arbitrarily such that Ep oo K0 o and K2 < i
sy My Iy B §23) 52 e P

Note that the local martingales in (3.5) are indeed true martingales which follows from the proof of the
existence of the SDEs, see [19]. We then take expectations of (3.5) to obtain

T T T
|0Y; [P + np/ |6Y,|P~26Z2%ds + np/ |6K|p_2||Us||ignds + np/ \5}@|P—2|\5U5||§2nds
t t 4 t v

T
/ 16V, [Pds ) . (3.6)

E[18Y,1"] < Cp (o7 (n) + 0*(n)"/2) (3.7)

<C, <op(n) +02(n)P? + C,E

Then Gronwall’s lemma implies
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We substitute (3.7) into (3.6) to get
T T T
E [ | 1vapazzas s [ lav Ry dse [ av s, ds] <G, (o7 + P m)”?)
0 0 o 0 v
which implies that

E

T T T T
/ \6Ys|pds+/ |5Ys|p72§Z§ds—|—/ |65 [P72||Us |22 ds+/ 0V |P2|6U| |22 ds]
0 0 0 o 0 v
<y (o7 (m) +*(m)/?)

Now we apply the Burkholder-Davis-Gundy inequality and Young’s inequality to the martingales in (3.3).

First,
T T 1/2
E[sup /6Y_|6Y_\p‘26stBs < C,E (/ |6Y5|2p_2|6ZS|2ds>
0<t<T |J¢ 0
1 2 r —2 2
< —E| sup [§Yi[?| +pC2E 6, |P~262Z,|2ds | . (3.8)
dp  lo<t<T 0
Second,
T T 1/2
Bl sw |[ [ 5Ysm|”Us<e>eﬁ<devds>] <GE ( |/ |6Ys|2P2Us<e>2e2ﬂ”<de,ds>>
0<t<T |J¢t R 0 R
1 2 r —2 2
< —E| sup [§Y;|P| +pC E |0Y5|P||Us| |72 ds| . (3.9)
dp  lo<i<r 0
Third,
T T 1/2
E| sup / / 5Y,_|5Y,_ [P 25U, (e)epi (de, ds)| | < C,E ( / / |6Ys_|2p25Us(e)262un(de,ds)>
0<t<T |J¢t R 0 R
1 2 T —2 2
< —E | sup [6Y|"| +pCyE |0Y[P~=[|6Us |72 ds| . (3.10)
dp  lo<i<r 0 vn

We return to (3.3) and use the bound (3.4) for n to get
T T T
|5n|P+np/ |5Ys|p_2(5Zfds+/£p/ 1Y, P~2||U, |2 ds—i—fiP/ 1Y, P[50, |12 ds
t t V"l t V/”'
T T
< [sgCer)P + [ paY.IoY.Par(©.)ds —p [ oY. oY, p26Z.dB,
t t

T T
—p/ /5Y_\5Y_|p—2Us(e)eﬁ(de,ds) —p/ /5Y_|5Y_|P—25Us(e)e;ﬁ(de,ds).
t R t R
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When we now follow the previous lines in the proof to bound the §f(0O) integral and use the bounds (3.8),
(3.9) and (3.10) by the Burkholder-Davis-Gundy inequality we finally derive

E { sup |Y}|p] <Cp (ap(n) + UQ(n)p/Q) .
0<t<T

Step 2: In the second step we prove that

E[</0T|5ZS|2ds> (/ /|U Je|>v™ (de)d ) (/ /|6U Jel2v™(de)d ) /2]
<0, (ap(n) +02(n)p/2) .

Again we apply Itd’s formula, this time to [0Y;|?:

|6Yo|? + / |0Z |2d$+/ /|U e|> " (de, ds) / /\5U (e)e|?u"(de, ds)

= \6YT|2+2/ 6Y56f(@s)ds—2/ 0Y,0Z,dB,
0 0
T N T N
—2/ /5Y3_Us(e)eﬂ"(de,ds) —2/ /5Y3_5U3(6)6,u"(d6,d5).
0 R 0 R

Next we use the Lipschitz condition (2.2)

T T T
/ |5ZS|2ds—|—/ /|Us(e)e|2/1”(de,d5)+/ /|6Us(e)e|2u"(de,ds)
0 o Jr o JR

T T T
< \6Y*|2+2K/ \5Y3|2ds+2K/ 5Y;|6Xs|ds+2K/ §Y,|6Z|ds
+2K/ 6Y/ e)|Us(e)|er™ (de)ds+2K/ (5Y/ e)|0Us(e)|ev™(de)ds
- 2/ 0Ys0Z.dBs — 2/ /(5Y'S_Us(e)e[7l(de,ds) - 2/ /53§_5U3(e)e;jﬁ(de,ds),
0 o Jr o Jr

where Y, 1= supg<; <7 [0Y7].
We again use the inequality 2y < az? + y?/a for a > 0, x,y > 0 to get the bound

/|§Z|ds+/ /|U e|?i"(de, ds) + //|6U e|?u™(de,ds)

T T
< |5Y*\2+2K(1+a+6+7+6)/ |5Ys|2ds+—/ \5XS|2ds+?/ |6Z,)%ds
0

2K4
=/ ||U ||]L2nds+— 16U][2, ds - 5Y52 dB,

) /O /R 5y;_Us(e)eﬁﬁ(de,ds)—2 /O /R 51@_5U3(e)emde,ds). (3.11)
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Next we take powers of (3.11) (and use Jensen’s inequality for the first two integrals on the RHS)

(/()T|5Zs|2ds>p/2 + (/OT/R|Us(e)e|2p”(de7ds)>p/2 + (/OT/R|<5Us(e)e|2ﬂn(de,ds))w2

T
<GP+ Cy @K (1t at Bty +e)” [ Iavilras
0

p/2 T p/2 T p/2
e <2K> / 6X,[Pds + C, <2K) / EYARE
«Q 0 B 0

/2 2 p/2
94 p/2 T p 9K4 p/ T
vo () ([ as) e (B5) ([ e, as
Y 0 v € 0 v

p/2 p/2
+Cp

+ +
Because p/2 > 1, we can apply the Burkholder-Davis-Gundy inequality and Young’s inequality to get

T p/4 2 T p/2
2 2 Cp 1 2
< ¢,E 16Y,|2162,[2ds < PRSP + 5E 162, 2ds ,
0 0
B T . p/2 T p/4
/ / 8V, Uy(e)eii™(de,ds)| | < E ( / / |ay_2Us<e>|%2n“<de,ds>>
0 R 0 R
2 T p/?
Cp 1 2
L fovir+ 58 || [0 des)) |,
4 2 0 on
p/2 T p/4
< ¢,E (/ /|6Ys_25Us(e)|262,u"(de,ds)>
0 R

2 1 T p/2
LE (|6Y.J7) + 5E (/ 16U 22 ™ (de, ds)> :
0 v

for some constant ¢,. Using this for the expectation of (3.11), we see

1 T p/2 1 T p/2
2" (/ |5Zs|2d3> +oE (/ /|Us(6)€|2/i”(de,d8)>
0 o Jr
1 T p/2
+-E / / |6U,(e)e* ™ (de, ds)
2 o Jr

2K\ P/ T v/
< Cp Ty B [|0YilP] + Cp 1. [Osup |5Xt|p]+cp( ) E ( /O |5232ds>

T
/ 0Y,0Z,dB;
0

[ [ v vioeiiae.as

T
/ / 0Y,_6U,(e)ep™(de, ds)
o Jr

p/2)

(3.11)

p/2

i T
C,E / §Y,6Z.dB,
0

C,E

IN

T
GE || [ [ oV sU. (e (de,ds)
0 R

IN

<t<T B
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/2 2 p/2
94N\ P/? T b o)A\ P/ T
vo (55) m | ([ o) ee (B5) m | (]l e

As in [19], (see also [11]) we use the bounds

E ( Pl ds) < d,E ( |/ Us<e>e|2n”<de,ds>> ,
0 v o JRr

E (/ 16U |22 ds> < dyE (/ /5Us(e)e|2u”(de,ds)> ,
0 v o Jr

for some constant d,, > 0.
All in all we can choose the constants «, 8, v and € (only depending on p) such that

T p/2 T p/2 T p/2
B (/ 5zs|2ds) ‘R (/ A ds) +E </ 16U, 2 ds)
0 0 o 0 v

< C,E[|6Y, "] + C,E [ sup |5Xt|p]
0<t<T

< Gy (") + o*(n)"'?),
by Step 1 and Proposition 3.1. O

4. ERROR OF THE DISCRETIZATION OF THE FBSDE

In this section we discretize the approximated FBSDE (X", Y™, Z™ U"™) and derive error bounds. We use a
forward—backward Euler scheme for simulation. First we define the regular grid 7 := {fk = %, k=0,....,N }
on [0,T]. We do not discuss the discretization of the original FBSDE because in practice they cannot be
simulated and the proofs of this section rely on v™(R) < oco. Starting with the forward Euler scheme for X", we
define

Xg’ﬂ = Xy
n,mT n,m g n,m g n,m re n,T\ T n g (41)
{ka}l = ng + %b(tka th ) + alty, th JABj 11 + fR h(t, ng Jeu(de, (tk, ter1]),

where AByy := B, ., — Bj, are normal random variables. We now aim to to derive the discretization error
of the forward SDE. Although the techniques are pretty standard, we have to reconsider the result of [1]
because the discretization error depends on the truncation parameter n. We here follow [22] who derived a new
approximation-discretization error for a jump-adapted scheme. In order to do so, we define the jump-adapted
discretization scheme as

ﬂ::{tk,k‘:L...,N-‘rJn} ZZﬁ'U{Ti,iZGiSHT},

which is the superposition of the discretization times and the times when large jumps occur, and J" := |{T}, :
G; <nT}| denotes the number of large jumps.
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Let us define the function 7 for ¢ € [0,T] by
7= max{ty, k=1,...,N + J" [t <t},

and let

X[ = X0 4 b(ry, X2 (t — ) + a7y, X27) (B — By )—l—/h(Tt,XZ’”) "(de, (7, t])
R

be the jump-adapted Euler-scheme for ¢ € (¢, tx+1]. This can be written as

t t ¢
XM =X, +/ b(7s, X2™)ds +/ a(7s, X dB, +/ /h(TS,X::W)e;ﬁ(de,ds)
0 0 0o Jr

for ¢ € [0, T7.
We now state estimates for the discretization error of the forward SDE. The following bound is derived in
Lemma 1 in [22]. Let us define
yi= [ lelrvre)
R

Under Assumption 2.1.(i) on (2, F, (F;),P) there exists a constant C), such that

E| sup |[X™7 — X;:’wp] <G, (N*p/2 + N*pml(n)z’) :

Tu <u<t

for any ¢ € [0, T]. Then the following lemma follows analogously to Theorem 6 in [22].

Lemma 4.1. Let p > 2. Under Assumption 2.1.(1) on (0, F,(F;),P) there exists a constant C), such that the
Euler scheme (4.1) of the forward SDE has the discretization error

E| sup |X7—X.""]P

<c, (N—W + N_pml(n)p) , (4.2)
t€[0,T

for all p > 2.

Next we introduce the backward implicit scheme to approximate (Y™, Z™,I'"). We follow [6] and [13] and
define

ZPT = (b — ty) TR YT (Btk+1 - Btk)|ftki|

tet1
TP = (tgr — 1) B V7 [ ple)ep (de, (tk,tk+1])|}}k] (4.3)
}_/tn,Tr = E [n::”ftk:l + (tk-',-l _ tk)f (tk’XtT:CTr’Yn‘n' ZZLW,F’U ‘n') ,

on each interval [ty,ty41), where Y™ := g(X7™). If f depends on Y, the last step of (4.3) requires a fixed
point procedure. However, since f is Lipschitz continuous in the y variable and because f is multiplied by a
value close to 1/(N + J") the approximation error can be neglected for large values of N and n.
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Given the backward scheme (4.3), we will analyze the discretization error

1/p
Erry (Y™, 2", U") == ( sup E[[Y)" =V "P] +||Z" = Z"7||g + [T — F””TII]I"QIP)

0<t<T

and we will show that it converges to zero with order N—1/2.
In the following we discuss some related processes which will be needed throughout the proofs. By the
representation theorem, see, e.g., Lemma 2.3 [28], there exist two processes Z™™ € HP and U™™ € }Lﬁn such

that
. . tet1 tet1
vin sl = [ zans [ [ vreeeae.s).
tr ty

Observe that Z;"™ and T'}"" in (4.3) satisfy

B tet1
ZZ:W = (tk+1 — tk)_lE |:/ Z:L’ﬂ-ds
23

Ftk:|a

_ 41
F?k’ﬂ- = (tk+1 — tk)il]E l:/ FZ”Tds
23

]-'tk} , (4.4)

n,m

and thus coincide with the best H? j-approximations of the processes (Z"™) and (T}°7) :=

[t trt1
(Jpp(e)U;"" (e)ev™(de)) on [ty,ty+1) by Fy-measurable random variables (viewed as constant processes on

[tk,tk+1)), i.e.,

trt1 B trt1
E [/ |ZmT — Z;jf|2ds] = inf E [/ |ZmT — Zk|2ds} ,
th ZkELz(Q,]'—tk) th
th+1 B te41
E U T — r;:”|2ds} = inf E [/ T2 — Fk|2ds} .
th Tr€L?(Q,Fty,) ti

Thus, it holds that

_ _ B _ B th1 tht1
VT = Yo+ (ber — ) f (b, X007 Y00, 207 TET) —/t Z™™dB, —/t /RU;L’W(E)eﬂn(de,ds).
k

k

We define the process Y™7

t t
Y = VT (= ) f (b, X YT 20T TR + / ZM 4B, + / / U™ (e)efi™(de, ds)
tr JR

tr

on [ty,tr+1) and obtain that

trt1 _ B B B
(tk+1 - tk)ilE |:/t stmdslftk] =E [KZ_’:‘; ‘ftk:| + (tk+1 - tk)f(tkvXZ:ﬂv )/t:’ﬂ-v th);,ﬂ’ F?;;W) = Y:‘,Z’Tr = Y;’ZJT.
’ (4.5)
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Thus Y;"" is the best approximation of Y™™ on [ty,tx41) by Fi,-measurable random variables (viewed as
constant processes on [tg,tr+1)), which explains the notation Y™, consistent with the definition of Z™™ and
.

Furthermore, we need to define the processes (Z",I™) on each interval [ty,t,41) by

B tht1
Ztn = (tk+1 — tk)E |:/ Z?ds
tr

ftk:|7

_ tet1
F? = (thrl — tk)E |:/ I‘st
tr

7l (16)

Remark 4.2. Z! and T} are the counterparts of Z;"" and T'}"" for the original backward SDE. They can
be interpreted as the best Hﬁk’tkﬂ]—approximations of (Z7")t,<t<trs, and (I'})s, <t<t,,, by an Fy, -measurable
random variables (viewed as constant processes on [tk, tkt1)), i-¢.,

(7 N th+1
E [/ |Zm — Z{;st} = inf E [/ |z — Zk|2ds} :
Zk€L2(Q,]:tk_)

tk tr
tht1 B th+1
E [/ I — F?k|2ds] = inf E V i — I‘k|2ds} :
th TReLl?(Q,Ft,) th

We now state our second main theorem, which gives a bound for the discretization error.

Theorem 4.3. Under Assumptions 2.1 and 2.2, the discretization error for the backward SDE is bounded by
Brrey(Y", 2", U") < G, (N7V2 4 N"'ml(n)), (4.7)

where C, only depends on constants and not on n or .

Proof. The proof is an L? extension of the proofs of [6], [13] and [7]. For the sake of brevity we set 6"Y; := Y;" —
V[T 617, = 20— ZPT, 67Uy (€) = UP(e) — U™ (e), 67T, := TP — T and 6" £(0,) := f(t, X, Y}, 20, T7) —

f (e, X007,V 0T 20T T, Note that Y™ = Y,"™ by (4.5) which we will use repeatedly.

tr tr
The proof is divided in four steps. Before turning to the first step, we discuss some bounds which we will

need throughout. Let s € [tg, tx+1). Then
E[|X"— X" <G, (N—W + N_pml(n)p) , (4.8)
by (4.2). Moreover,
E YD =Y P <p(E[Y = Y]+ E[16"Y,[7])
and

Ellz: - 2,71 <p (EIZ0 - ZLP] + B (125, - 27

1)

thy1
‘(tk+1 —tx)'E [/ 6" Z,ds

tr

p(E[
P <IE 122 — ZL P + E

]

)
)

th41
E {(tk+1 ftk)’l/ |67 Z,|*ds

tr

<C, (IE 1Zy—Z|P] +E
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<Gy (E 128 = Z5, 7] + (trsr — 1) P/°E

tha1 P/2
(/ 5"ZS|2ds) D
tr

=C, (]E (122 = Z 1] + (ter — tw) "2/2|[6" 2] P ) . (4.9)

[trotr41]

The second equality follows by (4.4) and (4.6) and the third and fourth inequalities by Jensen’s inequality.
Analogously, using the bound on p, we can prove

E[|Irm - T3P < G (E (05 = T3 7] + (b = ) P21 UNE, ]) . (4.10)
btk

r
k H—Jun

Step 1: We apply Ito’s formula to [0"Y|P for ¢t € [tk, tkr1),

tht1
E(|"Yi] = E [|5"Y;,,, "] + pE [/ oY, I6”Yg|p25"f<@s>ds]
t

- tht1
. p(p 1)]E {/ |5an|p2|5nZs|2d$]
t

2
tet1
_E [ / / (I6"Y_ + 67U, (e)elP — |5"Ya_|P — ps™Y,_ [5"Y_ [P25"U,(e)e) V”(de)ds} .
t R
As in the proof of Theorem 3.3 we use
tht1
—-E [/ / (|6"Ys— + 6" Us(e)el” — [6"Ys— [P — p6"Ys_ ["Y_[P726"Us(e)e) V"(de)ds]
t R
tht1
< —RpE [/ / |5”Ys|p2|5"Us(e)e21/"(de)ds} ,
¢ R
with x, = p(p — 1)3'7P, to derive
tk+1 tk+1
E[|6"Y[P] + kpE [/ 6”Y51’2|5”Zs|2d5} + KpE [/ / |67V, [P72|6" Uy (e)e)?v™ (de)ds
¢ ¢ R
te41
< B[, )48 | [ oy vt e
t
We use the Lipschitz condition (2.2) and that tx11 — tx, < T/N to get

th41 th41
E[|6"Y|P] + kpE [/ |5"Y5|p2|§”Zs|2d3} + kpE [/ / |5"YS|”25”U5(e)e|2yn(de)ds]
t t R
< E [|0"Yy,,, "]

ty

thy1 _ = =
+E U §"Yy |67 [P ((T/N)”2 H XD = XU Y YT 2] - 2T+ (0T~ F"’“I) ds] :
t
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We rewrite this inequality to have

tht1 k41
E[|5"Y; ] + i E { / |5”Ys|p2|6"Zs|2ds] 4+ 1,E { / / |5”Ys|p2|6”Us(e)e|2u”(de)ds}
t t R
<E U(SnY;fk+1 |p]

teit _ _
P [ [Vl 5 (DN X2 = X1+ YD~ ¥ 125 - 251+ 0 - ) )
t

tht1 _ B tht1 B B
+E {/ 0"Ys |<5”YS|”_2|Z{;c — ch’”|ds] +E {/ oY |5"YS|”_2|FZ€ — F?k’”|ds] .
t t
We repeatedly use the inequality ab < ca? + b?/a to get
tha1 tht1
E [|5"Y;[?] + x,E [ / 5nysp—2|5nzs|2ds} +#,E [ / / 6"YSp_2|6”US(e)e|2u”(de)ds]
t t R
tht1
<E[|6"Y [P] 4+ (a+ B+ 7)E [/ |§"Ys|pds}
t
C trt1 = —
+ LB U 7Y P72 (N4 X = X7+ 6", |2+ Y =Y P + |20 = Z7)P + [T —T7) ds]
t
1 tr41 9 5 . 1 tr41 9= N
k| [z - zyrpas] 4 e | [T v -t P

Next we apply Young’s inequality
tk+1 tk+1
E[|6"Y;|P] + #,E [/ |5"YS|”26"ZS|2ds} + KpE [/ / |6"Y5|p26”Us(e)e|2y"(de)ds]
t t R

1 te41
<[]+ Gy (at s e+ L) B[ [ riias)
t

C tr41 B B
+ 2E V (NP2 4 X7 = X 4 07V, P+ [V = VP + |22 = Z0)P + [T = T2 ds]
Q t

1 th+1 B B
1+ _E |:/ |6nYVS|p_2|ZtTL _ ZtT:Tr
t

2 1 fest —2 |7 nn,T |2
3 ds} + ;]E {/t |0"Y [P} =T ds} .

Because we know from the second terms in the chain of inequalities (4.9), we have
tk+1 _ _ tk+1
E U \Zy — Z;;“Pds] < CoE U |5”Zs|2ds}
t ty
and analogously
thy1 B tht1
E [/ Ty — rgﬂ?ds] < CoFE [/ 5"US|2ds} ,
t tr

for a constant C; > 0, we can choose 3, > 0 independent of N such that

trt+1 1 te+1 B B
KpE [/t |6"Y5|p_26"ZS|2ds} > BE [/t 0"Y, P2 | 2] — Z;g”|2ds]
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and

th+1 Ly ) 1 trt1 . 1
e[ [ [y @on] = e [T v - o

This and (4.8) imply that
1 te+1
BIP] < B0 P) 4Gy (a2 )| [ riiras)
t
C trt1 - =
+ 2 [T R [N N ) 5V P Y - Y |22 - 22 U - TP,

@ Ji

for t € [tg, tk+1) and thus

1 te+1
E[0"Yil") < B [|6"Yee "] + G (“ " a) . [/ Ié"YsV?dS}
t
C _
+ 22 ((trar =) (NP2 4 N7Pml ()7 + E[|6"Y, 7)) + By ),
«
where

B tht1 = =
Bo= [ (®[V2 - V2P +E (2D - Z2P] + BT - T2P]) d.

tr

Using Gronwall’s Lemma, we can choose « independent of IV such that
E(I"Yil"] < E [15"Yig, ] + Cp (b1 — &) (N77/2 4 N7Pml () + E[16"Yy, 7]) + B.) (4.11)
If we take t = t; in (4.11) we get
E (16"Y;, ") < E [10"Ye 1 ['] + Cp (b1 = t0) (N 772 4 N7Pml(n)? + E[6°Y,, 7)) + Bi) . (412)

Plugging (4.12) into (4.11) iteratively, combined with the Lipschitz condition for the terminal value g(X7%) —
g(X7™) and the bound (4.2) we obtain

E[|6"Y;["] < C, (J\H’/2 + N"Pml(n)? + B) :

for ¢ € [0,T7], where

N4J"—1

B = Z Bk.
k=0

We can take the supremum over all ¢ and conclude

sup E[|6"Y[?] < C, (N—P/2 + N"Pml(n)? + B) :
0<t<T
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Step 2: We also can show that (4.11) holds for taking the supremum over [tg,tx+1), i.¢.,

E| sup [5"V]?

te <t<tp41

<E[[6"Y. 7] + G ((tk+1 —1) (N—p/2 + N "Pm!(n)? +E [\5"Ytk\p]) + Bk) - (413)

This follows like in Step 1 by using It6’s formula (without the expectations)
tha1 tet1
Y7 + Hp/ 7Y, P=2]67 2, [2ds + n,,/ / 157V, P26 U (¢)e 20" (de)ds
t t R
1 te41
< 6"V [P+ Cp (a +B8+7+ a) / |6"Ys[Pds
t
C lt1 = =
[T (N XD X 8P Y - YO 120 - 237 + T2 - TR ds
Q Jy

1 tht1 B B 1 tht1 B B
+3 / VL2225 Ps / |67Y, [P2|T — D 2ds + M, (4.14)
t t

where
tht1 tet1 —
M, :/ 5“y§_|5”YS_|P*25”ZSdBS+/ /5"Ys_|6"YS_|p’25”US(e)e,u"(de,ds)
t t R

denotes the martingales which can be handled with the Burkholder-Davis-Gundy inequality:

trt1 tht1 1/2
E| sup / §"Y,_|0"Y,_[PT25" ZdB|| < CL,E </ 5”Y52”2|5"Zszds>
te<t<tpt1 |/t th
1 tr41
<—E sup  [0"Y|P erC'zE {/ 5”Ysp2|5”Zs|2ds}
4p tr<t<tp41 tr
and
trt1 N
sup / /5"YS |67"Y,_[P726" U, (e)eu™(de, ds)
te <t<tk41
thtt 1/2
<C,E (/ /|5"YS_|2P*25" s(e)?e?u"(de, ds)>
tr R
1 tr41
< | s pvp|+pcE { / / |5”Y;|p2|5"Us(e)|2621/"(de)ds].
Ap | te<t<tin 6 IR

Taking the supremum and expectations of (4.14), using the above two bounds and proceeding as in Step 1 yields
(4.13).
Step 3: The next step controls

E [(/tt+ |5”ZS|2ds> </tk+l / |6 U, v"(de)ds >MT .
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We start by applying It6’s formula to [6"Y;|? on [ty tri1)

tret1 tha1
|5”y;\2+/ 5"Z§ds+/ /5”US( 2e2 1™ (de, ds)
t t R
te41
= |6"Yp,, P+ 2/ 8"Y, 6" f(0,)ds
t
tht1 tht1 ~
— 2/ 0"Y,_ " Z,dB, — 2/ /(5"YS, 0"Us(e)eu™(de, ds).
t R

The Lipschitz and Hoélder condition on f then imply

tr41 th+1
|5”Yt|2+/ 5n22ds+/ /5" )22 (de, ds)
t

k+

6", ((T/N)TY2 4 X2 = X274 Y = V| + |20 = 23

N, T
— Ftk

)ds

<otz [
t

tht1 tet1 —
— 2/ o"Y,_ 0"Z,dBs — 2/ /5”Ys_ 0"Us(e)eu™(de, ds).
t t R

Again we use the inequality ab < aa® + b?/a to get

tht1 trk41
|6”Yt|2+/ 5”Z§ds+/ /6"US( )2e? " (de, ds)
t t R

tht1
<Y ey [ YRS
t

C b1 ~ 7N, T ™ N,
2 [T N X XD Y |25 - 25 T - T ds
t

te4+1
S

a Jy

tht1 thy —
— 2/ 0"Ys_ 0" Z,dBs — 2/ /(5”}/;, " Us(e)eu™(de, ds).
t t R

Y —Y|ds +—/ |Z" — Z"2ds +0/ IT? —T7|%ds

Next we take powers

tht1 tet1 p/2
t
2 e 2 v Cp CP s 2 v
< Cpl0™ Yo "+ Cplar+ B+ ) / Yol + RN / X7 = XP s

C C, —~ 7N, T C T 7,7
+ N TR + o/ (1 = )2\ 25 — 257+ o3 (ts1 = t)?/ 2Ty, — T3P
C tht1 B B p/2
+ S| [T (v - o 20 - 2P T - TP s
t
thi1 p/2 thit N p/2
+C, / 0"Y,_ 6" Z,dB; +C) /§"YS, 0"Us(e)eu™(de, ds) ,
t t R
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and expectations to get

E[j6"Y:["] + E

tri1 p/2 thi1 p/2
(/ (5"Z§ds> + (/ /(5"U5(e)262u"(de,ds)> ]
t t R

trit p/2
/ |67"Y,|?ds
t

C — n
+ L NTPE (5, )

Cp v p
+ ap/2N

< GuE [|6"Yy,,, P] + Cpla+ B +7)P/°E

/2
C, P
+ IR

tht1
’/ X7 — X7 Pds
t

o

C _ _
Pl = (thyr — tr)PPE [T, — T 7]

C ~ SN,
+ Wﬂ(tkﬂ —t)PPE (|2} - Z

7?/2
Gy e 2 7|2 Fn2 o
+ S || [T (v v 12 - 2P I - TP ds
tr
tha1 p/2 tha1 . p/2
+ C,E / 0"Y,_ " Z,dB, + C,E / /5”Ys_ 0"Usg(e)eu™(de,ds) (4.15)
t t R

We discuss the terms in (4.15) separately. First, we recall that by (4.12) E[|6"Y;,|P] < E[|6"Y,,,[P] +
Cp ((ths1 — te) (NP2 4+ N~Pm! (n)? + E[|6"Y;,|P]) + Bi) and, by (4.13) and additionally invoking Jensen’s
inequality,

p/2

tht1
E / 157, 2ds
t

< Cp (NTPPE[|8"Y,,, [P] + N7P71 4 NP0 md (1) o NPTIR (|57, 7]

U <s<tp+1

ngN_p/QIEl sup |0"Y P

Second, in a similar manner, the term with the forward SDE X is bounded by C, (N 77 + N~=P~P/2m!(n)?).
Third, recalling (4.9) and (4.10) we note that

(ter — te)PPE [ 25, — Z17 7] < Cull6" Z) [y

[teotey1]

and

(tri1 — tp)P/?E [Ty —T0T

] < Glla"UIIE,

w [ttt ]

Fourth, by Jensen’s inequality

tet1 B B
B|| [ (v vp e zn - 2P - TP as

tr

p/2
1 < C,N~PPHIpy

Finally, we can apply the Burkholder-Davis-Gundy inequality and Young’s inequality to the martingales in
(4.15):

p/2

tht1
C,E / 5"Y,_ 6"Z,dB,
t
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tha1 p/4

C,E (/ |6"Y,_ |2 |6"Zs2ds>
tr
sup  [0nY, [P

2 tht1 p/2
< / |6"ZS|2ds>
tr<s<tp41 tr

G
CE [16"Yi ] + Gy ((tisr = 1) (NP2 4 NPl () + B [[57Y;, ) + By

4
trta p/2
(/ 6”ZS|2ds) 1
ty

where the last inequality follows by (4.13). Analogously,

IA

IN

1
“E
T3

IN

1
-E
+2

trey1 .
C,E / / 0"Y,_ "Us(e)eu™(de,ds)
t R

p/Q]

tht1 p/4
</ 157Y,_[2 67U, (€)el2 ™ (de, ds)) ]
ty
sup |0V |P

trt1 p/2
(/ |5"Us(e)e|2m(de,ds)) ]
trp<s<tp41 tr

CPE [|5nY;5k+1 |p] + Cp ((tk+1 - t) (N_P/Z + N"Pm! (n)p +E H(SnY;fk |p]> + Bk)

tha1 p/2
(/ 5"Us(e)e|2,u"(de,ds)>
tr

IN

C,E

2
S
4

IN

1
-E
+2

IN

1
“E
T3

We again use

tr

E l( / o |5”Us(e)e|2u"(de)ds>p/2] < d,E

(/ft* 107U, (e)e| 2™ ( de,ds))m]

and conclude that, for ¢ = ¢, we can choose constants «, 8 and v independent of N such that (4.15) can be

simplified to
tpt1 p/2 trit p/2
(/ (5”Z32ds) + (/ / 6”Us(e)262u"(de,ds)>
tr tr R

< CE [0V, P] + C, ((tk+1 — ) (N*p/Q + N~Pml(n)? + E[|6"Y,, |P]) + Bk) . (4.16)

E[|6"Y, ] + E

Now we can sum up equation (4.16). Together with (4.12) and the Lipschitz condition for the terminal value
we obtain

p/2

T p/2 T
E (/ §"Z§ds> + </ / §"Us(e)?eu™ (de, ds)) <G, (N—p/z + NPm!(n)? + B) .
0 0 R
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Joining Step 1 with Step 3 then implies that
Errp (Y™, 2", U™ < C, (N‘p/ 24 N~Pml(n)? + B) .
Step 4: It remains to show that B < CpN_p/Q. For the first term in B, we recall that Y™ solves (2.5) and hence
¢
BV - YP <6, [ B[ xz 2 TP + 122+ [ 0 @epvian) as
tr R

The Lipschitz property of f combined with (3.1) implies

N+J"—1 s
> / E [y - Y, '[P] dt < C,N~P/2.
— tr

For the second and third term of B we use Asm. 2.2. We follow the proofs of [6] (who used a multivariate
version of Assumption 2.2). Propositions 4.5-4.6 & Theorem 2.1 of [6] proved that the regularities of Z™ and I'*
are bounded by CoN~! for p = 2. Replacing p = 2 with a p > 2 is a straightforward extension of their proofs.
[32] and proved this is independent of the specific partition only depending on its mesh 1/N. This implies
B<C,N —P/2 and finally the statement follows by joining Steps 1-4. O

Remark 4.4. Following the argument of [6], if Assumption 2.2, which is a one-dimensional special case of
their Assumption H, does not hold the error bound (4.7) is not valid anymore. This is because the regular-
ity in Z, i.e., ||[Z" — Z"||%, is not bounded by C, NP/ in this case. However, one can show without using
Assumption 2.2 that, for any € > 0, there exists a constant Cp . such that

||Zn - Zn“%lp < CP,EN_p/2+E'

Note that the regularities of Y and I'" remain unaffected whether Assumption 2.2 is fulfilled or not, i.e.,
Y™ —Y"|[%, < C,N7P/2 and ||T™ — T"||B, < C,N~P/2 even without Assumption 2.2. Furthermore, if either
a = 0, or the generator f is independent of Z Theorem 4.3 holds without Assumption 2.2, see [13] for a discussion.

Remark 4.5. Theorem 4.3 can equivalently formulated as that under the above assumptions there exists a
constant C), independent of n and 7 such that

1/p
Err, ,(Y", Z",U") < C,E | sup |X{ — XZ“TV’] .

te[0,T]

Remark 4.6. Instead of the implicit scheme (4.3), one could use an explicit scheme where we replace Ytzﬂ by
Yt::fl in the argument of h. The advantage is that we do not need a fixed-point procedure in this case. One
disadvantage is that the conditional expectations are more difficult to estimate. We refer to [6] and [13] for
details.

Using Theorems 3.3 and 4.3, we deduce a bound for the approximation-discretization error between the
original backward SDE (1.2) and the scheme (4.3) which is defined as

1/p

Brr e oY, 2,0) = ( sup E [|Vi - V"

0<t<T

P 412 — 27| 4 IT F”’”Ilﬁp)
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The approximation-discretization error for the forward SDE

maxE | sup |X;— X"

<c, (nip/Q 4 oP(n) + 0,2(n)p/2 + N~ Pm! (n)p> )
k<N | telty,trsn]

is straightforward combining (3.2) with (4.2).

Corollary 4.7. Under Assumptions 2.1 and 2.2, the approzimation-discretization error is bounded by
Ertn (Y, 2,U) < Gy (N2 4 g (n)/7 4 02 (n)/2 4 N™'ml ().

Proof. This is an easy consequence because

Err s (V. ZUY < Gy (OgggTE (¥ = Y0P+ = 5] 4112 = 20 + 1127 = 207

+ T =T[5 + (1T = f”’”Hﬁp)-
Using Remark 2.5 we can show

( /]R p(e)(Us(e) — U:(e))ey”(de))2 <c, /R (Us(e) — U™ (e)) 220" (de)

and

([ rov@ariae) <c, [ vierere

which imply

I =T[5, < C,E (// Uz (e)2etvm (de)d ) (/ e ““de>d>/2,

and thus the result follows. O
We end this paper with some remarks about implementation of the scheme in practice.

Remark 4.8. The proposed scheme is not fully implementable in practice. One key step is the computation
of the conditional expectations in (4.3) which has to be performed numerically. There are several methods
to estimate these. Among them there are nonparametric kernel regression [7, 21], Malliavin regression [7],
quantization [4] and some other approaches. We discuss the nonparametric regression approach in some more
detail which works by simulating 1 < m < M paths X™™™ of X™™ and initialize Y™™ = g(X™™). Then
we regress Y, "™ and YU ABY | and YT [ ple Jep ™ (de, (g, tri1]) on XZ;” ", Details are presented
n [13].

To compute the LP error between the original backward SDE and the numerical backward SDE taking into
account approximation of the jump process, discretization and estimation of conditional expectations we have
to sum up the error of Corollary 4.7, the error of a localization procedure and the statistical error by the kernel
regression. [13] derived the L? error of the localization procedure. Furthermore, [13] derived the statistical error
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which is in terms of the Euclidean norm on RM. Since all norms on RM are equivalent it is not much work
to deduce a bound for the error in terms of the p-norm. All in all, if we choose some other parameters in the
algorithm large enough, we can conclude that the total error is of the order N=2 4 oP(n)'/? 4+ ¢%(n)1/2 +
N~'m!(n) under Assumptions 2.1 and 2.2.
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