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A SOBOLEV ROUGH PATH EXTENSION THEOREM VIA
REGULARITY STRUCTURES

CuonNG Liv!, DAvID J. PROMEL>*® AND JOSEF TEICHMANN?

Abstract. We show that every R%-valued Sobolev path with regularity  and integrability p can be
lifted to a Sobolev rough path provided 1/2 > « > 1/p VvV 1/3. The novelty of our approach is its use
of ideas underlying Hairer’s reconstruction theorem generalized to a framework allowing for Sobolev
models and Sobolev modelled distributions. Moreover, we show that the corresponding lifting map is
locally Lipschitz continuous with respect to the inhomogeneous Sobolev metric.
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1. INTRODUCTION

The cornerstone of rough path theory is the concept of a rough path in the sense of Lyons [18]. Unlike
a classical path X from an interval [0, 7] to the Euclidean space R¢, a rough path X = (X,X) contains the
additional information X representing, loosely speaking, the iterated integrals of the path X against itself.
However, at least in general, there is no simple canonical way to ensure the existence of these iterated integrals.
This has led to the fundamental question whether every R?%valued path X can be lifted to a rough path X in
the sense that the projection of X onto the path-level' is X.

A first affirmative and non-trivial> answer was given by Lyons and Victoir [17], proving, in particular, that
an R%valued Holder continuous path can always be lifted to a Holder continuous weakly geometric rough path.
Using a re-parameterization argument, this directly reveals an extension theorem in terms of p-variation. While
proof of Lyons and Victoir is considered to be non-constructive, an explicit approach, based on so-called Fourier
normal ordering, was obtained by Unterberger [24]. More recently, further constructive proofs of the Lyons—
Victoir extension theorem were derived by Broux and Zambotti [2], using a sewing lemma for low regularity,
and by Tapia and Zambotti [22], using an explicit form of the Baker-Campbell-Hausdorff formula. Notice that
in [22] a Lyons—Victoir extension theorem is provided allowing even for anisotropic Holder continuous paths,
i.e., allowing each component of the underlying path to have a different Holder regularity. Moreover, in [13] a
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Lyons—Victoir extension theorem for Sobolev paths is proven, using a discrete characterization of (non-linear)
fractional Sobolev spaces.

The present work is a companion paper of [13] and continues the above line of research. We explore an
approach based on Hairer’s theory of regularity structures [9], which goes back to [6], and show that every
path with Sobolev regularity o € (1/3,1/2) and integrability p > 1/« can be lifted to a weakly geometric rough
path possessing exactly the same Sobolev regularity. While the rough path lift of a Hoélder continuous path is a
known and fairly simple application of Hairer’s reconstruction theorem ([9], Thm. 3.10), see Proposition 13.23
of [6] or [1], lifting a Sobolev path lies outside the current framework of regularity structures and thus requires
some serious additional effort. Indeed, we need to use a Sobolev topology on the space of modelled distributions,
as introduced in [11, 15] (see also [12]) and additionally to generalize the definition of models from the origi-
nally required Holder bounds to some more general Sobolev bounds. In other words, we cannot apply Hairer’s
reconstruction theorem directly and instead need to generalize the essential features of Hairer’s reconstruction
operator to our setting allowing for Sobolev models and Sobolev modelled distributions, see Remark 3.11 for a
more detailed discussion. The rough path lift essentially relying on Hairer’s reconstruction operator constitutes
an explicit construction of a rough path above a given R%valued path. In contrast to the rough path lift obtained
in the spirit of Lyons and Victoir, the corresponding lifting map turns out to be continuous, c¢f. Proposition 13.23
of [6] or [1]. Indeed, we prove that the corresponding lifting map is locally Lipschitz continuous with respect to
the inhomogeneous Sobolev metric.

Organization of the paper: In Section 2 we introduce the notion of a rough path and some basic definitions.
In Section 3 we construct the rough path lifts of Sobolev paths and show that the corresponding lifting map is
locally Lipschitz continuous.

2. SOBOLEV ROUGH PATH AND BASIC NOTATION

We start by introducing the notion of Sobolev rough paths in Section 2.1 and some basic definitions in
Section 2.2.

2.1. Sobolev rough path

Since we focus throughout the entire work on the Sobolev regularity a € (1/3,1/2), we only present the
definitions below in the necessary generality to deal with this regularity. A more general treatment of Sobolev
rough paths can be found in [13, 14] and for more comprehensive introduction to rough path theory, see e.g.
6, 8, 16].

We first recall the underlying algebra structure of a rough path, which can be conveniently described by the
free nilpotent Lie group G?(R?). Let R? be the Euclidean space with norm | - | for d € N and let C*2"([0, T]; R%)
be the space of all continuous functions Z: [0, 7] — R? of finite variation. For a path Z € C*2"([0, T]; R?), its
step-2 signature is defined by

2
SQ(Z)S7t = (1,/ dZu,/ dZ,, ®dZu2) c TQ(Rd) = @ (Rd)®k’
s<u<t s<ui<uz<t k—

0

where (Rd)®n denotes the n-tensor space of R¢ with the convention (R?)®° := R, c¢f. Definition 7.2 of [8]. We
equip 7?(R?) with the standard addition +, tensor multiplication ® and scalar product, and denote by 7; the
projection from T2(R?) onto the i-th level, for i = 0, 1,2. The corresponding space of all these lifted paths is
the step-2 free nilpotent group (w.r.t. ®)

G*(RY) :={S9(Z)o1 : Z € C*™ ([0, T|; R} C T*(RY).
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On G2%(R%) we work with the Carnot-Caratheodory metric d.., which is given by
dec(g, h) == ”971 @ hllcc for g,he Gz(Rd)a

where || - ||cc is the Carnot—Caratheodory norm defined wvia Theorem 7.32 of [8], c¢f. Definition 7.41 of [8].
The metric d.. turns G?(RY) into a complete geodesic metric space. For a path X: [0,7] — G2?(R?), we set
Xt = X;! ® X, for any subinterval [s,¢] C [0,7]. We refer to Chapter 7 of [8] for a more comprehensive
introduction to GV (R9).

Analogously to [13, 14], we want to consider rough paths with fractional Sobolev regularity. For this purpose,
let us recall the definition of Sobolev regularity for functions mapping into a metric space (F,d). For a € (0,1),
p € (1,400) and a (continuous) function f: [0,T] — E we define the fractional Sobolev regularity by

d 1/p 1/p
1w = hwzsom = ( [ /[ N T T quan) " ( [ dleo ) (2.1)

and in the case of p = 400 we set

Wllwe = Wflwgom = sup  STETOD o gy p)

wwelo,r], v —ul® w€[0,T]

for an arbitrary o € E. The latter case is also known as Holder regularity. The space W;*([0,T]; E) consists
of all continuous functions f: [0,7] — E such that [|f[lwe < +o0o. Notice that the fractional Sobolev space
W ([0,TT; E) is independent of the reference point zo. The Sobolev regularity leads naturally to the notion of
(fractional) Sobolev rough paths.

Definition 2.1 (Sobolev rough path). Let o € (1/3,1/2) and p € (1,400] be such that @ > 1/p. The space
W ([0, T); G*(R?)) consists of all paths X: [0,7] — G*(R?) such that

dee XS7X,5) 1/p
X we = d dt) < 4o00.
IXI //0 T2 |t—5|o‘p+1 ’ >

The space W;‘([O,T];GQ(Rd)) is called the weakly geometric Sobolev rough path space and X €

V[/Igh([O7 T; G2(R?)) is called a weakly geometric rough path of Sobolev regularity (o, p) or in short Sobolev rough
path.

Remark 2.2. Suppose that o € (1/3,1/2) and p € (1,400] be such that o > 1/p, as done in Definition 2.1.
By Theorem 2 of [7], every weakly geometric rough path of Sobolev regularity («,p) is a continuous weakly
geometric rough path of finite 1/a-variation. Therefore, the definition of the Sobolev regularity || X|[[wo for a
(continuous) rough path X does not require the additional LP-regularity and, thus, we did drop it in definition
of || X[[wg, following the previous definitions of Sobolev rouh paths, see e.g. Definition 2.2 of [14].

2.2. Basic notation and function spaces

As usual, Z denotes the set of integers, N := {1,2,...} are the natural numbers and we set Ny := NU {0}.
For z € R we write |2] := max{y € Z : y < z}. The ball in R*, around = € R¥ with radius R > 0 is denoted
by B(z, R). For two real functions a,b depending on variables x one writes a < b or a <, b if there exists a
constant C'(z) > 0 such that a(z) < C(z) - b(z) for all z, and a ~ b if a < b and b < a hold simultaneously.

The space LP := LP(R¥ dx), p > 1, is the Lebesgue space, that is, the space of all functions f such that
Jar 1f (@)[P dz < +00. We also set L§ := L((0,1), A~'d\) for ¢ > 1 and write LP(R¥; B) for the LP-space of
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functions f: R¥ — B where B is a Banach space. The notation (f, g) is used for the L2-inner product of f and
g as well as the evaluation of the distribution f against the test function g.

The space 7 is the Banach space of all sequences (2, )nen of real numbers such that ) [2,[P < +o0 and
the corresponding norm is denoted by || - ||s». The space (£, for n € N, is the Banach space of all sequences
u(z) €R, z € Ay, :={27"k : k € Z}, such that

1/p
= ( Z 2_"d|u($)|p> < +o0.

z€EA,

[u(z)

The space D’ = D’'(RY) is the space of Schwartz distributions, that is, the topological dual of the space of
compactly supported infinitely differentiable functions.

The space of Holder continuous functions ¢: R¥ — R of order » > 0 is denoted by C", that is, ¢ is bounded
(not necessarily continuous) if » = 0, Holder continuous for 0 < r < 1 (which amounts precisely to Lipschitz
continuous for r = 1, the derivative does not necessarily exist everywhere). For r > 1 not an integer the function ¢
is |r|-times continuously differentiable and the derivatives of order |r| are Holder continuous of order r — |r].
The space C" is equipped with the norm

L7]

leller == Z ”Dj‘p”OO + 1>y HDLTJ‘PHT—LM»
=0

where ||||g denotes the S-Hélder norm for 5 € (0,1], and |||l denotes the supremum norm. If a function
© € C" has compact support, we say ¢ € Cj. Additionally, we use ¢ € B" if ¢ € CJ is such that ||¢]cr <1 and
supp¢ C B(0,1), and ¢ € Bl for n € N if ¢ € B" and ¢ annihilates all polynomials of degree at most n. We set
B", (RF) := B"(RF) for all n € N.

3. LIFTING SOBOLEV PATHS TO SOBOLEV ROUGH PATHS

This section is devoted to show that every path of suitable Sobolev regularity can be lifted to a weakly
geometric rough path possessing exactly the same Sobolev regularity. To prove this statement, we proceed via an
approach based on Hairer’s reconstruction theorem appearing in the theory of regularity structures [9], which
requires not only to use a Sobolev topology on the space of modelled distributions, as introduced in [11, 15] (see
also [12]), but additionally to generalize the definition of models from the originally assumed Hélder bounds to
more general Sobolev bounds. For a further discussion on this point we refer the end of Section 3.1.

3.1. Elements of regularity structures in a Sobolev stetting

In order to construct a Sobolev rough path lift of a Sobolev path relying on Hairer’s theory of regularity
structures, we introduce the essential ingredients of the theory in the following. For more detailed introductions
we refer to [4, 10]. Let us start by recalling the definition of a regularity structure as given in Definition 2.1
of [9].

Definition 3.1. A triplet T = (A, T, G) is called regularity structure if it consists of the following three objects:

— An index set A C R, which is locally finite? and bounded from below, with 0 € A.
— A model space T' = @, ¢ 4 T, which is a graded vector space with each T,, a Banach space and Ty ~ R.
Its unit vector is denoted by 1.

That is, A does not contain any cluster point.
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— A structure group G consisting of linear operators acting on 7' such that, for every I' € G, every a € A,
and every a € T, it holds

Ta-ac P 75

BEA; B<a

Moreover, I'1 =1 for every I" € G.

For any 7 € T and o € A we denote by Q,7 the projection of 7 onto T, and set |7|, := ||Qq7]|. Furthermore,
for v > min A we set T := @,e 4, Ta where Ay :={a € A : o<y}

In view of the definition of (real-valued) Sobolev spaces (see e.g. [11], Def. 2.1) and of models with global
bounds (see [11], Def. 2.8), we introduce a Sobolev version of models with global bounds.

Definition 3.2 (Sobolev model). Let T = (A, T, G) be a regularity structure. For p € [1,+00] and v > min A
a Sobolev model is a pair (II,T) that satisfies the following conditions:

— II = (I1,) yepa is a collection of linear maps I, : 7.~ — D’(R%) such that

v
1,7, )
Il = sup sup (7 | sup LR < +oo,
(€A, TET, T]EB (Rd) A Lr(dz) 1LY
where 7} is defined below in Definition 3.6 and 7 = || min A|| + 1
~I'=Tsy)pyera fulfills 'y, € G for all 2,y € R? and
FZ xr
IT|l, := sup sup |T|< % < 00,
B<CEA, TET: IRl Lr@n)llL

where HQHL’Z = (fB(O,l) lg(h)|P Hh”)l/p

Remark 3.3. The Sobolev model could also be defined locally in the sense that the LP-norm with respect to x
is taken on compact subsets of R, which is closer to the original definition of models given in Definition 2.17
of [9]. However, for our purpose the global bounds are the more convenient ones. Moreover, a non-Euclidean
scaling can be included in Definition 3.2 and the extension to more general Besov bounds can be achieved by
replacing the L{-norm by an L{-norm for ¢ € [1,400].

Remark 3.4. While the definition of Sobolev models seems to be the canonical one for our later choice of a
regularity structure, cf. Example 3.7 below, in general different regularity structures might lead to other natural
choices of models with Sobolev type bounds.

Following [11, 15], we introduce the Sobolev space of modelled distributions. Notice that the definition of
modelled distributions depends on the definition of models and thus the generalized definition of models in
Definition 3.2 also leads to more general notion of modelled distributions.

Definition 3.5. Let 7 = (A, T,G) be a regularity structure with a model (II,T), v € R and p, ¢ € [1,+00).
The Besov space Dj , consists of all measurable functions f: R — T such that

I llpg = D MF@)lallzoan)

a€cA,
h E dh \3%
+ Z (/ ‘|f x+ ) :c-‘;hacf(xﬂa d)q < 400.
aca, JheBO1) g Lo (da) 1Pl
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We refer to D, as Sobolev space of modelled distributions.

The corresponding Sobolev and Besov spaces consisting of real-valued distributions are introduced in the
next definition following Definition 2.1 of [11]. For a more comprehensive treatment of these function spaces we
refer to [23].

Definition 3.6. Let a < 0, p,q € [1,4+00) and r € N such that r > |a|, and define

() == Ay — 21), ., A (ke — 7))

for A € (0,1], . = (21,...,7) € R* and y = (y1,...,yx) € R,
For aw < 0, the Besov space By , := By, (R¥) is the space of all distributions ¢ on R* such that

< +o00.
L

|<§,n£>\‘

su
HHTIGBT(RIC) )\Ot

Lr(dz)
For o > 0, the Besov space By , = B;"q(Rk) is the space of all distributions ¢ on R* such that

\<§7n£>|‘

S
M neBy, (&%) A

< +o00.
L

A
S ; < d
sup &, < oo an j

neBr (Rk Lr(d)

The Sobolev space W' is defined as W2 := W (R¥) := BY ,(RF).

A function f: R — R has the fractional Sobolev regularity defined in (2.1) (with [0, 7T] replaced by R and
d = || induced by the Euclidean norm on R) if and only if it is an element in W;*(R) in the sense of Definition 3.6
and the two norms are equivalent, see e.g. [21, 23]. Note that these two norms remain equivalent when they are
restricted to bounded interval [0, 7], see e.g. Theorem 1.11 of [20]. In fact, thanks to Theorem 1.9 of [20] for
any fractional Sobolev function f defined on [0, T] satisfying (2.1), there exists a bounded extension operator
Ext such that g = Ext(f) is a fractional Sobolev function defined on R and g[(,1] = f. This allows us to work
globally with g instead of f. In view of this observation, subsequently we will not distinguish the “localized
function” f and its extension g defined on R.

The construction of a rough path lift for a R%valued path with suitable Sobolev regularity is based on the
following regularity structure.

Example 3.7. Let o € (1/3,1/2) and p € (1,+0c) such that a > 1/p and suppose that W € W *(R). The
path W induces a regularity structure (4,7, G) via

A={a-1,0}, T=Ta10Ty=(W)d (1), G={ldr}
and an associated Sobolev model (I, T) via
I,(W):=W, T,1):=1€R and T,,:=Idy, forallz,yckR,

where W stands for the distributional derivative of W. Indeed, for 7 = 191 € Ty with 79 € R we have

0,7, n)
sup |7, 72) |

p— O’
n€Bg(R4) A0

L}

Lr(dz)
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since in this case any test function 7 € Bj(R) annihilating constants has a vanishing mean. For 7 = Tar1W €
Ta—1 with 741 € R we have

since W € W~ 1(R) for W € W (R) by Theorem 2.3.8 in [23]. This shows that ||II||,, = ||W||W;—1- The estimate
for ||I'||, holds since |I'y y7|g = |7|g =0 for any 7 € T¢, 8 < ( and z,y € R.

I, 7,7,
p 10 n2)|

)
neBr(re) AT

= [Ta-1] -
: nebr(ra)  A*T!

Lr(dz)llL Lr(da) L2

= ra-1lWllwe-1 < Ira-il,

Given a two-dimensional path (Y, W) € W, in order to construct a rough path lift via Hairer’s theory of
regularity structure, the key idea goes as follows cf. Proposition 13.23 in [6]: W induces a regularity (A, T, Q)
and a model (II,T') as defined in Example 3.7 and Y induces a modelled distribution with negative regularity
in the sense of Definition 3.5. Then, in the case of a Holder continuous path (Y, W) an application of Hairer’s
reconstruction operator ([9], Thm. 3.10) leads to a rough path lift with the same Holder regularity.

While the reconstruction theorem for modelled distributions with negative Sobolev regularity (but for the
original Holder type models) was recently established in Theorem 2.11 of [15], it is not sufficient to lift a Sobolev
path to a rough path with the same Sobolev regularity. First, one loses already regularity when constructing a
Holder type model starting with a Sobolev path. Second, the classical bounds (relying on Holder type models)
obtained for the reconstruction operator, see Theorem 2.11 of [15], are not sufficient and would lead again to a
loss of regularity.

As a consequence, we have to derive sharper bounds for the reconstruction operator for lifting Sobolev paths
to rough path in the case of Sobolev models, see (3.1) and Remark 3.11 below.

3.2. Sobolev rough path lift via the reconstruction operator

In this subsection we construct a Sobolev rough path lift of a R?-valued Sobolev path with regularity o €
(1/3,1/2).
Theorem 3.8. Let a € (1/3,1/2) and p € (1,400] be such that o > 1/p. For every Sobolev path X €
W ([0, T);RY) there exists a rough path lift X := (X,X) € W([0,T]); G*(R?)) of X.

Let us first observe that it is sufficient to prove Theorem 3.8 for a R2-valued path X = (Y,W) €
W ([0,T7; R?). The d-dimensional case immediately follows from successively applying the 2-dimensional case.
Secondly, we extend X continuously from [0, T] to R such that X = (Y, W) € W3 (R;R?) for a € (1/3,1/2) and

a > 1/p. By classical Besov embeddings (see e.g. [23]), we note that X € Bso o 1/p and thus sup,cp | X (2)| < +o0.

Let (A, T,G) be the regularity structure induced by the second component W with the corresponding model
(I,T) as defined in Example 3.7. The first component Y induces a modelled distribution Z:R — T by setting
Z(z) := Y, W for z € R. Then, we have Z € Dy, with v := 2a — 1 in the sense of Definition 3.5. Indeed, note

that with ( = a — 1 the translation bound of Z is equal to
%f

(/ H%x+h) TyinoZ(x)
he[—1,1] |h]y=¢ Lr(dz) ||

7(/ MYm+me@ﬂp dh
he[—1,1] ||«

Lr(dx) |h
where the inequality follows from the equivalence of Sobolev norms, see e.g. [21, 23]. Similarly one can easily
show that Z also has a bounded LP-norm as Y € W}' satisfies this property by definition.

1
)" S IV lwg < +oo
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Before coming to the actual proof of Theorem 3.8, we need to establish the analog of the reconstruction
theorem similar to Theorem 2.11 of [15], that is, we need to show the existence of the reconstruction operator R,
which is required for lifting Sobolev paths to Sobolev rough paths (Lem. 3.9), mapping modelled distributions
into a Sobolev space and the required bound (3.1) below (Lem. 3.10).

Namely, for the regularity structure (A, 7,G) and the Sobolev model (II,T') as defined Example 3.7, there
exists a distribution RZ e W;’_l satisfying that

Note that LP/2-norms are used in the Estimate (3.1) instead of LP-norms, as usually obtained for the
reconstruction operator, see Remark 3.11 below.

In order to define RZ, let 7 € N be such that 7 > |a — 1 — %| (we will see later why such special r is needed).
We fix ¢: R — R and ¢): R — R both in Cjj as the father wavelet and mother wavelet, respectively, of a wavelet
analysis on R which has the following properties:

L
H sup L[R2 HIZ(:B),MI’
neBr A7

S I 1+ ) || 2

(3.1)

p .
Lz (dz) v:p,p

%
L>\

— For every polynomial P of degree at most r there exists a polynomial P such that

> Ply)plx—y)=Px), z€eR.
yEZ

— For every y € Z one has [, o(z)p(x —y) dz = 0.
— There exist coefficients (ax)gez with only finitely many non-zero values such that

p(z) = Z arp(2x — k), z€R.
keZ

— The function v annihilates all polynomials of degree at most 7.
— For any n > 0, the set

{of : x € A} U{YT : z € Ay, m > n}

constitutes an orthonormal basis of L2.

Here we used the notation
Pi(y) =202y —2)) and Yp(y) :=25¢(2"(y - ),
for z,y € R and A, := {27"k : k € Z}. For more details on wavelet analysis we refer the reader to [5, 19] or in

our particular setting to Section 2.1 of [11].
As in the proof of Theorem 2.11 in [15], we define

Rf =S S LT @) umer + 3L T (2), o0, (3.2)

n€Ng €A, Tr€Ag

where f := 7 and f"(z) := JB@.2-n) 2" Tayf(y) dy for x € Ay, cf. (2.8) of [11].

Lemma 3.9. The distribution Rf defined in (3.2) is well-defined and belongs to W;’l.
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Proof. We set for every n > 0, z € A,, a real number
Z»U’ = <Rf7 1/’2) = <Hw?n(x)a wg%

and for = € Ag, b2 == (Rf, ¢.) = <Hzf0(x), ©z). Invoking (2.2) of [11], it suffices to show that

|l

To this end, we remark that by the definition of f and the fact that in our setting T,, =1dr . f(y) = Y, W,
it holds that

< 400 and
op

e < +o0.
£

i< [ UL @ el = [ 2.
B(z,2-") B(z,27™)
It follows that
ap? n apv W 0m] APy
H o= (mez 2 (/B(mn)z Yol s dy) )
o (W, 9] P\ 3
< n xr
<ia( 5 ()
and therefore
|(W, 92|
HH —*—'IL((X 1) > ZPS H;:B < +00,

since W € W by assumption. The same argument gives us |5 || ¢r < +o0. Hence, we conclude that R f € wet

by using Proposition 2.4 of [11]. O

As a next step we show Bound (3.1) for our Sobolev model.
Lemma 3.10. The distribution Rf defined in (3.2) satisfies Bound (3.1).
Proof. For fixed z € R, A € (0,1] and n € B", we have

(Rf =T f(x).n) = > > (Rf =T f(2), Y)Wy, m) + > (Rf — T f(x), 04) (g 1),

n>0yeA, yEAo
where in our case

/ 2 (1T, (Ty . f(2) = Ty f (), 07 d2
B(y,2—™)

2M((Y. — Yo)W,9) dz

Il
S

B(y,2™")
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and the same expression holds for (Rf —IL, f(z), ¢,). It follows that

(RS — Ty f(2),07)] < / Y. — Yyl [(W, 4| d. (3.3)

B(y,2=™)

As in the proof of Theorem 3.1 in [15] we use || - ”L?‘m(d/\) to denote the LI-norm with respect to the finite
measure (with the total mass In 2) )\_11(24071,27”0] d)\, and we consider two quantities

R _H.L z), o s
‘ H sup |En§no EyGA"< f = f( ) ¢y>< Y 77 ‘H | (34)
neBr L% (do) L8 @
and
R _H:c x), " n» é\
| H sup ‘Zn>no ZyeAn< f)\’y f( ) ’(/}y>< Yy n >| H ) (35)
neBr L% (dz) Lﬁo(dA)
Since |||| su URS T f (@):m2)] bounded by th. f the (% No)- s of (3.4) and (3.5
PpeBr bl % @) gls ounded by the sum of the £2 (ny € Np)-norms of (3.4) and (3.5),
PIL2

it suffices to establish the bound (3.1) for the 0% (ng € Ng)-norm of each term. (One can easily bound the terms
in the expansion of Rf —II, f(z) involved with ¢ by using a similar argument.)

Step 1: We first give an estimate for the Term (3.4). As in the proof of Theorem 3.1 in [11], we note that
for A € (2701 27m0] and n < ng one has |( Z,ni‘ﬂ < 27/2 uniformly over all y € A,,, n € B", x € R and
n < ng. Moreover, this inner product vanishes as soon as |z — y| > C2~™ for some constant C. Hence, inserting
Inequality (3.3) we obtain that

su
nellgt)r AY HLz (dx)

H | ZnSno ZyeA" (Rf - Hmf@)ﬁ?ﬂ%ﬂﬁﬂ

L: 5 (dN)

sy | oy f o e,

n<ng yEA,,ly—z|<C2—n B(y.27")

< Z 2(n0—n)’yH / |Y Yol Xoyenn ly—z|<ca—n (W, 9| ZH

e B0z 271738 1% (d)

< Z 2(n0 n)’yH/ 2n|Yw+h_Yw| dh Z |< = 1)/>| ) ,
n<no B0.cr2™) 2 yeAn ly—al<C2n 2 2 L% (da)

where we used vy =2a — 1 = a+ (aw — 1) in the last line.
For each n < ng, by the above observation we can further deduce that
H / on 1 Yath = Yul [Yatn — ‘ Z (W, V)|
19—n no —n(a—1)—%
0.cr27m) 2 yeAn,ly—rlscr" 2 o8 @)
Y, -Y, 4 W’ n P %
e LR T i) o)
B(0,C'2—n) R 2 9—n(a "

yEA,,|ly—z|<C2—™
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o(f (P ) 07, 3)1
e L ([ x

1
2—n<a—1>f%) de)” dh,
YEAL, ly—z|<C27™
where we used Minkowski’s integral inequality for the measures dz and 2" dh on B(0,C’2™"), and the Holder
inequality in the last inequality. ‘
Now we look at the term [, ( yeAn |y—z|<Ca-n Wy )|

—n(a-1)-%

) dx. It can be written as

W, " P
>/ (xSl a,
z€A, Y PEB(2,27" 1) yEA,,|ly—z|<C2—"

which can be bounded by S.cx, fucpien-nt) ( Syenniysiccrzn ;
.

e _‘S?iiﬁl% ) dz for some suitable constant
C’ independent of z € A,,. Therefore, we have

(W, ™) \» )
/R(yeA y—zwl<c2—n 2*n(a71§,%) dx < Z 9—n

9—n(a—1)—% :
z€A, YEAL,|ly—z|<C/27n
Since the cardinality of {y € A, |y — z| < C’27™} is controlled by C’, it yields that

YyEA,,ly—z|<C72—n

) Yy p

YEA,,ly—2|<C/27n
and then a basic combinatorial argument gives that

22" )

( (W, 4] )p< 3 2_n( (W, 4] )P:H (W, )|
—n(a—1)—2 ~ —n(a—1)—% —n(a—1)—% ||’
z€A, YEAR,ly—z|<C/2—n 2~ - yEAR 2 = 2~ 2 fn
Hence, what we finally obtained is

H sup ‘Znﬁno ZyGAn <Rf - Hzf( )

,(/Jn y , n$ | ‘
. v 2
nEB )\ 2 no(d)\)
< Z 2(n0—n)7/ z+h — Ya:| |<W7"/)LL>| dh.
e B(0,0'27") Al ler@all2=nle==5 Il
As a consequence, the £3 (ng € Ng)-norm of (3.4) is bounded by
( > ( > 2("o—n)7/ ot+h — (W, )| dh)g)%
oS0 nmo B(0,C72-m) |h | Lr(dz)ll2—n(e=1—% ||z
< ( Z Z 2(”0-“)7(/ z+h — Lo |(W,¢Z>\ dh)%)%
- no>0n<ng B(0,C"27™) |h|* Lr(dz) Il 27m(@=D=5 [l
Yoin — %
nzz:o B(0,C72—m) || L (da)

W s )|
)(HQ n(a—1)—

)
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1 1 2
<((2( ), 20 ))E(ZH =)0
~ —n(a—1)—2%2 D
nso Y B(0,Cr27m) ( ) ~®
1
N
(/e )’
¥
ns0/ B0,Cr27m) tn

P
2

‘ |Yx+h — Iy
|h|*

LP(dw))

n z+h — Iz
||

il"(dm) ) <ZH2 n(a— 177

S (/ ’M ) (Z H P )%
B(0,C") |h| Le(dz) |h] o—n(a— 1 2l
S NFI, o T
where we used Jensen’s inequality for the finite discrete measure n € {0,...,ng} — 2707 (asy = 20— 1 < 0)

in the second line, Jensen’s inequality for the finite measure 2" dh on B(0,C’27™) in the third line, Holder’s

inequality of the type 3 anbn| < (3 a2)2(32b2)2 in the fourth line and again Jensen’s inequality for 2" dh on
1/p

B(0,C"27™) in the sixth line. We also note that (fB(o o I [Yotn—Ya| ||L” (dz) \hl is the translation bound of

B
the modelled distribution f (so that it can be controlled by || f|| and by Proposition 2.4 of [11] the term

(ZHZ n(a— 1)**

%PJ?)

N
p)
“

is an equivalent Sobolev norm of W e W;"l which is also the norm of II in the sense of Definition 3.2.
Step 2: Now we turn to the Term (3.5):

For A € (270~ 27] and n > ng, we have

sup
’I’]EBT /\’)’

H |2 s 2oyen, (RE = Ha f (@), 1y ) ;’777;?>|H

gl
[y )| S 27 B2

uniformly over all y € A,,, n € B", z € R and n > ng. Moreover, this inner product can make contributions only
when |y — 2| < C27™ for some constant C. Hence, combining this with Estimate (3.3) we get

H sup |2 nsne 2oyen, (RS = af (@), 97)( Zﬂ?ﬁ)l‘

g 5
neB A L% (dz) no(dA)
S Z 2(“0*71)(7‘+a71)H / 2n0|3;z_;0§m| %K,_?/izz\ﬂ dz‘ o
o YE€An,ly— z|<C2 no /B(y:27") 2 2 L7 (dz)
Since
> [ mlevl W,
B(y,2" —nmoa g-n(a—1)—3

yEA,,|ly—z|<C27 ™0

~

</ 2nowdh( max M)’
~ B(0,C72—m0) 2—noa YEAn,ly—z|<C2-"0 9—n(a=1)-%
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holds for each n > ng, we can deduce that

Y, —Y,| [(W,4"
> role e e e,
—no« 2—n(o¢—1)—5 L% (dz)

YEAL Jy—z|<C2-mo Y BW:2TT)
P i n P 2
<[ ([Pt IR ),
~ B(0,C'2—m0) R 2—noa yEAL,ly—z|<C2- "m0 9—n(a—1)—%

where we used the Minkowski’s integral inequality as in Step 1. Then by Hoélder’s inequality, we find that

(/R (%) ( max W)g dx)%

yeEA,,|ly—z|<C2~m0 2771(&71)77

< (/ (IYthYmI)de)z(/ ( e \<W7wy>ln )de);'
R 27 Mo R \yeA,,ly—z|<c2-m0 2-n(a—1)—F

. . (Wi \P St g
Next we consider the integral fR (maxyeAmw,mgczfno P dx. As before, we rewrite it as

ks

(W,

> / ( max W) da,
sen, JeeB(z,2-n=1) \yEAn ly—a|<C27m0 2 2

and observe the estimate

Z |<W71/JZ>| p
max Py o S dx
55 Juen(za-n-1) \vehn ly—zl<C2m0 27 :
,n (W, 9] \»
< Z 2 Z (2771(&71)7%)
z€EA, YEA,|ly—z|<C’27 "0

for some constant C’. Since the number of y € A,, such that |y — z| < C'27"0 is of order 2"~ for n > ng
uniformly over all z € A,,, we count every y € A,, for (a multiple of) 2”7 times. This implies that

E Z (W, yp)] W,
- - 7 < n—no — AR TAN
2 (27"(0‘*1)*%) 2 Z 2 (2 n(a— 1)7—>
zEA, yEA,,|ly—z|<C’'27m0 yeAn
and hence

(/( e |<W,¢y>\n> dz ) < gln—na)} H (W, 4]
R \yEA, ly—z|<C2-m0 2~ a1 —F 9—n(a—1)—%

So, finally we obtain that

sup
’fIGBr )\'Y

P
L3y (dX)

(W, 4|
L7 (dz) dh) (H 9—n(a—1)—%

|2 ong 2oyen, (RE =T f (@), 07 ) {0y 1)
H H

L% (dz)

Yz+h - Ym
o]

S Z 2(n0—n)(r+o¢—1—%)</ 9mo

nono h€B(0,672-m0)

zﬁ)'
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Thanks to our choice of r (that is r > | — 1 — f|) for@:=r+a—1—+ the discrete measure

ne{ng+1,...} s 2000

has finite total mass independent of ng, hence by Jensen’s inequality and we can get that

(X (X 2<no—n>0(/ gro| Yen Yo )(H NSE
nog>0 n>ng heB(0,C’27m0) |h|°‘ Lr(dz) 9—n(a— 1 5 {ler

( (H )g Z 9= n>9</ ool Yo = Ya |5 dh))%
n(a 1 heB(0,C72-70) |h] Lr(da)

< (Z |<W71/}Z>‘n P )%(Z ( Z 2(710*71)9/ 90 YiE-’rh 7Ym % dh)2>%
T el g h€B(0,C'27"0) (Al e )
< (Z |<W7¢Z>‘ P )%(Z zn: 2(n07n)0/ 9no Y:C-i—h _Yx P dh»)%
T spleremmE e A e h€B(0,0727"0) (Al e )
<(Z |<W,¢§}>\" P)i(/ ‘Yﬁh—Yl. P ﬁ)%
>0 g—n(a=1)—5 o REB(0,C7) ‘h|a Lr(dz) ‘h|
S AL X 5,

where we used Jensen’s inequality and Holder’s inequality in the same way as in Step 1. Hence, we showed that

the f,%o—norm of (3.5) is also bounded by [ f|l, ,, ,[I1[l,, as claimed. O

With these two lemmas at hand, we are in a position to prove Theorem 3.8, which ensures the existence of
a Sobolev rough path lift above a Sobolev path.

Proof of Theorem 3.8. Without loss of generality we set T' = 1 keeping in mind that there is a smooth transfor-
mation between [0, 7] and [0, 1]. Moreover, we set fs; := f; — fs for the increment of a function f: [0,T] — R,
where s,t € [0,T].

In view of Lemma 3.9 and Lemma 3.10, there exists a distribution Z := RZ W;‘_l such that

Z — 1,7 2
H sup L 1L (m),m>|H i <1
neBr A7 L% (dz) L§
Since I1,Z(z) = Y, W for all z € R, it holds that
Z Y, W,n)
H sup 1 W,nz>\H <1
neBr A7 £
A
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Then by Fubini’s theorem we obtain that

H sup (2 =YW, 5| / / wp 2= YalV, nw>|)%dxﬁ
neBr AY L% (do) L% neBr A7 A
HZ =Y, W, n))|%
// Sup = ?nz>|2 d)\dx (36)
0 neB7 A2t
Z Y, (y—z)\ |2
// sup Wn n >|2dydx,
nesr (y—a)7et

where in the last equality we used the change-of-variable A = y — x for every x € R. Now we choose 1 := 1jg 1]
such that n\V™" = =
Theorem 4.6 in [1] (more precisely, a straight forward calculation reveals that Lemma 3.10 in [1] remains valid
in the current Sobolev setup, from which one can easily establish the following bound for indicator function) to
show that the bound (3.6) remains valid for this indicator function and consequently

("/+1)p+1

(z,z + 1], and then follow the same arguments in the relevant proof of

<1

~

7 — 1,7 A
H sup (x)nmlH

neBr Y L% (da)

%
LA

Since Z € W;"l, the primitive Z of Z, which is a distribution in W, is continuous due to the classical
embedding theorem. Hence, we can immediately check that

<Z — Y$W7 1[$7y]> - Zm,y - Ysz,y

(by approximation, of course) and conclude

Z Y.
// | xy_x:j;’ly dydz < 1. (3.7)

Now we define X} := Z, ,, — Y, W, on A := {(z,y) € R? : 0 <z <y < 1}, Estimate (3.7) can be written as

// — ap_dedf,Sl-

Similarly, we can obtain the same bound for Xi’é} = Zyy — WoYsy, where now Z denotes the primitive of RZ

obtained from Lemma 3.9 for the same regularity structure as before With W replaced by Y such that II,Y = YV
and Z(x) := W, Y. The notations X))} = Z,, — V.Y, , and X322 = — W,W, , are then self-explanatory
(although we use Z to denote different functions). Let X, ,, := XW for T y € [ and i,j = 1,2, then Bound (3.7)

guarantees that
1,1 3
XoylP 4+ Xyl 2
// | T’”' +|lpff dydz 1. (3.8)
o Jo y—z

Moreover, we can immediately check that X satisfies Chen’s relation by construction. Now, we define I’ =
(F7); j=1,2, which is a continuous paths taking value in R* ® R? such that F}7 = FJ'' = 1(X{ ,X] , — Xg7, —
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X}%) for w € Iand i,j = 1,2 with X! =Y and X2 = W. Then it is easy to check that FiJ = (X% X —
Xi) — X% for any (z,y) € A and X, := (Xo,4, Xo,» + Fy) takes value in G*(R?) and
CC X‘CE? X
/ / _ ap+1 dy dr 1, (3.9)
which indeed means that X € W([0, T]; G*(R?)). O

Remark 3.11. In the proof of Theorem 3.8 we have seen that the new Bound (3.1) was essential to obtain the
Sobolev regularity of the rough path lift, see (3.9). This would not have been possible with the original bounds
(¢f. Thm. 3.1 in [11] and Thm. 2.11 in [15]) of the reconstruction operator relying on (standard) modelled
distributions with Holder bounds, which read in our case as

| RZ _ HIZ('I)7 771):\
‘ | sup HREZ T2 )l < I+ e |2
neBr Lr(dx) o0

Lk
This bound leads only to the regularity estimate

| Xe iy + [Xe [P

<
/ / [y — zpert dydz <1 (3.10)

and not to the required Estimate (3.8). Note, while the Estimate (3.10) gives the “right” regularity parameter
of the second order term X, the integrability parameter is not the required one (here: p instead of p/2).

Remark 3.12. As we have seen, lifting a path to a rough path based on Hairer’s theory of regularity theory
requires essentially the reconstruction operator for modelled distributions with negative regularity, which leads
to the expected non-uniqueness of the rough path lift, ¢f. [3, 9, 15].

3.3. Continuity of the rough path lifting map

Let us conclude by showing that the method used to construct rough paths wvia Hairer’s reconstruction
theorem actually provides a continuous way to lift R%valued Sobolev paths to Sobolev rough paths of the same
regularity.

For this purpose the distance between two elements X' and X? in W([0, T]; G*(R?)) will be measured with
respect to the inhomogeneous Sobolev metric. The inhomogeneous Sobolev metric pwe is defined by

pws (X1, X%) = 3 p(k) X!, X2)
k=1,2

and for each k,

T 1 _ ~2 \|p/k k)
P (X1, X2 (X — X5 »
L (X1, X2) / / e dsdt) :

The inhomogeneous metrics play an important role in the theory of rough differential equations as, for instance,
the It6—Lyons map is continuous with respect to inhomogeneous metrics, ¢f. [14]. For a general discussion of
inhomogeneous norms and distances in the rough path theory we refer to Chapter 8 of [8].

The next theorem is a generalization of Proposition 13.23 in [6] (see also [1], Thm. 4.6) from Holder spaces
to Sobolev spaces.
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Theorem 3.13. Let o € (1/3,1/2) and p € (1,4+00] be such that « > 1/p. Then, there exists a map
L: W ([0, T RY — W ([0, T); G2(RY), wia X = L(X) =: X,

such that X is a Sobolev rough path lift of X and L is locally Lipschitz continuous with respect to the
inhomogeneous Sobolev metric pwe -

Proof. Without loss of generality we again assume that d = 2 and T = 1. Throughout the whole proof, we fix
a wavelet analysis with father wavelet ¢ and mother wavelet ¢ in Cj with r > |a — 1 — %|, which satisfy the
desired properties (1)-(5) for wavelet analysis introduced in Section 3.2.

First, let us briefly summarize how to get a rough path lift by using Theorem 3.8: Let X = (Y, W) €
W ([0,T7; R?) be given. As we have shown in the proof of Theorem 3.8, if we apply the Sobolev model introduced

in Example 3.7 and define f(t) := Y;W, then it holds that f € D ) » With v = 2a — 1, and the distribution
Rf € Wi~ defined as in (3.2) satisfies Bound (3.1). Furthermore, let Z € W be the primitive of Rf, then

Xi7 =2y — YWy, for s,t € [0,1] satisfies that

|p/2
<
/ / t—s|ap+1 dsdt <1

Using the same way we can obtain other components X!, X%! and X??2 such that X, := (Xo,4, X0+ Fy) isa
rough path in W (G?(R?)) over X, where FlJ = FPt = %(Xé,th’t = Xéjt = X%Zt) for t € [0,1) and 4,5 = 1,2
with X! =Y and X2 =W.

Now we set L(X) := X and thus the map L: W([0,T];R?) — W([0,T]; G*(RY)) is well-defined. It only
remains to show that L is locally Lipschitz continuous with respect to the metric pPwg-

Step 1: Fix an X = (Y, W) in W2([0,T];R?) and let X = (Y, W) be another element in W2 (R?). Let W be
the derivative of W. We define a Sobolev model (I, T') for the regularity structure (A, 7, G) given in Example 3.7
as following:

[,(W) =W, TL(1):=1€eR,

and T, .+ = Id7 for all 5,z € R. Note that (H F) is the model used for constructing rough path lift over X.
Hence, by defining g(t) := Y;W, we have g € Dp >

o (1:1, I'). Then, as we stated above, if Ry is defined as in (3 2) by Changmg f to g, I to IT and using the same
wavelet basis, its primitive 7 e W‘)‘ satisfies that Zs,t —Y W, = S’t, where X = (X ’])w 1,2 is the second

level component of L(X: ) = X up to an addition of the function F which is the counterpart of the function F
defined as above with X replacing X.

Step 2: Next we will show that

where D'y is the space of modelled distributions associated

2

=
Tt — |t ddt) Sx.x 1X - X||W<!~ (3.11)

To this end, first of all we note that in view of the definitions of Rf and Rg (see (3.2)), for every n >0, z € R
and y € A,, it holds that

<Rf - ’ﬁ*g - Hzf(x) + ﬁxg(x)ﬂ/ﬂ)
-/ (1L, (£(2) — f(z) — g(z) + glx)),um) dz
z€B(y,2— ™)
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+ / 2" (I1, — T1,)(g(2) — g(x)), Y1) d=
zEB(y72 )

Then, by the definitions of the models (II,T') and (f[,f‘) as well as the constructions of the modelled
distributions f and g, we have

M, (f(2) = f(&) — 9(2) + g(@)) = (Vs = Yy = Vi + V)W
and
(I, — T1,)(g(2) — g(x)) = (V. — Vo) (W — W),

Hence, we obtain that

(Rf — Ry — Ty f(x) + Mog(x), o) = / o 2O Y Ve T ) 0
z y,2="

+ / 2V, — V) (W — W), 07 de.
z€B(y,2—")

Then, following the arguments used in the proof of Lemma 3.10 we can derive that

Since [l = [|Wlyo-ss T =l = [IW = Wllyes, llgll, ,p S IV we and |If =gl ., S Y =Y lwg, the
above inequality can be written as

H sup (Rf —Rg — I, f(x) + Ig(x),n})] ’
neBr A7

P
L2 (dz) L%

< l17 — gll, -+ 01— T,

Y>p5p"

H sup (Rf—Rg—1Lf(z) + ,g(x)
neBr A7

p

| ) . ) (3.12)
SNW eIV = P llwe + W = Wlya s [V s

Sxx X = Xllwg,

where in the third line we used Theorem 2.3.8 in [23].

Now, invoking that Rf — Rg — I, f () + ,g(z) = Z — Y, W — ( -Y, W), we can apply the same argument
as for establishing (3.7) to the Estimate (3.12) to get that

// | Zgy — YWy — (Zs —YsWs,t)lfdsdt) Sxx X = Xllwg.

|t — s|"‘1"|r1

S

Since Zsy — YW, = Xif and Z~s7t — f/sWs,t = Xs,t, Estimate (3.11) has been established.
Step 3: The estimate from Step 2 gives that

X0 = X1 [P? »
/ / tt_ Slocp—i-l ds dt) ’ ~X, X HX X”W"‘
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2
_F P H
which in turn implies that the same bound also holds true for ( fol 01 % ds dt) " by invoking the

definitions of F and F. Hence, noting that
'/TZ(Xs,t - Xs,t) = Xs,t - Xs,t + Fs,t - Fs,t

we can deduce that

1 1 N n
2 5 Xst —Xgp — Fsr + Fsy
P (L0 L0 = ([ [ Pt

p/2 2 -
dsdt)” Sy 51X = Kl

Since piy (L(X), L(X)) = | X — X||wy, we finally obtain that

pwy (LX), L(X)) Sx,x IIX = Xllwg.

p

O

Remark 3.14. While the proofs of Lemma 3.9 and 3.10 and Theorem 3.13 contain basically all the necessary
ideas to prove the reconstruction theorem for modelled distributions of negative Sobolev regularity and Sobolev
models (¢f. Thm. 3.10 in [9] and Thm. 2.11 in [15]), we decided not to set up the general theorem for two reasons:
to prove Lyons—Victoir extension theorem is currently its main application and other applications might require
a different definition of Sobolev type models, c¢f. Remark 3.4.

On the other hand, one can of course prove the above reconstruction theorem without using the notations
and notions from regularity structure. Here we still decide to illustrate the proof in terms of the language of
regularity structure mainly because of a pedagogical purpose: as the construction of rough path lift over Holder
continuous paths via regularity structure is well-known, we believe it is easy for those readers who are familiar
with regularity structure theory to understand our approach and realize the difference between the classical
Holder case and the current Sobolev setting.

Remark 3.15. In general the rough path lift obtained in Theorem 3.13 does not coincide with the rough path
lift defined by Riemann-Stieltjes integration even in the case of sufficiently regular R%valued paths. This is
due to the continuity assertion in the Theorem: if the lift coincided on piecewise affine curves (which do have
Sobolev regularity) with the standard lift defined by Riemann-Stieltjes integration, then — by continuity — it
would coincide on limits of such curves. This would yield in particular a rough path lift of Holder curves of
order o < 1/2 continuous with respect to the Holder norm and extending classical lifts, which is known to be
impossible. However, there exists a class of rough differential equations where the solutions depend only on the
driving R%-valued paths and not on their rough path lifts, see Section 6 in [17]. For these rough differential
equations the associated It6-Lyons map depends, in a meaningful way, continuously only on the R?-valued
driving paths due to continuous lifting map L provided in Theorem 3.13.
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