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ELEMENTARY COUPLING APPROACH FOR NON-LINEAR
PERTURBATION OF MARKOV PROCESSES WITH MEAN-FIELD
JUMP MECHANISMS AND RELATED PROBLEMS

PIERRE MONMARCHE"

Abstract. Mean-field integro-differential equations are studied in an abstract framework, through
couplings of the corresponding stochastic processes. In the perturbative regime, the equation is proven
to admit a unique equilibrium, toward which the process converges exponentially fast. Similarly, in this
case, the associated particle system is proven to converge toward its equilibrium at a rate independent
from the number of particles.
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1. INTRODUCTION

The initial motivation of this work is the study of the long-time behaviour of mean-field semi-linear integro-
differential equations of the form

Ormy(x) = L'mi(2) + Qpn, (Am,me) () = A, ()1 (2) (1.1)

where my(x) is the density of particles at time ¢ at point x, L is the generator of a Markov process, A’ denotes
the dual on measures of an operator A on functions, and for all probability distribution v, A, > 0 is a jump rate
and @, is a jump kernel. In other words, the stochastic process whose law m; solves (1.1) follows the dynamics
of L and, at a rate A,,,, jumps to a new position drawn according to the kernel Q,,.

In particular, this encompasses the case of mean-field continuous-time Markov chains or of mean field Piece-
wise Deterministic Markov Processes (PDMP). Mixed jump/diffusion procceses are also concerned, but only
when the non-linearity lies in the jump mechanism. For instance, the kinetic neuron model studied in [47], for
which the mean-field interaction lies in the drift, doesn’t enter this scope.

Equation (1.1) can model various phenomena like chemical reactions [48], neuron activity [10, 45], econom-
ical games [18, 19], communication networks [6]. In the field of stochastic algorithms, where PDMP samplers
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have recently gained interest [4, 43, 54], mean-field equations describe the limiting behaviour, as the number
of particles go to infinity, of algorithms like parallel tempering [49], adaptive biasing force methods [34], selec-
tion/mutation techniques like Kalman-Bucy filter [16, 17], Fleming-Viot algorithms [14, 28], adaptive multi-level
splitting [12] and so on.

We are interested in the long-time behaviour of the solutions of (1.1) in the perturbative regime, namely
when the effects of the interaction is small with respect to the mixing effect of L. The general idea is simple and
based on coupling methods. A classical way to obtain some contraction in (weighted) total variation distance for
Markov processes is to define simultaneously two processes starting at different positions in such a way that they
have merged at some positive time with some positive probability. Once they have met, in the classical setting,
then they remain equal forever. However, in the non-linear case, even if we manage to merge two processes
that started at different positions, they still don’t have exactly the same law, hence the same dynamics, and
thus they may have to split after some time. Nevertheless, as they stay together, their laws get closer one to
the other, which makes a splitting less and less likely. Provided the non-linearity is small enough, the balance
between this two merge/split mechanisms is on the side of contraction.

This strategy of coupling two processes that don’t have the same dynamics in order to keep them as close
as possible is classical in the study of mean-field diffusions like the McKean-Vlasov equation [37, 50]. In that
case, a parallel coupling can typically be used, in other words the processes are defined as solutions of different
SDE but driven by the same Brownian motion. Even if they start at the same position, both processes then
drift away one from the other, but the evolution of the expectation of their squared distance is bounded by the
difference in their drifts which, for mean-field processes, is typically controlled by the Wasserstein-2 distance
between their law, which is itself controlled by the expectation of their squared distance. The expansion of the
latter is thus controlled through the Gronwall Lemma, see e.g. [37, 44, 50] for details.

When the interaction lies in the jump mechanism rather than in the deterministic drift one, although jump
processes may lack the regularization properties of diffusions, the picture is somehow a bit simpler. Indeed, the
analogous of the parallel coupling in that case means that, as much as possible, the two processes are prescribed
to jump at the same times and to the same locations, and in particular, starting from the same position, they
will stay equal for a (random) positive time. As a consequence, total variation estimates are obtained, which are
then compatible with classical contraction estimates obtained via Foster-Lyapunov techniques. This synchronous
coupling is used in [42] to study self-interacting PDMP and in [22] to control the difference between a smooth
approximation of a PDMP and the latter.

This coupling method works both for the non-linear process and for its associated interacting particle system.
Actually, the general idea is not restricted to mean-field interactions, and can be applied for instance to self-
interacting processes with memory (see e.g. the discussion in Sect. 4.7), sampling processes when the target
measure is close to be the product of its marginal (see Sect. 4.3), chain of oscillators, diffusions with colored
noise, killed or branching processes, SPDEs etc. It works for discrete time interacting chains. Mattingly in
[1, 38, 39] and Cloez and Thai in [14] use the same kind of arguments. For diffusion processes, rather than the
simple parallel coupling, the analoguous of our merge/split coupling should be the sticky coupling of Eberle and
his co-authors [20, 24, 25]. In a word, it is a very natural and general strategy, and we expect the arguments
developed in the particular framework of this paper to be of interest in many other settings'.

The paper is organized as follows. The definitions and main results are presented in Section 2.1 for the
non-linear problem and in Section 2.2 for the interacting particle system. These results are proven in Section 3.
More precisely, Section 3.1 is devoted to general considerations on couplings, while Section 3.2 for the non-linear
problem (and similarly 3.3 for the particle system) is decomposed in three parts: a coupling is constructed in
the first one, which is then used in a second part to prove the main result in a simple case (uniform Doeblin
condition), while the third part treats the more general case (local Doeblin condition with a Lyapunov function).
Finally, Section 4 gathers various examples of applications of the main results.

ITn fact, between the submission of this work and its publication, we followed this approach to study Fleming-Viot processes in

(31, 32].
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2. DEFINITIONS AND MAIN RESULTS

2.1. The non-linear process

Let E be a Polish space, (2, F,P) be a probability space on which all the random variables in this work will
be implicitly defined, and let L be the infinitesimal generator of a conservative Feller semi-group (P;);>o on E.
Denote P(F) the set of probability measures on E and D(FE) the set of cadlag functions for Ry to E, endowed
with the Skorokhod topology. From Chapter 17 of [33], for all initial condition x € E, there exists an associated
strong Markov process (Z7)i>0 on D(E) such that P, f(x) =E (f(ZF)) for all t > 0 and f € Co(E). In order to
avoid regularity or well-posedness considerations, we will rather work at the level of the stochastic process than
of the generator.

For all v € P(E), let A\, be a measurable function from F to R;, and let @, be a Markov kernel on E,
namely a measurable function from E to P(E). Throughout all this work, if @ : E — P(FE) is a Markov kernel,
we also denote @) the Markov operator defined by Qf(z) = (Q(z))(f) for all z € E and all bounded measurable
functions f. We call A\, the non-linear jump rate, and @, the non-linear jump kernel.

Let G, : E x [0,1] — E be a representation of Q,, namely be such that, if U is a uniformly distributed
random variable (r.v.) on [0, 1] then, for all x € E, G, (z,U) is distributed according to @, (z). From Corollary
7.16.1 of [3] such a representation always exists. Similarly, let H : (z,u) € E x [0,1] — (Hy(z, u))i>0 € D(E) be
a representation of the kernel 2 — Law ((ZF)¢>0).

Assumption 2.1. There exists A, such that for all v € P(E) and = € E, \,(z) < A..

This assumption that the jump rate is bounded uniformly, both in € E and v € P(E), is made for simplicity.
Although it already holds in many interesting applications, it may sometimes be too restrictive, but in many
such cases it can be circumvented via proper a priori bounds (see e.g. Sect. 4.6), specific to the problem at
hand.

Let M(R4,P(E)) be the set of measurable functions from Ry to P(F). Under Assumption 2.1, for z € F
and p:t > in M(Ry,P(E)), we want to define an inhomogeneous Markov process (X}"*);>o starting
from x which, loosely speaking, follows the Markov dynamics of the semi-group (P;)¢>0 between some random
jump times drawn at rate ¢ — X, (X[“") at which it jumps to new values drawn according to the distribution
Q. (X[""). More precisely, consider an i.i.d. sequence (Sk, Uk, Vi, Wi)ken where, for all k € N, Sy, Uy, Vi, and
Wy, are independent one from the other, Sy follows an exponential law with parameter 1 and Uy, Vi and Wy
a uniform distribution over [0,1]. Set Ty = 0, X{§** = 2 and suppose that T, > 0 and (X{"*)ic[o,1,,] have been
defined for some n € N and are independent from (Si, Uk, Vie, Wi )k>n. Set Thy1 = T + Sn /s

o Forall t € (T, Thy1), set X(°% = Hy 1, (X", Up).
o If Vi <Ay, (Hs, /2. (X7%,Un)) /A then set

XE" =Gy (Heyya, (XE7,Un), W) -

Tnt1 KTy 41
Vz !m
e Else, set X7 = Hg, /5. (X027, U).

By induction, (Xt‘"m)te[ojn] is thus defined for all n € N and, since T}, is the n* jump time of a Poisson process,
it goes almost surely to infinity as n goes to infinity, so that X" is almost surely defined for all ¢ > 0. Denote
by (RY,)i>s>0 the inhomogeneous Markov semi-group defined by

87

RY, f(z) =Ef (X7=4")

t—s

for all bounded measurable functions f, ¢ > s > 0 and x € E, where o, is the shift of time s defined by
(osp)r = pste for all (py)i>0 and all ¢ > 0. Note that, at least formally for suitable functions fo, f; = Rg‘,t Jo is



ELEMENTARY COUPLING APPROACH FOR NON-LINEAR PROCESSES 281

a solution of

Oift = Lefy == Lfi + )\Ht (Qlltft - ft) : (2'1)

Definition 2.2. We say that m € M(R,, P(E)) is a solution of (1.1) with initial distribution my if moRg", = my
forallt > 0.

Note that Definition 2.2 gives solutions in a quite weak sense, but in many cases additional informations on
L allows to precise the meaning of (2.1) and thus obtain, by uniqueness of the solution, that a solution in the
sense of Definition 2.2 is in fact a strong solution of (1.1).

For vq,v, € P(E), we denote their total variation distance

lvy — |7y = sup |(v1 —r2)(f)].
[Iflloo<1

Assumption 2.3. The function v — A\, (Q, — Id) is Lipschitz for the total variation norm, in the sense that
there exists # > 0 such that for all v1,15 € P(E),

sup ([ A, (Qua f — ) = M (Quaf — flloe < Ol — 12]l7v -

I flloo <1

Example. Let us consider a simple process in order to illustrate the assumptions in all this section. We consider
a birth and death Markov chain on E = N. The linear Markov part is given by

Lf(z) =b(z) (f(z +1) = f(z)) +d(z) (f(z = 1) = f(z)) , (22)
for some intrinsic birth and death rates b,d > 0, with d(0) = 0. Then, we add non-linear rates given by
b,(z) = Z B(z,k)v(k), dy(x) = ZD(J:, kv (k)
k=0 k=0

for some functions B, D : N2 — R for all probability measure v on N, with D(0,%) = 0 for all k € N. Then we
set

Mo(2) = by () + dy(x), Q. (z) = @) (b, ()01 + du(2)p—1) ,

with the convention @, (x) = 0, if A\, (z) = 0. In this example, Assumption 2.1 holds if B and D are bounded,
and for a function f with || f]lec < 1 and v4,v2 two probability measures on N,

1A, (Quif = f) = Ao (Quaf = Fllloo = [[(byy = buy)(f (- +1) = f) + (dv, —du,)(f(- = 1) = [l
< 2||bV1 - bV2||OO +2Hdl/1 - dV2||OO
< 2([[Blloo + 1Dllso) 1 = v2llTv

which means Assumption 2.3 also holds in this case.

Proposition 2.4. Under Assumptions 2.1 and 2.3, for all mg € P(E), there exists a unique solution of (1.1).
Moreover, if t — my, hy are solutions with respective initial conditions mq and hg, then for all t > 0

lme — hellrv < 6(%Hmo — hollrv -
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This will be proven in Section 3.2.2 through a fixed point procedure. As far as the long time behavior of the
process is concerned, let us first state a simple result:

Assumption 2.5. There exist tg, « > 0 such that for all z,y € F,
”(Srpto - 5yPt0HTV < 2(1 - a) :

Example. In the previous example, this is true for instance if there exists xo € N such that b(z) + b,(x) =0
for all z > x¢ for all v, in which case we can restrict the chain to the finite state [0, zo]. If b(x) > 0 for all z < xg
and d(z) > 0 for all # > 0 then the Markov chain on [0, o] with generator (2.2) is irreducible on a finite state,
hence satisfies Assumption 2.5.

Theorem 2.6. Under Assumptions 2.1, 2.3 and 2.5, if t — my, hy are solutions of (1.1) with respective initial
distributions mo, hg € P(E) then, for allt >0,

0to (60t0 o aeﬂ\*to)Lt/toJ Imo — hollzv -

[me — hellry < e

An equivalent result is proved in [10], for a particular model, via the Duhamel formula. We will rather
establish it (in Sect. 3.2.2) with a similar but probabilistic point of view. This proof will introduce, in a simpler
context, most of the ideas then used in the more general proof of Theorem 2.9 below.

The uniform Doeblin condition of Assumption 2.5 is quite demanding, in particular if F is not compact. The
classical Foster-Lyapunov approach [30, 41] for Markov processes usually gathers a local Doeblin condition on
compact sets and the existence of a Lyapunov function that tends to decrease on average along a trajecteroy,
away from some compact. The following counterpart of this strategy for non-linear perturbations seems to be
new.

For a measurable function V from F to [1,00), denote Py,(E) := {v € P(E), v(V) < oo} and for u,v € Py(E),
lg — vy = |u—v|(V) the so-called V-norm of u — v. In particular, if V =1, then || - [y = || - ||zv-

Assumption 2.7. There exist a measurable V : E — [1,00), 0 > 0, p,tg >0, p. € R, a« € [0,1], n € [0,1) and
M,~, > 1 such that the following holds.

e Lyapunov conditions. For all p € M(R;,P(E)), z € E, t > 0, and almost all u € [0, 1],

RE V(@) < e "V(z) +p / e? 1 (s (V) + M) ds (2.3)
PV (z) < e”'V(x) (2.4)
V(G (1) < 1.V(x) . (2.5)

e Lipschitz condition in V-norm. For all vy, vy € Py(FE),

Hfﬁ,lupqll/\ul(Qulf =) = A (Quaf = Plleo < Olln — 12y (2.6)

e Local Doeblin condition. For all z,y € E with V(z) + V(y) < 8(1+ M/(1—n)),
105 Py — 0y Piollry < 2(1 —a). (2.7)
Note that (2.3) and (2.4) can usually be established if, for all v € Py,

LY+ XA (QYV-V)< —p(V—-—nV)-M), LY < pV, (2.8)
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provided additional regularity and/or truncation arguments, see e.g. [41] or Section 4. The Doeblin condition
(2.7) is always satisfied with oo = 0.

Example. Consider the previous running example. Assume that B and D are bounded, so that Assumptions 2.1
and 2.3 (hence (2.6)) hold. Assume that b(z) > 0 for all € N and d(z) > 0 for all z > 0, so that the Markov
chain with generator (2.2) is irreducible, hence satisfies (2.7) on all finite subsets of N. In order for Assumption 2.7
to holds, it only remains to establish the Lyapunov conditions (2.3), (2.4) and (2.5) with a function V which
goes to infinity at infinity. Let V() = e®* for some a > 0 to be chosen later on. Remark that, for all v, z, if
X ~ @Q,(x), then | X —z| = 1 almost surely, hence V(X) < e*V(x), so that (2.4) holds with v, = e®. To establish
(2.3) and (2.4), let us prove (2.8), which is sufficient by standard arguments (again, we refer to Section 4 for
details). For v € Py,

% (LV(z) + A (z) (QuV(2) — V(2))) = (b(z) + by (2)) (€* — 1) + (d(z) + dy(2)) (e7* — 1) .

Assume that

¢ := liminf (d(;v) — b(z) — sup B(x, k)) >0,

T—00 keN

i.e. for large populations the death rate is predominant, uniformly in the non-linear birth rate. Let a,p > 0 be
small enough and zy € N be large enough so that (1 —e~*)d(z) — (e® — 1)(b(x) + sup,cy B(z, k)) = p for all
r > xg. Then for all v € Py and = > zg,

LV() + A (@) (Q V() = V() < —pV(x).

from which the first part of (2.8) holds with n = 0 and

M = supV(a) + % (IV() + M () (@ V() — V() -

The second part of (2.8) corresponds to the same computation in the case B = D = 0, hence it holds with
px = —p. As a conclusion, in this example, Assumption 2.7 holds as soon as the rates B and D are bounded
and ¢ > 0. Besides, these conditions do not imply the stronger Assumption 2.5, which would require that the
process with generator L comes from infinity in a finite time, which is for instance not the case if b and d are
bounded (in which case it is easily checked that, at any fixed time tg, the probability that a process starting
at x has reached a position lower than x/2 goes to 0 as * — oo, which prevents Assumption 2.5 to hold with
a > 0 uniformly in z,y).

Theorem 2.8. Under Assumptions 2.1 and 2.7, for all mg € Py, there ezists a unique solution t — my of (1.1)
with initial condition mqg. Moreover, for all t > 0,

M

mi(V) < e Pl (V) 4 (1 — e—P“—")t)m : (2.9)
Theorem 2.9. Under Assumptions 2.1 and 2.7, if « > 0, denote
g 2= eztO)eA*to <1]\_/[n N 1>
. _ 92(1 + B) 7+ (% + 1) p(Px A (1 =1))t0 (e(p+9ﬂ/*)(%+l)to _ 1)

(p+67.) (% + 1)
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1+ e rlo 1
K= % \ (1 - 2ae_A*t°>

f=e UMby (k4 C,) .

Suppose that & < 1. Then equation (1.1) admits an equilibrium pe € Py(E), i.e. a constant solution t — m; =
too for all t = 0, which is unique in Py(E). Moreover, ps(V) < M/(1 —n), and for all mg € Py(E) and all
t>0,

M
My — proolly < 2&H/t0~1 (5 +1+ 177) mo(V). (2.10)

Remark that, for fixed values of the other parameters of Assumptions 2.1 and 2.7, & < 1 if § is small enough.
Example. In the previous example, let 8 = 2(||B||oc + ||D]|oo). It is readily checked that all the estimates
obtained in this example to establish Assumption 2.7 are uniform for small §. As a conclusion, for fixed rates
b, d satisfying b(x) > 0 for all z € N, d(x) > 0 for all z > 0 and limsup(b — d) < 0, there is an explicit y > 0 so
that Theorem 2.9 holds with & < 1 as soon as B and D are such that 0 < 6.

2.2. Weakly interacting Markov particles

Let N € N and, for i € [1, N], let E; be a Polish space and (P});>¢ be a conservative Feller semi-group on
E;. Let E = Hf\il E; and (P;)¢>0 be the semi-group on E defined by

N N
P, (Hﬁ) () = ]:[Ptzfi(xi)

for all z € E, t > 0 and all measurable bounded functions f; on E;, i € [1,N]. For i € [1,N] let H be
a representation of z € E; — Law((Z;")i>0) on D(E;) where, for all z € E;, (Z;");>0 is a Markov process
associated to (P})¢>¢ with initial value z. In particular, if (Uy,...,Uy) are i.i.d. r.v. uniformly distributed over
[0,1] and = € E then (Hj(;, Ui))ie[1,Nﬂ,t>o is a Markov process on E associated to (P;);>o with initial value
x. For all ¢ € [1,N] let A; be a jump rate on E, i.e. be a measurable function from E to Ry, and @; be a
measurable function from F to P(F;) with representation G;. We extend @; as a Markov kernel @} on E defined
for all x € FE by

Qi(r) = 02, @ ®0p,_, DQi(T) @0y, @ @Oy -

Assumption 2.10. There exists A, > 0 such that, for all z € E and all ¢ € [1, N], \;(z) < ..
Under Assumption 2.10, let @ be the Markov kernel on E defined by

Q) = 5320+ (1- 525,

for all z € E, and let G be a representation of ). To jump from a position z to a r.v. drawn according to Q(x)
is equivalent to chose a coordinate ¢ uniformly in [1, N] and, with probability A;(x)/A., make it jump to a new
position drawn according to Q;(x), else leave it at its current position, and in either case leave all the other
coordinates unchanged.

Let z € E. We define a Markov process (X);>0 = (Xfft)ie[[l,N]],@o on E as follows. Consider an i.i.d. sequence
(Sk, (Ui k)ieqi,n1» Vi )ren where, for all k € N, Sg, Vi and (Us x)ieq1,n7 are independent one from the other, Sy
follows an exponential law with parameter 1, Vi a uniform distribution over [0,1] and (U )ieq1,ny are i.i.d.
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r.v. uniformly distributed over [0, 1]. Set Ty = 0, X§ = z and, for all n € N, T,, 11 = T}, + (NA.)~1S,,. Suppose
that (X{):c0,r,,] have been defined for some n € N and is independent from (Sk, (Ui x)ic1,n]s Vi )kzn- For all
t € (Tn,Tyy1) and all i € [1,N], set X7, = H}_p (X7, ,U; ). Finally, set

X5, = G((H%MTn(ngTn,Ul,n))ie[[1 N]],Vn> .

By induction, (X7);c[0,7,] is thus defined for all n € N and, since T;, is the nt" jump time of a Poisson process,
it goes almost surely to +oco as n goes to infinity, so that X, is almost surely defined for all ¢ > 0. Let (R¢)t>0
be the associated Markov semi-group, i.e.

RBif(z) = E(f(X7))

for all bounded measurable functions f on E.

Example. Let us briefly introduce the particle system which is the analogous of the running example of the
previous section, when the non-linearity is replaced by a mean-field interaction. The Markov part is independent
from the particle, i.e. Pf = P; for all i, and it is the semi-group associated to the generator given by (2.2). Given
B, D as in the previous section, set

1 & 1
NZB Zi,25) di(z) = NZD(xi’xj)'
j=1 j=1
Then the interacting jump mechanisms are given by
1
Ai(w) = bi(x) + di(x), Qi(z) = () (bi(2)00,41 + di(2)02,-1) -

Then, all the assumptions stated in the rest of this section can be proven under suitable conditions on b, d, B, D
similarly to the non-linear case of the previous section. The computations being exactly the same, we will not
repeat this discussion.

Consider on F the [y distance defined by

Jl(:cvy) = Qﬂ{ZE [[]-vN]]a : xz7éyz}a

for all z,y € E, where A denote the cardinality of a finite set A. Remark that the topology induced by d; is
equivalent to the trivial one, with more precisely

2]]-ac;£y < Jl(xay) < 2N]]'$¢y'

Assumption 2.11. There exists 0, to, &« > 0 such that, for all ¢ € [1, N], the following holds.

e Lipschitz condition. For all z,y € E with y; = z;,

sup ||Ni(2) (Qif(x) — f(x:)) — Ni(y) (Qif () — F(1:)) [loo < edl(l'7y) .

(2.11)
1 loe1 N

e (Uniform) Doeblin condition. For all z,y € E;,

162 Py, — 6y Pi lrv < 2(1 — ). (2.12)
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Here is the analogous of Theorem 2.6 for interacting particles.

Theorem 2.12. Under Assumptions 2.10 and 2.11, for all mg,ho € P(E) and t > 0,

_ t/t
[moR; — hoRy|7v < Nelto (eeto —ae A*to)t Jto] lmo — holl7v -

Moreover, denoting m, and h; the respective laws of Xr; and Yr, where Xy ~ moRy, Yy ~ hoRy and I is
uniformly distributed over [1, N] and independent from X; and Y:, then

"0 (e — ae™ 1) it — bl

[l — hillry <
Note that, using a naive approach (trying to merge at time ty two whole systems of particles), it is easy to
prove that the condition (2.12) together with Assumption 2.10 imply the uniform Doeblin condition

1 _ N
§H5mRto = 8yRyyllrv < 1= (e7*"a)" |

but then the contraction rate is geometrically poor with respect to V. This is why the Foster-Lyapunov approach
is sometimes thought to scale badly with dimension.

Let us show how Theorems 2.12 may apply in the case of a mean-field particle system associated to a
non-linear process such as defined in Section 2.1. Suppose that E; = E;, P} = P} and

Ai(z) = Aune)(Ti), Qi(7) = Quy()(Ti)

for all i € [1,N] and z € E = EY, where \, and Q, are given in Section 2.1 and

1 N
/J‘N(x) = NZ‘SL
=1

is the empirical distribution of . Remark that, for z,y € E,

lun () = pn(@)lrv < dilz,y)/N .

Indeed, (zj,y;) with a r.v. I uniformly distributed over [1,N] is a coupling of uy(xz) and pn(y) with
P(z; = y;) = di(z,y)/N. Hence, Assumptions 2.1, 2.3 and 2.5 imply Assumptions 2.10 and 2.11, with the
same A, 0, tg, a.

If the initial positions (Xjo0)ieq,ny are iid. r.v. with a given law mo € P(E1), then the particles are
exchangeables, in the sense that for all t > 0, (Xg().¢)ieqr,n] and (Xy¢)ieqi,n] have the same distribution
for all permutation o of [1, N]. In particular, if I is uniformly distributed over [1, N] and independent from

(Xt)t>0 then X;,; and X, ; have the same law. This means that, under Assumptions 2.1, 2.3 and 2.5, then

it gt — gt el [lmo = hollrv

[me — hellry <
holds with either m; and h; solutions of the non-linear equation (1.1) or the law of the first particle of the
associated system.

We go back to the general case. In order to relax the strong uniform Doeblin condition (2.12) under the
assumption that the process admits a suitable Lyapunov function, we now state an analogous of Theorem 2.9
for the particle system.
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Assumption 2.13. Thereexist 6 > 0, p,t9 >0, p. € R, a € (0,1], 7 € [1/2,1), M, 7, > 1 and, for all i € [1, N],
a measurable V; : E; — [1,00), such that, denoting V(z) = vazl V;(x;), the following holds for all ¢ € [1, N].

e Lyapunov conditions. For all z € E, t > 0, and almost all u € [0, 1],

t
RVi(z) < e Vi(xs) + p / P+ (%stx) + M) ds (2.13)
0
PVi(z;) < e”'Vi(w;) (2.14)
Vi (Gi(z,u)) < v Vi(x;) . (2.15)

e Lipschitz condition. For all x,y € E such that x; = y;,

s Q) = ) - @S Sl < 0T (2.16)

e Local Doeblin condition. For all z;,y; € E; with V;(z;) + Vi(y:) < 16(1 +n)M/(1 — n)?,
H(Smptio _5yiPtio||TV < 2(1 _04)- (2.17)

Under Assumption 2.13, denote dy, and p the distances, respectively on E and Py (E), defined for all z,y € E
by

N
dv(w,y) = Z Loy, (Vi(%) +Vi(yi) + W) ’

and for all y,v € Py(E) by
p(u,v) = inf {IE (JV(X, Y)) , X~ Yo~ u} )

(See Sect. 3.1 for a more detailed definition of couplings.) Remark that ||x — v||rv < p(p, v) and that || — vy <
Np(u,v). Note also that, in the case of a particle system associated to a mean-field equation, i.e. if the particles
are exchangeables and V; = V; for all 4,5 € [1, N], denoting p’ and v’ the laws of X; and ¥; when X ~ p and
Y ~ v (hence of X1 and Y7 with an independent I uniform over [1, N]) then ||/ — /||y, < p(p,v)/N.

Theorem 2.14. Under Assumption 2.10 and 2.13, denote

As
8= 4(1 +n)Mer-to (1 — e*%ﬂ(lfn)to)
a(l—mn)?

1 + e~ 3p(1=m)to 1
K= H% v <1 - 2046_’\*t°>

F=r4+r—+ (€9to _ 1) (s + 1)ep*+/\*('y*71)to(1 +1).

Suppose that & < 1. Then, (Ry)i>0 admits a unique invariant measure loo and for all mg € Py(E) and all
t>0,

_ - 1+n 1+n
< Rl (2N M .
p(moRy, poo) < K ( B+ e . 771/(V)
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Note that, in the case of a system of interacting particles associated to a mean-field equation, the assumptions
of Theorem 2.14 are slightly stronger than the assumptions of Theorem 2.9. Indeed, the right-hand side of
(2.16) involves d; instead of dy, which would be the analogous of (2.6). In other words, in this mean-field
case, the assumptions of Theorem 2.14 are equivalent to the assumptions of Theorem 2.9 with the addition of
Assumption 2.3. The interesting question of weakening the condition (2.16) in Theorem 2.14 raises non-trivial
considerations about the non-independence of V;(X;,) for different ¢ € [1, N], and is postponed to a future
work.

3. PROOFS

3.1. General considerations on couplings

Let us first give an alternative representation of the V-norm, for a given measurable function V from E to
[1,00[. Consider the distance dy on E defined for all z,y € E by

dy(z,y) = Loty V(x) +V(y)) -

Remark that it induces the trivial topology on E, since dy (x,y) > 21,4, for all z,y € E. Hairer and Mattingly
proved in [30] that

1 — p2llv = u ﬁup<1 (m1(p) — p2(p)) = ” ﬁup<1 (1 () — p2(p)) (3.1)

where, for all measurable ¢ from E to R,

o()

x
Pllv,1 = Sup 55— Plly,e =8Sup ————+— .
” ” zEE V($> ” ” TH#Y dv(.’l?,y)

Let us now give a coupling interpretation of || - ||y. For p1, pe € P(E), we denote (1, o) the set of transference
plane between p; and ps, i.e. the set of probability measures v on E? such that (X,Y) ~ v implies that X ~ p
and Y ~ py. Such a random variable (X,Y") is called a coupling of p; and ps. Alternatively, in that case, if
Z; ~ p; for i = 1,2, then we also say that (X,Y) is a coupling of Z; and Z,.

Lemma 3.1. For all uy and pe,
1 = polly = If{E (dy(X,Y)) : (X,Y) ~ v, v €&, p2)}

and the infimum is attained for some vop € £(11, p2) that does not depend on V.

Proof. Note that, according to (3.1), || - ||y is the Wasserstein-1 distance on P(FE) associated to the distance dy,
on FE, so that the first statement of the lemma stems from the general result of duality for Wasserstein distances.
Nevertheless, in the general case, the coupling would depend on the metric. Let us then give an elementary proof
in the present specific case, straightforwardly adapted from the classical case of the total variation distance.
First, note that |pu1 — pa| = p1 + o — 2u1 A po. If v € £(p1, p2) and (X,Y) ~ v, then for all event A of E,

P(X €A, X =Y) < pi(A) A pa(A).

In other word, the measure 7 on E defined by v(dz) = [, 1,—,v(dx, dy) satisfies 7 < 1 A po. Therefore, writing
Togy =1-1,—y,

B(dv(X,Y)) = (V) + i) = [ (V@) + V) Looyr(n,dy)
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— (V) + i) -2 [ Vi)
E
Z (V) + p2(V) = 2u1 A pz(V) = g — pellv.
It now remains to construct an optimal coupling, i.e. a measure v € &(u1, ue) such that equality holds. Let

p =1 A p2(E). If p=1 then u; = g and the optimal coupling is to draw X according to p; and then set
Y = X. If p=0 then p; and us are singular one to the other, and all couplings are optimal since

E(dy(X,)Y)) < EV(X)+V(Y)) = [l — pellv-
If p € (0,1), we consider the probability measures

VO:M/\M’ Vl:ﬂl—ul/\.uz’ V2:/~L2—M1/\ﬂ2.
p 1—p 1-p

Remark that v; and v» are singular one to the other, and that u; = pro+ (1 —p)v; for i = 1,2. Let Ey, Es, E5 and
B be independent random variables with E; ~ v; for i = 1,2,3 and B ~ B(p) the Bernoulli law with parameter
p.Set X =Y =FEjyifB=1land X = FE,,Y = E2if B=0.Then X ~ g andY ~ po, and {X =Y} ={B =1}.
Conditionning on the values of B,
E(dy(X,Y)) =1 -pE(@dy(X,Y) | B=0)
= (1 -pEV(E1) + V(E2))

- / V() (1 + iz — 21 A i) () = (1 — peally

which concludes. O

This representation of || - ||y is convenient since, as soon are we are able to construct a coupling of two
probability measures, we get an upper bound on their distance.

Lemma 3.2. Let (P,)i>0 be a conservative Feller semi-group on E, tg > 0, z,y € E and V be a measurable
function from E to [1,00). Then there exists a random variable (Z,Z})i>0 on D(E?) such that, for z = z,y,
(Z7)i>0 is a Markov process associated to (Py)i>0 with Z§ = z,

E (dv (2 24)) = 102 Pry = 3y Prolv (3.2)
and moreover,
Vs >t>0, Zp =7} = 77 =Z7. (3.3)

We call such a process an optimal coupling of (6;P:)i>0 and of (6, P;)i>0 at time to.

Proof. Let (X®, X¥) be an optimal coupling of §, P, and d,P;, such as constructed in Lemma 3.1. For z € E,
let (V)0 be a Markov process associated with (P;)i>o with Vi = 2, and let Wy = V;2, for t € [0,o]. Then
by usual conditionning arguments, (W;);c(0,4,] is an inhomogeneous Markov process with transitions

P(Viy—t € A)

PWie A[WseB) = P(Vio-s € B| Vit € A) grim—— 5
to—s

for all 0 < s <t <tp and all events A, B of E. Let (R;t)ogsgt@o be the inhomogeneous semi-group associated
to (Wi)iejo,t)- For 2 = 2,9, let (U )ielo,1,) be a Markov process associated to (R ;)o<s<t<t, With U = X*. For
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all t € [0,t] and z = =, y, set Zf = U7 _,. In other words, we have defined (Z7);e(0,+,) to be a Markov bridge
from z to X*. Then, set Zf = H;_,(X*,U’) for all t >ty and z = x,y, where U’ is uniformly distributed over
[0,1] and independent from (ZF, Z{)ic(0,t,], and H is a representation of z — (V;*);>0. By the Markov property,
(Zf)t=0 is then a Markov process with initial condition Z§ = z and such that Z; = X*.

Define a second coupling (Z7, Z¥)i>o as follows. Let 7 = inf{t >0 : ZF = Z!}. For z = x,y, set 2} = Z}

for all t < 7 and Zf = Z7 for t > 7. By the strong Markov property, (Z7);>0 is a Markov process associated to
(Py)e>0 with Z§ = z, and the two other conditions are satisfied. O

Examples of couplings such that (3.2) holds and (3.3) does not are easily constructed for discrete-time Markov
chains. Here is an example with continuous time. Consider the process (X;);>0 on [—1, 1] with generator

S+ F(=1)

Li(w) = sign(x)f'(z) + S

= f(0).

In other words, starting from z € [—1, 1]\ {0}, then X; = = — sign(z)t for ¢t € [0, |z|], after which X; = 0 for all
t € [|z|,|z] +T') where T is an exponential r.v. with parameter 1 and X, ;7 = R where R is a Rademacher r.v.
with parameter 1/2. It is clear that if |z| = |y| then 6, P; = ,P; for all t > |z|, since 6, P, = do. Now consider
for some tg > 2 the processes (X;,Y;);>0 that jump at the same time |z| + T, the first one to a Rademacher
r.v. R, the second one to R’ = R(1 — 21 |/47<¢,—1), which is indeed a Rademacher r.v. independent from 7.
In other words, as long as the jump occurs early enough for the processes to have the time to come back to 0
before time ¢y, then we send them to opposite points, else to the same one. Obviously (3.2) holds and (3.3) does
not.

3.2. Study of the non-linear process

We use in this section the notations of Section 2.1. In particular we consider a Markov semi-group (P;):>0
and non-linear jump rate and kernel v — A, Q,.

3.2.1. Coupling with different inhomogeneous jump mechanisms

Before giving the formal construction of the coupling, let us briefly highlight the general strategy: we want to
define simultaneously two processes, driven by different time-inhomogeneous jump mechanisms, in such a way
that, as much as possible, they are equal at some times. To do so, we use the linear Markov part of the dynamics
in order to merge the two processes with some positive probability under a Doeblin condition (provided that
no non-linear jump occurs meanwhile). To define the non-linear jump, we force the two processes to jump
as much as possible simultaneously and, as much as possible, to the same location. Thanks to the Lipschitz
assumptions on the jump mechanismsn the probability to achieve this is controlled by the distance between the
time-dependent measures associated with the processes.

Consider pt, u? € M(R,,P(E)). For all z,y € E, t > 0 and i = 1,2, denote

*

Qifa) = i @Mi<x>+<1“§m)ax,

and py(z,y) = (QF (x) A QF (y))(E). If py(x,y) =0, set
Qt:(xay) :5953 Qiﬁé(xvy) :Q;(I)
If pi(x,y) € (0,1), set

Qi(z) — Qi (x) A Q(y)
1 —pt(l’,y) '

, Qi (z,y) =
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Finally, if pi(z,y) = 1, set
Q7 (w,y) =Qi(x), Q7 (v,y) =0a.
Then Qf and Qi”é for i = 1,2 are Markov kernels from E? to P(E) such that, for all 2,y € E and i = 1,2,

Qi(z) = pilz,y)Qr (z,y) + (1 — pe(z,9)) Q17 (z,y), (3.4)

and, as shown in the proof of Lemma 3.1, [|Q}(z) — Q?(y)|lrv = 2(1 — p;(x,%)), so that the condition (2.6) of
Assumption 2.7 reads

0
Vre B, ¥t20,  1-pe2) < g-lm - ilv, (3.5)

and similarly with V =1 for Assumption 2.3. For all t > 0 and i = 1,2 let G5 (resp. Gi’;ﬁ) be a representation
of QF (resp. Qi#), in the sense that for all z,y € E, if U is a r.v. uniformly distributed over [0, 1], then
Gt:(xvy7 U) NQt:(iay) )

The meaning of the notations introduced here, namely p;, Q7 and Qiﬁé lies in the decomposition (3.4) of
Qi(x), the latter being the law of the position after a jump at time ¢ from the position x (except that, with
respect to the initial kernel ) uis we have artificially increased the jump rate to the upper bound A, at the cost
of adding “phantom jumps” which are jumps from x to z). The decomposition (3.4) gives the following way to
sample a position according to Q! (z) (when the other process is at a position y): with probability p,(z, ), draw
a position according to Q7 (z,y), otherwise draw a position according to Q%ﬁé(a:, y). The same goes for Qf (z)
and since Q)7 is the same for ¢ = 1,2 we can take the same random variable for the two processes in that case.
In other words, Q7 is the law of the common position of the process after a synchronous jump, while Qiﬁé for
1 = 1,2 are the law of the positions when the coupling fails.

We define a Markov process (X¢, Y:)i>0 on E? as follows. Let mg, ho € P(E) and let (X, Yp) be an optimal
coupling of mg and hg such as constructed in the proof of Lemma 3.1. For a given tg, let (Z;, Zt)t>0 be an optimal
coupling of (0x, P;)¢>0 and (dy, P:)¢>o0 in the sense of Lemma 3.2. Consider an i.i.d. sequence (Sk, Ug, Vi, W) ken,
independent from (Z, Zt)@o where, for all k € N, Sy, Uy, Vi and W, are independent one from the other, Sy
follows a standard exponential law with parameter 1 and Uy, Vi and Wy a uniform distribution over [0, 1]. Set
To =0, Thy1 = T + Sp/A«. for all n € N and suppose that (Xi, Y;)¢cjo,7,,) have been defined for some n € N
and are independent from (Sk, Uk, Vi, Wi)k>n.

o Set (X,Y;) = (Z, Z,) for all t € [0, 7)) and (X1, Y1) = (Zp,, Zr,). I n > 1, for all t € (T}, Tyy1), set
(Xt; }/;5) = (Hthn (XTnv Un)a Hthn (YTnv Un))
and

(XTn+1 ) YTn+1) = (HT1L+1*T7L (XTn’ Un)’ HTn+1*Tn (YTm Un)) .

o IfV, <pr, (XT,L+1 , Y’Tnﬂ) then set

XTn+1 = YTn+1 = G;n (XTTLH’YTT,,HaWn) s
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and else set

XTn+1 = G’;f (XTTL+17?TH+17WH> YTn+1 = G%j (yTn+17XTn+17Wn> M

Proposition 3.3. For allt >0, X; ~ moR‘O‘; and Y; ~ hoRgi.

Proof. By symmetry, we only consider the case of (X;);>0. Note that in the definition of (X;):>0, as in the

1
definition of (X} ™)i>0 in Section 2.1, (T},),>0 is a Poisson process with intensity A.. Moreover, for all n > 0,

conditionally to X7, , (Xt)e[r,,7.,.) is @ Markov process associated to (P;):>o, i.e. has the same distribution as
1.,
(ZtXT" )t€[0,Ts1—T,)» and the same goes for (X{* *);eir, 1,.,)- As a consequence, it only remains to check that

1
the Markov chain (X7, )nen has the same distribution as the Markov chain (X%L’I)neN, which is equivalent to
say that they have the same transition kernel. Yet, for any bounded measurable f on FE,

E (f(XTl) | Tl = t; XTl = i’a Y/Tl = 27) = E[lvogpt(i,ﬂ)f(Gt: (‘%7337 WO))
+ Vysp @ F(G7 (&5, W)
=i (2,9) Q7 (%, 5) + (1 — pe (£,9)Qr7 (2, 7)

= Qi f(7).
Hence,
+oo
E(f(Xr,)) = PLQ; f(z) e~ Mtdt
0
“+o0o
_ /0 P (NiQuit + (e = A) £) e tar
Similarly,
E (f(X:‘fyl’w) | Thv =t, Hgy/x, (x,Up) = 56) = ]E[]lv(,@“% @ /2. [ (G (2, Wo))
+ ]1Vo>/\u%(i-)/>\*f(53)]
At (2) A @)Y
=200, @)+ (1- 242 s
= Qi f(@),
and again

E (f(Xéfllw)) _ /()*OO P} ()‘uiQuif + ()\* - )‘ui) f) e Mtdt

which concludes. ]
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3.2.2. The total variation case

Proof of Proposition 2.4. For (u}, u?)i=0, mo, ho € P(E), consider the associated process (X;,Y;)¢>o defined in
Section 3.2.1. From Proposition 3.3, for all ¢t > 0,

1 ! 12
§Hm0R0,t - hoRo,t”TV P(X: # Yy)

<
<P (Xo # YD) + P (Topiie <t | Xo =Y0)

where Tgpy = inf{T,, : neN, V,, > prp, (XTHH,YTHH)}. Note that, by construction, Xy = Y implies that
Xy =Y, for all t < 74 so that, conditionally to X, = Yy,

Tsplit > lnf{Tn T ne N7 1- Vn < GHM%} - /‘%“HHTV/(2)\*)} = 7~'split7
where we used (3.5). Note that 7,i; is independent from (X, Y), so that

]P(Tsplit <t | XO = }/E)) < IP>(7~—split < t)

0 t
— 1o (=5 [ et = slrvas)
0

Since (Xo,Yp) is an optimal coupling of mg and hg, using that 1 — exp(—a) < a for all a € R, we have thus
obtained

t
1 2
[moRG ; — hoRg (v < [[mo — hollrv + 9/ s — w2l rvds. (3.6)
0

Now, remark that, for fixed mg € P(E), t1 > 0, (moRpy ;)tefo,+,] only depends on (p1)¢eo,4,]- Set t1 = 1/(26) and
consider W : (ut)ref0,t,] — (MoRG ¢ )efo,t,]- Then

1 2 1
sup ||moRy, —moRy v < 5 sup s — w2llrv,
s€[0,t1] s€[0,t1]

In other words ¥ is a contraction of L* ([0,¢1], P(E)), which is complete, hence admits a unique fixed point,
which is a solution of (1.1) in the sense of Definition 2.2 on [0,#;]. Then there exists a unique solution on
[nt1, (n+ 1)t1] for all n € N, thus on R...

Considering two such solutions with respective initial distributions mg and hg, (3.6) reads

t
Ime — hellry < ||mo—ho|\w+0/ s — hyllrvds,
0

and Gronwall’s Lemma concludes. O

Proof of Theorem 2.6. Let t — my, hy be two solutions of (1.1). Consider again the proces (X3,Y;:) defined in
Section 3.2.1, with u' = m and pu? = h. In particular,

1
§||mto - hto”TV < P(Xto 7é Y;o)

gIF)(‘X?E() #thoa XO #YO)_F]P)(X% #Yzo ‘XU:YO) .
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In the proof of Proposition 2.4, we established that
¢
2P (X, # Yiy | Xo = o) < 6/ e — hallzvds
0
t
< 9/ e lmo — hollzvds = (%% — 1)lmo — hollzy -
0
By construction, for all t < Ty, (X¢,Y:) = (Z, Zt), so that

P(Xiy = Yiy | Xo #Y0) > P(Zuy = Zipy Ty > to | Xo # o)
—P (Zto = Z4 | Zo # ZO) P(T) > to) > ae M.
Since P(Xg # Yy) = ||mo — hol|Tv /2, we have obtained
Mty — b llv < (750 — ae™+0) lmg — hol|7v -
Now, for any ¢ > 0, using again Proposition 2.4, we get

[me — hellrv < eo(tﬂt/toﬁo)HmLt/ttho - th/tOJtoHTV

N

efto (¢t — aefx*to)lt/tﬂ I

mo — hollrv -

3.2.3. The general V norm case

Lemma 3.4. Under Assumptions 2.1 and 2.7, for all u*, u> € M(Ry,P(E)), x € E andt > 0,
! 2 A me [T 2
I8R5~ 8. Ry < 0.V (@)elr 000 [t iy,
0

Proof. Consider the process (Xi, Y;):>o defined in Section 3.2.1 with X¢ = Yy = =, and ¢; > 0. As in the proof
of Proposition 2.4, let 7y = inf{T,, : n €N, V, > pr, (X1,.,,Y7,,,)}. Since X; =Y, for all t < 7oy,

Taptie = f{T, = n €N, 1=V, <Oluy, — 7, lv/(2A)} = Fapiie
and we bound
E (dV (Xt17}/tl)) <E (]l%splitgtl (V<Xt1) + V<5/;51))) .

Set I' = (Sk, Vi )ken, and remark that 7, and K = f{n € N : T,, < t;} are deterministic functions of T, while
(Zi, Zy)1>0 and (Uy, Wi)gen are independent from I'. Using (2.4) and (2.5), for all n € N,

E(V(Xr,) | T) < E (V(¥r,) | T)

=%E (Pp, -7, V(X7,,) | T)
< '}/*ep*(TniTnil)E (V(XTnfl) | F) .
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Similarly, and then dy direct induction,
E(V(Xy,) | T) et TOEW(Xr,) [T) < Afe”"V(2).
The case of Y;, being identical, with Yy = Xy = x, we have obtained
E (dy (Xt,,Y3,)) < 27" V(2)E (L7, <075 ) -

Besides, (Vi)ren is independent from K, and conditionnally to K, {T;};c[1,x7 are distributed like K independent
uniform r.v. over [0, 1] and independent from (Vj)ken , so that

P(Faprit > t1 | K) 2 P (1= Vo > 0k, — i, Iv/@\), vne[0,K —1]| K)

1 h 0 1 2 ® K
=(1—= 1A {—|ul - d = K.
(1= [ on (gt - slv) ) =

Since K follows a Poisson law with parameter A,.tq,
E (dy (X1,,Y,)) < 2e"V(@)E (1 - %))
= 2P 1Y (z) (ex*tl(%q) . e/\*tl(v*sfl))
< 2817 (1 — s)]/(av)e(p*+>‘*("*_1))t1 ,
which concludes. O

Proof of Theorem 2.8. Let t — u},u? be two measurable functions from Ry to Py, and mg € Py. From
Lemma 3.4,

1 2 1 2
ot~ moRf v = [ 18.BE, ~ 6B, |vmo(do)
t
< Oama (el N0 [l .
0
Moreover, if u; (V) < mo(V) V (M/(1 —n)) for all t > 0, then (2.3) implies that

moRA (V) < e P'mo(V) + (1 — e #) (n <m0(V) v 1]‘_477> +M> < mo(V)V —— .

Let t; be small enough so that

1

tlefy* (mO(V> \V 1M ) e(p*“l‘)\*(’)'*_l))tl < _ .
-n

[\V]

Let A be the set of measurable functions ¢ — pu; from [0, ¢1] to Py such that p:(V) < mo(V) V (M/(1 —n)) for
all t € [0,t1]. Remark that A is not empty since it contains the function with constant value mg. As a closed
subset of L*°([0,¢1], Py), A is complete with the distance

dista(p',p®) = sup |pb— 2.
se[ovtl]
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The map ¥ : (f1¢)ecjor,] — (moRg,t)te[o,tl] being a contraction of A, it admits a unique fixed point in 4, which
is then a solution of (1.1) over the time interval [0, ¢1]. In particular, m;, < mo(V)V (M/(1—n)), and the same

arguments (with the same time ¢1) yield a solution on the time interval [¢1, 2¢1], and then by induction on R.
If m is such a solution, then (2.3) integrated with respect to mg and applied with ps = mg for all s > 0 yields

t
(V) < mo(V)+np [ ema(Vids+ (e~ 1M =
0
with j; < npji + pM exp(pt), hence

ePt _ enpt
my(V) < e iy < et (enptjo + M1_77> )

which is exactly (2.9). O

A direct corollary of (2.3) and (2.9) is that, for all ¢ — m; solution of (1.1) with mo(V) < M/(1 —n)+ 1, all
t>0andall z € E,

o V(@) <e PV(x)+ (1—e ) (1 + 1) . (3.7)

Lemma 3.5. Under Assumptions 2.1 and 2.7, if t — my, hy are solutions of (1.1) with ho(V) V mo(V) <
M/(1—mn)+1, then for allt >0,

M
(p+67x) -7 +9’Y*)

[l — helly ge( t”mO*hO”V-

Proof. Consider (X, Yp) an optimal coupling of mg and hg such as given by Lemma 3.1 and let (X¢,Y;) be an
optimal coupling of dx, Rg'; and dy, R&t, so that

||mt - ht”V < E (dV(Xtv )/t)) = E ((]]‘X():YO + ]]'X(J#YO) dV(Xtv }/t))

Since E(1x,=v, V(X0)) < mo(V) A ho(V), from Lemma 3.4,

M t
E (1x,=y,dv(X¢, Yz)) < 074 (177 + 1) e(p*JrA*(’Y*_l))t/ [y — Ry llydu
- 0

= an() [ I~
From (3.7),
E (1xo2v, V(Xe) + V(1)) < e "Elx 2y, (V(Xo) + V(Y5))
+2(1—e") <1J\_477 + 1) P (X, # Yp)

M
< |:€Pt + (1 — efpt) <1—77 + 1>:| ||m0 — ho”y

= az(t)[|mo — hollv -
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Thus
t
[me — helly < az(t)|mo — hollv + al(t)/ [ms — hs|lvds.
0

As in the proof of Theorem 2.8, the Gronwall’s Lemma yields, for all ¢t > 0,

t
e — helly < (a2<t> +art) [ aa(s)ef “1<“>d“ds) o — holly.
0

For t > 0 and n > 0, applying n times this result with the time ¢/n we get

t/n "
t/n
[[me — elly < <a2(t/”) + al(t/n)/ as(s)els al(u)dudS) lImo — hollv
0

where we used that, from (2.9), my/n (V) < M/(1 —n) +1 for all k € N. Letting n go to infinity,
e — hly < e(a2@Far©@az©@)ty o pon

which concludes. O
In the following, as in [30], we consider for a scale parameter S > 0 the distance on Py(E) given

by pg(p, t2) = |1 — pelg+v. In other words, denoting dg(x,y) = lu2y (28 + V() +V(y)) and applying
Lemma 3.1 means that

pp(prs p2) = Inf{E(ds(X,Y)) + X ~ 1, Y ~ po} .

Lemma 3.6. Under Assumptions 2.1 and 2.7, if o« > 0 and if t — my, hy are solutions of (1.1) with ho(V) V
mo(V) < M/(1 —n)+ 1, then for all x,y € E such that x # y,

PB (5ng,Lt0,5ng7to) < /ﬁdg(x,y)

with

2(1—e rloyerto /M 14 e rto 1 5y
_ 1 = V(1= Zae M) . 3.8
h o i, " 2 ¢ (3:8)

Proof. This is essentially the proof of Theorem 3.1 of[30]. Consider the process (X¢, Y;):>0 defined in Section 3.2.1
with Xg =z, Yy = y, and bound

PB (5ng,lt07 5ng,to) <E (dB (Xthto))
< 28P (X4, # Vi) + Ry, V(@) + Ry, V() -

Then (3.7) yields

7 V(@) + Rl V() < e (V(a) + V(y) +2 (1 —e ™) (1Mn + 1) .
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Two cases are distinguished. First, if V(x) + V(y) < 8(1 + M/(1 —n)), similarly to the proof of Theorem 2.6,
from (2.7),

P(Xi=Y;) 2 P (Zto = Zto, T > to) > aqe Mo
so that
— At —pt o M
E@“&wnw<2ﬁ0—wz*ﬂ+epwwm+v@»+zu—epﬂ(l_n+0
1
23 (1 G ) 4 Va4 V)
where we used the definition (3.8) of 8. Second, if V(z) + V(y) > 8(1 + M /(1 —n)), then

E (s (X, Yeo)) < 28+ 70 (V(@) +V(y) +2 (1 —e ") ( 1& + 1)

<26+ # (V(z)+V(y)) —2 (1 —e ") (1 + 1)

=28 <1 — ;ae’\*“’) + # V() +V(y)) ,

where we used again the definitions (3.8) of 5.
O

Proof of Theorem 2.9. Applying (2.3) with x = x¢ and pus = d,, for all s > 0 where zg € E is such that V(zg)
is arbitrarily close to infV, we obtain that infV < M (1 — 7). In particular, Py 1(E) = {v € Py, v(V) <
M (1 —mn)+1} is not empty since it contains d,; for all zj € E with V(zp) sufficiently close to inf V. From (3.7),
if ¢ — my is a solution of (1.1) with mg € Py 1(E) and then m; € Py 1(E) for all ¢ > 0.

Let mog, ho € Py 1(E) and (Xo,Ys) be an optimal coupling of mg and hg given by Lemma 3.1, i.e. be such
that, for any 8 > 0,

pﬁ(m()aho) = E(dﬁ(X()aYO)) .

Conditionning on the initial value, let (X4,,Y;,) be an optimal coupling of éx, Ri’;, and dy, R&to, so that

E (ds(X15, Vi) = E (pp (93, R4 00 Rz, )
=E (Ixo=vo + Lxozvo) P8 (Ox0RE» 6v0 RE 1)) -

Considering x and § such as defined in Lemma 3.6 and using Lemma 3.4 and the fact that dg < (1 + 8)dy,
E (dB(Xtov Yrto)) < kE (dB(XOa YO))

M fo
+ 2(1 + B)f. (177 + 1) elPr A (3 —=1)to /0 M = B[ ydu .
Together with Lemma 3.5 and the fact that, || - ||y < pg (since dy < dg), this means

2(1+ B)v« _ M
< AT PV (A A (e —1)to [ L (p+07.) (F25+1)to
pa (Mg, hey) < pa(mo, ho) |:Ii—‘r 0 0T 00 e (e T 1)
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< /%pﬁ(mo, ho) . (39)

By assumption, & < 1, so that Uy, : Py 1(E) — Py 1(E) that maps mg to my, where ¢t — m; is a solution of
(1.1) is a contraction. If a sequence (in)nen in Py is such that pg(pn,v) — 0 for some v € P(E) as n — oo,
then w, (V) — v(V). Hence, Py 1(E) is a closed subset of Py, (E) endowed with the metric pg, which is complete.
As a consequence, ¥y, admits a unique fixed point fio in Py 1(E), which for now may depend on ty.

From (2.9), for all n € N and mgo € Py(FE),

M
Mt V) < efp(lfn)ntomo(v) + (1 _ e*p(lfn)nto) T 77.

which, applied to mg = peo and letting n go to infinity implies that V(peo) < M/(1 — n). More generally, (2.9)
means that for all mg € Py(E) and all t > s¢ := In(mo(V))/(p(1 — 1)), m; € Py1(E). For all v € Py 1 (E),

M
pp(Hoo, V) < 2B+ 2m +2.
Combining this with (3.9), we obtain that, for all mg € Py (E),

P8 (poo,mie) < RLET=V10 po (1 my 4| (1=s0) 10 ) )

< 2k (t=s0)/to—1 (6 +14 M) .
1—=n

Since & > e~P(1=Mto  g=s0/to < (V). We have then obtained, for all £ > 0 and all mg € Py,

ot M
PB (,U'om mt) < 2Rttt (ﬁ +1+ 1_,’7> mO(V) .

In particular, if mg = peo, since in that case ms = hspny, for all s > 0 and n € N, letting n go to infinity,
we get that ms = poo for all s > 0, in other words (oo is an equilibrium of (1.1). Finally, pg > || - ||y, which
concludes. O

3.3. Study of the particle system

We use in this section the notations of Section 2.2. In particular for ¢ € [1, N] we consider a Markov semi-group
(P{)t>0 and jump rate and kernel \;, Q;.

3.3.1. Coupling for interacting particles
For all z,y € F and i € [1, N], denote

G = 2au+ (1- 22 ).

and p;(z,y) = (Qz(x) A Ql(y))(El) If pi(z,y) = 0, set

Qr (1,y) = 0sy, Q7 (z,y) = Q).
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If pi(z,y) € (0,1), set

Q7 (v,y) =

1 _pl(xay)

Finally, if p;(x,y) = 1, set

Qz:(wvy) = Q’L(x)? Qf(xvy) = 5m7 .

Then Q5 and Q7 are Markov kernels from E?2 to P(E;) such that, for all z,y € E,

and, as shown in the proof of Lemma 3.1, [|Qi(z) — Qi (v)|7v = 2(1 — pi(z,¥)), so that (2.11) reads

Vz,y € E such that z; = y; , 1—pi(z,y) < %ﬁ\’f’),
and similarly for (2.16). For all i € [1, N] let G5 : E? x [0,1] — E; (resp. GT) be a representation of Q7 (resp.
Q7), in the sense that for all 2,y € E, if U is a r.v. uniformly distributed over [0, 1], then G7(z,y, U) ~ Q7 (x,y).
Let 2,y € E. We define a Markov process (X¢,Y:)i>0 = (Xit, Yit)iepi,N],e0 on E? and an auxiliary Markov
process (Ji)i>0 on [1, N] as follows. For a given ¢y and all i € [1, N] let (Z; 4, th)t}o be an optimal coupling
of (6:P})t>0 and (6,P})¢>0 in the sense of Lemma 3.2, independent one from the other for j # i. Consider an
i.i.d. sequence (Sk, (Usk)icp1,n7» Vs Wi, Ix)ken, independent from (Xo, Yp) and (Z; ;, Z; )t>0,ic1,n] and where,
for all k € N, S, Vi, Wi, I and (Us)ieqi,ny are independent one from the other, Sy follows a standard
exponential law with parameter 1, Vj, and Wy, (resp. Ix) a uniform distribution over [0, 1] (resp. over [1, N]),
and (Ui r)ieq1,np are i.i.d. r.v. uniformly distributed over [0, 1]. Set Ty =0, Xo =, Yo = y and Jy = di(z,y)/2
and suppose that T, > 0 and (Xy, Y%, Ji)iejo,7,,) have been defined for some n € N and are independent from
(Sks (Ui k) ieing> Vies Wi, Ik )ksn- Set Trqq = T + (NA) 1S,

e Forallie [1,N] and all t € (Ty,, Tp41), set Jr = Jr,,

(X . Y; t) — { (Zi,‘t;Zi,t) if (Xi,Tn‘7Y;T ) (Z 7Z )
B (HZ_Tn (Xi,Tani,n)aHtZ_T zTn; ,n ) else,

and

(X, Vir )= (Zituir Ziman) i (Xim,,Yim,) = (Zir,, Zir,)
4, Tpy1y L4, Thy1) — H%77,+1_Tn (Xi,Tna Ui,n), H%n+1_Tn (Yinn, Uz’n)) else.
o IfV, <pip, (XTn+17YTn+1) then set

XTn+1 = YTn+1 = GZ( +17YT +17Wn> 1)
and else set

XT 1l Gi (XTH+17}7T71+17WTL) YT 1 Gi (?Tn,+1aXTn+17Wn) .
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=Jr,.

n

o IfV,, >1—60Jr,/(NX,) and x, = ys, then set Jr, , = Jr, +1, else set Jr,
Then (X;,Y;, J;) is defined for all ¢ > 0.
Proposition 3.7. For allt >0, X; ~ 0, R, Y; ~ 6y Ry and 2J; > di(X¢,Ys).

Proof. The proof of the first statements is similar to the proof of Proposition 3.3, hence omitted. For the last
one, we note that

- 1- .
Jy = Jp = §d1($ay) +#{i € [, N] : ;= w, Xy # Yi,t}-

Indeed, it is clear by definition that 2~jt >d; (X:,Yy) for all t > 0. Since Jy = jo, suppose that Jr, > an for
some n € N. Then J; = Jr, > Jr, = J; for all ¢t € [T},, T, 41). From

Jl (XTIL+17 ~Tn.+1) < Jl (XTn’YTn) g 2an I’

we get that
JT"+1 = JT" + lmfn:yln ]]'Vn>;l)1n (XTn+1vf/Tn+1)
S+ Vag =y, Yy, 212005, /N
< I, + Lop, =y, Wvz1-000, /N = JT0is s
which concludes. O

3.3.2. The total variation case

Proof of Theorem 2.12. Keep all the notations of Section 3.3.1 and, for ¢ < 0, let
Ar={ieN : Ziy=Zi;, x; #y; and I,, # i ¥n € N such that T,, < t}.

Remark that, if ¢ € A, then X, ; = Y ¢, so that

1 .
§d1 (Xt7}/t) = §dl(xay) + ﬁ{l € [[17N]] LTy = Yiy Xi,t # sz}t}
— i e [I,N] : @ #ys, Xip=Yis} < Jo— 1A

For all i € N, 7; = {T), >0 : I, =i, n € N} are the jump times of a Poisson process of intensity .,
independent from 7; for j # i and from (Z; ¢, Z; +)1>0. As a consequence, for all ¢ € [1, N] with x; # v;, Lica,

is a Bernoulli r.v. with parameter exp(—M.t)P(Z;; = Z;), independent from 1;c4, if j # ¢ and from J;. In
particular,

E(ﬁAto) > Cil(:my) eXp(—)\*t())Ol.

1
2
On the other hand, the generator of the Markov process (J;)¢>o is

K5 = 05 (1= 0 (54 1) - 100
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Applied to f(s) = s, this yields

OE (J;) = 0 (1 - dlg”Ny)) E(J) < 0E(J), (3.10)

and thus

E (Jl (XtO,YtO)) < d; (z,y)e Oto _ e_/\*tocfl(m,y).
On the other hand, for all t € [0, 0],

E (di (X1, Y1) < 2E(Jy) < da(z,y)e™.

Considering on P(FE) the distance p defined by

p(p1, p2) = inf {E(di(X,Y)) : X ~p1, ¥V ~ pa},
we have thus obtained that, for all ¢ € [0,%¢] and =,y € E,

p (6zR:, 0yRy) < (eeto — ]lt:tgaef)‘*t‘)) dq (z,9).

Finally, for all ¢ > 0 and z,y € E,

||5th 4 RtHTV p (0 Rm(s Rt)
< di(z,y)e 6to (eato _ aei/\*to)Lt/toj

< 2N1 Ay €0t0 ( Oto _ aef)‘*to) Lt/to]

)

which, integrated with respect to any initial distribution, concludes the proof of the first statement of
Theorem 2.12.

Now, let m} and hj be the respective distributions of X and Y7 ;, where I is independent from (Xy,Y}):>o0.
Then

1 _
lmi = hillry < 2P (Xrp # Yig) = FE(d (X, V7)) -

Considering an optimal coupling (Xo,Yy) of mg and hy and, conditionally to (Xo,Yp), an optimal coupling
(Xt, )ft) of 5X0Rt and 5Y0Rt,

E (dy (X4, Ys)) < E (d (Xo, o)) %0 (70 — qe><to) /"]
= ONP (X1 # Yi0) ¥ (20 — e eto) /1)

= N|lmg — hollrve

)

- [t/to]
Oto (69t0 — ae )\*to)

which concludes. ]
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3.8.3. The general V case
In all this section, Assumptions 2.10 and 2.13 are enforced. For ¢ € [1, N] and = € E, set

Wiz) = Vi(@s) + —21 V(a).

N(1—=n)
Lemma 3.8. For allt >0 and x € E, and i € [1, N],
—p(1-n)t —p(l—n)t N
RV(z) <e V(z) + (1 e ) e (3.11)
L=mn
2(1 M
RW;(z) < e 207D (2) + ((1+:77))2 (1 - e—%f’“—")t) . (3.12)

Proof. Summing (2.13) over i € [1, N| reads

t
RV(x) < e PV(z) + p/ e’ (nRV(x) + NM) ds
0

for all ¢ > 0 and = € E. The Gronwall’s Lemma then yields (3.11) which, reintegrated in (2.13), gives

2 M
ROWi(z) < e~PVi () + e—p-me 2TV@) L (1 _e_pu_mt) U

N(1—1n) (1—-mn)?
" opts=t) (T gmp(i-msy | e—r=ms) MM\
p(s— A —p(1—m)s _ _—p(l—m)s
+p/oe (Ne (x)Jr( e )1—17+ > s
_ (1 l—n/ 0 - 2nV(z)
— Pt (o p—mt o 2~ N ( —pa-nt _ —pt) )| “T\T)
e Vz(xz)+<e + o (e e )) Ni—1)

o oM pMe=rt [t o
1 — e—P(d—mt / ps (1 — g—P(1—m)s
+< e )(1_77)24— 1= Oe ( e n)ds
< a(t)Wi(x) + b(t)

with

a(t) = e—P=mt o 1—-n (e*p(lfn)t _ e*pt)
21

b(t) = (uzi]\g)g + 1A_4n) (1 ermmr) = ((114“_”72)]‘24 (1= emrtnt)

Applying R, for some s > 0 to this inequality and using the semi-group property, we have thus obtained for all
s,t 20

Rir sWi(z) < a(t)RsWi(z) + b(t) .
Hence, for alln € N and ¢t > 0,

RWi(z) < a(t/n)Ry_yn,Wi(z) + b(t/n)

1 (alt/n)"

oo < (alt/m)" Wil@) + blt/m) s
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Letting n go to infinity yields

which is (3.12). O
Similarly to [30] or Section 3.2.3, we now consider some parameter 8 > 0 and, for all z,y € E and i € [1, N],
diﬁ(xv y) = Loy (25 + Wl(x) + Wl(y)) .

Lemma 3.9. For alli € [1,N] and all z,y € E with x; # y;, let (X, Y1)i>0 be the coupling of (64 Ri)t>0 and
(0yRt)t>0 defined in Section 3.53.1. Then

E (dlﬁ (XtO ) )/fo)) < Hdiﬂ(x7 y)

with
At
. 4(“(77)]‘4)62“ (1 e zommie) (3.13)
a(l—n
1 4+ e~ 3P(1=mto 1
o RO v (1 B Qae_’\*to) _ (3.14)

Proof. This is again essentially the proof of Theorem 3.1 of [30]. We bound
E (di g (Xto,Yt,)) < 2BP(Xi 4y # Yiito) + RigWi(z) + Rig,Wi(y) -

From (3.12),

1 4(1 M 1
RiWi(w) + RiWily) < e 20000 (W, (2) + Wi(y)) + <(1+_’]7>) (1= etrina)

Two cases are distinguished. First, if V;(z;) + Vi(y;) < 16(1 +n)M/(1 — n)?, as in the previous section, from
(2.17),

P(X;y = Yig,) > P (Zi = 74, and I, # i Vn such that T}, < t)

sto

e Axto ,

WV

so that

E (dip (X5 Vo)) < 28 (1 — ae™10) 4 e 200710 (W) (2) + Wi(y))

+w (1 _ e*%Pﬂ*nﬁo)
(1-n)?

1 ,
<28 (1 - 2046_’\*t°> + e 2P (W (2) + Wi(y))



ELEMENTARY COUPLING APPROACH FOR NON-LINEAR PROCESSES 305

where we used the definition (3.13) of 8. Second, if V;(z;) + Vi(y;) = 16(1 +n)M/(1 —n)?, since W; > V;, then

1 4(1 M 1
E (d5(Xi 0+ Yiga)) < 28+ 7370700 (W,(2) + Wi(y) + (<1+—Z)> (1= emrtmm)

14+ e-%ﬂ(l—ﬂ)to

<28+ T ) + Wil)
_ 4<(11+77>)§‘4 (1= e dotmmn)
-n
1 14+ e—zP(1=nto
=25 (1 ) 4 TR ome) + W)
where we used again the definition (3.13) of 3. O

Lemma 3.10. For alli € [I,N], 8>0,¢ >0 and xz,y € E with x; = y;, if (X4, Y1)i>0 is the coupling of
(05Rt)i=0 and (8,R;)i>0 defined in Section 3.3.1, then

dl (QJ, y)
2N

E(dis (X1, Y1) < (e” = 1) (28 + ex(t) Wil2) + Wi()))

with ¢, (t) = (7« + 1) exp((ps + A(v — 1)) 1).
Proof. Let t; > 0 and i € [1, N] be such that z; = y;. For all j € [1,N], let 7; =inf{T,, >0 : neN, I, =
J» Voo 2 1—0Jp, /N}. By construction and Lemma 3.7, X; , = Y; , for all ¢t < 7;, so that

E (diﬁ (thvy;fl)) <E (]]-Ti<h (25 + WZ(th) + WZ(}/tl))) . (315)

Let I' = (Sk, Vi, Ie) ey K =f{n € Ny : T, <t} and forall j € [I, N], Ay ={n e N, : T}, <ty, I, = j} and
K; = $A;. Note that K and {7;, K;};c1,n] are deterministic functions of I', and in particular are independent

from (Uik) ;e np,ken- Hence, for all n € Nand j € [1, N], using (2.14) and (2.15),

E(Wi(Xjr,) | T) < (L1, +7l1,=;) E (Vj(Xj,Tn) | F)
= (Lr, % +%1p,=5) E (P%nan_lvj(Xj,Tn_l) | F)
< (11,25 + e 1p,=5) 2T VE (Vy(Xjr,_,) | T)

Similarly, and then by direct induction,

E(Vi(X;4) | T) < e’ TR (Vi(X; 1, ) | T)

ep*tlyfj Vj(Ij) .

NN

We have thus obtained for all j € [1, N]
E (]lXi,q#Yi,tl Vj (Xjﬂfl)) < ep*tlvj (xJ)E (]lﬂ'gtlryfj) . (316)

For j € [1,N], set T'; = {(Sk, V&, Ix) : Ix = j, k € N}. Remark that (J;);>0 is a deterministic function of
{I'; : j€[1,N], z; = y;} and that, by Poisson thinning, I'; (hence K;) is independent from I'y, for all k # j.
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In particular, if j € [1, NJ is such that z; # y;,
E (Ligmf@) =P(r; <t)E (’yf(") = P(r < ty) M0 (3.17)

For j € [1,N] with z; # y; we define the process (Jj+)i>0 as follows. Set J;o = 0 and, for all n € N and
te (Tn,Tnt1), set J; = Jjr, and

i Tr = S5m0 + 25 v, 51200, 4, /(NN -

In other words, (Jj4)i>0 is like (J;);>0 but ignoring the jumps of the j*" particle. By thinning of Poisson
processes, (J],t)t20 is independent from I';. Moreover J;; < J; for all ¢ and, conditionnally to 7; > ¢, J; = J;.
As a consequence, if i # j, we bound

> tq, dn e A; s.t. V, 1—9Jan/(N/\*)|K7-)
In e A; st V= 1—0J;10, /(N | K;)

P(ri<ti, 7 >t | Kj) =P (7
< P(
=P(IneA; st V, 2179Jj7Tn/(N>\*))
< P(

—P(

IneA;st. V,=21-0Jr,/(N\))

T’L ~X tl) )
and thus, for all j # ¢ with z; = y;,

K; K;
( Tjgtl'Y*J +E( Ti <t 7—]>t1'7* )

)
( ngtnf{]) +P(r (v* )
“)

E (Lncn?) <

( T7<t17* +]P) Tz tl A —ta (318)
Integrating (3.17) and (3.18) in (3.16) and then in (3.15) by definition of W;, we have obtained so far that

Qne(ﬁ*+>\* (=)t
N(1—mn)

E(dis (Xo,Ya)) < P(ri < 1) <2B+

t1 N

m Z ]l-@j:ijj(xj)E (Jlrjgtl’%f{j) . (3.19)

j=1

+ QBP*tIVi(l'i)E (]17'1'<t1ryf{i) +

Using that (J;1)t>0, K; and (V,,)nea, are independent r.v. and that, conditionally to K;, {I,, : n € A;} are
distributed like K; independent r.v. uniformly distributed over [0, 1],

l
t1

<1 / IAIE(GJi,w/(N)\*))dw>Ki
> <1—tl/Otll/\IE(HJw/(N)\*))dw)Ki _—

1

With the same computations as in the proof of Lemma 3.4, this leads to

E (1<, 75) < Atyya(1 — s)er0-—Dn
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< et SN Y) d1 (« y / 0e? du,

where we used that, from (3.10), E(J;) < exp(6t)dy(z,y)/2 for all t > 0. The case of j # i with z; = y; is
identical and, similarly (i.e. applying this bound with -, = 1),

Jl(%y) (eetl . 1) )

P(r < t1) <
(i <) 2N

Together with (3.19), this yields
dy(x,y _
E(di s (X,,,Yy,)) < % (% — 1) (25+ (7 + 1) A=t (W), () +W¢(y))) .

O

Proof of Theorem 2.14. Let 8 and k be given by Lemma 3.9, and consider on P(E) the distance pg given for
all p,v € P(E) by

P, v) 1nf{ (Zdlﬂ X“YZ> :XN,u,le/}.

Lemmas 3.9 and 3.10 means that for all z,y € E,

5302 iy, 8, i) < (6 0) + ) (1) <26 + S W) + wxy)))

i=1

(60 + D (1)) (264 G ) V0D )

Since 1 > 1/2 by assumption,

ANy V) er N

22117&% z) +Wi(y)) ,

and we get that
P5(65. Rigy 0, Rey) < (14 (7 = 1) eu(to) (L +1)) 75 (62:0,) = #pa(0s,0,)-
Then for all initial distributions u, v € P(E), conditioning with respect to the initial values
pp(uRy,, vRy,) = inf {E (pg(dx,Riys Ovo Riy)) + Xo ~ 1, Yo~ v} < Rpg(p,v).

As in the proof of Theorem 2.9, the assumption that & < 1 implies that R, admits a unique fixed point p in
Py (E). Moreover, by the semi-group property, for all s > 0,

:uooRtho = NooRtoRs = ﬂooRs 3
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so that pe Rs is a fixed point of R, and thus by uniqueness it is equal to po. Integrating (3.11) with respect
t0 fioo and letting ¢ go to infinity yields poo (V) < NM/(1 — n), and thus for all v € Py (E),

B 1+
pp(V; fhoo) < 28N + .

T wW) + (V)

1+mn 1+n
< (26+M(1_n)2)N+1_n1/(V).

Finally, for all v € Py (E) and t > 0

ﬁ,@(VRta ,Uoo) < ’;vwm ﬁ,@(VRtf [t/to]to> Moo)

: 1+n L+n
t
< i/ ((25+ M= n)2> N+ 1= nVRt—\_t/ttho(v)>

- 1417 1479
< R/l <2N <ﬁ+M )+ v v) ,
(T=m)?) 1-n »)

where we used (3.11). The conclusion then follows from the fact that pg > dy for all 3 > 0.

4. EXAMPLES

This section provides illustrations of our main results. For the sake of clarity and since the approach would be
the same in more general or sophisticated applications, the models are chosen to be simple in order to highlight
the core arguments.

As has already been mentionned, the neuron network model of [10] provides a first example where Theorem 2.6
applies.

4.1. Mean-field run-&-tumble process

Run-&-tumble processes model, among other things, the motion of some bacteria [26, 46] (see also [9, 27, 29]
for more recent details and references). The rate at which a bacterium tumbles depends on the concentration of
given chemo-attractants in the medium. For a large population of bacterium, mean-field interaction is a natural
extension of these dynamics.

We consider the non-linear integro-differential equation on £ = R x {—1,1} given by

atmt (Ia y) + yaﬂﬁmt (937 y) = )\mt, (93, _y)mt(xr _y) - >\7nt (:L’, y)mt (1‘, y) s (41)

with A, (z,y) = r(y(z — 0x,)) where z, = [, zv(dz,dy) is the barycentre of v, § € (0,1) and r : R — R} is a
Lipschitz function such that

lim r(s) ==a<b := lim 7r(s). (4.2)

S——00 s—+00

The linear case 6 = 0 corresponds to the run-&-tumble process attracted to a neighborhood of origin studied
in [29] (except that we don’t assume that r is non-decreasing). Indeed, when |z| is large, the jump rate r(zy)
is larger when zy > 0, namely when the process is drifting away from a given compact, than when zy < 0, i.e.
when the process is going toward the compact. Similarly, the case 8 = 1 would correspond to a process attracted
toward the barycenter of its law. For 6 € (0,1), the process is attracted to an average of the origin and of the
barycenter of its law. Note that, if s — r(s) — r(0) were anti-symmetric, then the linear process would admit a
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symmetric equilibrium, which would then be an equilibrium for the non-linear equation since its mean is zero.
In the following, this symmetry is not assumed.

A similar multi-dimensional process could be considered with the same assumptions as in [27] to ensure the
existence of a Lyapunov function. The arguments below could then be straightforwardly adapted.

Proposition 4.1. Assume (4.2) holds for some 0 < a < b and ¢ := inf g r(s) > 0. Then there exist C, 0, > 0
and k € (0,1) such that, if 0 < 0., then (4.1) admits a unique equilibrium p € P(E) such that for all solution
t—my of (4.1) and allt >0,

lme = pllw < Crlmo(W),

with W(z,y) = exp((b — a)|z|/4).

Proof. Let us establish that Assumption 2.7 holds for (4.1). To recover the notations of Section 2.1, consider
the generator L on F given by

Lf(xay) = yamf(xay) + C(f(l’, 7y) - f(xay)) )
the jump rate X, (z,y) = r(y(z — 0z,)) — ¢ and the kernel Q,(z,y) = Q(z,y) = d(x,—y)- In particular, for
z=(x,y) € E,

1A (2)(Q(2) = 82) = Xu(2)(Q(2) = 8:)lrv = [Au(2) = Au(2)]
S Olr looly — (4.3)

and
o=zl < [lall=sl < Kl

for all V and k > 0 such that V(z,y) > k|z| for all (z,y) € E.

The Markov process with generator L is the so-called integrated telegraph process and it is clear, either by
simple controllability argument as in [43], more precise coupling estimates as [29] or just explicit computations
of the density transition, that for any compact set K of R there exist tg,a > 0 such that for all z, 2’ € K and
¥,y € {—1,1}, the Doeblin condition

||(5(m7y)Pt0 — 5(m’,y’)Pto||TV < 2(1 — a) (44)

holds. Note that tg and « only depends on X and c.

It only remains to construct a Lyapunov function V that satisfies (2.3), (2.4) and (2.5) and such that V(x,y) >
k|z| for all (z,y) € E for some k > 0. Given a measurable function ¢ — p; from Ry to P(FE), recall that we
denote (RL,)i>s>0 the semi-group associated to the inhomogeneous process defined in Section 2.1 with the
generator

Ltf(x’y) = yamf(x’y) + Am(‘%?/) (f(l‘, _y) - f(xvy)) .

Let ¢ : R — [0, 1] be defined by ¢(s) =1 fo

rs>1, p(s) =0 for s < -1 and p(s) = (1 + sin(rs/2))/2 for
€ [-1,1], and let h : R — R, be defined by h(s) =

|s| for |s| > 1 and h(s) = (s? 4+ 1)/2 for s € [-1,1]. Set

V(z,y) =e 1 @) (25(6;)+ib) +<p(yx)> . (4.5)
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As a smooth function in z, it belongs to the domain of the generalized generator of L; for all ¢ > 0, see [15, 21].
For (z,y) € E with |z| > 1,

LV(z,y) =e 5l {sign(wy) ba ( st 3

1 m + ]]-yz>0) +7(y(x = 0x4,) (Ley<o — Lay>o0)

Take Ry > 1 large enough so that 7(z) > (7b+ a)/8 and r(—z) < (b+ 7a)/8 for all z > Ry. Then, for all £ > 0
and (z,y) € E with |z| > Ry + 0|z, |, if zy > 0 then

r(y(x —0x,,)) > (Tb+a)/8,

so that

LtV(:L’7y) < e%lm‘ |:50J+3b+ b—a _ 7b+a:| g 7b7a6bTTa|x|

8 4 8

while if zy < 0 then

LoV(e.y) < R [_5&—81-36 . b—;?a] < _b;aeb%“lm\_

Hence, for all z,y € E with |z| > Ry + 0|z,,| and all ¢ > 0,
LtV(SC,y) < fpV(x,y)

with p = (b —a)?/[10(b + a)]. Besides, for all z,y € E with |z| < Ry + 0|z,,], a rough bound is

e T @) (g 2b + 7/4)
b—a

< e 2 (1+R°+0‘w“t|)(a+2b+7r/4)
<

b—a

o252 (14 Ro) (1 n geb%"\zm> (a+2b+7/4),
where we used that 6 € [0, 1]. Moreover, by the Jensen Inequality,
252, | b2 al 2
e Bl g ey (de,dy) < gut(V)-
E
We have obtained that, for all (z,y) € E and all t > 0,
LV(z,y) < —p V(. y) — (V) — M) .
with
M = p_l(a+2b+7r/4)eb%l(1+R°), n = 20M/3.

For all (z,y) € E, let (X, Y:)i>0 be a process associated to the semi-group (R’;,t)@s;o and initial conditions
(z,y) and let Ny be its number of jumps in [0, t], which is stochastically less than a r.v. with Poisson law with
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parameter ||[r||oot. For n € N, let 7,, = inf{¢, N; < n, |X¢| > n}, which almost surely goes to infinity as n goes
to infinity (note that |X| < |z|+ ¢t for all ¢ > 0). For all n € N, the Dynkin formula yields

E (e#™)V (Xonr,)) = V(@) + E ( /Om  (LeVKo) + V() ds>
<V +p [ ) + 1)

Letting n go to infinity we obtain (2.3). If § < 0, < 1/M, n < 2/3.
The two other Lyapunov conditions of Assumption 2.7 are readily checked. Indeed, similar computations
yield LY (z,y) < (b+ 7/2)V(x,y) and then

PYV(z,y) < eCH/Dty(z )

and, since G, ((z,y),u) = (x,—y) for all v € P(E), (z,y) € E and almost all u € [0,1],

V(Gol(@,y),w) _ 3 +U2])

Viey) 2 o(fa])

Condition (2.7) is deduced from (4.4). Finally, (2.6) ensues from (4.3) since

b—a
e 4

ol ¢ 8
3(b—a)

o] < 5= Vi(z,)

for all (z,y) € E. As a conclusion, if § < 0, < 1/M, Assumption 2.7 holds, and Theorems 2.8 and 2.9 state that
(4.1) admits a solution for all initial condition my € Py and that, provided 6, is sufficiently small (depending
on r or more precisely on a, b, ¢ and ||r'||), then (4.1) admits a unique equilibrium toward which all solutions
t — my with mg € Py(FE) converges geometrically. The equivalence of V and W, hence of || - ||y and | - |,
concludes. O

4.2. MCMC for granular media equilibrium

Let By = (R/Z)? for some d € N, and let U : B} — R and W : E? — R be C! functions respectively called
the exterior and interaction potential. We want to sample according to the probability law wpy on E; with
density propotional to exp(—3V'), where 8 > 0 is the so-called inverse temperature and V' solves

W(z,y)e PV dz
fEl Q*BV(Z)dZ

Vi(z) =U(z) + Je, (4.6)

In fact, this problem doesn’t necessarily have a unique solution. More precisely, V' solves (4.6) iff py is an
equilibrium of the McKean-Vlasov (or granular media) equation [11, 37, 40], which admits a unique such
equilibrium at large temperature [52, 53], i.e. for § smaller than some threshold 8y > 0. We will only consider
this large temperature regime.

Sampling according to py can be achieved through interacting particles MCMC. To that purpose, we consider
three classical Markov chains: the Metropolis-Hastings (MH) chain with Gaussian proposal, the Unadjusted
Langevin Algorithm (ULA) and the Metropolis Adjusted Langevin Algorithm (MALA), which we now define.
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Let N € N, and, for x € E = EIV, write

N 1 N
= Z U((El) + ﬁzjl]lj#iw(xi’xj)
j=

i=1

For i € [1, N], we denote by e; the (Nd) x d matrix whose d x d blocks are all zero except the i*" one which
is the d-dimensional identity matrix. In other words, e; is such that, if x € F and y € R%, then = + e;y =
(T1,..,Ti_1,% +Y,Tit1,---,TN), where x; + y is understood as a sum in (R/Z)<. For i € [1, N], x € EV and
y € R?, set

pi(z,y) = 1 Nexp (B (Un(x) — Un(x + ei(y — x4))))
exp (BUN(2) + 22|y — T8V, Un (24)]?)
exp (BUN(x + eiy) + 22| — y — T8V4, Un(z + eiy)?)

for some 7 > 0 and let ¢ : E? — R, be a symmetric Markov density kernel, i.e. be such that for all x, ¢(z,-) is
the density of a probability measure on E; and ¢(z,y) = q(y, z) for all z,y € F;. For instance, the image on the
periodic torus of q(z,y) o exp(—|z — y|?/(20?)) for some o > 0, or g(z,y) o 1. Define on E the Markov kernels

QuE, Qura and Qprrara by

Qufe NZ [ e @t ety = ) + (0 i) ) e )

Lly—1BVa, Un(z:)|?
@ ar i
T+ e; d
Quiafle Z / flo +e) — y
1 ~ ~ e~ 1= [Yy=T8Va, Un (zi)|?
Quaraf(e) = 5 | e o+ e + (1= e, ) @) ay
i—1 JR? ST

Let 2 € E, and consider independent r.v. Y, Z, U and I where Y follows the standard (mean zero, variance
one) Gaussian distribution, and Z, U and I the uniform one respectively on Ey, [0,1] and [1, N]. Then

z+er(—mBV,, Un(2) + V21Y ~ Qura()
T+ L5, (0,— Y0, Uy ()42 <0} 61 (—TOV 2, UN (2) + V27Y) ~ Qrrara(z)
T+ Lip,(zov)<vyeroY ~ Quu(x)

if q(z,y) oc exp(—|x — y|?/(20?)) while, if g(x,y) x 1,
T+ Ly z—an<vyer(Z —zr) ~ Quu().
More discussions, motivations and comparison of these processes can be found in [7, 8, 23] and references
within. As far as the present work is concerned, these three cases are similar, so that we focus in the following

on the MH case alone, with g(x,y) o 1. For a given jump rate A > 0, consider the continuous-time Markov
chain on E with generator

Ly f(x) =AN (Quuf(z) — f(z)) .
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Let (R¢)i>0 be the associated semi-group. The associated process is constructed as follows. Let
(Sk, Ii, Uk, Zi) k>0 be an ii.d. sequence where, for all k € N, Sy, is a standard exponential r.v., and Zj, Uy
and I are uniformly distributed respectively on Ej, [0,1] and [1, N]. Let « € E, set X; o = x; for all ¢ € [1, N],
To=0and Ty,y1 =T, + (NS\)’lSn for all n € N. Suppose that (X;):c[o,1,] has been defined for some n € N and
is independent from (Sk, I, Ug, Yi)kzn- Set Xy = X, for all t € (T, T41). For all j # I,, set X, =X, 1,
If U, <pra(Xt,, Zn — X1n), set X1, 1, = Z, and else, set X7, 1, = X1, 1,

Th+t1

Proposition 4.2. Suppose that 8 = 3/ ((0sc(U) + osc(W))) with 8 such that

5 dosc(W) 5
pi=e’ = osc(U) +osc(W)ﬂ (65 B 1) > 0.

Then (4.6) admits a unique solution V' and, moreover, for all mg, hg € P(E) and all t > 0,
ImoR: — hoRel|zv < Ne ! |mo — hollzv |

Proof. To recover the notations of Section 2.2, denote p. = exp(—pB(0sc(U) + osc(W)) and for all i € [1, NJ
consider the generator L; on E; = E; defined by

Lif(z) = Aps ( fly)dy — f(2)>

Ey

for all z € By and bounded measurable function f on Ej. Let (P/):>¢ be the associated Markov semi-group,
which is simply

Pif(z) = e f )+ (1= ) [ f)dy. (4.7)

Eq

For all i € [1,N] and x € E, set \;(x) = A\(1 — p.) and, for a measurable bounded f on E;,

Qufte) = [ (PG )+ 2 E D g ) ay.

Remark that p, < p;(z,y) for all i € [1, N], z € E and y € Fy, so that Q; is indeed a Markov kernel. Then

the MH process with generator Ly is the system of particles such as defined in Section 2.2 associated to
((Pf)t=0, Aiy Qi)ieqr,n]- Note that for all i € [1, N] and x,z € E,

1Xi(2) (Qi(x) = 82) = Ai(2) (Qi(2) = 82) |lrv = M1 = pu)[Qi(2) — Qi(2) [ 7v -

If 2,z € E are such that x; = z;, then an optimal coupling of Q;(x) and Q;(z) is constructed as follows. Let Y
and U be independent r.v. uniformly distributed over, respectively, E; and [0, 1]. Set

Xi=x; + ]l(l—p*)U<p,;(z,Y)—p* (Y - {171‘) ) Zi =z + ]l(l—p*)U<p7;(z.,Y)—p* (Y - Zz) .
Then X; ~ Q;(x), Z; ~ Q;(z) and

P(X; # Z) =Plpi(z,Y)Api(2,Y) —pe < (1 —p)U < pi(x,Y) Vpi(2,Y) — pi]

—(1-py)! /E Ipi(2,9) — pi(z )]y
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Now, for all a,b € R, [1 Ae® — 1A’ < |e® —eb| < ePVa|b — al, so that if 2; = 2; then

pi(x,y) — pi(z,y)| < BeP s ToseW) |y (2) — Un (z + e1y) — Un(2) + Un (2 + esy)|

_se

N > (Wi, ;) = Wl +y,25) — Wz, 2) + W(zi + v, 2;))

J#i
< QOSC(W)Begw .

We have thus obtained, for all ¢ € [1, N] and =,z € E with x; = z;,

dy(z, 2) .

12 (2) (Qi(2) = 62) = Ai(2) (Qi(2) = 82) lrv < O—

which is (2.11), with 6 = 4X(1 — p,)osc(W)Bexp(f). On the other hand, the Doeblin condition (2.12) is clear,
since (4.7) immediately yields that for all ¢t > 0 and x,y € Fy and all i € [1, N],

162 P = 0y Plllry = 2Lgzye <",

Hence, Assumption 2.11 holds and denoting (R;);>¢ the semi-group on E associated to the particle system
(X4,t)ieq1,N],¢0, Theorem 2.12 means that for all to > 0, n € N and hg, mo € P(E),

— — n
Mo Raty — hoRut|l7v < Ne™ (e‘%o — (1 - 6_’\p*t°) e_k(l_p*)to) lmo — hollTv ,
which, applied for tg = t/n for a fixed ¢ > 0 and letting n go to infinity, reads

moR: — hoR:|lrv < Ne®=2Plmg — hol|ry .

Similarly, provided mg = (m{)®Y for some m{, € P(E;) and similarly for hg, following the remark made after
Theorem 2.12,

I} — hillry < e Imf — hilry

holds for all ¢ > 0 if mj is either the law of X7 ; or the solution of the non-linear mean-field limit of the particle
system (applying Thm. 2.6). In particular, remark that V solves (4.6) iff the probability density proportional
to exp(—BV) is an equilibrium of this non-linear equation. Yet, if p = p, — /X > 0 then the contraction of the
total variation norm implies that the latter admits a unique equilibrium, which concludes.

O

4.3. The Zig-Zag process with a close to tensor target

Let 7 € P(RY) be a probability law with a density proportional to exp(—U), where U € C*(RY). Consider
the so-called Zig-Zag process [4] on E = RY x {—1,1}"V with generator

N

LZZf(xa y) =Yy me(xvy) + Z (yzaxlU(x))J,- (f(xvyfl) - f(xvy))

=1
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where, for y € {~1,1}¥ and i € [1,N], y—s = (Y1, Yi—1, —¥Yi>Yis1,---,yn). The Zig-Zag process admits
m(dz) ® ((6_1 + 61)/2)®" as an invariant measure and it is ergodic under general conditions on U (see [5]), so
that for all reasonable (e.g. bounded) functions f on R¥,

L[ s = ().

t—o0

This makes it suitable for MCMC purpose. If the target measure is of tensor form, i.e. if U(x) = Uy(x1) +--- +
Un(zy) for some one-dimensional functions U;, then the N coordinates of the process are independent one-
dimensional Zig-Zag processes, so that the convergence to equilibrium of each of these coordinates is independent
of N. Let us prove that this property is stable under the addition of correlations between the coordinates,
provided they are small.

Proposition 4.3. Suppose that there exist Uy, ...,Ux € CY(R), W € C}*(RY), p > 0 and R > 1 such that for all
i € [1,N] and x € R, if |x| = R then zU/(z) = p|z|. Let (R¢)i>0 be the semi-group associated to the generator
Lzz with U(z) = W(x) + Zil Ui(z;). Then there exist 0,,C" > 0 and i € (0,1) that depend only on R, p and
C :=sup{|U/(z)|, i € [1, N], |z| < R} such that, if sup{||0s;, W||oe, i € [1, N]} < b, then for all p € P(RY),

lnRe = 7llrv < ORI (V).
Proof. Let h,p € C*(R) be as defined in the proof of Proposition 4.1. For i € [1,N] and (z,w) € E = R x
{—1,1}, set Vi(z,w) = exp(ph(z)/4)(1 + ¢(z2w)). We extend V; as a function on EV by V;(z,y) = Vi(x;, ;) for

z,y) € EN and write V = N: V;. Denote 6 = sup; Oz, W ||s0, and suppose that 0 < p/8. If (z,y) € EN
i=1 ie[1,N] 10z,
is such that |z;| > R,

1 . . 2
LzzVi(x,y) = [4;)(1 + 1g,z>0)si9n(2i2:) — (¥:02,U(2)) szgn(mizi)] e §h(@)
1 Lh 14
< |-= _ @) < Ly, )
X { 4p+ 102, W | oo } e? S 16Vz(x»y)

On the other hand if |z;| < R,

v

P T ) < Zor
16+2+ +CH+ 10::W]ow) < —=C

P R/2
L . 2. g 2eP
ZZVl(xvy) + 16Vl(m7y) € ( 4

with C" = 32exp(pR/2)(p + 1 + C)/p. Integrating in time similarly as in the proof of Proposition 4.1, we get
that

RVi(z,y) < e 16 V(2 y5) + (1 - fﬁt) c'.
for all t > 0, (z,y) € EY and i € [1, N]. In particular, summing over i € [1, N],
RV (z,y) < e”T6'V(z,y) + N (1 - e_T%t) c'.

To check the other conditions of Assumption 2.10 and 2.13, we consider the semi-group (Pf);>0 on R with
generator L; given by

Lif (z,w) = wo. f(z,w) + (wUj(2) — 0) . (f(2, —w) — f(z,w)) ,
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and the jump rates and kernels

Ai(z,y) = (:0:,U(2)) . — (yUj (x:) — 0),
Ql(l'vy) = 6(-@,3;71') :

Then the Zig-Zag process corresponds to the process defined in Section 2.2 associated to the semi-groups
(Pg)t20,ie[[1,N]] and the jump mechanims (\;, Q;)ieq1,n]- Note that, if G; is a representation of @;, then for all
x € BN and almost all u € [0,1], G;((x,y),u) = (z,y_;) so that V;(G;((z,y),u)) < 2V;(z4,y:). To check (2.14),
through computations similar to the previous ones, it is clear that

LiVi(z,w) < —ﬁVi(z,w) +C

16

for some C that does not depend on 6. Finally, the Doeblin condition (2.17) is a consequence of the ergodicity of
the one-dimensional Zig-Zag process as established in [5, 29]. Hence, Theorem 2.14 holds, which concludes. O

4.4. Hybrid drift/bounce kinetic samplers

Let By = RY for some d € N, U € C'(E}) be an exterior potential, W € C*(FE?) an interaction potential and
B > 0 be an inverse temperature. Similarly as in Section 4.2, we want to compute expectations with respect to the
granular media equilibrium, i.e. the probability measure with density proportional to exp(—8V) where V solves
(4.6). Again, this can be approximated with a system of N interacting particles. Denoting, for x € E := E{,

N
Unia) = 3 UG).  Wxla) = 50> W),

consider the Markov process on E? with generator Ly defined by

N
LNf(l‘,’U) = U-V$f(x,v) _BVU("E) va($7y)+,82 (Ui . VIIWN(CC))Jr (f(l', RN,i(x’U)) - f(.’)?/l)))—‘er(.’E/U)

i=1
with

Vi vaWN (SL‘)

R i\ = ) a"~7i—7i72—
ko) ( P e G, W) P

VmiWN(l‘), Vit1ly. - ,’UN> s

and D is some dissipativity operator on the velocities, ergodic with respect to the standard Gaussian measure
Yan on B = R4 for instance D = hD;, i = 1..3 with A > 0 and

Dif(z,v) = —v -V, f(x,v) + A, f(x,v)
Dy f(z,v) = / (f (x, VDU +4/1 —pw) — f(x,v)) ~Yan (dw)

Dsf(z,v) = i/ (f (w, (vl,...,vi,h\/ﬁvi +4/1 —pw,viJrl,...,vN)) — f(amv)) ~a(dw)
i=1

for some p € [0,1). Then the probability measure py o exp(—8(Uxy + Wi)) on E is invariant for Ly.
The motivation to use such an hybrid process to sample py is the following. The computations of VUy
and V,Wy have a respective numerical cost of O(N) and O(N?). Suppose that W is Lipschitz with a known



ELEMENTARY COUPLING APPROACH FOR NON-LINEAR PROCESSES 317

bound ||[VW||e < 1. Then, by thinning method [35, 36], it is rather simple to sample jump times with rate
(vi - Vg, Wn(2))+, by proposing jumps at rate |v;|n and then accepting them with some probability. In that
case, we only have to compute V,, W at each of these proposed jump times, instead of computing it at all
times ndt, n € N, where dt is the timestep used for the discretization of the trajectory. If, on the other hand,
no efficient bounds on VU are available, then it makes more sense to deal with U with a drift operator (with a
discretization scheme with time-step 6t) rather than with a jump one. This argument is in fact not restricted
to mean-field processes: each time the forces can be decomposed as a bounded but expensive part and a cheap
but singular one (for instance, long-range interactions versus short-range interactions in molecular dynamics)
it is reasonable to treat the bounded part with jumps and the singular one with drift. Contrary to multiple
time-step methods like RESPA [51], there is no contribution of the bounded forces to the systematic bias on
the invariant measure.

Now, to study the long-time behavior of the particle system with generator Ly, we can decompose Ly =
Ly + L, with

Lyf(z,v)=v- fo(l% v) = BVU(x) - Vo f(z,y) + Df(x,v)

Nf(@v) ﬂz Vo, Wn (@), (f(z, Ryi(z,v) — f(z,0)) .

If D = D; (resp. D) for instance, then L'y is the generator of N independent kinetic Langevin (resp. BGK-like)
processes. Remark that, in the case of D = Dy, then L’y is not the generator of N independent processes because
the partial refreshment of the velocities occurs at the same time for all the particles. As a consequence, this
example doesn’t exactly enter the framework of Section 2.2. Nevertheless, it is rather clear that, in this case, a
coupling in the spirit of [21] will still give for each coordinate, independently from the others, a probability to
merge in some time ¢y independent from N. This is what is really required in the proof of Theorem 2.14 (more
precisely, of Lem. 3.9). In fact, the partial refreshment of the velocities could also be done, for all particles at
once, at a given determinist time period, as in Hamiltonian Monte-Carlo.

In any cases, as in the previous section, establishing the existence of a Lyapunov function V(z) = Ef\il Vi(x;)
and a local Doeblin condition for L'y is possible under some assumptions on U and, assuming that 7 is small
enough, one can then prove through Theorem 2.14 that the particle system converges towards its equilibrium
at a rate independent from N.

4.5. Selection/Mutation algorithms

Let (P;);>0 be a Markov semi-group on a Polish space E that satisfies Assumption 2.5. Consider A, > 0,
N € N, and a function p: E2 — [0,1]. For all i € [1, N] and € EV, set \;(z) = A, and

N
Z Iz,,fl?] x]—m)‘i’(l*p(xlaxj))f(x)

where z = z;_,; is defined by 2z, = x, for all k € [1, N] \ {¢} and 2z; = z;. In other words, if x = (z1,...,2y) is
the position of N particles, a r.v. with law Q;(x) is drawn as follows: draw J uniformly over [1, N] and, with
probability p(z;, ), kill the i particle and replace it by a copy of the J** one. This kind of dynamics is used
in a variety of algorithms, see [12, 14, 16, 17, 28] and references within. Then Assumption 2.11 clearly holds
since, if z, Z € EN are such that z; = 2,

1
1Qi(x) = Qi(2)|[rv < NZ (i, 25) = p(2i, 7))
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Hence, Theorem 2.12 holds.

4.6. The mean-field TCP process

We consider the non-linear integro-differential equation on Ry given by
Oemyi(x) + Opomy(x,y) = A, (22)me(22) — A, () () , (4.8)

with, for v € P(R;) and = € Ry,

M(z) = 1+gl<x>+/0mg2<x+y>u<dy>,

where g; and gy are both positive, non-decreasing functions on R that goes to infinity at infinity. For references
on this model, called the TCP process, see [2, 13] and references within. The choice for this particular expression
of A, is not motivated by any modeling consideration; it is only meant to provide a very basic, yet interesting,
example where Assumption 2.1 is not satisfied, since the non-linear jump rate is unbounded. In particular, it
should be checked that, given a measurable function ¢ — u; from Ry to P(R4), then the associated process
(X}"*)i=0, such as defined in Section 2.1, is well-defined for all time, namely that the probability that an infinite
number of jumps occurs in a finite time is zero.
This process is defined as follows. Suppose that t — u; is such that for all z > 0,

g«(x) :=sup /OOO g2(z + y)ue(dy) < oo. (4.9)

t>0

Let (Sk)k>0 be an ii.d. sequence of standard exponential r.v., Xo = x and Ty = 0. Suppose that T,, > 0 and
(Xt)te[o,1,,] have been defined for some n € N. Set

t X T — T,
Thy1 = inf {t >T,, Sp </ Ao, (X, + (S—Tn))ds} ’ Xr,,, = T, T 2+1

T’!‘L

and, for ¢ € (T, Ty11), Xt = X1, +t — T},. The process is then constructed by induction up to time 7, for
all n € N. Moreover, by construction, Xinr, < Xo+1¢ for all n € N and all £ > 0, and since g; and g, are
non-decreasing, A,, (Xs) <14+ ¢1(Xo +1t) + g«(Xo + t) for all s <t AT,. Hence, for all n such that T, <t,

n—1

1
T, > Sk .
1+91(X0+t)+g*(Xo+t)kZ:0 b

In particular, for all ¢ > 0, there are almost surely a finite number of jumps before time . In other words,
T, almost surely goes to infinity as n goes to infinity, so that X; is almost surely defined for all ¢ > 0. Let
(Rfj}t)t%?o be the associated inhomogeneous Markov semi-group, and L; be its generator, given by

Lif(z) = f'(2) + A, (2) (f (2/2) = f(2) -

In the following we suppose that gz(z) < K exp(pz) for some K, p > 0, and that sup,~ p¢(V) < oo, where
V(x) = exp(px) . In particular, (4.9) holds, so that the associated process and semi-group are well defined.
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Then, for x > R :=inf{z > 0, ¢1(z) > 2p},

L) = (o) + (1400) + [ e+ uhtan)) (v (5) - ()
< (1 +20)VV(x) — (1 +p)V )<75V(x)+%+p.
For x € [0, R], L;V(x) < pV(z) < pexp(pR) and thus, for all z € Ry,
LV(x) < —% (V@) -0)
with C = (1+2p) (1 + e”R). As in the proof of Proposition 4.1, this yields
Ry V(z) < e V2V(x) + (1 - e_t/z) C. (4.10)
In particular, for any mg € Py(R4), t > 0 and = > 0,
moRl, (g2(o+-)) < KemoRj, (V) < Kew (Cvmo(v)) .
Note that, simply by changing p to 2p, the same computations shows that there also exist C such that
R, (V) (2) < e/2V2(2) + (1 - e_t/Q) . (4.11)
Besides, for all v1, 15 € P(R..), denoting (Y, Y") an optimal coupling of vy and v such as given by Lemma 3.1,

A (2) = Ay (@) = [E (g2 + ) = gala+ 7)) |

<E(ly (e@+Y)+0@+7))) < ln -l

Let mo € Py(Ry) and t +— u}, pu? be such that pi(V) < mo(V) Vv C for i = 1,2 and t > 0. Consider the
2

synchronous coupling (X;, X;) of moRff; and moRy, with Xy = X, ~ my, such as defined in Section 3.2.
Then

Imo Rl = moRS Iy < B (1y, .5, (VO + V(X)) )

<F (ef’(Xo“)P (Xt £ X, | XO)) .

Denoting Tepie = inf{t > 0, X; # Xt}, remark that, from X; < Xy +t, almost surely, for all s € [0, Toprit),

eP(Xo+s)

e s — 12llv (4.12)

l(XS) - >\u§ (XS)‘ <
and then

P (Xt # Xy | Xo) =P (7op1ir <t | Xo)
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eP(Xo+t) rt L )
<1 exp <— / it — MsvdS)

X0+t
/ it — 2llvds,

so that, at the end,

ImoRS, = moRl, v <E (Ly, .5, (V(X) + V(X))

2

< 2ema) [t = plvas. (1.13

Similarly as in the proof of Lemma 2.8, taking ¢, > 0 small enough so that 2t, exp(pt;)[mo(V?) vV C]/K < 1/2,
the map (ut)ieo,t,)] — (moRff ¢)tef0,t;] admits a unique fixed point, which we call by definition a solution of

(4.8). Moreover, from (4.11), my, (V2) < mo(V?) V C, so that the same argument (with the same ;) yields a
solution on [t1,2t1], and then on all R;. From (4.10), such a solution ¢ — m, satisfies

mi(V) < e 2mo(V) + (1 - e*t/z) C

= (@) <1+ g(@) + K (mo(V) +C) (4.14)

for all ¢,z > 0. This bound is now uniform in time, although not uniform in z.

For t large enough, from (4.11), m;(V2) < C + 1, so we can now restrict the study to initial distributions
that satisfies mo(V?) < C + 1. Then, with the same argument used to establish (4.13), there exists C”” > 0 such
that for all mg, hg with mq(V?), h(VQ) <C+1andallty>0,

t
e — elly < C” / s — hllpds,
0

which is the “splitting estimates” part of the proof of Theorem 2.9. Since the Lyapunov contraction (4.10) has
already been established, what remains to obtain the “merging estimates” part, i.e. the equivalent of Lemma 3.6,
is just a time ty and a probability o > 0 to merge two processes in a time %y, given that they started in some
compact set. For the linear processes (i.e. with go = 0), this has been done in [2, 13]. As in Section 3.2.1, to
couple two non-linear processes, we simply couple two linear processes (i.e. with jump rate 1+ g1) and we hope
that no non-linear jump occurs in the time interval [0, ¢o]. In the present case, however, we should be cautions,
since the non-linear jump rate is not uniformly bounded in x. Nevertheless, if the starting point are taken in
[0, Ry] for some Ry > 0, then during the time interval [0, ¢p] the processes remain in [0, Rg + to], on which the
non-linear jump rate is bounded by (4.14). Thus, conditionnally to the fact that they started in [0, Ro] the
probability that two coupled non-linear processes with initial law mg, ho that satisfy mo(V?),h(V?) < C +1
have merged at time ¢y is uniformly bounded away from 0. Then the strategy of the proof of Theorem 2.9 can
be adapted to get, provided that K is small enough, that (4.8) admits a unique equilibrium, toward which all
solutions with mg € Py converges exponentially fast.

4.7. Markov processes with delay

We claimed in the introduction that the coupling arguments used in 3 to deal with non-linear equation can
also be used to deal with self-interacting processes. A general study of processes (X;);>o interacting with a
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weighted empirical distribution

- (/Otw(t—s)ds)_l/otéxsw(t—s)ds

for all ¢ > 0 such that fot w(t — s)ds # 0 exceeds the scope of the present paper, and is thus postponed.
Nevertheless, as a proof of principle, consider the simple case where w is a Dirac mass at some given time ¢;.
In other words, X; follows some Markovian dynamics and jumps at a rate and to a position that depends on
Xt _t,- In particular, Y; = (X)sejt—t,,q is @ Markov process. Nevertheless it is not necessary to consider the
somewhat complicated process (Y;);>0 to obtain a speed of convergence toward equilibrium for the law of X;. If
there is some probability to couple two non-delayed processes starting at different positions and if the delayed
jump rate is bounded, then there is some probability to merge two delayed processes at some positive time ¢;
and then there is some probability that no delayed jump occurs in a time interval of length ¢y. If that happens,
then after time ¢y + ¢1 the two processes share the same position and the same memory, and they will stay equal
forever. An exponential convergence toward some equilibrium is obtained for the law of X; (which is not the
solution of an integro-differential equation).
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