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QUASI-STATIONARITY FOR ONE-DIMENSIONAL
RENORMALIZED BROWNIAN MOTION

WIiLLIAM OCAFRAIN®

Abstract. We are interested in the quasi-stationarity for the time-inhomogeneous Markov process

Xt = i:
(t+1)=
where (By)¢>0 is a one-dimensional Brownian motion and x € (0,00). We first show that the law of
X conditioned not to go out from (—1,1) until time ¢ converges weakly towards the Dirac measure
do when k > %, when ¢ goes to infinity. Then, we show that this conditional probability measure
converges weakly towards the quasi-stationary distribution for an Ornstein-Uhlenbeck process when

k = %. Finally, when x < %, it is shown that the conditional probability measure converges towards

2
the quasi-stationary distribution for a Brownian motion. We also prove the existence of a @Q-process

and a quasi-ergodic distribution for Kk = % and kK < %
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1. INTRODUCTION

In this paper, we are interested in some notions related to quasi-stationarity for a one-dimensional Brownian
motion (By)¢>o killed when reaching the moving boundary ¢ — {—(t 4+ 1)*, (¢ + 1)*}, with & € (0, 00). Quasi-
stationarity with moving boundaries was studied in [16] and [15] for periodic or converging boundaries, but
expanding boundaries were not yet considered. Actually, instead of considering the process B absorbed at
t— {—(t+1)", (t+1)"}, we will study the quasi-stationarity for the process X = (X;)¢>0 absorbed at (—1,1)¢
and defined by

By

Xy = ——
(S

vVt < Tx,

where 7x :=inf{t > 0: |X;| = 1}.
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The process X is a time-inhomogeneous Markov process. For any = € R and s > 0, denote by P, ; the
probability measure satisfying P, (X, = «) = 1, and denote by E, , its corresponding expectation. Also, for
any measure p, for any s > 0, one denotes by P, , := fR P, sp(de) and E, 5 := fR E. sp(dz).

A quasi-stationary distribution for X absorbed at (—1,1)¢ is a probability measure a supported on (—1,1)
such that

Pos(Xi€-jrx >t) =0, Vs<t

We refer the reader to [11, 13] for more details on the theory. Note however that these references only deal
with the time-homogeneous setting and that quasi-stationary distributions for time-inhomogeneous Markov
processes do not exist except for particular cases (especially we will see that the existence of one quasi-stationary
distribution holds only for x = 1).

Usually, in the literature dealing with quasi-stationarity, mathematicians are interested in showing the weak
convergence of marginal laws of Markov processes conditioned not to be absorbed by a cemetery set. The
corresponding limiting probability measure is called quasi-limiting distribution. For our purpose, we define a

quasi-limiting distribution as follows:

Definition 1.1. « is a quasi-limiting distribution for X if, for some initial law p supported on (—1,1) and for
any s > 0,

tli}r& P, s(Xi € tx >t) =,

where the limit refers to the weak convergence of measures.

In [13] it is noted that, in the time-homogeneous setting, quasi-stationary distribution and quasi-limiting
distribution are equivalent notions. In the time-inhomogeneous setting, this equivalence does not hold anymore.
More particularly a time-inhomogeneous Markov process could admit a quasi-limiting distribution without
admitting a quasi-stationary distribution. However, a quasi-stationary distribution is necessarily a quasi-limiting
distribution.

Quasi-limiting distribution is not the only point of interest in the theory of quasi-stationarity. Another point
is the @-process, which can be considered as the law of the considered Markov process conditioned “never to be
absorbed”. Concerning the process X, we define the Q-process as follows:

Definition 1.2. We say that there is a Q-process for X if there exists a family (Qu,s)ze(—1,1),s>0 of probability
measures defined by: for any x € (—1,1) and for any s < ¢,

Qa5 (X[s) € ) = LH;OPI,S(XW] €T < 7x),

T

where, for any u < v, X[, . is the trajectory of X between times u and v. Then the Q-process is defined as the
law of X under (Qx,s)we(fl,l),SZO'

In general, the Q-process is also a Markov process and the theory of quasi-stationarity allows to get some
results of ergodicity for the @Q-process. In particular, under some assumptions (see for example [6, 7, 18]), the
@-process admits a stationary distribution which is absolutely continuous with respect to the quasi-stationary
distribution.

Finally, a third concept to study is the quasi-ergodic distribution, defined as follows:

Definition 1.3. 3 is a quasi-ergodic distribution for X if, for some initial law p supported on (—1,1) and for
any s > 0,

1 t
lim n P, s(Xy € -|7x > t)du = 6.

t—o0
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In the literature, this notion is also called mean-ratio quasi-stationary distribution. The references [11, 13]
do not deal with quasi-ergodic distributions. See for example [5, 9] which provide general assumptions implying
the existence of quasi-ergodic distributions for time-homogeneous Markov processes. In particular, it is shown
in [5] that, if the Q-process is Harris recurrent, the quasi-ergodic distribution is the stationary distribution of
the @Q-process. Concerning the time-inhomogeneous setting, similar results can be stated (see [16]) when the
Q-process converges weakly at infinity. In this case, the quasi-ergodic distribution coincides with the limiting
probability measure.

Some general results on quasi-stationarity for time-inhomogeneous Markov process are established, par-
ticularly in [10], where it is shown that criteria based on Doeblin-type condition implies a mixing property
(or merging or weak ergodicity) and the existence of the Q-process. However, for our purpose, these condi-
tions will be difficult to establish. See also [12, 15, 16, 19] for a few results about quasi-stationarity in the
time-inhomogeneous setting, and [1] for ergodic properties for general non-conservative (time-homogeneous and
inhomogeneous) semi-group.

Now let us come back to our process X. As we can expect, the existence of a quasi-limiting, Q-process and
quasi-ergodic distribution will strongly depend on k. More precisely, three regimes are identified:

o > 1, we will say that X is supercritical
® K= 7 we will say that X is critical
® k< 5, we will say that X is subcritical

The aim of this paper is therefore to show the existence of quasi-limiting, Q-process and quasi-ergodic distribu-
tion for each regime. More precisely, it will be shown in Section 2 that, for any probability measure g on (—1,1)
and s > 0,

tli)I&Pu,s(Xt S '|TX > t) = (5()

in the supercritical regime. This regime is of little interest and the existence of a Q-process and a quasi-ergodic
distribution will not be shown.

The Section 3 is devoted to the critical case. This is the only regime for which there is a (unique)
quasi-stationary distribution for X. More precisely, it will be shown in Section 3.1. that the conditional prob-
ability distribution P, ,[X; € -|Tx > t] converges polynomially fast in total variation to the quasi-stationary
distribution, where the total variation distance of two probability measures p and v is defined as

| —v|rv == sup
[ fllee<1

/( INCICER /( L

Moreover, this convergence in total variation holds uniformly in the initial distribution x. This is due to the fact
that, for this regime, the process X is actually obtained from an Ornstein-Uhlenbeck process by a non-linear
time change. As a result, the quasi-stationary distribution for X is the one for an Ornstein-Uhlenbeck process.
In a same way, the existence of a QQ-process is shown in Section 3.2. However, the existence and uniqueness of
a quasi-ergodic distribution, which will be dealt with in Section 3.3, cannot be deduced from this time change
and the proof requires more technical arguments. Moreover, it is noteworthy that, contrary to what is expected,
the quasi-ergodic distribution does not coincide with the stationary measure of the Q-process.

Finally, the main part of this paper will be devoted to the subcritical regime, in Section 4. In particular, it
is shown in Section 4.3. that, for any initial law p and any s > 0, P, (X; € -|7x > t) converges weakly, when ¢
goes to infinity, towards the quasi-stationary distribution for a Brownian motion absorbed at {—1,1}. The key
argument is an approximation of the law of (X;);>s by the one of a time changed Brownian motion, when s goes
to infinity. This approximation is established in the Section 4.1, and will be also used to deduce the existence
of a quasi-ergodic distribution in the Section 4.4. The Section 4.5 is finally concluded by showing the existence
of a Q-process.
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Let us now introduce some notation. For any F C R, one denotes by M;(FE) the set of the probability
measures supported on E and, for any measurable bounded function f on (—1,1) and p € M1((—1,1)), denote
by

u(f) = /<-1,1> fdp.

For a general Markov process (A;)>0, denote by (F2

s,t

family of probability measure such that, for any = € R and s > 0, IP’;Z{S(XS = z) = 1. For any probability measure

)s<t the canonical filtration of (A¢):>0 and (P4 )zeR,s>0 &

z,s

pon R and any s > 0, we define IP)Z‘)S := [g Pz spt(dz). Then the family of probability measures (Pﬁ,s)/tEMl(R)7SZO
satisfies

A _
P”,S(As €)=p.

A

If the process A is time-homogeneous, we define, for any p € M;(R), P

= Plﬁo and we have, for any s < t,
Pps(Apas) € ) = Ppi(Api—a € ).
For A = X, we will keep the notation established at the beginning of the introduction.

2. THE SUPERCRITICAL REGIME: Kk > %

This section is devoted to the situation x > 1/2. The following theorem states the existence of a unique
quasi-limiting distribution, which is do:

Theorem 2.1. For any p € M1((—1,1)) and s > 0,
f1i>m Pu,s(Xt € '|TX > t) = dp. (2.1)

Proof. By Markov’s inequality, for any € > 0 and any probability measure u,

IEMS(XE‘TX > t)
2
Eus(X?)
2P, s(Tx > t)
t—s+(s+1)% f(71,1) x2du(x)
e2(t+1)26P, o(Tx > t)

Pps (1Xe| > elmx > 1)

IN

Then the convergence (2.1) is a consequence of the following lemma. O

Lemma 2.2. For any s > 0 and any probability measure p on (—1,1),

tl'gn Pus(tx >t) =P, (Tx = 00) > 0.

Proof of the Lemma 2.2. In this proof, we will denote for any Markov process A = (A;)¢>0 and any positive
function f

7-}4 =inf{t > 0:|A¢ = f(¢)}.
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Without loss of generality, we will show Lemma 2.2 for s = 0. It is well known that, P, o-almost surely (for any
measure f),

. By
lim sup

—_ =1,
t—oo /2tloglogt

and

lim inf B
iminf ——— = —
t—oo 4/2tloglogt

Thus, since £ > 1, P, o-almost surely,

B,

X, =——— —
P+ 1)F oo

0.

In particular, the process (X;)¢>o is bounded almost surely. Denote by

M :=sup | Xy|.
>0

Then, for any probability measure p on (—1,1),
]P),u,O(TX = OO) = ]P#’()(M < 1)

Since limy_yo0 Py o(M < t) = Py o(M < +00) =1 and the function ¢ — Py (M < t) is non-decreasing, there
exists tg such that

c:= tiéltfo Poo(M < t) > 0.
Let sp > 0 and p a probability measure on (—1,1). Then,
Puo(tx =00) > P, o(7x = 00,50 < 19 < Tx),
where 79 := inf{t > 0 : X; = 0}. Then, by the strong Markov property,
P o(tx = 00) > Epo(Lsg<rg<rx Po,m (Tx = 00)).
For any s > sq,
IP)0,s(7'X =00) = I[DOB (TtBH(t-s-s-s-l)H = oo) )

However, by the scaling property of Brownian motion, the process B := (v/s + 1B;/(s41))t>0 is a Brownian
motion and

Py (Tt»B—>(t+s+1)~ = oo) =Fg (Tt'%—’(HS“)“ - oo)

=P8 (B 1 =00
O\ (s 1) 2 (1410

= Poy (M <(s+ 1)“*%) .



666 W. OCAFRAIN
So, choosing so such that (so + 1)"*% = tg, one has

Pys(tx =00) > ¢, Vs> sp.

As a result,

PM,O(TX = OO) > CHDM70(SO <70 < Tx) > 0.

3. THE CRITICAL CASE: k = %

This section is devoted to the situation x = 1/2.

3.1. Existence and uniqueness of a quasi-stationary distribution

We state a first theorem on the existence of the quasi-limiting distribution (and quasi-stationary distribution)
in the critical regime.

Theorem 3.1. Let apy be the unique quasi-stationary distribution for the Ornstein-Uhlenbeck process absorbed
by (—1,1)¢ whose generator is

Lf(z):= %f”(m) — %xf’(x), Vo € (-1,1),Vf € D, (3.1)

where D := {g € C?([-1,1]) : g(—1) = g(1) = 0}. Then aoy is also the unique quasi-stationary distribution for
X and there exist Coy,vou > 0 such that, for any probability measure pn on (—1,1) and any 0 < s <,

s+ 1)'70U

t+1 (32)

s (Xi € frx > 1) = aulrv < Cor (
In particular, for any p € Mq((—1,1)) and s > 0, the sequence P, s(X; € -|Tx > t) converges weakly towards
aou, when t goes to infinity.

Remark 3.2. Using the spectral theory for the Ornstein-Uhlenbeck generator, apry can easily be computed
and one has

22
aop(dr) == K x (1 — z?%)e” = du,

where K is the renormalization constant. In particular, z + (1 — 22) is the opposite of a Hermite polynomial

22
which is positive on (—1,1) and vanishing at {—1,1}, and #(dz) := e~z is a reversible measure for L.

Remark 3.3. Tt is well known (see [11, 13]) that there exists Aoy > 0 such that
PZ . (r7 >t)=e Ut vt >0, (3.3)

where 7z := inf{t > 0: |Z;| = 1}. Moreover, for any f € D,

aov(Lf) = —dovaou(f),
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where L is defined in (3.1). Using the explicit formula of apy, it is easy to check that
dov = 1. (3.4)

Proof of Theorem 3.1. Let Z be the Ornstein-Uhlenbeck process whose infinitesimal generator is L. Then, for
any probability measure p on (—1,1) and any s > 0,

) o, € ) : (3:5)

This can be shown using that there exists a Brownian motion (W;);>o (starting from 0) such that, for any
u >0,

Pus(Xt)izs € ) = Pf ((Zlog(

Zy=e 2 (Zo +/ egdWU> —e % (Zo + V~V5u_1> ,
0

where W is another Brownian motion starting from 0, and setting v = log (¢ + 1),

Zoy + Wt
Zlog(1+t) = ﬁ

Hence, using (3.5), one has for any s < ¢,

s+1

Poou,s(Xi € -J7x > 1) =PZ, (Zlog(”l) <

t+1
7'Z>10g m

In other words apy is also the unique quasi-stationary distribution for the time-inhomogeneous Markov process
X. Moreover, since Z satisfies the assumptions (A1) and (A2) of [6] (this is actually shown in [8]), then, by
Theorem 2.1. in [6], there exist Coy > 0 and yoy > 0 such that, for any ¢ > 0 and for any probability measure

My

= Qoyu-

HIPi(Zt € '|TZ > t) — aOU||TV < COUei’YOUt.

Using (3.5), one deduces that, for any s <t and for any probability measure p on (—1,1),

s+ 1)'YOU

[[Pu,s(X; € -|7x > t) — aovllrv < Cou <t+ 1

This concludes the proof. O

3.2. Existence of the Q-process

Before tackling the existence of the @Q-process, we need the following proposition:

Proposition 3.4. There exists a non-negative function noy : [—1,1] = Ry, positive on (—1,1) and vanishing
on {—1,1}, such that, for any € (—1,1) and any s > 0,

. t+1
77OU(ZB) = tli>I£o mpr,s(TX > t)a
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where the convergence holds uniformly on [—1,1] and aov(nov) = 1. Moreover the function noy is bounded,
belongs to the domain of L defined in (3.1), and

Lnouv = —Xouvnov = —nov,

where Aoy s defined in Remark 2.

Remark 3.5. More precisely,
nouv(z) = K' x (1 —a?), (3.6)

where K’ is the positive constant such that aoy(nov) = 1.
An interesting consequence of Proposition 1 and (6) is stated as the following corollary:

Corollary 3.6. Let B a Brownian motion on R, and denote by

71\3[ =inf{t > 0: |By > vVt +1}.
Then, for any x € (—1,1),
2

: 1
PE(rY" > ) ~yyoo K H”i .

Proof of Proposition 3.4 and Corollary 3.6. Using Proposition 2.3 in [6] applied to the process Z and (3.5), one
has, for any = € (—1,1) and s > 0,

. t+1
nou(z) = lim e*ovles(55)p2 (TZ > 10%( : >)

t—00 s+ 1
Aou
. t+1
Jim (5 T 1) Prs(7x > 1)

t+1
+ 1P:p7s(TX > t).

lim
t—oo § +

where we finally used (3.4). This ends the proof of Proposition 3.4. Now it is easy to see that, for any = € (—1,1)
and t > 0, PB (Té[ > t) =Py o(7x > t). Thus, using Proposition 3.4 and (3.6), we conclude the corollary. [
Remark 3.7. In [4], Breiman shows a similar result for one-dimensional Brownian motion absorbed by a

one-sided square boundary. More precisely, denoting T := inf{t > 0 : B; > ¢/t + 1} for any ¢ > 0, he shows
that PE(T* > 1) ~t 0o at™" for a > 0 and b such that b(1) = 1. In particular, for ¢ = 1, PF(T} > t) and

PZ (Tg}[ > t) decay as 1/t. The reader can also see [17] for more general boundaries.
We turn to the existence of the Q)-process and its ergodicity.

Proposition 3.8. - There exists a Q-process and the family of probability measures (Qgzs)ze(—1,1),5>0
defined in Definition 1.2 is given by : for any x € (—1,1) and s < t,

A
t4+1\"" X
vas(x[syt] €:)=Eq, <]]'X[s,t]€'77'x>t ( ) nou t)>

s+1 nou ()

t+1 1—-X?
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- The probability measure Boy defined by
Bouv(dz) = nov (z)aoy(dz) = KK'(1 — :I:Q)Qe_%dx

is the unique stationary distribution of X under (Qu,s)s>0,0e(—1,1)- Moreover, for any 0 < s <t and any
x € (—1,1),

3_|_1 You
[Qz,s(X; € -) = Boullrv < Cou ( ) ,

t+1

where Coy and you are the same constant as used in (3.2).

Proof. Straightforward using (3.5) and Proposition 3.1 in [6] applied to the Ornstein-Uhlenbeck process Z. O

3.3. Quasi-ergodic distribution

Now let us provide and show the existence and the uniqueness of the quasi-ergodic distribution:

Theorem 3.9. For any probability measure p on (—1,1) and any s > 0, for any measurable set S,

1 t
lim n Pus(Xu € S|tx > t)du = / EZ (17) aop(dz),

t—o0 S

where we recall that Z is the Ornstein-Uhlenbeck process whose the generator is (3.1).

Remark 3.10. As mentioned in the introduction, the quasi-ergodic distribution EZ (7z)aoy (dr) is different
from the invariant measure of the Q-process Boy. According to our knowledge, there does not exist any explicit
formula for the density = +— EZ(77). However, noting that Boy (dz) = nov (r)aov(dz) where noy is defined as

Lnouv = —nou,
Bou is surely different from EZ (77)aop (dz) since
LEZ (17) = —1.

Proof. In order to make the proof easier to read, Theorem 3.9 will be proved for s = 0 in what follows. The
proof for a general s will be very similar to the following one.

First, using the variable change u = gt, one has, for any u € M;((—1,1)), t > 0 and f continuous and
bounded measurable,

t 1
+ ] BuolfCiny > tdu = [ B0/ (Xa)irx > e

As a result, it is enough to show the weak convergence of (P, o(Xq: € -|7x > t)),s, for any ¢ € (0,1), then to
conclude with the Lebesgue’s dominated convergence theorem.

Let u € My((—1,1)), g € (0,1) and f continuous and bounded measurable. By the Markov property and
(3.5), for any t > 0,

Epo(f(Xgt)Lrx>e) =Epo (f(th)]]-‘rX>qt]P)th7qt(TX > t))
= EM,O (ft (th) 1, >qt> , (3.7)



670 W. OCAFRAIN

where we set for any y € (—1,1),

fe(y) = F(Y)Pyqt [x > 1].
By (3.5), for any y € (—1,1) and ¢ > 0,

t+1

1iy) = f(y)P? [TZ - log <qt+1>] |

Now define for any y € (—1,1),

foo(y) = F(W)P7 [r2 > —log (q)].

It is easy to see that (f;);>0 converges pointwise towards f.. Moreover, a simple calculus computation entails

that the function ¢t — ;ti-&-ll is increasing, which implies that the sequence (f:):>0 is a decreasing sequence of

continuous functions defined on [—1,1]. Likewise, f is continuous on [—1,1]. As a result, by Dini’s theorem
for the decreasing sequences of continuous functions, the pointwise convergence is equivalent to the uniform
convergence on [—1, 1]. Thus,

lim  sup |[fi(y) — foo(y)| = 0. (3.8)

=00 ye(~1,1)

Now, let us show that
(gt 4+ DE, o(foo (Xgt) Lry>qt) = plnov)aov (foo)- (3.9)
To show this, let us begin with

(gt + DEpuo (foo (Xgt) Lrx>qr) = (at + DPuo(7x > qt) X By o(foo (Xgt)[7x > gt).

On the one hand, by Proposition 3.4,

(gt + )P, o(Tx > qt) = p(nov)-

lim
t—o0
On the other hand, by (3.2),

lim B, o(foo (Xge)|7x > qt) = aou(fso)-

t—o0

(3.9) follows from these two convergences. Now, by (3.9) and (3.8),

(qt + I)Eu,O (ft (th) ]lTx>qt) = (qt + 1)Eu70 (foo (th) 17x>qt)
+ (gt + 1)Eu,0 ([fo (th) -t (th)] ]l‘rx>qt)
tjo w(nov)aou (feo)s

because

(gt + DEpuo [(foo (Xar) = [t (Xgt)) Lrxsarl] < (gt + DPuo(rx > gt) x S(ull)l)\ft(ll) = oW =2 0
ye(-1,
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Hence, using (3.7),
A (gt + 1E, o(f(Xgt) Lrx>e) = pnov)aou (foo)

= tow) | F@P(rz > ~losl@)aou (de).

Moreover, taking f = 1, using (3.3) and (3.4),

Jim (gt + V)P o(rx > t) = p(nov)Pe,,, (12 > —log(q))

u{nou
mw(nouv)q-
Thus, we deduce that

Jim Byo/(Xp)irx > )= a7 | aoulda) f(a)Pa(rz > ~logla))

(7171)

Then, by Lebesgue’s theorem, for any probability measure g on (—1,1) and any bounded measurable
function f,

1t [
lim — [ E,olf(Xy)|rx > t)du = hrgO E,o(f(Xq)|mx > t)dg

t—oo t 0

t— 0
1
_ / ! / F@)PZ (77 > —log(q))aou (dz)dg
0 (—1,1)

1
_ / oou(dz) f(z) / ¢~"PZ(r5 > —log(q))dg
(=1,1 0

)
aOU(dx)f(J:)/O PZ (15 > s)ds

(=1,1)

/( |, rov( F@)EZ (15).

This concludes the proof. O

Remark 3.11. As it is seen in the previous proof, the quasi-ergodic distribution for X is obtained computing the
limit of P, (Xqt € <|7x > t), when ¢ goes to infinity and for ¢ € (0, 1) fixed. By the time change ¢ — log(1 +t),
this limit is the same as the one of

PZ(Ziog(at) € *I7z > 10g(1)) = PZ(Ziog(q)+10g(t) € |7z > log(t)),

with log(g) < 0. Such a limiting probability measure is called a — log(g)-Yaglom limit and is different from the
invariant measure of the Q-process of Z (obtained taking ¢ = +00). This provides a heuristic reason explaining
why the quasi-ergodic distribution for X is different from the one for the Ornstein-Uhlenbeck process Z.

4. THE SUBCRITICAL CASE: k < %

In this section, we will show that a quasi-limiting distribution, quasi-ergodic distribution and a Q-process
exist when x < % To do this, the strategy will be to compare (in a sense described later) the process X to the
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process Y defined by

t

1

Yt::/ 4B, Vt>o0.
o (ut1)"

Then the quasi-stationarity for X will be deduced from the one for Y.

4.1. Approximation by Y through asymptotic pseudotrajectories
Denote by 7y := inf{t > 0: |Y;| = 1}. The aim of this subsection is to show the following proposition:

Proposition 4.1. There ezists a function F': Ry — Ry such that

lim F(s) =0,

§—00

and such that, for any 0 < s <t <T, for any probability measure u on (—1,1),

[|Pus(Xe € |7x >T) — IP’};S(Y,; € |ty > T)|lrv < F(s). (4.1)

Remark 4.2. (4.1) provides us with a decay towards 0 uniformly in the initial law, ¢ and T'. It can be seen as
an analogue of the asymptotic pseudotrajectories introduced by Benaim and Hirsch in [3]. See also [2] for more
details about asymptotic pseudotrajectories in the general case.

Proof of Proposition 4.1. By ItQ’s formula, one has, for any ¢ > 0,

t
X=X+ Y; —/ k(s +1)"" 'Byds = Xo + Y; — (Y, M),,
0

where

t t t
M, := / k(u+1)"1X,dB, = / k(u+ 1)1 X,dX, +/ (k(u+ 1)1 X,)%du.
0 0 0
For any s < t, denote by

t
Mgy =My, — M, = / k(u+ 1)1 X,dB,,

and

(M, M), : =(M,M), — (M,M) S:/ (k(u+1)""1X,)%du.

Moreover, denote by £(M)s, the exponential local martingale defined by

1
= exp (2Ns,t) ,
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where
t t
Nyt = 2/ r(u 4+ 1)1 X, dX, —l—/ (k(u+ 1)1 X, )%du.
By Ito’s formula applied to t — x(t + 1)2#71 X2, for any s < t,
Nt =r(t+ 1) 1X2 — k(s +1)*1X2

t t t
—/ [ﬁ(u—kl)%_l}’Xidu—/ uildqu/ (k5 + 1)1 X, )2du

=k(t+ 1) 1X2 — k(s +1)2"71X2

t
- / [k(u 4 1)* 1) X2du — klog <z+

n 1) + /:(/-;(u + 1)1 x,)%du.

Note that the process (N iary )s<t¢ is almost surely uniformly bounded, thus £(M)s ary is a martingale. For
any t > s >0 and p € M;((—1,1)), define G, , the probability measure satisfying

Gpus(A) =E, (EM)sinrxla), VA€o(Xy,s<u<t).

Then, by the Girsanov theorem, the law of (Xinry )i>s under G, s is the law of (Yinry )i>s under P, . In
particular, for any S measurable set, probability measure pon (—1,1) and 0 < s <t < T,

s+1 2 1
= 7T + 1> Eu’s (EXP <2N;,T> ]]'XtGS,TX>T> B (4.2)

with Nl = Nyr + wlog (ZH). Thus,

By, (eXp (%N;T) ]]‘Xt€S7TX>T)

E,.s (exp (%NS’T) ]17—X>T)

Py (Y, €S|ty >T) =

By this last inequality and by a tringular inequality, one has, for any 0 < s <t < T and for any measurable
set S,

s

u,s(Xt c S, T > T) Eu,s (GXP (%N;T) :H‘Xt€S7TX>T)

IP,.s(X; € Sltx >T) —PY (Y; € S|ty > T)|
P

- ]P)/,L,S(TX >T) PH,S(TX >T)

Eu7s (eXp (%N;,T) ]lXtES7Tx>T) Ep,,s (G‘Xp (%N/’T) ]lXtES,TX >T)

Pu,s(TX > T) ]E#’S (exp (%NQ,T) ]]-Tx>T>
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< |]Pu,s(Xt S S, T > T) — Eu,s (exp (%Ns/,T> ]lXtES,Tx>T) ‘

- Pp,s(TX > T)
=: Cs(p,t,T,5)
Eu,s (eXp (%NéT) ]lTx>T) <1 - P#’S(TX > T)
PH,S(TX > T) E#,S (exp (%NQ,T> ]]-TX>T)
=:As (1, T)

In order to show (4.1), we will bound the functions As and Cs.

Step 1: Upper bound for C..

For any 0 < s <t < T, probability measure p and S measurable set,

1
Cs(p,t,T,8) = |E, 6 [(exp (2N;7T> - 1) Ix,es

=:f(s,t,T,u,5)

Tx>T:| .

On the event {Tx > T}, X2 < 1 for any 0 < u < T. Hence, the function f defined as above is bounded as
follows:

exp [—;(s + 1) - %/ [ro(u + 1)2”—1]’014 ~1

< f(s,t,T, 1, S) < exp

T
%/{(T +1)2 1t 4 %/ (k(u+ l)K_I)QdU] —1.

In particular, for any 0 < s <t < T, for any probability measure p and S measurable set,

i (Lt 1) o (& (25 ) 4 0) -]

=: ¢(s).

‘f(s7 t? T? /'1’7 S)l

IN

Hence,

CS(.u?t?T7 S) S ¢(S)

Step 2: Upper bound for A;.
Taking S = (—1,1),

By (eXP (%N.;T) ]lxte(fl,l),rx>T) =P, s(Xe € (=1,1),7x >T))|
]P)p,,s(TX > T)
Eus (exp (5N] 1) Lrgsr)

= —1].
]PJ%S(TX > T)

Cs(ﬂ7t7T7 (_17 1)) =
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According to the previous bound we have shown, for any for any s < T, for any probability measure p on
(717 1)7

By s (xp (3N04) Lrx>t)
Pu,s(TX > If)

1—¢(s) < < 1+ ¢(s). (4.3)

We deduce from this last inequality that

4.7 = (1= g ) (g 1) =00

We set then, for any s > 0,

F(s) = ¢(s) + () (1 + o(s)),
which concludes the proof. O

4.2. Quasi-stationarity for Y

Now, we are interested in the quasi-stationarity for the process Y. Note that, by the Dubins-Schwartz theorem,
there exists a Brownian motion B such that, for any ¢ > 0,

Y, = Biiyi-2e ;. (4.4)

1-2k

Denote 7 := inf{t > 0 : |B;| = 1}. Then, by (4.4), for any initial law z and s > 0,

T >

Y B p
Pu,s(}/t S ~|Ty > t) = PH <B<t+1)12~2(5+1)12~ (S
1-2k

(t4+1)172% — (s + 1) 2%
1-2k '

It is well known that a Brownian motion absorbed at (—1,1)¢ admits a unique quasi-stationary distribution
aBm, whose the explicit formula is

1
apm(de) = 5 cos (zx) dex,
and that there exists Apy, > 0 (see [13]) such that

P2 (ry >t)=eMemt >0,

Remark that A\pg,, satisfies also

B (éAf) = Apmann(f), VS € {g € CY(-1L1)): (1) = g(~1) = 0},

and Ap,, = %2. The Brownian motion absorbed at (—1,1)¢ satisfies the Champagnat-Villemonais condition
(A1) — (A2) in [6], which implies the existence of Cpgy,vBm > 0 such that, for any probability measure p and
any t > 0,

||P5(Bt S '|7‘B >t)— apm|ltv < CBmei'YBmt.
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Thus, using the Dubins-Schwartz transformation, for any s < ¢ and any probability measure p

(t+1)'72F — (s + 1)12"~> .

||]PJ/}I,/€(Y; € |ty > t) — apml||lrv < Cpmexp <’YBm X T on

Moreover, let 7p,, be the function defined by

B 1
Npm(z) = thj& e)‘B’”tIP’f(TB >1) = 3 cos (%x> .

This definition makes sense by Proposition 2.3. in [6]. We recall moreover that np,, is positive on (—1,1),
vanishing on {—1,1}, apm(nBm) = 1 and the convergence holds uniformly on [—1, 1]. Then, in the same way as
in the critical case, an analogous version of Propositions 3.4 and 3.8 can be stated as follows:

Proposition 4.3. (i) For any x € (—1,1) and any s > 0,

DI 72— (541172

T—2r ]P)XS(TY > t),

1Bm (.CE) = tlirgo e)\Bm

where the convergence holds uniformly on [—1,1].
(i) There exists a Q-process for Y in the sense of Definition 1.2 and the family of probability measure
(@Xs)me(_171)7820 defined by @ZI(Y[M] € ) = limr e ]P’XS(Y[SM € -|T < 1y) satisfies also

1—-2k 1—2k
v Apy, (D) —(s+1) Nem(Y:)
z,s(Y—[S,t] € ) = Ezus <]]'Y[s,t]€wt<7'ye 5 1=2n

nBm ()

for any x € (—1,1) and s < t.
(iii) The probability measure Spnm, defined by

Bem(dx) = npm(z)apm(dz) (4.6)

is the unique stationary distribution of Y under (me,s)we(—l,l),szo and, for any x € (—1,1) and s > 0,

t+1 1-2k __ s+1 1-2k
QY ,(Y; € 1) = Bomllrv < Cpmexp (_’YBm X ( ) ( ) ) ;

1—2kK

where Cgpm, and ypm, are the same as in (4.5).

Proof. The proof is essentially the same as for the proof of Proposition 3.8. O

4.3. Quasi-limiting distribution of X

Now we will use Proposition 4.1 in order to show the existence of a quasi-limiting distribution for the
process X.

Theorem 4.4. For any probability measure p on (—=1,1) and any 0 < s <,

(4.7)

(t + 1)172/{ _ (% + 1)1725
1—-2k ’

t
||Pu,s(Xt S ~|TX > t) — aBmHTV < F (2> + CBmexp (_rme X
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where the function F is defined in Proposition 4.1. In particular, for any p € My((—1,1)) and any s > 0,
tli,IEOPMS(Xt € tx >t) = apm.
Proof. Let u € M;((—1,1)). For any s < ¢ define
Pist) = Pus(Xi € J1x > ).
Then, by the Markov property, for any s < ¢t < u,
sy = Prge o t(Xu € |7x > ).
Thus, for any s < t,

|te(s,20) — aBmllTv < ||(s,20) — Pz:(”),t(yzt € |ty > 2t)||7v

+ HPZ(MM(Y% € |ty > 2t) — apm||rv

= ||Pl"(s,t)vt(X2t € |tx >2t) — PZ(S,t),t

(Yar € o|1y > 2t)||7v
+ HP};SJ)J(YV% < '|Ty > 2t) — aBm||TV
(2t +1)172F — (£ 4 1)172=
1-2k ’

S F(t) + C’Brn exp (’YBm X

where we used the inequalities (4.1) and (4.5). This shows the inequality (4.7).
Now, since lim;_, o, F'(t) = 0 by Proposition 4.1, and noting that

(2t + 1)1—2& _ (t + 1)1—2&) _0

Jim exp (—vgm X T3,

because x < 3, this shows that, for any € M;((—1,1)) and s > 0,

tllgloP#’S(Xt S "’TX > t) = QBm-

4.4. Quasi-ergodic distribution

The following theorem states the existence and uniqueness of the quasi-ergodic distribution (in the sense of
Def. 1.3) for the process X. Moreover, this quasi-ergodic distribution is the probability measure 8p,, defined
in (4.6).

Theorem 4.5. For any probability measure p on (—1,1) and any s > 0,
t

1
tliglo ? . Pp,,s(Xu S "TX > t)du = BBma

where Bpm is defined in (4.6) (Prop. 4.3).

Proof. As for the proof of Theorem 3.9, the following proof will be only done for s = 0, but the statement holds
for a general starting time s.
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Let p € My((—1,1)). We recall the notation
Pst) = Pus(Xe € -lTx > 1), Vs<it,
and, to make the reading simpler, denote
Mt = fho,), vVt =>0.

For any probability measure p and ¢t > 0,

1
H/ P/L,O(th S '|TX > t)dq - ﬂBm
0

TV

1 1
< H/ ]P)u,o(th S -|TX > t)dq —/ ]P)l)f‘l 71t(th S ~|TY > t)dq
0 0 zt2 TV

1
| Py e € v > 0da - B
0

Hna
2t

"

TV

1 1
< ‘ / Pug, at(Xgt € -|Tx > t)dg —/ ]P’L“%t(th € |ry > t)dg
o 2 0o 2 TV
1
+|| [ B e oy > 0 B
o 27 TV

dgq.
TV

1 1
[ |

By Lebesgue’s dominated convergence theorem,

PY %t(th € |ty > t)dq — BBm

Ha
2t

lim 01 F (gt) dg = 0.

t—o00

In order to prove the convergence towards the quasi-ergodic distribution, it remains therefore to show that

1
dg = 0. (4.8)
TV

lim
t—o00 0

Pl}:%t7%t(}/qt S '|TY > t)dq - 6Bm

The idea of the following reasoning is the same as in the critical case. Similarly, one has, for any = € (—1,1),
t>0,q€(0,1) and f bounded measurable,

(DI72R —(Fegpnyl—2n (qt+1)1 728 —(Le4nl—2n

ABm - — ABm :
e’ 12 EZ%t,%t(f(th)]]‘TY>t) =e'f 1= ]E}L/%t,%t (gt (Kzt) ]]‘TY>qt) )

with, for any y € (—1,1)

Ay, GEDIT2 ()t 2%

aly)=e =2 FWPY o[y > 1]

Also define, for any y € (—1,1),

9oo (y) = f(Y)NBm(Y)-
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Reminding that

(t+1)'72 — (gt +1)' 2

]P)Y
1—2k ’

y,qt

(Ty>t):PyB T >

and using Proposition 2.3. in [6] applied to the process B, (g¢)t>0 converges uniformly on (—1,1) towards geo,
which implies that

EY . o [19:(Yae) = goo (Yo)llTy > qt] — 0.

rgp gt t—+00
As a result, if one of the limit in the following equality exists, then the other limit exists also and one has

(D172 (eI T2

C A
Jim eter =2x E;/%t,gt(f(yqt)]lry»)
(qt+D)!1 725 —(Fe41)1 2
; ABm 2
= lim *? =27 ]EZ%v%t (Goo (Yor) Ly 5qt) - (4.9)

By the definition of conditional expectation, one has

Y
El‘%w%

¢ (goo (Yat) Lry>qt) = EZQt,%t (goo (Ygt)|Ty > qt) Pz/ﬂt,gt(ﬁ’ > qt).
2 2
On the one hand, by (4.5),

lim EY, g4 (900 (Yor) Iy > at) = aBm(goo)- (4.10)

t—o0 M%t’

On the other hand, using again Proposition 2.3. in [6] applied to the process B, we deduce that

(qt+1D)172F —(fe41)1 2%

1—2r PZ%w%t(TY > qt) - :u%t(an) t—:>00 Oa

ABm

e

and, again by (4.5),

S 5 ) = ) = 1.

As a result,

Ap gD - (GerplTEe
: Bm —5 _
lim e T2 Pu%ﬂ%t(TY > qt) = 1. (4.11)

t—o0

Hence, we deduce from (4.9), (4.10) and (4.11) that, for any bounded measurable function f,

(t+DI72F (el —2w

; ABm T Y
tligloe EM%t,gt(f(th)]lryx)
lim Ao T TR L (g (Vo) Ly sae)
= lim e"B™ 1-2r a4 \g t
2t \Joo \ g Ty >qt
t—o0 H%tq

== aBm,(goo) = /(1 1 Ole(dl’)f(fE)T]Bm(l‘) = ﬁBm(f)
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Taking f =1,

(& A

. B, Y
lim e*B™ T—2r P v >1t)=1.
t—oo “%t’%t( Y )

Thus, for any bounded measurable function f,

lim BY o, (f(Ye)lry > 1) = Bom(f)-

t—oo He

We conclude to (4.8) by Lebesgue’s theorem. O

4.5. Q-process
4.5.1. Ezistence of the Q-process

Now, it remains to prove the existence of the Q-process. More precisely, this subsection is devoted to the
proof of the following theorem:

Theorem 4.6. For any s <t and 1 € My((—1,1)), the family of probability measure

(Pu,s(Xs,0) € T < 7x)) 7>t

converges weakly when T goes to infinity towards

X
QKo € ) = Ens (“X”M) , (4.12)

where (n4)¢>0 is defined in Proposition 4.7. Moreover, for any s <t and p € M1((—1,1)), one has
1Qu,s(Xe € ) = Qs (Vi € )llrv < F(s), (4.13)

where F is the same function as in Proposition 4.1 and QY is as defined in Proposition 4.3.
Before proving this theorem, let us first state the following key proposition.

Proposition 4.7. There exist a family of positive bounded functions (ns)s>o satisfying
Ew,s(]lTx>tnt<Xt)) = 775(.13), Vl' - (—1, 1),VS S t, (414)
and H : M1((—=1,1)) x {s,t € Ry : s <t} — (0,00) such that, for any v € M;1((—1,1)) and s > 0,

lim H(v,s,t) =0,

t—o0

and that, for any s <t and for any p,v € M1((—1,1)),

MAW>”_“%)§H@&w (4.15)

Pos(tx >t)  v(ns)

The proof of this proposition is postponed after the proof of Theorem 4.6.
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Proof of Theorem 4.6. Let p € M;((—1,1)) and s <t. We define Q, s(X[s4 € -) as in the formula (4.12). Then,
for any T > t,

IIPps(Xis,e) € -l7x > T) — Qus(Xs,5) € )llTv

_ ‘ . [IX (Px,,,mx > 1) m(Xt))]
- 1,8 41 €T t -
e (s, €5 7x > IEI)p,,s(TX > T) M(ns) TV

E [ﬂx ( Proalrs >T)  m(X) )]
1y

)

Prs(mx > 8) \ P ot(mx >T)  pisny(me) ) |||,

where (4.14) was used. Hence, by (4.15) in Proposition 4.7,

[Pus(X(s,1) € 17x > T) = Qus(Xps.0y € ey < H(pgs,py, 8, T) ’

]lX[S,t]E‘,Tx>t:|
IP%S(TX > t)

5|
TV

< H(M(s,t)a t, T)

Since, for s <t fixed, lim7 00 H(p(s,),t,7) = 0, this implies the weak convergence of the family (P, (X4 €
|T < 7x))7>¢ towards Q, s, when T' goes to infinity. Now, by (4.1), for any s <t < T and p € M;(Ejy),

IPys(Xi € lrx > T) =P (Vi € -1y > T)||rv < F(s).
Therefore, letting T'— oo, one obtains : Vs < ¢t and p € M1 (Ej),

1Qus(Xe € ) = Q) o(Ye € llzv < F(s).

4.5.2. Proof of Proposition 4.7

The remaining of the paper is dedicated to prove Proposition 4.7. In the proof, two important lemmata are
used. So we will start by proving these lemmata before tackling the proof of Proposition 4.7.

Lemma 4.8. a) For any s >0 and a € (0,1), there ezists Cs o > 0 such that

inf Py s(rx >t)>Csq sup Pus(rx >t), Vt>0.
z€[—a,a] ze(—1,1)

b) For any a € (0,1), there exists Cy > 0 such that

inf PY (ry >t)>C, sup PY (ry >t), Vs<t
z€[—a,al ’ ze(—1,1) ’

Proof. a) Let a > 0. To prove this, note that, for any z € (—1,1) and t > s > 0,
Py s(tx >t) = ]P’fs_H)% [TEHH)N >t — s} ,
where, for any s > 0,

U (> 01 |By = (t+ s+ 1)").
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So, the Harnack inequality to show becomes: for any ¢ > 0,

inf P, O DT Sy > Csa su P, FUTsHDT S ),
z€[—a(s+1)~,a(s+1)"] s )2 Cs $E(_(S+1)E,(s+1)“) 75 )

Actually, for any ¢ > 0,

inf Po(rs Tt > ) = Payaye (75 T > 1),
z€[—a(s+1)",a(s+1)"] (75 ) (s+1)< (75 )
and
sup  Pu(rg T > 1) = Ro(r Y > ).

ze(—(s+1)",(s+1)")

Then, for any t > 0,

IP’a(s+1)“(TJgJFSH)N > 1) > Po(sy1) (T% <yt LT sy T}%)
Fstv41)"
= Ea(s+1)” (]17_%<Tg+s+1)nﬂpo(7'é ) > t)'v:r%)

> Pa(s+1)” (Tg < T}g+s+1)n) P, (Tlg+s+1)ﬁ . t) ’
where
79 = inf{t > 0: B; = 0}.

Then, setting Cs 4 := Pg(s41)~ (T% < TEJFSH)K), one has Cs , > 0 for any s > 0 and

inf Pps(rx >t)>Csq sup Pus(rx >t), Vt>0.
z€[—a,al ze(—1,1)

b) This is straightforward using the Harnack inequality for a Brownian motion and using the change of time
provided by the Dubin-Schwartz transformation (4.4).
O

Now let us state and prove Lemma 4.9.

Lemma 4.9. Let a > 0 . Then there exists a function x, : Ry — R4 such that, for any s <'t, for any p €
Mi((-1,1)) and any v € M1((—1,1)) such that v([—a,a]) > %,

P..(rx >t) Py (1v >1t)

IPV,S(TX >t) PXS(TY >t)

< Xa(s),

with xq(s) = 0 when s goes to infinity
Proof. Let s < t. Then, using (4.2) applied to S = (—1,1), for any p € M;((—1,1)),

s+1)\2 1
P;is(TY > t) = (m> EP«,S l:exp (2Né,t> ]l‘f'x>t:| ’ (416)
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and by (4.3), for any p € M;((-1,1)),

E;L,s(exp (%N;,t) ]l‘rx>t)
1- ¢(S) S ]P),u,s(TX > t) —= 1+ ¢(S)

Thus, by (4.16), for any p € M;((—1,1)),
s+1\2 PY (1v > 1) s+1\2
1— < < 1 .
(557) a-ewn < gtz < (5) o)
and, since ¢(s) < 1 for any s > 0, one has also,
t+1\2 1 _Pustrx >t) _ (4] 2
s+1 1+¢(S)_P};S(Ty>t)_ s+1 1—¢(s)

Thus, for any u,v € My((-1,1)),

[N
—_

1—¢(s) < By s(rx > t)PY (1y > 1) < 14 ¢(s)
1+o(s) — P};S(Ty > P, s(tx >t) — 1—¢(s)

Thus, it is deduced from (4.18) that, for any pu,v € M;((—1,1)),

Pus(tx >t) PZ7S(TY > t)
]Py,s(TX >t) ]PY (Ty >t)

(Ty>t
Ty >t

MS(TX>t)]P> (Ty>t)
DQ(TX >t)HD (Ty>t)

)
bs( ) s
?::Eiiiii (i) (- =30))

Now, if v is such that v([—a,a]) > %, by Lemma 4.8, for any s < ¢,

]P)Z:’S(TY >t) < sup ]P);/,S(TY >t)
ze(—1,1)

1
< — inf PY (1y >1)

a TE[—a,a]
1
- Cal/([ a,al)

IP’Y (Ty > t)

P}:S(TY > t)

C

As a result,

Pus(rx >t) P (v >1)
Pu7s(7'X > t) ]P’};:S<Ty > t)

<a (e ) (o))

683

(4.17)

(4.18)
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1-6(s) +6(t)
0 when s goes to infinity. O

It remains to set x,(t) := Cl (1+¢(5) _ 1) V ( 1%’(’5)). Then, since ¢(s) — 0 when s — 00, x, goes also to

Remark 4.10. The inequalities (4.17) allows us to get that, for any u € My((=1,1)) and s > 0,

R N R T R
P s(Tx > 1) =t 00 O (( ) e ABm =T ) )

s+1
Hence, defining
P = inf{t > 0 |By| = (t+ 1)"},

then, for k < %, for any p € My((—1,1)),
PE(r5™" > ) =150 O ((t+ 1)%e ‘AB”LW> .

This observation completes the Theorem 5 obtained by Novikov in [14], which states in our case the following
asymptotic order:

t41)12 —1
1 IP’B CHD™ S 1) ~ 0o —A m(—
g P (75 ) i A 1- 2k
Now we can prove Proposition 4.7.

Proof of Proposition 4.7. Let v € My((—1,1)) and s > 0. We recall then the notation
V(st) -= PV}S(Xt S '|TX > t), Vs <t.

By Theorem 4.4, the family (V(gf))s<t converges weakly when ¢ goes to infinity towards ap,,. Thus, by
Prokhorov’s theorem, (v(s4))s<¢ is tight. This implies that there exists a () € (0,1) such that, for any ¢ > s,

(v
Vs, ([—as(v), as(v )]) >%
Let g € My((—1,1)), s <t and T > 0. Then, by the Markov property,

]P),u,s(TX >t 4 T)
Pu,s(TX > t—i—T)

B P,o(tx >t) P, o(rx >1) (Pms.t),t(TX >t+1T) B 1)
i .

u,s(TX >t) - Py,s(TX >t) Pu(s‘t),t(TX >t+T)
Using the same argument as in the proof of Lemma 4.9, by Lemma 4.8, one has

P#,S(TX > t) < 2
IPZ/ S(TX > t) - Cs,as(u).

)

Thus,

IP))U'(s.t)at(TX >t 4 T) -
Py(s‘t))t(’rx >t 4 T)

Pus(rx >t4+T) Pus(rx >1) 2
Py,s(TX > t+T> Py,s(TX > t) - CS,GS(V)
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Using Lemma 4.9, one has

]P)#,S(TX >t+T) B ]P)ILL,S(TX >t) (t)+
P,o(rx >t+T) Poo(rx >1)| = Cogiy \ X2

)

B,y > 14T)
PY (Ty >t+ T) ’

V(s,t),t

Now,

Py ity >t+T) Ao By (v > t+T) =P (v > t+T)|
Pl};(s,mt(TY >t+T) IP’Z(MM(TY >t+1T)

SUPge(—1,1) P?t(ry >t+T)

[[is,t) — Vsl lTv

= I[D}’/(s,t)7t(7—y > t+T)

4 t (t + 1)1—2H _ (i + 1)1—2;@
< F a m - m 2 9
= oo X ( (2> +Cp exp( B " on

where we used Lemma 4.8 and (4.7).

M,S(Tx>t)

We conclude from all these computations that ¢ — Ig, T SD) is a Cauchy sequence, hence converges as t — co.

Denote by h(s, p, ) the limit and set

2 4 t L+ — (G + D)2
H(v,s.t):= 5 " |:Xas(l/)(t) ta o (F <2> +Cpmexp (‘737" o '

One has therefore, for any p,v € Mq((—1,1)),

S H(V7 s’ t)?

‘]P)/,L,S(TX > t) —h(S M l/)

HDMS(TX > t)

and lim; o, H(v, s,t) = 0.
In order to complete the proof, The final steps of the proof are inspired by the proof of Proposition 3.1 in
[10]. We define, for any s > 0,

Ns : € — h(s,dz,00)-

Then, by Lebesgue’s dominated convergence theorem,

. P s(TX > t)
lim X ),
ML By (x> ) )
Then, for any p,v € M;((—1,1)),
Pus(rx >1) o Pus(rx > 8)/Pos(rx > 1) _ p(ns)

(5, ) = lim, P, (rx >1) toe Pyo(tx > 0)/Pos(rx > 1)  v(1s)

Moreover, for any s <t < u,
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Px, (tx > u) Pys(tx >u
Ez,s ]l‘rx>t
Powt(’rx>u) ]POth>U

)

s

( )
( )
P, s(Tx > u)E ( Px, +(tx > u))
Pos(rx >u) "\ X7 Py (rx >u) )

For any pu € M;((—1,1)), integrating both sides of the equation with respect to pu, letting v — co and using
Lebesgue’s theorem, we deduce that, for any s < ¢, there exists a positive constant ¢, ; which does not depend
on p such that

Eu,s(lrx>t77t(Xt))

Cst =
w(ns)

s

In addition, for any s < ¢ < w and for any p,v € Mq((—1,1)),

]Eu,s(]lrx >t77t(Xt)) ]El/,t(]lﬂ'x >ullu (Xu))
11(ns) v(ne) '

Cs,tCtou =

Choosing v = ju(s ) = P, s(X; € -|7x > t) and using the Markov property, we obtain

Eu,s(]]-'rx>t77t(Xt)) % ]EM(S,t),t(]]-Tx>u77u(Xu))

(1) fi(s,) (7e)
B s (L same(Xe)) X By s (Ex, 6 (Lry >unu (X)) |7x > 1)
B () X By s (ne(Xe)|7x > 1)
_ Eu,8(17x>t77t(Xt)) X EM7S(Ext,t(]lTx>unu(Xu))]lTx>t)
B (1) X By s (ne(Xe) Loy >t)
E,u,s(]lrx>u77u(Xu))

1(ns)

Cs,tCtu =

= Cou-

Because of the last equality, replacing for all s > 0 the function 74(z) by ns(z)/co s entails (4.14). O
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