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RAKING-RATIO EMPIRICAL PROCESS WITH AUXILIARY
INFORMATION LEARNING

MICKAEL ALBERTUS"

Abstract. The raking-ratio method is a statistical and computational method which adjusts the
empirical measure to match the true probability of sets of a finite partition. The asymptotic behavior
of the raking-ratio empirical process indexed by a class of functions is studied when the auxiliary
information is given by estimates. These estimates are supposed to result from the learning of the
probability of sets of partitions from another sample larger than the sample of the statistician, as in
the case of two-stage sampling surveys. Under some metric entropy hypothesis and conditions on the
size of the information source sample, the strong approximation of this process and in particular the
weak convergence are established. Under these conditions, the asymptotic behavior of the new process
is the same as the classical raking-ratio empirical process. Some possible statistical applications of these
results are also given, like the strengthening of the Z-test and the chi-square goodness of fit test.
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1. INTRODUCTION

Description. The raking-ratio method is a statistical and computational method aiming to incorporate auxil-
iary information given by the knowledge of probability of a set of several partitions. The algorithm modifies a
sample frequency table in such a way that the marginal totals satisfy the known auxiliary information. At each
turn, the method performs a simple cross-multiplication and assigns new weights to individuals belonging to
the same set of a partition in order to satisfy the known constraints: it is the “ratio” step of this method. After
each modification, the previous constraints are no longer fulfilled in general. Nevertheless, under the conditions
that all initial frequencies are strictly positive, if the ratio step are cycling through a finite number of partitions,
the method converges to a frequency table satisfying the expected values — see [12]. It is the “raking” step of
the algorithm. The goal of these operations is therefore to improve the quality of estimators or the power of
statistical tests based on the exploitation of the sample frequency table by lowering the quadratic risk when
the sample size is large enough. For a numerical example of the raking-ratio method, see Appendix A.1 of [1].
For an example of a simple statistic using the new weights from the raking-ratio method see Appendix A. The
following paragraph summarizes the known results for this method.
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Literature. The raking-ratio method was suggested by Deming and Stephan and called in a first time “iterative
proportions” — see Section 5 of [8]. This algorithm has been initially proposed to adjust the frequency table in
the aim to converge it towards the least squares solution. Stephan [13] then showed that this last statement
was wrong and proposed a modification to correct it. Ireland and Kullback [9] proved that the raking-ratio
method converges to the unique projection of the empirical measure with Kullback-Leibler divergence on the
set of discrete probability measures verifying all knowing constraints. In some specific cases, estimates for the
variance of cell probabilities in the case of a two-way contingency table were established: Brackstone and Rao [6]
for N < 4, Konijn [10] or Choudhry and Lee [7], Bankier [2] for N = 2 and Binder and Théberge [4] for any
N. Results of these papers suggest the decrease of variance for the raked estimators of the cells of the table
and for a finite number of iterations by providing a complex approximation of the variance of these estimators.
Albertus and Berthet [1] defined the empirical measure and process associated to the raking-ratio method and
have proved the asymptotic bias cancellation, the asymptotic reduction of variance and so the diminution of
the quadratic risk for these process. To prove it, they showed that the raking-ratio empirical process indexed by
a class of functions satisfying some metric entropy conditions converges weakly to a specific centered Gaussian
process with a lower variance than the usual Brownian bridge. Under general and natural conditions that are
recalled below, they proved that the variance decreases by raking among the same cycle of partitions. This
paper is a plugin work of that of these authors.

Auxiliary information learning. The main motivation of this paper is when the statistician does not have
the true probability of sets of a given partition but has a source of information which gives him an estimation of
this probability more precisely than if he used his own sample. This source can be of different types: preliminary
survey of a large sample of individuals, database processing, purchase of additional data at a lower cost, the
knowledge of an expert. The model should suppose that only the estimate of the auxiliary information is
transmitted by the source. It is not then necessary for the statistician to know the entire sample of the auxiliary
information source: this assumption is essential if the sample size of this source is much too large for the sample
to be transferred to the statistician or else for security or privacy concerns. This hypothesis ensures a fast speed
of data acquisition and allows a plurality of sources of information and a diversity of partitions. It is a common
situation in statistics since today’s technologies like streaming data allow the collection and the transmission of
such information in real time. The statistician can use this learned information as auxiliary information which is
an estimate of the true one. The raking-ratio method makes it possible to combine shared information of several
sources. The main statistical question of this article is whether the statistician can still apply the raking-ratio
method by using the estimate of inclusion probabilities rather than the true ones as auxiliary information. Let
show that the answer to this question is positive provided that the minimum size of the samples of the different
sources of auxiliary information is controlled.

Organization. This paper is organized as follow. Main notation and results are respectively grouped at
Sections 2.1 and 2.2. Some statistical applications are given at Section 2.3. One end up by exposing all the
proofs at Section 3. Appendix A contains a numerical example of the calculation of a raked mean on a gen-
erated sample. At Appendix B the calculation of the asymptotic variance of the raked Gaussian process in a
simple case is done.

2. RESULTS OF THE PAPER

2.1. Main notation

Framework. Let X1, ..., X,,, X be i.i.d. random variables defined on the same probability space (Q, T, P) with

same unknown law P = PX! on some measurable space (X,.4). The measurable space (X, A) is endowed with
P.

Class of functions. Let M denote the set of real valued measurable functions on (X,.A). Let consider a
class of functions /7 C M such that sup;cr|f| < Mr < +oo for some Mr > 0 and satisfying the pointwise
measurability condition, that is there exists a countable subset F, C F such that for all f € F there exists a
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sequence {fm,} C F. with f as simple limit, that is lim,,— o0 fm(z) = f(z) for all z € X. This condition is
often used to ensure the P-measurability of F — see example 2.3.4 of [15]. For a probability measure Q on (X, .A)
and f,g € M let d?Q(f, g) = fX(f —9)%dQ. Let N(F,e,dg) be the minimum number of balls with dg-radius e
necessary to cover F and N[ (F,¢,dg) be the least number of e-brackets necessary to cover F, that is elements
of the form [g_, g+ ] ={f € F:9- < f<g;i} withdp(g—,g+) < e. Let also assume that F satisfies one of the
two metric entropy conditions (VC) or (BR) discussed below.

Hypothesis (VC). For ¢, > 0, supgy N(F,¢,dq) < co/e”® where the supremum is taken over all discrete
probability measures @ on (X, .A).

Hypothesis (BR). For by > 0, rg € (0,1), N |(F,e,dp) < exp(bj/e*™).

If all elements f]lA(_N) for every N > 0,1 < j < my and f € F are added to F , this class still satisfies the

same entropy condijtion but with a new constant ¢y or by. Let denote £*°(F) the set of real-valued functions
bounded on F endowed with the supremum norm || - ||#. In this paper the following notations are used: for
all f € F,A € A let denote P(f) = E[f(X)], P(A) = P(14), E[f|4] = P(f14)/P(4), UJ% = Var(f(X)) and

2 _ 2
O']: —Supfe]:(ff.

Empirical measures and processes. Let denote the empirical measure P, (F) = {P,,(f) : f € F} defined by
P,(f) = 13" | f(X;) and the empirical process a,(F) = {a,(f) : f € F} defined by a,(f) = vn(P,(f) —
P(f)). For N € N, let

N = (AN ANy C A,

mn

be a partition of X’ such that
PIAMN] = (P(ADY),..., P(AN)) # 0.

Let denote B,, n, be the set defined by

Bn.n, = { min P, (A;.N)) > 0} cT. (2.1)

O<N<N0 1<j<mn

For n large enough and N fixed, according to the law of large number, the event B, y, almost surely happens.
Let P (F) = {]P’;N) (f) : f € F} be the Nth raking-ratio empirical measure defined recursively on the set By, n
by PE{)) =P, and for all f € F,

my (A(N))
PgLN)(f)—ZW PN (fﬂAm))

This process is well defined since on B,, n, one have PV (A) > 0 forany N € N* and A € Asuch that P, (A) > 0.

The empirical measure P (F) uses the auxiliary information given by P[AN)] to modify P,,(F) in such a way

that
POVLAN] = BV (AFY), . Pu(AG)) = PLAM).
Let denote " (F) = {aslN)(f) : f € F} the Nth raking-ratio empirical process defined for all f € F by

o (f) = Va®(f) = P(f)). (2.2)
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This process satisfies the following property

aMAM] = (aM(AM), ..., e (AN) = 0.

n

Gaussian processes. Under (VC) or (BR), F is a Donsker class, that is a,(F) converges weakly in £>°(F) to
the P-Brownian bridge G(F) = {G(f) : f € F}, the Gaussian process such that f +— G(f) is linear and for all
fgeF,

E[G(f)] =0, Cov(G(f),G(g)) = P(fg) — P(f)P(9).

For short, let denote G(A) = G(14) for any A € A. Let GWN)(F) = {GWN)(f) : f € F} be the Nth raking-
ratio P-Brownian bridge, that is a centered Gaussian process defined recursively by G(®) = G and for any
N>0,feF,

mN

GM(f) =GW=V(f Z [FIANGN =D (AN, (2.3)

Albertus and Berthet established the strong approximation and the weak convergence when n goes to infinity
in (°(F) of oy (F) to GIV)(F) for N fixed — see Proposition 4 and Theorem 2.1 of [1]. For that they used
the strong approximation of the empirical process indexed by a function class satisfying (VC) or (BR) — see

Theorem 1 and 2 of [3]. They gave the exact value of J}N) = Var(G™Y)(f)) and showed in particular for all
f € F and Ny € N that O';NO) < 0}0) = oy and O';Nl) < O’;NO) if Ny > 2N, is such that ANo=k) = A(N1-k) for
0 < k < Ny — see Propositions 7-9.

Auxiliary information. For N > 0 let P, [AN)] = (P, (A(N ) ,]Pﬁ\,(A%Q)) be a random vector with multi-
nomial law, ny trials and event probabilities P[AM)]. This random vector corresponds to the estimation of the
auxiliary information of the Nth auxiliary information source based on a sample of size ny = ny(n) > n not
necessarily independent of X, ..., X,,. Let study the asymptotic behavior of the raking-ratio empirical process
which uses P [AM)] as auxiliary information instead of P[AN)]. By defining the sequence {ny} it is supposed
that this information can be estimated by different sources that would not necessarily have the same sample size
but still have a sample size larger than n. Let IF’(N)( F) = {@ (M) ( ) f € F} be the Nth raking-ratio empirical

measure with learned auxiliary information defined recursively by P! 9 — P,, and for all N > 0, f € F,

_ NP A(N)
P%N)(f)zzm PN (f]lAuv))

j=1

This empirical measure satisfies the learned auxiliary information since

PVAM] = BM(AY), ..., P (AQ)))
P [AN)].

Let define a4 (F) = {&%N)( f): f € F} the Nth raking-ratio empirical with estimated auxiliary information
defined for f € F by

a0 (f) = V@B (f) - P(f))- (2.4)
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2.2. Main results
Deviation inequality. For Ny > 0, denote K = max(1, Mx) and

. . ()
= min min P(A}
povo) = | Jin anin P4,
m(No): sup mny,
0<N<N
n = min ny > n.
(No) 1<NZN, N

Remind that empirical measures P\ (F),... ,]P)%N”)(}") and I?PJ’%O)(}'), .., P (F) are defined on the set B, n,
defined by (2.1) and satisfying

No

P(BS n,) < Y ma(1—pn)" < Nomng) (1 = pvy)™
N=1

where Bi No = £\ BN, - The following proposition is a Talagrand type inequality which bounds the probability

that H&%N)H F deviates from a certain value.

Proposition 2.1. For any Ng € N, n >0 and t > 0, it holds under the event B, n,

tpj\][\‘;
P( sup [|aV]F> t) < NP [ |a 9|7 > G
(OSNSNO 15l o\ llan”ll7 aNom o VK30 (1+ t//m)No

2 42
T(No)P(No)t
+ 2NEm ) exp [ -5 ) (2.5)
0 2nm?NO)K§-
Under (VC) and the event By, n, there exists to > 0 such that for all to <t < 2Mz+/n,
P < sup  [|aM||F > t> < Dyt exp(—Dyt?)
0<N<No
2 42
N(No)P(Ny)t
+ 2Nmngy exp| ——5—25 |, (2.6)
0 Qnm?NO)K}

where Dy, Dy > 0 are defined by (3.7). Under (BR) and the event By, n, there exists to,C > 0 such that for all
to <t < Cy/n,

P ( sup  ||aM||F > t> < Dy exp(—Dyt?)
0<N<Np

2nm2,, K2

+ 2Ng’m(N0) exp (—
(No)™*F

where D3, Dy > 0 are defined by (3.9).

Proposition 2.1 proves that if F satisfies (VC) or (BR) then almost surely ||a, ||z = O(y/log(n)). If F satisfies
(VQ), let define v,, = n=% (logn)? with ag = 1/(2+51) € (0,1/2) and By = (4+5vp) /(4 + 101p). If F satisfies
(BR), let define v,, = (logn)~7° with y9 = (1 — r9)/2r0.
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Weak convergence. If the sample size of the sources are large enough then the asymptotic behavior for
~(N) . [V)
ay, ' (F) is the same as ag * (F).

Proposition 2.2. If nlog(n) = o(n,)) then the sequence (&%0)(]-"),...,&%%)(.7)) converges weakly to
(GO(F),...,GWI(F)) on £>(F — RNo+1)

Proposition 2.2 is a direct consequence of the strong approximation of av (F) to GN)(F) given by the following
theorem — see the beginning of Section 3.5 of [1] for a proof of a similar statement.

Theorem 2.3. Let Ny € N. There exists dy,ng > 0, a sequence {X,,} of independent random variables with
law P and a sequence {G,} of versions of G supported on a same probability space such that for all n > ng,

1 1
]P’( sup  [|a™) — G| F > do <un+ ”Og(")»< : (2.8)

0<N<Ny N (No) n?

where G%N) is the version of GN) derived from G = Gy, through (2.3).

Under the conditions of Theorem 2.3, by Borel-Cantelli lemma it holds almost surely for large n,

- nlog(n
sup ||a\M) —GMV||z < d (vn T [ og(n) )> : (2.9)
0<N<N N(No)

Sequence v, in the previous bound is the deviation from o) (F) to GV (F) while y/nlog(n)/n(n,) represents

the deviation from &y (F) to oy (F). The main argument of these results is that the empirical process

&%N)(]-") is close to ozSIN)(]-"). Notice that this argument will handle the dependence between Xj,..., X, and
vectors Py [A(M)].

2.3. Statistical applications

Improvement of a statistical test. Any statistical test using the empirical process can be adapted to use
auxiliary information to strengthen this test. It suffices to replace in the expression of the test statistic the process
o, (F) by oV (F) if the true auxiliary information is at our disposal or by &%N)(f ) if only an estimation of
this information is available. The two following subsections give an example of application in the case of the
Z-test and the chi-squared goodness of fit test. In both case, the statistic of theses tests is transformed and the
decision procedure is kept. In the first case, we show that this new statistical test has the same significance level
but a higher power. For the second case, we prove that the confidence level decreases and that under (Hy), the

new statistic goes to infinity as the same way as the usual one.

Z-test. This test is used to compare the mean of a sample to a given value when the variance of the sample
is known. The null hypothesis is (Hyg) : P(f) = Py(f), for some f € F and a probability measure Py € £*°(F).
The statistic of the classical Z-test is

JiPalf) = Pols)

Zn =1
oy

Under (Hp), asymptotically the statistic Z, follows the standard normal distribution. The null hypothe-
sis is rejected at the a level when |Z,| > tqo, to = ®(1 — «@/2) with ® the probit function. Let define the
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following statistics

ZéN):\/ﬁP%N)(f) Po(f)

(N) ’
Oy
= B (f) - P
f

Since the law P is unknown, oy and O'(N) for N > 1 are usually unknown but a consistent estimation of these

M or Zy 7\~ a concrete example of this remark is given at the

standard deviation can be used to calculate Z,,, Z,
following paragraph. Doing it does not change the asymptotic behavior of the random variables Z,,, Zle) and
Z(IN), whether the hypothesis (Hp) is verified or not. The statistical tests based on the reject decision |Z7(1N)| > t,
and |Z(1N)| > to have the same significance level than the usual test based on the decision |Z,,| > t, since, under

(Hyp), Zy(LN) and Z,(LN) converge weakly to A(0,1) — see Proposition 6 of [1]. The following proposition shows
that the ratio of the beta risk of the usual Z-test and the new statistical test with auxiliary information goes
to infinity as n — +o0.

Proposition 2.4. Assume that O';N) < oy. Under (Hy), for all « € (0,1) and n large enough one have

Bz <t)
ST = ) (2.10)

with by ~ n(P(f) — Po(f))? (1 foi™) - 1/af). If nlog(n) = o(n(xy)) then

P(|Z,| <ta)

m > exp(by,). (2.11)

Z-test in a simple case. To calculate ZﬁLN) or Z(ZN) one needs the expression of O}N). To illustrate how to

get it, let work on a simple case, when the auxiliary information is given by probabilities of two partitions

of two sets. More formally for k& € N* let define A=Y = A = {4, A} and A®Y = B = {B, B°}. By using

(V)

Proposition 7 of [1] one give simple expressions of oy for N =1, 2. For the sake of simplification, let denote

pA:P(A)a pZ:P( )a pB:P(B)a pEZP(BC)a
pap=PANB), Aa=E[f|lA—E[fl, Ap=E[f|B]—Elf), (212)

then,
(0$)? = 02 — E[f|A] - Var(G[A]) - E[f|A]
— 0% — papx(E[f]A] — E[f|A°])? = 0% — %Ai,
(0)? = 0% — E[f|B]' - Var(G[B]) - E[f|B] =

— (Elf|A] — Pga - ELf|B))" - Var(G[A]) - (E[f|A] — P4 - E[f|B))
= 0% — pppy(ELf|B] - E[f|BC])?
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pBPE(PAB — PAPB)
PArS

> (ELf|A] — E[f|A°])?

— g2 _PBA2 @+pBP§(pAB—pApB) A2
Pz PPy ’

where P 45, P4 are stochastic matrices given by (B.1), E[f|A], E[f|B] are conditional expectation vectors
given by (B.2) and Var(G[A]), Var(G[B]) are the covariance matrices of G[A] = (G(A),G(A®)) and G[B] =
(G(B),G(B%)) that is the matrices given by (B.3). These variances can be estimated empirically. Albertus and
Berthet proved that the raked Gaussian process G(V) converges almost surely as N — 400 to some centered
Gaussian process G(*°) with an explicit expression. The stabilization of the raking-ratio method in the case
of two marginals when N — 400 is fast since the Levy-Prokhorov distance between G(V) and G(°°) is almost
surely at most O(NAN/2) for some A € (0,1) — see Proposition 11 of [1]. Let denote IP’%OO)(.F) the raked empirical
measure after stabilization of the raking-ratio algorithm and (U;OO))Q = Var(G(*)(f)) the asymptotic variance.
Let define the following statistic

(o0)
7o) = \/ﬁPn (f)(o:) Po(f)_
Ty

According to Proposition 2.4, the statistical test based on the reject decision |Z7(1°°)| > t, has the same signifi-
cance level than the usual Z-test based on |Z,,| > t, but it is more powerful as n goes to infinity. In the case of
two marginals with two partitions, one can give an explicit and simple expression of the asymptotic variance.
By using the notations of (2.12) one have

(O'(OO))2 —o2_ PAPB (pAAi +pBA2B *pApB(AA — AB)2 — 2PABAAAB) . (2.13)
f f PAPBPAPE — (PAB — PAPB)?

The calculation of this variance needs the expression of G(>) so it is made at Appendix B. If the values given

by (2.12) are unknown, one can use their consistent estimators to estimate the value of O’;OO). IfAy=Ap=0

then naturally the auxiliary information is useless since choo)

risk. If A is independent of B then ppp = papp and

= oy, so there is no reduction of the quadratic

(00)\2 (2)\2 2 PA ,2 | PB A2
o = (o =07 — | —A% +—A )
( f ) ( f ) bi ( - A s B

Chi-square test. The chi-squared goodness of fit test consists of knowing whether the sample data corresponds
to a hypothesized distribution when the interest variable is a categorical variable. Let B = {By,..., By} be a
partition of X. The null hypothesis is

(Ho) : PIB) = RolB), (2.14)

where P[B] = (P(By),...,P(By)) and Py[B] = (Po(B1), ..., Py(By)), for some probability measure Py. The
statistic of the classical chi-squared test is

s (Pu(Bi) — Po(By))
Tn= n; Py(B;)
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Law
R

] T

density

data

FIGURE 1. Law of T,, and T,(Ll).

Under (Hy), asymptotically the statistic T}, follows the x? distribution with m — 1 degrees of freedom. The null
hypothesis is rejected at the level o when Z,, > t&m)7 tS{”) = ®,,(1 — @) where ®,, is the quantile function of

x2(m). The question is whether the following statistics

(P (B;) — Po(Bi))?

m
TW) = p ,
" ; Py(B;i)
m (N) 2
S(N) _ (Pr""(Bi) — Po(Bi))
T, nz Po(By) ,

1=1

somehow improve the test. The following proposition shows that the tests based on these new statistics have a
lower a-risk and are almost surely rejected under the (Hp) hypothesis for a large enough sample size.

Proposition 2.5. Under (Hy) and for all a > 0,

lim P(TN > ¢ty < lim P(T, > t™) = a, (2.15)
n—-+oo n——+00
and if nlog(n) = o(n(yy) then
lim P(TN) > ™) < . (2.16)
n——+00

Under (Hy) and for all a > 0, almost surely there exists ng > 0 such that for all n > nog,
min(| T, [T, [TEV]) > 67, (2.17)

Figure 1 is a numerical example of Proposition 2.5 under (Hy). A two-way contingency table with fixed probabil-
ities P[B], P[A] is simulated and the chi-square test with the null hypothesis (2.14) is applied. With Monte-Carlo

method, the law of T}, and T\") with the auxiliary information given by P[A] are simulated for n = 1000.

Costing data. Another possible statistical application is to study how to share resources — economic resource,
temporal resource, material resource, ...— to learn auxiliary information from inexpensive data in order to
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improve the study of statistics on expensive objects. More formally one have a budget B, for our estimates
an individual X; can be purchased at a fixed price C' > 0 and for the estimation of auxiliary information
PIAMN] N =1,..., Ny, the information P [A™)] can be bought at a price cyny where cy is the price for one
individual far less than C. The objective is therefore to minimize the bound v,, + y/nlog(n)/n,) proposed by
Theorem 2.3 by choosing n high-cost individuals and the nq,...,ny, low-cost individuals while respecting the
imposed budget. So the following constraint has to be satisfied

Cn+ciny+---+enynn, < B. (2.18)

To simplify the problem, let suppose that for all 1 < N < Ny, ny = ng and ¢y = ¢o/Ny for some ¢g > 0. It is
the case if one pay the auxiliary information from the same auxiliary information source and if one pay all Ny
information only once time. Inequality (2.18) becomes

Cn+ cong < B. (2.19)

There are several ways to answer this problem. If we want only the strong approximation rate of ag,,N) by GV

dominates in the uniform error of (2.9), one have to choose ng such that ng > nlog(n)/v2. If ng = [nlog(n)/v2]
the maximum value of n satisfying (2.19) could be found. Since v,, > {/log(n)/n then

VC? +4¢oB — CJ

260

n > Nmin = { (2.20)

If there is no way of finding the optimal n — if the rate v,, is unknown or to avoid additional calculations — values
n = Nmin and ng = | (B — Cn)/cy] can be taken if one want to use the entire budget or ng = [nlog(n)/v2]
otherwise.

3. PROOF

For all this section let fix Ny > 0 and let A,, A/, > 0 be the following supremum deviations

An:max< sup H&%N)H}-, sup ||a£LN)|}->,
0<N<Np 0<N<Ng

N
A= sup  sup ol (ALY,

1<N<Ny 1<j<mn

where O/N(A;N)) =./nN (IP’QV(AE-N)) - P(AE-N))). Immediately, by Hoeffding inequality one have for all A > 0,

P(A], > \) < 2Nomn,) exp(—22?) . (3.1)
Useful decomposition of o’ (F) and aiy) (F) are given since they will be used in the following proofs. By using
Definition (2.2) of a") (F) one have
m (V)
X P(4

3

af () =vn |

=1

)
__ V3 7 pN-D) _
P%Nfl)(Ag.N))Pn (f]lA§N>) P(f]lAJQM)

PG )ar D (11 m) = P )ar™ = (45Y)
(N=1) ¢ 4 (N)
Pn (A7)

m

2

I
—

©w

o
S~—

<.
Il
-
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As the same way, by using (2.4) one have

N my ! (A(N))
aM(f) = ZW

P(f1, <N>)
5 (N (N) no (N)
= (@20 = [ty
3.1. Proof of Proposition 2.1

Let prove (2.5), (2.6) and (2.7) respectively at Step 1, Step 2 and Step 3.
Step 1. Let 0 < N < Ny. With (3.3) one can write that

n
1
Koy, (210 + | [N, )
<P >
140

aN- 1)(f]1 <N))

vy = 1@ V= /v

[Ny P

A/ > (77

( " n 2m(N)K]:

TP (|a$5“>||f > Zath) )

dmnKr(1+1t/vn)

N(No)  tP(No) )
n 2m(N0)K}-

tp(wvy
+P(|a<N VlF > )
dmnyKx(1 +t//n)

By (3.1) and induction on (3.4), one find

tp{)
P(IlEM1 > 1) <P (a0 > <
4Nmé\][V)K]FV(1 +t//m)N

N2m (N0 Pyt
2 - :
+ 2Nom(n,) exp onm?y K%

The right-hand side of the last inequality is increasing with N which leads to (2.5). Since

a)(F) = an(F) = ) (F),

445

(3.4)

(3.5)

Talagrand inequality can be applied to control the deviation probability of ||&%O)H F as described in the next

two steps.

Step 2. According to Theorem 1.3 of [14] or Theorem 2.14.9 of [15], if F satisfies (VC) there exists a constant

D = D(cp) > 0 such that, for ¢y large enough and t > o,

Dt \"™ —2t*
P (a0 > 1) < ),

(3.6)
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Inequalities (2.5) and (3.6) imply (2.6) for all ty <t < 2Mx+\/n, where Dy, Do > 0 are defined by

N, vo
D; = Ny Dp(]\(;o)
V04Nomé\;\€;0)K¥0+l ’

pZN()
(No)
Dy = . 3.7
? 72No 2N N0 (8.7)

Step 3. According to Corollaries 4.3 of [11] and 2 of [5] — or Theorems 2.14.2 and 2.14.25 of [15] — if F satisfies
(BR), there exists universal constants D, D’ > 0 such that for all ¢ty <t < 1,

P (11|15 > t) < exp(-D"#?), (3.8)

where tg = 2DMx(1+bo/(1 —10)), t1 = 2Do%\/n/Mx, D" = D' /AD?c%. Therefore (2.5) and (3.8) yields (2.7)
where D3, Dy > 0 are defined by

2N
D//p(N(()))

S KL+ 2D

D3 =Ny, Dy= (3.9)

3.2. Proof of Theorem 2.3
According to Proposition 2.1, inequality (3.1) and Proposition 3 of [1], there exists D > 0 such that

P (A > Dy/oa(m)} |J (A} > Dy/ios(n)}) < 3% (3.10)

According to Theorem 2.1 of [1], one can define on the same probability space a sequence {X,,} of independent
random variable with law P and a sequence {G,, } of versions of G satisfying the following property. There exists
ni,d; > 0 such that for all n > nq,

1
IP’( sup ||a£lN)G£LN)|f>d1vn> <5
0<N<Ny 3n

where G is the version of G®) derived from G\ = G, through (2.3). To show (2.8) it remains to prove,
by (3.5), that for all n large enough and some dy > 0,

. I 2
P < sup [[al") — afV||F > do nog(n)) S33
0<N<N, TY(Np) 3n
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(V)

Let 1 < N < Ny. Decompositions of a%N) and oy,

a0 (f) = ()
my P A(N))
= Z IED(N A(N )

(@] 1)(f]lA<N>) _1)(f]lA<N>))

)
N))

N N
Py (45™) )

PAN—D (A(N))

P(AS
)(A

(N 1)(A(N))>
(N=1)/ 4(N)
P, (Aj )

N-1
+Oé1(1 )(fﬂA§N))< [ED(N

V-1

4™
= P(fl,m) BV (4™

(f1A<N>)

+ )= "
— Ly
ny PN (AM) N

()
;o)

By (3.5) for N =1 it holds in particular
P! (AM) — pAaM)
allD(f) —aD(f Z (f1 ( ni\y J
a,, Q) Qo A(l)
n(457)
(fIlA('l))
Ty e O (45)
m P, (40)
which is uniformly and roughly bounded by
yKFA,
alh) — ol mmBtr 1
@ +A,/vn
I - ofY | < TR [ n )
Let Cy, n = 4mnKr/(p(vy — An/v/n)?. Equality (3.11) implies also
1850(F) = oM ()l
2 !
Scn,N |‘a7(1N71)—C¥(N71)||]:+ﬁ+A ( +\F)
vn NTS)

By induction of the last inequality and noticing that for all n > 0, mn)Kx/(p(n) —

Con'llad — ol

& (f) = af?

(HllF <
A%

+ (N =-1C (\/ﬁ

VIUN)

) |

then inequality (3.12) immediately implies that

A2
7n

AL (A + /)

Y(N)

1aS(f) = otV (NllF < NOYy (

Ay (An + /)

447

respectively given by (3.2) and (3.3) imply that

(3.11)

(3.12)

An/v/n)? > 1, one have

)
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Since the right-hand side of the last inequality is increasing with N then for all ¢ > 0,

P( sup ||a;N)<f>—a;N)<f>|f>t)

o AL L A+ V)
= <(p(No) — Ay //n)No (x/ﬁ * V(N ) > t) ’ (3.13)

with Co = Ng(4m(n,)K7No)No > 0. There exists ny > 0 such that for all n > ng it holds Dy/log(n)/n <
P(Ny)/2 < 1/2. For n > ny, according to (3.10) and (3.13),

P( sup |a$LN><f>a$LN><f>||f>t)

1<N<N,

<P (A, > Dy/log(n))

2N,
cp(ar s L [row (Paw  D?log(n)
" 2 n 4NOCQ \/ﬁ

p2No 5
< L—HP A > 1\/% P(Ny) _ D<log(n) .
3n2 9 n 4No Jn

By using (3.10) again, the last inequality implies

~ 2
P( s A0 - ol > 0 ) <
1<N<Ng 3n

for all n > ny and

_ 4NotlgD ( nlog(n) Dlog(n)>

to—
" p?%{:) N(No) vn

By definition of v,,, there exists ds > max(ds, 4N0+1COD/p%]]\\,[§)) and ns > 0 such that for all n > ng,

1
do (v, o 70800
T(No)

Then (2.8) is proved for dy = dp and ng = max(ng, n1,n3).

3.3. Proof of Proposition 2.4
Let assume that nlog(n) = o(n(y,)). According to Theorem 2.1 of [1] and Theorem 2.3, i.i.d random variables
Xi,..., X, with law P and a sequence z, ~ N(0,1) can be defined such that for n > n; for some n; > 0,
P(Z,) < 1/n? with
N
ZM = {lan(f)/of — 20l > ua} | {|agv>(f)/g; ) znl > un

}
U{1aD (/e = 2al > un},
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where u,, is a sequence with null limit. The strong approximation implies that

. P(|Z,| < ta)
n—-+oo P(|Zn + Mn/O'f| < ta)
P(|1ZN)| < ta)

lim =1
00 P(|2, + M folV| < )

)

Pz <
lim ( | —NI;‘I) =1, (3.14)
00 P(|2, + M folV)| < )

with M,, = /n(P(f) — Po(f)). If f, -2 is the density function of N'(p1,0?) then

P(|zp + M, /o] <to)>2t, inf far, 1

[7150 »ta]

2t
> 2 ex —Mna—i—taQ,
> T P (=(Mn/os +ta)?)
P(|z, + Mn/U;N)| <ty) <2ty sup  far, 1

[7ta 7t0]

to (N) 2
< — — .
< exp ( (My/o; t) )

which implies

P(|zn + My, < ta 1 1 1 1
(0 + /TJJ\C{L ) > exp | M2 - = |- 2t | M| T
P(lzn + Mp/o; | < ta) o af of af

For n large enough,

P(|zp, + M, /og| < ta)

> exp (by), (3.15)
P(|2n + M, /o}"| < ta)

where b,, is a sequence such that b, ~ M2 (1/0}1\7) — 1/0’f). Then (3.14) and (3.15) imply (2.10) and (2.11).

3.4. Proof of Proposition 2.5
Denote X - Y the product scalar of X and Y and C € R™ the random vector defined by

C=(Ch...,Cn) = (15, //P(BL),..., 15, /\/P(Bn)).

The case (Hyp) is dealt at Step 1 and the case (H;) at Step 2.

Step 1. Under (Hy), T), = a,[C] - o, [C]T, 7™ =M [C] oy [C]T and TN =a” [C] ey [C]T. The statistic
ap[C] converges weakly to a multi-normal random variable Y ~ N(0, %) while afy) [C], aiy) converge weakly
to YIN) ~ N(0,2()) according to Theorem 2.1 of [1] and Theorem 2.3. By Proposition 7 of [1], & — (V) is
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positive definite which implies for all o > 0,

P(Y - Y" > o) > Y™ (YT > ¢,)

)

and consequently (2.15), (2.16) by definition of weak convergence.
Step 2. Under (H;), there exists i € {1,...,m} such that Py(B;) # P(B;) which implies

min(|T, |, [TV, TV > =A% = 2v/nA[Po(Cy) — P(Cy))|

By Borel-Cantelli and (3.10) with probability one there exists 71 > 0 such that for all n > nq, A,, < D+/log(n).
For n > nq, one have

t, < min(|T,], |T7§,N)|7TV’I’(LN)|)7

t, = —D?log(n) — 2Dy/nlog(n)|Py(C;) — P(C;)|

Since limy,— o0 t, = 400, for all @ € (0, 1) there exists ny > 0 such that ¢, > t, for all n > ny. Inequality (2.17)
is satisfied for ng = max(ni,ns).

APPENDIX A. NUMERICAL EXAMPLE OF A RAKED MEAN

The usual way to calculate the mean of Xi,..., X,, is to sum the data X; multiplied by the weights w; = 1/n.
If one have the auxiliary information P[AM] = (P(AM), ..., P(AQ))) for 1 < N < Ny one want to change
(N)

=1 and

%

iteratively the initial weights w; in new weights wEN) such that Z?Zl w

n
N) (N N
S w14V (x5) = P(AY),
i=1
. ; : n (N1)q (N2) () (N2) :
for any 1 < N < Np and 1 < j < my. Recall that it does not imply that > " | w; L, (X;) = P(A; ") with
N; # Ny and 1 < j < N,. For this example one takes Ny = 2, AV = A = {A}, Ay, A3}, A®) = B = {By, By}

and one generates normal random values X; with fixed variances 02 = 0.1 and such that the probabilities and
conditional expectations are given by the Tables A.1 and A.2. In particular,

PJA] = (P(Ay), P(As), P(A3)) = (0.45,0.35,0.2),

P[B] = (P(B;), P(B»)) = (0.55,0.45),

P(X) = E[X] = 0.225,

E[X|A] = (E[X|A], E[X|As], E[X|A3]) ~ (0.611, —0.286,0.25),
E[X|B [X|B1], E[X|B,]) ~ (0.227,0.222).

By generating n = 10 values, the following data are obtained from Table A.3. In this case, the usual mean is
the sum of all X; over 10 that is the weight 1/n = 0.1 is assigned at each X; and P,,(X) ~ 0.055. After one step,
the weights 0.15,0.07,0.1 are assigned at individuals belonging respectively to A1, As, As. The raked mean for
N=1Iis

P(A) P(Asz)
PM(X) =0.15 x +0.07 x +0.1 x
n (X) B, (A1) B, (As) P (4s)
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TABLE A.l. Probabilities of sets.

F)(AZ N BJ) Al A2 AS

By 0.2 025 0.1
By 025 0.1 0.1

TABLE A.2. Conditional expectations of the generated random variables.

E[X|AZ ﬂBj} A1 A2 Ag

By 0.7%5 —=0.5 1
By 0.5 025 -0.5

TABLE A.3. Generated random variables.

X

0.953
0.975
0.058
—0.766
—0.644
—0.819
0.028
0.627
1.04
—0.904

oy

WWNNNDNDN R~ N
N NN ===

TABLE A.4. Final raked weights.

’LUEOO) A1 A2 A3

By 0.15 0.024 0.029
By X 0139 0.17

When the algorithm is stabilized in this case the final weights are given by Table A.4. Notice that the cross
means that no random variable belonging to Ay N By was generated due to a low value of n. This kind of situation

can sometimes prevent the convergence of the method. The final raked mean is Pgoo)(X ) ~ 0.212 which is closer
of P(X) than the usual mean P, (X).

APPENDIX B. CALCULATION OF Jj(coo)

Notations of the Section 4.4 of [1] — concerning the proof of their Proposition 11 in the aim to establish the
expression of G(>) — are used and remind notation (2.12). The calculation uses the two following stochastic
matrices

B (P(A|B) P(A°|B) > _ <( PAB/PB 1 —paB/pB )

Pan=
AB =\ P(A|BC) P(AC|BC) pa—pas)/pg 1 —(pa—pan)/ps
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P s — P(B|A)  P(BY|A) _ PAB/DA L —pap/pa (B.1)
T \PB1a%) PB9IAY)) T \(ws —pan)/px 1- (08— par)/px)’ ’
the two following conditional expectation vectors
E[f|A] = (E[f|ALE[f|A]), E[f|B] = (E[f|B],E[f|B°)), (B.2)
the two following covariance matrices
1 -1 1 -1
Var(l) = parx () var(GIm) =y (1) ). (B.3)

and the two following vectors

Vi(f) = E[f|A] - Pgja - E[f|B]

_ E[f|A] _ PAB/PA 1 —paB/pa ' E[f|B]
E[f|A°] (pB —paB)/pz 1— (B —paB)/Pz E[f|B€]
1/pAp§>

= (E[f](pa — pan) — E[f|Alpapg + E[f|B](pas — paps)) - ( Upape
AFB

Va(f) = E[f|B] — P45 - E[f|A]

_ ( ElfIBIY paB/pB 1 —pap/pB [ ELf14]
-~ \E[f|1B] (pa —pap)/ps 1— (pa—pas)/pg) \E[f|A°]

= (E[f](p5 — pas) — E[f|Blpxps + E[f|Al(pas — paps)) - (11/211sz113> .
APE

The eigenvalues of P43 - Ppa and Py g - Pyp are 1 and Ty = T5 = (paB — papB)?/papippy. Their
eigenvectors associated to Ty and Tb are respectively (pg/pp, —1)" and (p5/pa, —1)" which implies

1 1
U, — pz/PA U, - PE/PB .
1 -1 1 -1

For the case of two marginals, Albertus and Berthet showed that GMY) converge almost surely to G(*)(f) =
G(f) - Sl,e’uen(f)t : G['A] - 5270dd(f)t : G[B] where

B 0 0 . _ —PabPB
Sl}even(f) =U; <0 (1 _ T1)1> 'Ul Vvl(f) = Cl,even(f) ( DADB > s

Croven(f) = EIBY 2B — paps) ~ Elf|Aparg ~ E[fl(pan — pa)
1,even PAPBPAPE — (pAB - pApB)2 ’

S 0aalf) = Ua (0 ; >.U;1.v2<f>02,odd<f> (‘p/”’?),

0 (1-Tp) ! PAPB
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C (f) _ E[ﬂA](pAB - pApB) - E[.ﬂB]prB - ]E[f](pAB - pB)
2odd PAPBPAPE — (PAB — paPB)? '

By linearity of f +— G(f) and the fact that G(a) = 0 for any constant a € R one can write

G(OO)(f) =G (f +chl,even(f)]lA + pACQ,odd(f)]lB) ’

which implies that

With some calculations the simple expression of o

(1]
(2]

(3]
(4]
(5]

[6]
[7]
(8]

(9]
(10]

11]
(12]

(13]

[14]
(15]

o™ = Var(G(f))
= Var(f) + Var(ppCi,cven(f)1a +paC204a(f)1B)
+2Cov(f, pBC1even(f)la +paC2 0aa(f)1B)
= Var(f) + papapBCt cven () + ParErEC3 044 (f)
+2papBCh,even(f)C2,0aa(f)(PaB — PAPB)
+2papB (C1even(f)Aa + C204a(f)AB)

() given by (2.13) is found.
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