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AN /¢;-ORACLE INEQUALITY FOR THE LASSO
IN FINITE MIXTURE GAUSSIAN REGRESSION MODELS

CAROLINE MEYNET!

Abstract. We consider a finite mixture of Gaussian regression models for high-dimensional heteroge-
neous data where the number of covariates may be much larger than the sample size. We propose to
estimate the unknown conditional mixture density by an ¢;-penalized maximum likelihood estimator.
We shall provide an f;i-oracle inequality satisfied by this Lasso estimator with the Kullback—Leibler
loss. In particular, we give a condition on the regularization parameter of the Lasso to obtain such
an oracle inequality. Our aim is twofold: to extend the ¢;-oracle inequality established by Massart and
Meynet [12] in the homogeneous Gaussian linear regression case, and to present a complementary result
to Stéadler et al. [18], by studying the Lasso for its £i-regularization properties rather than consider-
ing it as a variable selection procedure. Our oracle inequality shall be deduced from a finite mixture
Gaussian regression model selection theorem for ¢;-penalized maximum likelihood conditional density
estimation, which is inspired from Vapnik’s method of structural risk minimization [23] and from the
theory on model selection for maximum likelihood estimators developed by Massart in [11].
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1. INTRODUCTION

In applied statistics, tremendous number of applications deal with relating a random response variable Y’
to a set of explanatory variables or covariates X through a regression-type model. As a consequence, linear
regression Y = X [+ € is one of the most studied fields in statistics. Due to computer progress and development
of state of the art technologies such as DNA microarrays, we are faced with high-dimensional data where the
number of variables can be much larger than the sample size. To solve this problem, the sparsity scenario —
which consists in assuming that the coefficients of the high-dimensional vector of covariates are mostly 0 — has
been widely studied (see [6,15] among others). These last years, a great deal of attention [19,20,25] has been
focused on the ¢i-penalized least squares estimator of parameters,

B = a,rgg%lin{lly — XBI3+ MBIy, A>0,
eRP

Keywords and phrases. Finite mixture of Gaussian regressions model, Lasso, ¢j-oracle inequalities, model selection by
penalization, £1-balls.

I Laboratoire de Mathématiques, Faculté des Sciences d’Orsay, Université Paris-Sud, 91405 Orsay, France.
caroline.meynet@math.u-psud.fr

Article published by EDP Sciences © EDP Sciences, SMAI 2013


http://dx.doi.org/10.1051/ps/2012016
http://www.esaim-ps.org
http://www.edpsciences.org

AN ¢;-ORACLE INEQUALITY FOR THE LASSO IN FINITE MIXTURE GAUSSIAN REGRESSION MODELS 651

which is called the Lasso according to the terminology of Tibshirani [19] who first introduced this estimator in
such a context. This interest has been motivated by the geometric properties of the ¢1-norm: ¢;-penalization
tends to produce sparse solutions and can be thus used as a convex surrogate for the non-convex £y-penalization.
Thus, the Lasso has essentially been developed for sparse recovery based on convex optimization. In this sparsity
approach, many results, such as fy-oracle inequalities, have been proved to study the performance of this
estimator as a variable selection procedure ([3,8,9,15,21] among others). Nonetheless, all these results need
strong restrictive eigenvalue assumptions on the Gram matrix X7 X that can be far from being fulfilled in
practice (see [5] for an overview of these assumptions). In parallel, a few results on the performance of the Lasso
for its ¢;-regularization properties have been established [1,10,12,17]. In particular, Massart and Meynet [12]
have provided an ¢;-oracle inequality for the Lasso in the framework of fixed design Gaussian regression. Contrary
to the fp-results that require strong assumptions on the regressors, their £;-result is valid with no assumption
at all.

In linear regression, the homogeneity assumption that the regression coeflicients are the same for different
observations (X1,Y1),...,(X,,Ys) is often inadequate and restrictive. It seems all the more true for the case of
high-dimensional data: at least a fraction of covariates may exhibit a different influence on the response among
various observations (i.e. sub-populations) and parameters may change for different subgroups of observations.
Thus, addressing the issue of heterogeneity in high-dimensional data is important in many practical applica-
tions. In particular, Stédler et al. [18] have proved that substantial prediction improvements are possible by
incorporating a heterogeneity structure to the model. Such heterogeneity can be modeled by a finite mixture
of regressions model. Considering the important case of Gaussian models, we can then assume that, for all
i =1,...,n, Y; follows a law with density sy(-|z;) which is a finite mixture of K Gaussian densities with
proportion vector 7,

K T o\2

Tk (Y;_/ikfi)

ViX, =2~ sy(Vifa) = exp | Vi FeTe)
kzzl V2moy, 202

for some parameter v = (g, Lk, Ok k.-

In spite of the possible advantage of considering finite mixture regression models in high-dimensional data,
very few studies have been made on these models. Yet, one can mention Stédler et al. [18] who propose an
{1-penalized maximum likelihood estimator,

n K p
500 = axgmin § — 13" (s (Vi) + A0 D b o (1.1)
=1

S k=1j=1

and provide an fp-oracle inequality satisfied by this Lasso estimator. Since they work in a sparsity approach,
their oracle inequality is based on the same restricted eigenvalue conditions used in the homogeneous linear re-
gression described above. Moreover, the negative In-likelihood function used for maximum likelihood estimation
requires additional mathematical arguments in comparison to the quadratic loss used in the homogeneous linear
regression case. In particular, Stédler et al. [18] have to introduce some margin assumptions so as to link the
Kullback—Leibler loss function to the fo-norm of the parameters and get optimal rates of convergence of order
sy llo/n-

In this paper, we propose another approach that does not take into account sparsity. We shall rather study
the performance of the Lasso estimator in the framework of finite mixture Gaussian regression models for
its ¢1-regularization properties, thus extending the results presented in [12] for homogeneous Gaussian linear
regression models. As in [12], we shall restrict to the fixed design case, that is to say non-random regressors. We
aim at providing an f;-oracle inequality satisfied by the Lasso with no assumption neither on the Gram matrix
nor on the margin. This can be achieved due to the fact that we are only looking for rates of convergence of
order [[sy|[1/+/n rather than |[sy||o/n. We give a lower bound on the regularization parameter A of the Lasso
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in (1.1) to guarantee such an oracle inequality,

A > CK (lnn)> %, (1.2)
where C is a positive quantity depending on the parameters of the mixture and on the regressors whose value
is specified in (3.1). Our result is non-asymptotic: the number n of observations is fixed while the number p of
covariates can grow with respect to n and can be much larger than n. The numbers K of clusters in the mixture
is fixed. A great attention has been paid to obtain a lower bound (1.2) of A with optimal dependence on p, that
is to say /In(2p + 1) just as in the case of homogeneous Gaussian linear regression in [12].

Our oracle inequality shall be deduced from a finite mixture Gaussian regression model selection theorem for
{1-penalized maximum likelihood conditional density estimation that we establish by following both Vapnik’s
method of structural risk minimization [23] and the theory [7,11] around model selection. Just as in [12], the
key idea that enables us to deduce our ¢;-oracle inequality from such a model selection theorem is to view the
Lasso as the solution of a penalized maximum likelihood model selection procedure over a countable collection
of ¢1-ball models.

The article is organized as follows. The notations and the framework are introduced in Section 2. In Section 3,
we state the main result of the article, which is an ¢;-oracle inequality satisfied by the Lasso in finite mixture
Gaussian regression models. Section 4 is devoted to the proof of this result: in particular, we state and prove
the model selection theorem from which it is derived. Finally, some lemmas are proved in Section 5.

2. NOTATIONS AND FRAMEWORK

2.1. The models

Our statistical framework is a finite mixture of Gaussian regressions model for high-dimensional data where
the number of covariates can be much larger than the sample size. We observe n couples ((4,Y;));<;<,, of
variables. We are interested in estimating the law of the random variable ¥; € R conditionally to the fixed one
x; € RP. We assume that the couples (z;,Y;) are independent while Y; depends on z; through its law. More
precisely, we assume that the covariates x;s are independent but not necessarily identically distributed. The
assumption on the Y;s are stronger: we assume that, conditionally to the x;s, they are independent and each
variable Y; follows a law with density so(-|2;) which is a finite mixture of K" Gaussian densities. Our goal is to
estimate this two-variables conditional density function sg from the observations.

The model under consideration can be written as follows:

Y;|x; independent
Yilr; =z ~ sy (ylr)dy

S (v— /igf)2
sy(ylr) = exp | — ,
; V2moy, 207

w: (M?v"'7/’[’,112a0-1a"'70-Ka7717"'77rK) € (RPK ><IRI>(0 XH)a

K
H:{ﬂ:(m,...,m(): mr >0fork=1,...,K and Zﬂ'k:1}.
k=1

The us are the vectors of regression coefficients, the oys are the standard deviations in mixture component
k while the s are the mixture coefficients.
For all € RP, we define the parameter ¢(z) of the conditional density sy (.|z) by

¢(95) = (IU/?'T""auﬁxaala"'aO-Kaﬂ-la"'vTrK) ER3K~
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Forall k =1,..., K, ufx is the mean coefficient of the mixture component k for the conditional density sy (.|z).
Since we are working conditionally to the covariates (x;)1<i<n, our results shall be expressed with quantities
depending on them. In particular, we shall consider the following notation:

1 n
2| max,n = n ;jgﬁ_}_{’px?j'

2.2. Boundedness assumption on the mixture and component parameters

For technical reasons, we shall restrict our study to bounded parameter vectors ¢ = (/Lg,O'k,’/Tk)k:Lm’ K-
Specifically, we shall assume that there exist deterministic positive quantities a,, A,, as, As and a, such that
the parameter vectors belong to the bounded space

= {¢:Vk =1,...,K, a, < J»iélﬂgp |u{x’ < suﬂg ’u£x| <A, ae <o < As, ax < ﬂk}. (2.1)
4 T ERP

We denote by S the set of conditional densities s, in this model:
S ={sy, ¥ € (RFF xRE) x IT) nw} .

To simplify the proofs, we shall also assume that the true density so belongs to S, that is to say there exists g
such that
€ (RPX x RE, x IT) nw.

T
50 = Syy, Yo = (Mo,mUo,kﬁo,k)kzlv___ﬁK

2.3. The Lasso estimator

In a maximum likelihood approach, the loss function taken into consideration is the Kullback—Leibler infor-
mation, which is defined for two densities s and ¢ by

KL(s,¢) :/Rln (%) s(y) dy

if sdy is absolutely continuous with respect to tdy and 4+oc otherwise.

Since we are working with conditional densities and not with classical densities, we define the following
adapted Kullback—Leibler information that takes into account the structure of conditional densities. For fixed
covariates x1, ..., Ty, we consider the average loss function

KlLn(s, ) = ZKL (), t(|2:)) = Z/ ( |$2)s(y1‘i)dy. (2.2)

t(ylw;)

The maximum likelihood approach suggests to estimate sy by the conditional density s, that maximizes the
likelihood conditionally to (x;);<;<,,,

In (H sw(Yi|azi)> = Zln(sw(Yz‘\l‘i)),

or equivalently that minimizes the empirical contrast which is — > | In(sy(Y;|z;))/n. But since we want to
deal with high-dimensional data, we have to regularize the maximum likelihood estimator in order to obtain rea-
sonably accurate estimates. Here, we shall consider ¢;-regularization and its associated so-called Lasso estimator
which is the following ¢;1-norm penalized maximum likelihood estimator:

S(A) := argmin {—— Zln (sy(Yilzi)) + )\s¢|1} (2.3)

sy ES i—1
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where A > 0 is a regularization parameter to be tuned and

K

K p
syl =Y Nl =D |kl

k=1 k=1 j=1
for ¢ = (uf,ak,wk)kzl,m,;( and g = (pj)j=1,..p forall k. =1,... K.
3. AN gl—BALL REGRESSION MIXTURE MODEL SELECTION THEOREM

3.1. An /;-oracle inequality for the Lasso in mixture Gaussian regression models

We state here the main result of the article: Theorem 3.1 provides an ¢;-oracle inequality satisfied by the
Lasso estimator in finite mixture Gaussian regression models.

Theorem 3.1. Denote a Ab = min(a,b). Assume that

Ve K <1+ (A,3+A31n(n))> VE

> . v (1—|—||33Hmax7nln(n) Kln(2p—|—1)) (3.1)

for some absolute constant k > 360. Then, the Lasso estimator S(\) defined by (2.3) satisfies the following
{1 -oracle inequality:

E [KL, (s0,8(A))] < (1 + nfl) inf (KLn(s0,5y) + Alsgl1) + A

S5y €S

/ 1+ (A, + A,)° 2, 42 A
Lk {]E . ( " ) <1+ (AH—FAUln(n))) e $(1+5% )

vn G N G

where k' is an absolute positive constant.

Remark 3.2. We have not looked for optimizing the constants in Theorem 3.1. Thus, we do not explicit the
value of k' and the lower bound on & is sufficient but not optimal.

Theorem 3.1 provides information about the performance of the Lasso as an f1-regularization algorithm. It
highlights the fact that, provided that the regularization parameter \ is properly chosen, the Lasso estimator,
which is the solution of the ¢;-penalized empirical risk minimization problem, behaves as well as the deterministic
Lasso, that is to say the solution of the £;-penalized true risk minimization problem, up to an error term of
order A. This ¢;-result is complementary to the £y-oracle inequality in [18] whose is rather stated in a sparsity
approach looking at the Lasso as a variable selection procedure.

Let us stress that we present here an ¢1-oracle inequality with no assumption neither on the Gram matrix
nor on the margin. This represents a great advantage compared to the ¢y-oracle inequality in [18] which requires
some restricted eigenvalue conditions as well as margin assumptions involving unknown constants. Indeed, if one
may prove that these assumptions are actually fulfilled for some constants in the case of finite mixture regression
models thanks to theoretical arguments such as continuity or differentiability of the functions into consideration,
it seems nonetheless very hard to calculate explicit values of the constants for which these assumptions are
fulfilled. One has thus no idea of the concrete values of these quantities. Yet, the fp-oracle inequality established
in [18] strongly depends on these unknown quantities. So, it is difficult to interpret the precision of this result
and it makes it hardly interpretable. On the contrary, the only assumption used to establish Theorem 3.1 is the
boundedness of the parameters of the mixture, which is anyway also assumed in [18] and which is quite usual
when working with maximum likelihood estimation [2,13], at least to tackle the problem of the unboundedness
of the likelihood at the boundary of the parameter space [14,16] and to prevent it from divergence. In fact,
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Stéadler et al. [18] must make their eigenvalue condition so as to bound the f2-norm of the parameter vector on
its support and they add assumptions on the margin in order to link the loss function to the fs-norm of the
parameters and get optimal rates of convergence ||sy||o/n in a sparsity viewpoint. On the opposite, since we are
interested in an ¢;-regularization approach, we are just looking for rates of convergence of order ||sy/1/y/n and
we can avoid such restrictive vague assumptions.

Both our ¢;-oracle inequality and the fy-oracle inequality in [18] are valid for regularization parameters of
the same order as regards the sample size n and the number of covariates p, that is (Inn)?,/In(2p + 1)/n. This
means that if one considers a Lasso estimator with such a regularization parameter, then, even if one can not
be sure that the Lasso indeed performs well as regards variable selection (because one can not have precise idea
of the unknown constants present in Stadler et al. [18]), one is at least guaranteed that the Lasso will act as a
good f1-regularizator.

Our result is non-asymptotic: the number n of observations is fixed while the number p of covariates can
grow with respect to n and can be much larger than n. The numbers K of clusters in the mixture is fixed.
A great attention has been paid to obtain a lower bound (1.2) of A with optimal dependence on p, which
is the only parameter not to be fixed and which can grow with possibly p > n. We thus recover the same
dependence /In(2p + 1) as for the homogeneous linear regression in [12]. On the contrary, the dependence on
n for the homogeneous linear regression in [12] was 1/y/n while we have an extra-(Inn)? factor here. In fact,
the linearity arguments developed in [12] with the quadratic loss function can not be exploited here with the
non-linear Kullback—Leibler information. Entropy arguments are instead envisaged, leading to an extra-lnn
factor. Contrary to Stédler et al. [18], we have paid attention to giving an explicit dependence not only on n
and p, but also on the number of clusters K in the mixture as well as on the regressors and all the quantities
bounding the mixture parameters of the model. Nonetheless, we are aware of the fact that these dependences
may not be optimal. In particular, we get a linear dependence on K in (3.1), while we might think that the true
minimal dependence is only VK (see Rem. 5.8 for more details).

4. PROOF OF THEOREM 3.1

4.1. Statement of the main results

To prove Theorem 3.1, we look at the Lasso as the solution of a penalized maximum likelihood model selection
procedure over a countable collection of ¢1-ball models. Using this basic idea, Theorem 3.1 is an immediate
consequence of Theorem 4.1 stated below, which is an ¢;-ball mixture regression model selection theorem for
{1-penalized maximum likelihood conditional density estimation in the Gaussian framework.

Theorem 4.1. Assume we observe ((x;,Y:)),<;<, with unknown conditional Gaussian mizture density so. For
all m € N*, consider the {1-ball o
S ={sy €5, |sp|1 <m} (4.1)

and let Sy, be a 1y, -In-likelihood minimizer in Sy, for some Ny > 0:

5mESm

_% Zln(§m(Yi|wi)) < inf (—% Zln(sm(}@xi))> + .- (4.2)
i=1 1=1

Assume that for all m € N*, the penalty function satisfies pen(m) = Am with

s K 1+ (AI%-FA?, ln(n)) @
T as Nagp

= NG (1—|—||33Hmax7nln(n) Kln(2p—|—1)) (4.3)

g
for some absolute constant k > 360. Then, any penalized likelihood estimate Sz with m such that

23" InEa(Yikei)) + pen() < inf (—% S In(En(Vilai) + pen<m>> T+ (4.4)
i=1 =1
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for some n > 0 satisfies

BIKLa(s0:5)] < (1457) inf (| inf KLa(s0,50) + penton) + 1,
meN* \ s, ESm

/ 1+(A +AU)2 A2 + A2 1 g
+H\/E K( . ><1+—( nt "n(n))>+aoe 2(1+2A3> +n, (4.5)

Vn o N Qr a?

o

where k' is an absolute positive constant.

Theorem 4.1 can be deduced from the two following propositions.

Proposition 4.2. Assume we observe ((x;,Y;)),<;<, with unknown conditional density so. Let M, > 0 and
consider the event o

T = {‘_rrllax Y| < Mn}
For all m € N*, consider the {1-ball
S ={sy €S, |syp|1 < m} (4.6)

and let s, be a 1y, -In-likelihood minimizer in Sy, for some Ny, > 0:

5mESm

_%Zln@m(mxi)) < inf (—%Zlmsm(mi))) + 1m-

Assume that for all m € N*, the penalty function salisfies pen(m) = Am with

- i . (1 + W) VK (1 + 12| max,n In(n) v/ K In(2p + 1)) (4.7)

NG

for some absolute constant k > 36. Then, any penalized likelihood estimate S5, with m such that

A >

_% Zln(?m(Ysz)) + pen(m) < inf (—% Zln(é\m(Yz\xz)) + pen(m)> +n (4.8)

meN*
=1 i=1

for some n > 0 satisfies

E [KLy(s0,57)17] < (1 +£71) inf ( inf KL, (80, $m) + pen(m) —|—77m>

meN* \ 8, €S,

1+ (A, + A,)° Moo+ A2
+K)/K3/2( )(1+( n—’_z H)>+n’

PN (4.9)

ag

where k' is an absolute positive constant.

Proposition 4.3. Consider so, T and 55, defined in Proposition 4.2. Denote by TC the complementary event
of T,

7 = { max |Y;] >Mn}.
i=1,...,n
Assume that the unknown conditional density so is a mizture of Gaussian densities. Then,

2
+ L ) _M,,L(M,,L—zA“)
e

_1(1q L
E [KLy(s0,8m)17¢] < V21K a, e 2( 245 443 Vn.

Theorem 4.1, Propositions 4.2 and 4.3 are proved below.
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4.2. Proofs

The main result is Proposition 4.2. Its proof follows the arguments developed in the proof of a more general
model selection theorem for maximum likelihood estimators (Thm. 7.11) in [11]. Nonetheless, these arguments
are here lightened. In particular, in the Proof of Theorem 7.11 [11], in addition to the relative expected loss
function, another way of measuring the closeness between the elements of the model is required. It is directly
connected to the variance of the increments of the empirical process. The main tool used is Bousquet’s version
of Talagrand’s inequality for empirical processes to concentrate the oscillations of the empirical process by the
modulus of uniform continuity of the empirical process in expectation. Then, the main task is to compute this
modulus of uniform continuity. To evaluate it, some margin conditions (such as the ones in [18]) are necessary.
On the contrary, we do not need such conditions to prove Proposition 4.2 because we are just looking for
low rates of convergence. Therefore, the Proof of Proposition 4.2 is rather in the spirit of Vapnik’s method
of structural risk minimization (initiated in [23], further developed in [24] and briefly summarized in Sect. 8.2
n [11]) that provides a less refined — yet sufficient for our study — analysis of the risk of an empirical risk
minimizer than Theorem 7.11 [11]. To obtain an upper bound of the empirical process in expectation, we shall
use concentration inequalities combined with symmetrization arguments.

4.2.1. Proof of Proposition 4.2

Let us first introduce some definitions and notations that we shall use throughout the proof.
For any measurable function g : R +— R, consider its empirical norm

1 n
=g (Yilw), (4.10)
=1

its conditional expectation
Bx o] = Ely(1)1X =l = [ glule)so(ule) do

as well as its empirical process
1
Pa(9) == g(Yilai), (4.11)

and the recentred process

nlg)i= Pala) = Bx [P (9)] = £ 3 |atilon) — [ ataledsolvlon)as]. (1.12)

i=1
For all m € N*, for all model S,,,, define
Fm:{fm:_ln(z_m)a Smesm}~ (413)
0

Let dx1, > 0. For all m € N*| let n,,, > 0. Then, there exist two functions §,, and 5., in S, such that

P,(—Ins,) < ing P, (—Insm,) + nm (4.14)
SmESm
KL, (50,5m) < Helg KL, (80, $m) + 0KL- (4.15)

Put

~ S\ - B
fm=—1In (5) s fmi=—In (5) . (4.16)
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Let n > 0 and fix m € N*. Define
M(m) = {m' € N*|P,(—In3,,) + pen(m') < P,(—1n3s,,) + pen(m) + n} . (4.17)
For every m' € M(m), we get from (4.17), (4.16) and (4.14) that
P, (fm/) +pen(m’) < P, (fm) +pen(m)+n <P, (7m) + pen(m) + 1, + 1,

which implies by (4.12) that

Ex {Pn (fm/)} +pen(m') < Ex [Pn (fm)] + pen(m) + vy, (Tm) — U (fm/) + N, + 1.
Taking into account (2.2), (4.11) and (4.15), we get

KL, (80, ) + pen(m’) < inf  KLy(s0, 8m) 4+ pen(m) + vy (f,,) — vn (fm/) + N + 0+ IKL. (4.18)

Sm€ESm

Thus, all the matter is to control the deviation of —un(fm/) = Z/n(—fm/). To cope with the randomness of fm/,
we shall control the deviation of sup eF,, Vn (= fm) . Such a control is provided by the following Lemma 4.4.

Lemma 4.4. Let M, > 0. Consider the event

T := {‘max |Yi SMn}.

=1,...,n

Put (M, + A2
1 +
B, = 1 n " 4.19
a5 N g ( i a2 ) (4.19)
and
Apy = m'||2]|max,n Inny/KIn(2p+ 1)+ 6 (1 + K(A, + 4,)) . (4.20)
Then, on the event T, for all m' € N*, for all t > 0, with Px-probability greater than 1 —e™t,
4B,
sup v (—fr)| < [WEAW V201 + K(A, + AW - (4.21)
Font €F s Vn
Proof. (See Sect. 4.2.4) O

We derive from (4.18) and (4.21) that on the event 7, for all m € N* for all m’ € M(m), for all ¢ > 0, with
Px-probability larger than 1 — e~

KLn(SOa /S\m’) + pen(m/) < inf KLn(sm sm) + pen(m) + Un (Tm)

SmESm

4B,
7 [9\/EAW +V2(1 + K (A, + Ag))\/i] + Nn + 1+ OKL
< i T
< s,,,}Ielgm KLn (0, $m) + pen(m) + vy (f,)
4 48 <9\/EA +L(1+K(A +A))2+x/?t>
\/ﬁ m 2\/? 1% o
+ 1m + 1 + Ok, (4.22)

where we get the last inequality by using 2ab < fa® + 0~1b? for § = 1/VK.



AN ¢;-ORACLE INEQUALITY FOR THE LASSO IN FINITE MIXTURE GAUSSIAN REGRESSION MODELS 659

It remains to sum up the tail bounds (4.22) over all the possible values of m € N* and m’ € M(m). To get an
inequality valid on a great probability set, we need to choose adequately the value of the parameter ¢t depending
onm € N* and m’ € M(m). Let z > 0. For all m € N* and m’ € M(m), apply (4.22) to t = z+m +m/. Then,
on the event 7, for all m € N*, for all m’ € M(m), with Px-probability larger than 1 — e~ (=tm+m)

KLy (50, 8m) + pen(m’) < inf KLy (0, $m) + pen(m) + vy (f,,)
SmESm

4Bn 1 2 /
- NG (9\/EAW+W(1+K(AH+AU)) +x/E(z+m+m)>

+ 1m + 1 + Ok, (4.23)
and on the event 7, with Px-probability larger than
2
1 — Z ef(ererm') >1— Z ef(ererm’) —1_¢* ( Z em) >1— efz’
(m,m’)eN* x M (m) (m,m’)eN* xN* meN*

(4.23) holds simultaneously for all m € N* and m’ € M(m).
Inequality (4.23) can also be written

= 4B
KLu (50, 5m/) — vn (F,n) < inf KLH(SO,SmH[pen(m) L 4B, ﬁm}

$5mE€Sm \/ﬁ
+ {4\57_; VK (94, +m') — pen(m’)]
4B, 1 2
+% (W 14+ K (A, +As)) +\/Ez> + N+ 1+ IKL-

Taking into account Definition (4.20) of A,,/, it gives

KLa(s0:500) = v () 06, KLy(sn,50) + [pentm) + 222 VR
n

Sm ESm Vvn
4B, / ’
+ Tn VK (9Hx||maxm Inny/KIn(2p+1) + 1) m’ — pen(m')
4B, [ 1
+ NG (W (1+ K (Ay+ A0))> +54VEK (1 + K(A, + A,)) + \/?z)
+ hm + 1 + OKL. (4.24)

Now, let £ > 1 and assume that pen(m) satisfies pen(m) = Am with

B
A > 41{72 VK (9||ac\|maxm Inny/KIn(2p+1) + 1) .

Then, (4.24) implies

KL, (80, Sm/) — Vn (Tm) < inf KL,(s0,8m)+ (1+ /{_1) pen(m)

SmESm
4B, 1 2
+ N (—2\/[_( 1+ K (A, +A4,)" +54VK (1 + K(A, + Ay)) + \/Kz>

+ N + 1+ OKL-
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Then, using the inequality 2ab < Sa? + 7102 for § = VK,

KLn(50,8m') = vn (f1n) < inf KLy(s0,8m) + (1 +x") pen(m)

S’VYLES"YL
4B f 55 9
+ =2 (27K 4+ —— (1+ K (4, + A, +\/Ez>
+ 1m + 1 + Ok (4.25)

Now consider m defined by (4.8). By Definitions (4.8) and (4.17), m belongs to M(m) for all m € N*, so we
deduce from (4.25) that on the event 7, for all z > 0, with Px-probability greater than 1 —e™?,

KL, (s0,87) — vn (fn) < inf ( inf KLy (s0,8m) + (14 £~ 1) pen(m) + 77m>

meN* \ s, €S
4B, 5 | 55 )
+% 21K +W(1+K(AH+AJ)) +VEKz | + 1+ kL. (4.26)

We end the proof by integrating (4.26) with respect to z. Noticing that E (Vn (7m)) = 0 and that dkp, can be
chosen arbitrary small, we get

E [KLy (80, 87) 17] < inf < inf KLy (50, 8m) + (1 4+ x71) pen(m) + 1,
meN* \ 8,, ESm

)
+% (27K3/Q+%(1+K(AN+AO))2+\/§> +1
)

< 3 . 1
< i, nE, KLatoosn) + 1~ pentm)

1128,
7 K32 (1 + (A, + AU)Q) + 1,

hence (4.9) taking into account the value (4.19) of B,,.

4.2.2. Proof of Proposition 4.3
By Cauchy—Schwarz Inequality,

E [KLu(s0, 87 )17¢] < /E[KL2(s0, 3]y /P (T€). (4.27)

Let us bound the two terms of the right-hand side of (4.27).
For the first term, let us bound KL(s¢(.|x), sy (.|z)) for all s, € S and = € RP.
Let sy € S and = € RP. Since s is a density, sg is bounded by 1 and thus

<So(ylfﬂ)
sy (ylz)

- / In(so(yla))so (yl) dy — / In(sy (yl2))so (yle) dy
R R

KL(so(.\x),sw(.\x)):/ln

R

) sulule) dy

<~ [ In(su(yle))salylo) dy. (4.28)
R
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Denote 9 = (uf,ak,wk)kzl,m,;(. The parameters 1) and 1)y are assumed to belong to the bounded space ¥
defined by (2.1), so for all y € R,

In(sy (y]x))so(y|z)

MK K 2
N _1(y ) Z exp | L (Y r0x”
=V 27r0k 2 vV 27r00 k 2 00,k
2
[ K 2 y2+(l~LoTk$)
SN S S L z D |
| k=1 2moy, 27r00 k o k
i 2 2 2 2
a y + A a y + A
> 1 K T - o K T - o
= VA, exP( aZ ) VarA, exP( aZ )

Ka, A2 ( Ka ) AZ 42 ( y2>
=—"exp|——L ) |In ) -t exp| —— |- 4.29
V2rA, P ( a2 V2 A, a2 P a2 (4:29)
Therefore, putting u = v/2y/a, and h(t) = tInt for all t € R and noticing that h(t) > h(e™!) = —e~! for all

t € R, we get from (4.28) and (4.29) that

Kaga, e~ (Au/a0)?

KL(s0(.|2), s¢(.]z)) < — oA /]R lln (\/ﬂAo’

Kaga, e~ (Au/a0)?

Ka, AL U2
< - Knte E 1n<\/§A>_a—g_7 with U ~ A (0, 1)
< _Kaﬂao. ei(A“/a“)Q ( Kay > B A_i _ 1
B V2A, VerA,) a2 2
Ka. o—[(Au/as)?+1/2]
< — el/2ag h ul
v ( V2TA,
< me Y?q,. (4.30)

Then, for all s, € S,
KLy (s0,59) = ZKL so(), 5w () < Ve H2a,

i=1
and thus
E[KL2(s0,57)] < VTe~ (4.31)
Let us now provide an upper bound of P(7¢).
P(T¢) =E(17c) =E[Ex (17¢)] =E [Px (T°)] (4.32)
with
Px (T¢) = Px (U{m >Mn}> <Y Px(Vi| > M,). (4.33)
i=1 1=1
Foralli=1,...,n, Yi|lz; ~ Zle e N (uf:ﬂi, 0,3,), so we see from (4.33) that we just need to provide an upper

bound of P (|Y;| > M,,) with Y, ~ Zle e N (u{m,a%) for x € RP. First using Chernoff’s inequality for a
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centered Gaussian variable (see [11]), and then the fact that ¢ belongs to the bounded space ¥ defined by (2.1)
and that Zszl m, = 1, we get

T
Y—pjp T
1 _% ke

K
P (Y| > M, ):/11 M, Tk e 7k ) dy
x n ® {lyl> }kzzzl V2o

K 1 L ngw>
= T 1 —e Tk d 4.34
kz::l k/R ol 5= Yy (4.34)
K
=> mP([Yor| > M,) with Y, p ~ N (12, 07) (4.35)
=1
X M, — er M, + MTJJ
= Z”k [IP’ (U > 7") +P (U > 7’“)] with U ~ N(0,1)
Pt O% Ok
K 1 M'nfllgif 2 1 Mr,L*F;LEIE 2
SZﬂ'k le 2( 7k ) +e 2( 7k )]
k=1
K _l(ﬂfn—[l,£m|>2
<23 me N7
k=1
K M2+ (ufw)® —2ntn [uf s
< 227‘%6 295,
k=1
_ 1»1721/-}—41’21’—2]%";1”
< 2Ke 247 (4.36)

We derive from (4.32), (4.33) and (4.36) that

2, 2
M24+a2 —2Mp Ay

P(T) < 2Ke 243 n, (4.37)

and we finally get from (4.27), (4.31) and (4.37) that

—l(1+i}) _ Ma(Mn—24y)
E [KLn(s0,5m)1l7c] < V2rKase *\  *'@ 443 V. (4.38)

4.2.8. Proof of Theorem 4.1
Let M,, > 0 and k > 36. Assume that, for all m € N* the penalty function satisfies pen(m) = Am with

vz (14 G AP VR (4 e o) KT 7 ). (139

s N Qr 2 vn

We derive from Propositions 4.2 and 4.3 that there exists an absolute positive constant x’ such that any penalized
likelihood estimate 55, with m such that

1. N ) 1.
- ;1n(sm(Yilwi)) + pen(m) < mlrelg* (—; gln(sm(i’i\wi)) + pen(m)> +n
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satisfies

E [KLx (50, 5)] = E [KLx (50, $7)17] + E [KLn(s0, 37) L7c]

<(1+x71) inf < inf KLy (s0,8m) + pen(m) + nm>

mEN* \ $,, €Sy

2

+ 1 K32 (1+(A”+A”) ) L Mo AN
Vv (ay A ax) 2 Ui

~(vhgly) Ot

+
+V2rKase *\ 2% 447 Vn. (4.40)

To get inequality (4.5), it only remains to optimize Inequality (4.40) with respect to M,,. Since the two terms
depending on M,, in (4.40) have opposite monotony with respect to M,,, we are looking for a value of M,, such
that these two terms are of the same order with respect to n. Consider M,, = A, + , /Ai + 4 A2 Inn the positive

solution of the equation X (X —2A4,) — 4A2Inn = 0. Then, on the one hand,

o

My (Mp —2A,)

o T m—e M m—

sl-

On the other hand, using the inequality (a + b)* < 2(a® + b*), we have

2
2 2
L(1+M):L (2A”+\/m) <L(14_2(5143+4A?,1nn)>7

1
Vi oz vl oz = n o

hence (4.5).
The upper bound (4.3) of the tuning parameter A is obtained from the upper bound (4.39) and the fact that

(M, + A,)? < 2(5A% + 4AZ Inn) for My, = A, + (/A2 +4A2 Inn.
4.2.4. Proof of Theorem 3.1

Let A > 0. Define m as the smallest integer such that S(A) belongs to Sg,, i.e. m = [|S(A)[1]. Then, using
the definition of m, the definition (2.3) of S(\) and (4.1), we get

——Zln N (Yi|zs) )+Am<__Z1n N)(Yilz:)) + A1 + A

i=1

. 1

1 n
= inf inf -~y 1 Y|z A A
in in ( nE n (sy(Yilw:)) + |8w|1>+

meN* s, €W, |1 <m —
=

1 n
inf inf | —— ) In(sn(Yi|z ,
i (( 2 om (il >>>“m>“

IN

which implies
meN*

__Zln AN (Yi|z;)) + pen(m) < inf (—% Zln (8m (Yilzs)) +pen(m)> + 7,

with pen(m) = Am, n = X\ and &, defined by (4.2) with 7, = 0. Thus, §(\) satisfies (4.4) and Theorem 3.1
follows from Theorem 4.1.
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5. PROOFS OF THE LEMMAS

5.1. Proof of Lemma 4.4
Let m € N*. From (4.12), we have

sup |vn (=fm)| = sup
fm€Fm fm€Fm

Z fm (Yilai) EX[fm(Yixi)D‘- (5.1)

z=1

To control the deviation of such a quantity, we shall combine concentration with symmetrization arguments.
We shall first use the following concentration inequality which can be found in [4].

Lemma 5.1 (see [4]). Let Z1,...,Z, be independent random variables with values in some space Z and let
I" be a class of real-valued functions on Z. Assume that there exists R, a non-random constant such that

super [[7lln < Rn. Then, for all t > 0,
t
+2\/§Rn\/j> <e (5.2)
n

Then, we propose to bound E [supvep |% Yiiv(Zi)—E (v(ZZ))H thanks to the following symmetrization ar-
gument. The proof of this result can be found in [22].

n

1
> E |sup |—
~er |

V(Zi) - ]E('V(Zi))’

i=1

Lemma 5.2 (see Lem. 2.3.6 in [22]). Let Z1, ..., Z, be independent random variables with values in some space
Z and let I" be a class of real-valued functions on Z. Let (e1,...,&,) be a Rademacher sequence independent of
(Z1y...,Zy). Then,

n

LS vz —E(W(Zi))‘ < 9F

Z e(Z

From (5.3), the problem boils down to providing an upper bound of E [supwer |% i1 € (Z; )H To do so, we
shall apply the following lemma which is adapted from Lemma 6.1 in [11].

sup
yel'

- (5.3)
=1

yel’

Lemma 5.3 (see Lem. 6.1 in [11]). Let Z1,..., Z, be independent random variables with values in some space
Z and let I' be a class of real-valued functions on Z. Let (e1,...,&,) be a Rademacher sequence independent of
(Z1,...,Zy). Define R,, a non-random constant such that
sup [|[7]ln < R (54)
yerl

Then, for all S € N*,

sup
~el

Z ei(Z

where N (6,1 |.||.) stands for the §-packing number of the set of functions I' equipped with the metric induced
by the norm |||

S
R, (% S o I+ N @ R, I )] + 2—S> , (5.5)
s=1

From (5.1), we propose to apply a conditional version of Lemma 5.1, Lemma 5.2 and Lemma 5.3 to I' = F,,,,
(Z1,.- s Zn) = Mi|21, .., Yalzn) and y(Z;) = fm(Yilz:) so as to control sup; cp |Vn (—fm)|. On the one
hand, we see from (5.4) that we need an upper bound of sup;, ¢ || fm[n. On the other hand, we see from (5.5)
that we need to bound the entropy of the set of functions F), equipped with the metric induced by the norm
||.||». Such bounds are provided by the two following lemmas.
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Let M,, > 0. Consider the event
T::{ max |Y;| < M, }

=1,....,n

and put

By= (1+(A“_FA”2>~

o N Qr a2
Lemma 5.4. On the event T, for all m € N*,

sup ||fmlln < Rp =28, (1+ K(A,+ Ay))- (5.6)
fm€Fm

Proof. (See Sect. 5.2) O

Lemma 5.5. Let § > 0 and m € N*. On the event T, we have the following upper bound of the d-packing
number of the set of functions F,, equipped with the metric induced by the norm ||.||,:

R [ 8B KANE [ 8Ba\K
N (8, Fs [l ln) < @2p+1) = O+—%_)O+5)

Proof. (See Sect. 5.2) O

By using the upper bounds provided in Lemmas 5.4 and 5.5, we can apply Lemma 5.3 to get an upper bound
of Ex [supfmepm |% > ezfm(Yz|acz)|] It gives the following result.

Lemma 5.6. Let m € N*. Consider (¢1,...,e,) a Rademacher sequence independent of (Y1,...,Yy). Then, on
the event T,
B,
(Y <18VKZE A, 5.7
|, [ et | < 18VECE o
where
Apy = m|2||max,n Inny/ KIn(2p+ 1) + 6 (1 4+ K (A, + A)).
Proof. (See proof of Lem. 5.9) O

Now, by using (5.7) and applying both Lemma 5.1 and Lemma 5.2 to I' = F,, (Z1,...,2Z,) =
Vi|z1, ..., Yolzn) and v(Z;) = fi(Yilx:), we get that for all m € N*, for all ¢ > 0, with Px-probability
greater than 1 —e™?

9

1 n
sup v (<) = sup |37 (Vi) Mmmww
fm€Fm fm€Fm |1V
t
SE| sup me Yilx;) _E(fm(yz|xz))‘ "1'2\/§Rn\/j
fm€Fm n
<2E | sup gi fm (Yilxs)
fm€Fm Z

+2V2R, \/;
_45_{9\/_Am+\/_(1+KAN+A Vil

taking into account Definition (5.6) of R,,.
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5.2. Proof of Lemmas 5.4-5.6

Proofs of both Lemmas 5.4 and 5.5 need an upper bound of the uniform norm of the gradient of In s, for all
sy € 5. Let us thus begin by providing such an upper bound.

Lemma 5.7. For finite mizture regression models as described in Section 2.1,

Oln (sy(.|x)) H
sup sup |————— < G(Y),
S s |5y || =€V
with ,
. 1 (lyl + Ap)
G:R— R, yHm<1+T . (5.8)

Proof. Let sy € S with ¢ = (ul, ok, m)k=1, . k. For all z € R? and y € R,

.....

3 Tk ex 17@ Mk) =1In Zf T
2 Jomay L k(@ y)

2
™ exp _tyzma) )
V27oy, 2 o? -

For all [ = 1,..., K, by using the fact that fl(ac,y)/(Zf:1 fe(z,y)) < 1 and the fact that ¢ belongs to the
bounded space ¥ defined by (2.1), we have

In (s (y|z)) = In (

where we put

fk(l'ay) =

‘51n(8w(y|$))’: flwy)  y—pnfz| _lyl+ A, aln<s¢<y|w>>’

O x) S fulzy) or |7 a3 Do
_ 1 filz,y) (y—mTw)2>’
‘Zk 1fk(l'y ( +fl(xay) 0_23
gi< (ol + 4, )
Qg

‘aln<sw<y|w>>’: filz,y) <i

oy MY pey r(w,y) T o

Thus, for all y € R,

sup sup
TERP peW

91n (sy(ylr)) lyl+ 4, 1 (yl+ 4%\ 1
T < max a?, o 1—|—T o

where we used the fact that 1 + 62 > 0 for all 6 € R. O
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5.2.1. Proof of Lemma 5.4

Let m € N* and f,,, € F,. By (4.13), there exists s,,, € S, such that f,, = —In(s,,/sp). For all z € RP,
denote by ¢(z) = (uFz, o), Tk k=1, x the parameters of the density s,,(-|z). First applying Taylor’s inequality
and then Lemma 5.7 on the event 7 = {max;=1,_, |[Yi| < M, }, we get foralli=1,...,n

[fm (Yilza)[ L7 = |In (sn (Yil2i)) —In (so(Yi[zi))| Tr

Oln (s, (Y;|x

sup sup % (z:) = Yo(z:)l, L1
T ERP e

1 (Y3 + A4,)?
S%A%O+ T ) () — volw)l 17

1 (M, + A
1

T as Nag ( + a?,

IA

“)Mwm—%mm

=B,
K
< B, Z (|M£-TZ - Mg,kl‘i| + |ok — oo k| + [Tk — 7T0,k|) .
k=1
Now, since s, and so are assumed to belong to the bounded space ¥ defined by (2.1) and Zszl m = 1, we
obtain
| frn(Yilzi)| 17 < B, 2KA, +2KA,+2)<2B,(1+K(A,+ 4A,)),
and thus || f|[n 17 < 2B, (1+ K(A,+ As)) .

5.2.2. Proof of Lemma 5.5

Let m € N* and f,, € F,,. By (4.13), there exists s,, € Sy, such that f,, = —1In(s;,/s0). Introduce s/,
in S and put f/, = —In(s),/s0). Denote by (u{,ak,ﬂ'k)kzl _____ x and (M’Z,a,g,ﬂ';c)kzl _____ x the parameters of
the densities s, and s}, respectively. First applying Taylor’s inequality and then Lemma 5.7 on the event
T ={max;=1__» |Yi| <M}, we get foralli=1,...,n,

[ (Yilwi) = £, (Vilas)| 1z = [In (s (Vilas)) = In (s, (Vil2i))| L7

Oln (s, (Yi|z
= s -———*ﬁ—————llw (@)l 17
TERP pe¥
1 (IYil + Au)
%A%O*——g——IMM—WmmnT
1 (M, + A,)?
o (1 ) e - v,
=B,
K
BnZ(‘ M Ti — +|0'k—0';c‘—|-‘7rk—7r;€|)

k=1

K
B, (Z ‘,uk Li — ,uk -TZ

k=1

IN

+|0—UII1+||7T—7T|1>-
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Then, using (a + b)? < 2(a? + b?) and applying Cauchy—Schwarz inequality leads to

K 2
T
(Fm(Yilz:) = f1,(Yile:)) 17 < 2B} (Z!ufxi—u; x> + (o =o'l + [l = '|11)° (5.9)
k=1
& T \? 2
<282 | Ky (ufai— i 0:) + (o =o'+ llr = 7'|1) (5.10)
k=1

2

K P P

2

<2BY K> | Y mkgmiy =Y pigwig |+ (lo— o lv+ [lm = 7'|1)
j=1

k=1 \j=1

and

n

K P P

1 2

1o = Frl 0z <2B2 | K =57 D gy = Y pigasy |+ (o= o'lla + = 1)
=1

k=1 i=1 \j=1

(a)

So, for all § > 0, if (a) < §%2/(4B?), |jc — o'||1 < 6/(4By,) and |7 — 7'||1 < 6/(4B,,), then || fm — 1,112 < 6%. To

bound (a), we write
2

P !
Hkj P
DN DTS o e
= i=1 \j=1 j=1
and we apply Lemma 5.9 below to px/m = (pj/m) =1, p forall k=1,..., K. Since s,, € Sy,, we have
p .
3 “ﬁ‘ <1, (5.12)
, m
Jj=1
and thus there exists a family B of (2p + 1)432 K*m?||2ll5ax,n /5 vectors of RP such that for all k = 1,..., K, for

all pui,, there exists p), € B such that
I s [ 52
PO DN DDt e T My -y 2
nS\S ™ m 4B2K?*m

so that (a) < §2/(4B2). Moreover, since |o||; = 22(:1 lok] < KA, and ||«]j; = Zle 7, = 1, we get that, on
the event 7,

N (5 B 1) < cand(®) N (g B A L0 ) N (g BEQ). L)

4B2KZm2 |22 0 B,KA, By, "
B L <1+8T> <1+85 > . (5.13)

Remark 5.8. Let us point out that there may exist some data-sets for which the dependence on K might not
be optimal in (5.13). Indeed, notice that Sy, is defined as the set of densities whose ¢1-norm 22{21 D5 |
is less than m, whereas in (5.12) we only use the fact that Z§:1 lpril < m for all k = 1,..., K, that is to
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say maxp—1, . K Z?:l |ttij| < m, which is a weaker assumption than Z,[f:l Z§=1 |pkj] < m. To use the whole
assumption > 5, 2251 lkj| < m, we should considered S D1 (kg — piy)/m iy instead of 377 (g —
Hi;)/mai; in (5.11). This could be possible if Zszl \uta; — MZT%‘\ was replaced by | Z,[f:l ura; — MZT%‘\ in
the right-hand side of (5.9). This would require to consider the single parameter Zle ,ugw in place of the K

parameters (ulx,...,pkx) in the parameter 1 (x), but the quantity Zszl pfz does not appear naturally in
the expression of the density sy(.|z) and it seems thus difficult to differentiate In sy (.|z) with respect to it.
Yet, if we had managed to do that, this would have avoided to use Cauchy—Schwarz inequality which leads to
an extra-K factor in (5.10). So, we might think that the term (2p + 1)432K2m2|‘x|"2‘*axm/52 in (5.13) could be
improved by (2p + 1)432Km2|‘x|‘2maxv"/52. Then, taking the square root of the entropy number in (5.5), the term
M| 2|l max,n In /K In(2p 4+ 1) in (4.20) would be replaced by m||z|max,» Inn/In(2p + 1), and the lower bound

of the regularization parameter A in (4.7) would be proportional to VK instead of K.
Lemma 5.9. Let 6 > 0 and (zi5)i=1,... n j=1,..p € R"™. There exists a family B of (2p + 1)”‘7””"xax /9 yectors
of RP such that for all 3 € RP checking ||3]|1 < 1, there exists 3 € B such that

2

—Z Z —B) x| <6 (5.14)

i=1 \j=1
Proof. Consider the set of functions F = {fo, fi", ..., [ fr o, £, } defined by

fO = 07

f;r:RPHR, x=(x1,...,xp) — x5, j=1,....p,

fi ‘RE=R, z= (1,...,xp) — —x5,5=1,...,p,
and the convex hull Cx of F. Let 6 > 0. Applying Lemma 2.6.11 of [22] to F which is of cardinal 2p + 1, we
deduce that there exists a packing family G C Cx of cardinal (2p 4 1)(@#mF/9* for (Cx, ||.||l) where diamF is

the diameter of F for ||.||,. Here, diamF = ||z||max,n -
Now, let 8 € RP such that ||3]|; <1 and introduce the function

p
fa:RP— Rz Zﬁjasj. (5.15)
j=1

For all z € RP,

fa@)=| D IBIF @+ D0 1815 ( = > 1Bil] fo )

J:B8;>0 J:B; <0 J:B;#0

with 3.0 20183 + Sj0,<0 1051 + (1= Sy w0 1851) = 1 (1= 0,20 1851) = 0 and 18] = 0 for all j =
1,...,p. So, fs belongs to Cr and there exists fé in G such that || fg — fé”n < 4, that is to say

n

n Z Folw:) — fh(x:)* < &2 (5.16)
i=1
Since fé belongs to Cr, there exist coefficients (oo, o, ..., 0, a7, ..., a, ) such that fz= a0f0+2§:1 ajf;r—l—
aj f;, and for all z € R?,

P P
fa(x) = aq fo(x) + Za+f+ +a; f; ( Z PREE Zﬁ;xj (5.17)
=1

Jj=1
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+
J
to fj, which leads to the construction of a family B of (2p + )”T”mx n/%% vectors of RP. Inequality (5.14) is
obtained from (5.16)—(5.17). O

if we put 3; := o —a; forall j =1,...,p. For each function fj, we thus define a vector 3" € R? associated

5.2.3. Proof of Lemma 5.6
Let m € N*. From Lemma 5.4, on the event 7, sup; cp || fmlln is bounded by

Ry :=2B, (1+ K(A, + A,)). (5.18)

Besides, from Lemma 5.5, on the event 7, for all S € N*,

278\/111 [QN (2_3Rna Fm7 ||H7l)]

NE

S
S 27 VIn[L+ N @R, B, [0)] <
s=1

w
Il
—

IA
NE
O

23+1B K max
—* {vln2—|— - Rm||acH 0/ In(2p + 1)

25133, KA, 25t33,,
K1 1+— 1
+\/ “K* R. >(+ R, )]

Notice from (5.18) that R,, > 2B, max(K A, 1). Moreover 1 < 2572 and 27%,/s < (\/e/2)* for all s € N*. So,
we get from (5.19) that

w
Il
—

(5.19)

S
S o BN @ T B )
s=1

IN

S s+1
Z 27 {\/E 12 B"Kg”“””m“v" VIn(2p + 1) + /K n[(2°79) x (2s+3)]}

IN

2+1BK max,n
ZQ‘ [ N2+ me” VIn2p+ 1) + VK2 s+31n}

IN

S
QB"K”;%M‘W’” n(2p+1)S + VEKV2In2) 275 + VIn2(1 + V6K)
mn s=1

IN

R, Ve
< QBnKmHl'Hmax,n 1n(2p+ 1)5 + \/m (1 + \/6+ 2£> , (520)

ZBnKmH$|maX’n\/m5+m(1—5-\/?(\/6-1-2\{% ))

R, — e

and we get from (5.5) and (5.20) that for all S € N*,

sup €f (Yilz;)

6 QBnKmeHmaxn V2e s
— 2 /In(2p + 1 Km2|(1 = 2
\/ﬁ< A vIn(2p +1)S + VK In +\/6+2_\/6 +

(5.21)
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Let us now choose S = Inn/In2 so that the two terms depending on S in (5.21) are of the same order. In
particular, for this value of S, 279 < 1/n, and we deduce from (5.21) and (5.18) that

1 n
Ex | sup |= ) eifm(Yilz:)
fm€Fm ”;

12B, Km||z||max.n Inn V2e vVK 1
< 2+ 1) —— + 2B, (1+ K(A, + A) [6vIm2 [1+v6+ Y22 | Y2 4 =
= Vi NP+ 1)y 2 (L KA 40)) | 0VIn2 (1464 5775 | 75+ o

18 B Km|| 2 || max.n VK V2e
< . In(2 1)1 2— B, (1+ K(A A, 6vIn2 |1 6+ —+ 1
< Jn VIn(2p +1) Inn + Tn n(1+ K(A, + Ay)) [ 6VIn 4—\/_4—2_\/é +

IN

B
18@\/—% [m”meaXW\/K m(2p+ 1) Inn+6(1+ K(A, + AU))} .
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