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INCREMENTAL MOMENTS AND HOLDER EXPONENTS
OF MULTIFRACTIONAL MULTISTABLE PROCESSES

RoNAN LE GUEVEL' AND JACQUES LEVY VEHEL?

Abstract. Multistable processes, that is, processes which are, at each “time”, tangent to a stable
process, but where the index of stability varies along the path, have been recently introduced as
models for phenomena where the intensity of jumps is non constant. In this work, we give further
results on (multifractional) multistable processes related to their local structure. We show that, under
certain conditions, the incremental moments display a scaling behaviour, and that the pointwise Holder
exponent is, as expected, related to the local stability index. We compute the precise value of the almost
sure Holder exponent in the case of the multistable Lévy motion, which turns out to reveal an interesting
phenomenon.
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1. INTRODUCTION

Multistable processes are stochastic processes which are “locally stable”, but where the index of stability varies
with “time”. To be more precise, we need to recall the definition of a localisable process [4,5]: Y = {Y(¢t) : t € R}
is said to be h-localisable at u if there exists an h € R and a non-trivial (i.e. finite and non-zero) limiting process
Y./ such that

u

. Y(u+rt) =Y (u) ,
rli%1+ h =Y/ (t). (1.1)
(Note Y] may and in general will vary with w). When the limit exits, Y] = {Y/(¢) : t € R} is termed the local
form or tangent process of Y at uw. The limit (1.1) may be taken in mainly two ways: convergence in finite
dimensional distributions, or in distribution when the paths of the process are continuous or cadlag (in which
case the process is called strongly h-localisable).
A classical example of a strongly localisable process is multifractional Brownian motion Y [1,2,10, 18] which
“looks like” index-h(u) fractional Brownian motion close to time u but where h(u) varies, that is

lim Y(u+rt)—Y(u)

r—0t rh

= Bh(u)(t) (12)
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where Bj, is index-h fractional Brownian motion. A generalization of mBm, where the Gaussian measure is
replaced by an a-stable one, leads to multifractional stable processes, where the local form is an h(u)-self-
similar linear a-stable motion [22,23].

Multifractional multistable processes provide a further step of generalization: they are localisable processes
such that the tangent process is again an a-stable random process, but where o now varies with time. Mul-
tifractional multistable processes were constructed in [6-8, 13] using respectively moving averages, sums over
Poisson processes, the Ferguson—Klass—LePage series representation, and multistable measures. Section 3.3 be-
low provides several specific examples of such processes.

The aim of this work is twofold:

1. We show that, for a large class of (multifractional) multistable processes, a precise estimate for the incre-
mental moments holds. More precisely, we prove in Section 3.1 that there exists a natural scaling relation
for E[|Y(t 4+ ¢) — Y (¢)]"] and e small. This class includes (multifractional) multistable processes considered
in [6,13], in particular Lévy multistable motions and linear multistable multifractional motions. It also
include certain moving average multistable processes such as the reverse multistable Ornstein—Uhlenbeck
process of [8].

2. We then study the pointwise Holder regularity of (multifractional) multistable processes. For the same class
as above, we obtain an almost sure upper bound for this exponent. In the case of the Lévy multistable
motion, we are able to compute its exact value. An interesting phenomenon occurs: when the functional
parameter « is smooth, not surprisingly, the Holder exponent is equal, at each point, almost surely, to the
localisability index. However, when « is smaller than one and sufficiently irregular, the regularity of the
process is governed by the one of the function «: their Holder exponents coincide almost surely. Note that a
uniform statement, i.e. a statement like “almost surely, at each point”, cannot hold true in general. Indeed,
it already fails for the case of a Lévy stable motion. The right frame in this respect is multifractal analysis,
and results in this direction will be presented in a forthcoming work.

The remainder of this work is organized as follows. In the next section, we recall the definition of multistable
processes based on the Ferguson—Klass—LePage series representation used in [13] (this defines processes which
are equal in distribution to the ones obtained in [6] through sums over Poisson processes). Our main results on
incremental moments and upper bound for the pointwise Holder exponents are described in Sections 3.1-3.3
applies these findings to linear multistable multifractional motion. In Section 3.4, we state the result giving the
exact value of the pointwise Holder regularity of Lévy multistable motion. An exemple of a moving average
multistable process (reverse multistable Ornstein—Uhlenbeck) is the topic of Section 3.5. In Section 4, we give
intermediate results, some of which being of independent interest, which are used in the proofs of the main
statements. Section 5 gathers technical results followed by the proofs of the statements related with the incre-
mental moments and upper bounds on the exponents. Section 6 contains the computation of the exponent for
the multistable Lévy motion. Finally, Section 7 gives a list of the various technical conditions on multistable
processes required by our approach so that their incremental moments and Holder exponents may be estimated.

2. MULTISTABLE PROCESSES

We now define multistable processes using the Ferguson—Klass—LePage series representation. These are defined
as “diagonals” of random fields that are described below. In the sequel, (E,&,m) will be a measure space,
and U an open interval of R. We will assume that m is a finite or o-finite measure. Let o be a C' function
defined on U and ranging in [c,d] C (0,2). Let f(t,u,.) be a family of functions such that, for all (¢,u) € U?,
f(t,u,.) € Fou(E,E,m), where:

Fo = Fa(E,E,m) ={f: f is measurable and |||l < oo},
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and || ||o is the quasinorm (or norm if 1 < o < 2) given by

(Jip 1 (@) m(aa)) (a#1)

[ flla ={ (2.3)
Je lf(@)|m(dz) + [ |f(2)8(z) In|f(z)||m(dz) (o =1).

By assumption on m, there exists r : F — R4 such that m(dx) = m(dx) is a probability measure (see,

r(x
e.g., [21], Prop. 3.11.3). When m is a finite measure, we always take r(()) m(E).

The following notations are used throughout in the sequel: (I7);>1 will be a sequence of arrival times
of a Poisson process with unit arrival time. (V;);>1 will denote a sequence of i.i.d. random variables
with distribution m on E. Finally, (v;);>1 will be a sequence of i.i.d. random variables with distribution
P(y; =1) = P(v; = —1) = 1/2. The three sequences (I5);>1, (Vi)i>1, and (7;);>1 are independent.

As in [13], we will consider the following random field:

X(t,u) = iéib“)Z IO (V)Y £t 0, V), (24)

where C,) = ([~ 27" sin(m)daz)fl.
Note that when the function « is constant, then (2.4) is just the Ferguson-Klass-LePage series representation
of a stable random variable (see [3,9,14,15,20] and [21], Thm. 3.10.1, for specific properties of this representation).
Multistable processes

Multistable processes are obtained by taking diagonals on X, i.e. setting Y (¢) = X(¢,¢): as shown in
Theorems 3.3 and 4.5 of [13], provided both X and f fulfill certain conditions, Y is a localisable process
whose local form is a stable process. In the sequel, we obtain, under some assumptions (which imply that Y is
indeed localisable), estimates on the incremental moments and the pointwise Holder regularity of Y. We will
always assume that ¢ — X (¢, u) is localisable at any u with exponent h(u) € (h_,hy) C (0,1). The local form
is denoted X/ (t,u). We assume in addition that u + h(u) is a C! function.

3. MAIN RESULTS

The following two theorems apply to a diagonal process Y defined from the field X given by (2.4). For
convenience, the conditions required on X and the kernel f that appears in (2.4) are gathered in Section 7.

3.1. Moments of multistable processes

Theorem 3.1. Let t € R and U be an open interval of R with t € U. Let n € (0,¢). Suppose that [ satis-
fies (R1), (M1), (M2), (M3) and (H2). Then, when ¢ tends to 0,

E[Y(t+e) = Y(B)]"] ~e™VE[Y/(1)]"].
(f(x) ~ g(x) when  — 0 means that lim,_.o f(z)/g(x) = 1).

Proof. See Section 5. O

Remark: Under the conditions listed in the theorem, Theorems 3.3 and 4.5 of [13] imply that Y is
h(t)—localisable at t.
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3.2. Pointwise Holder exponent of multistable processes

Let Hi(w) = sup {7 : lir% Ytrw)—Y(tw)| 0} denote the Holder exponent of the (non-differentiable)

|~

process Y at t.

Theorem 3.2 (upper bound). Suppose that there exists a function h defined on U such that (M1), (M2), (M3),
(M4), (M5), (M6) and (M7) hold. Assuming (R1), (H1), (H3), (H4) and (H5), one has, for allt, almost surely:
H; < h(t).

Proof. See Section 5. O

3.3. Example: linear multistable multifractional motion

In this section, we apply the results above to the “multistable version” of a classical process known as linear
stable multifractional motion, which is itself a extension of linear stable fractional motion. In the sequel, M
will always denote a symmetric a-stable (0 < o < 2) random measure on R with control measure Lebesgue
measure L. The linear stable fractional motion is defined as follows [21]:

Loy (t) = / T (bt b 4 @) M (da)
where t € R, H € (0,1), b*,b~ € R, and
Farr(b, b7, t,x) =b* ((t —g)tie (—x)f_l/a>
b (=) ),

where (z); = max{0,z} and (x)- = —(—x);. When b" = b~ = 1, this process is called well-balanced linear
fractional a-stable motion and denoted L, g.

The localisability of linear fractional a-stable motion simply stems from the fact that it is 1/e-self-similar
with stationary increments [5].

The multifractional multistable version of this process was defined in [6, 13] (note that the choice of m is
arbitrary as long as it fulfills the required condition, and is made purely for convenience). Its incremental
moments and regularity are described by the following theorems:

Theorem 3.3 (linear multistable multifractional motion). Let o : R — [e,d] C (0,2) and H : R — (0,1) be
continuously differentiable. Let (I5)i>1, (Vi)i>1 and (v:)i>1 be as described in Section 2, where we take the
distribution of (Vi)i>1 to be m(dz) = 2 Z;r:oij_21[7j’7j+1[u[j71’j[(l')dx on R. Define:

1/a(u)
X(tu) = €200 3 (T T ([ = VAIT00) Y E@m ) 1 ()
ij=1
(3.5)
and the linear multistable multifractional motion

Y(t) = X(t,1).

Then for allt € R and n < ¢, when ¢ tends to 0,

n

N o)
© daz) gnH(t)

Proof. See Section 5. O

o1-1p(1 — 1)
EY(t+2) = YO ~ —ro—y [ [l1=af 7Ot o0t
nJy wmnlsin®(u)du \ Jr
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Theorem 3.4. LetY be the linear multistable multifractional motion defined on R with H — % a non-negative
function. For allt € R, almost surely,
Hy < H().

Proof. See Section 5. O

3.4. Example: Lévy multistable motion

In the case of the Lévy multistable motion, we are able to provide a more precise result, to the effect that,
at each point, the exact almost sure value of the Holder exponent is known. Let us first recall some definitions.
With M again denoting a symmetric a-stable (0 < o < 2) random measure on R with control measure Lebesgue
measure £, we write

Lalt) = /O M(dz)

for a-stable Lévy motion.
The localisability of Lévy motion is a consequence of the fact that it is 1/a-self-similar with stationary
increments [5]. Its multistable version and incremental moments are described in the following theorem:

Theorem 3.5 (symmetric multistable Lévy motion). Let o : [0,1] — [e,d] C (1,2) be continuously differen-
tiable. Let (I3)i>1, (Vi)i>1 and (7vi)i>1 be as described in Section 2, where we take the distribution of (V;)i>1 to
be m(dz) = dx on [0, 1]. Define

X (tu) = Oyt S a1y (V) (3.6)
i=1

and the symmetric multistable Lévy motion

Y(t) = X(t,1).
Then for allt € (0,1) and n < ¢, when & tends to 0,
21710 (1 — ) "
E(IY(t+¢) — Y ()] ~ ol catm,
V(@49 = YO ~ om0
Proof. See Section 5. g

Theorem 3.6. LetY be the symmetric multistable Lévy motion defined on [0, 1] with o : [0,1] — [e, d] C (0, 2).
For all t € (0,1), almost surely,
< L
" a)
Proof. See Section 5. O

‘H, = min (L,HfL‘) .
a(u)
1

provided —— # HS, where H denotes the Hélder exponent of o at u.

a(u)

2. If 1 <a(u) <2, and o is C, almost surely,

Theorem 3.7. Letu e U C (0,1).
1. If 0 < a(u) < 1, almost surely,

Proof. See Section 6. g
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Thus, in the case 0 < a(u) < 1, the regularity of multistable Lévy motion is the smallest number between %u)
and the regularity of the function « at u. This is very similar to the case of multifractional Brownian motion,
where the Holder exponent is the minimum between the functional parameter h and its regularity [10,11]. We

conjecture that the same result holds when o > 1.

3.5. Example: reverse multistable Ornstein—Uhlenbeck

We consider in this section an exemple of a different nature, since the multistable process that we deal with
is obtained by generalizing a moving average process rather than a self-similar one, as was the case of Lévy
motion and linear fractional stable motion. This shows that conditions of Section 7 required for our results to
hold, although somewhat numerous and technical, are indeed natural in our frame.

Let A >0 and 1 < a < 2 and let M be an a-stable measure on R with control measure £. The stationary
process

Y(t)= / exp(—A(z —t))M(dz) (t€R)
t
is called reverse Ornstein—Uhlenbeck process. By Proposition 2.2 of [8], it has a version in D(R) that is 1/a-

localisable at all u € R with Y] = L,.
A multistable version is obtained by taking

+oo
r@) =Y P o) (3.7)
j=1
and
flt,w,x) = e_’\(x_f’)l[tﬁoo)(x) (3.8)

in (2.4) and considering as usual the diagonal process. Using the results of [13], it is easy to prove that Y is
1/a(u)-localisable at all u € R with local form Y, = L(,). We then have:

Theorem 3.8 (reverse Ornstein-Uhlenbeck multistable process). Let a : R — [¢,d] C (1,2). Let X (t,u) be
the random field of (2.4) with r given by (3.7) and [ given by (3.8). Define the reverse Ornstein—Uhlenbeck
multistable process as

Y(t) = X(¢,1).

Then Theorems 3.1 and 3.2 applies to'Y at allt € R.

Proof. See Section 5. O

4. INTERMEDIATE RESULTS

Let ¢x denote the characteristic function of the random variable X. We first state the following almost
obvious fact, which will be used in the proof of Theorem 3.2:

Proposition 4.9. Assume that for a given t € R there exists g > 0 such that

dv < 400,

—+oo
sup sup / ’cpY(f,Jrr)_yu) (v)
teU re(0,e0) J0O rh(t)

where Y is a symmetrical process. Then there exists K > 0 such that for all t € U, for all v € (0,20) and all

x>0,
x

PIY(t+7)—Y ()| <z) < Koy
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Proof. This is a straightforward consequence of the inversion formula. Let £ > 0 and 0 < r < gg. Since Y is a
symmetrical process, Yy (;4r)—y(s) 1S an even function and

Feo v . vr |\ dv
o PY (t+r)—Y (t) () sin IGN o

1

s

P(Y(t+r)—Y (@) <x)

1 oo
x
< ——— sup / Oyisn-ve (V)| dv
m rh(®) r€B(0,e0) JO ()
<K-2_. 0O

rh(t)
The next proposition will also be used in the proof of Theorem 3.2:

Proposition 4.10. Suppose that there exists a function h defined on U such that (H1), (H3), (H4), and (H5)
hold. Assuming (R1), (M4), (M5), (M6), and (M7) one has:

dv < +o0.

—+oo
sup sup / ‘gOY(tJrr)Yu) (v)
teU re(0,e0) JO rh(t

Proof. The expression of the characteristic function @ ysmn_v is given in [13]:
B

+oo Uf_&f)ﬁ)f(t +rt+rx) vC’l/a(t)f(t t,x)
premova (V) =ep | 2 / / 27 h(O)y1/a(E+r) orh@yawm | 4 mide)
For v <1, ov@em-vm (v) < 1. Forv > 1, we fix € < %. Lemma (5.14) entails that there exists Ky > 0 such
R(D)
that
2
vC(ly{?Jr:;T)f(t +rt+rx) vC’l/a(t)f(t t,x)
t+7r)— t < -
Premove (v) < exp /R /KUUf‘td o R0 1 /altir) arh@yiam | v m(de)
Let )
UOl/;:Ei-)i-T)f(t +rt+rT) v(]}y{g Dr(tt,x) q
v, 4,7 / /KUU%E 9rh (@) y1/alt+r) T 2ph(Dy1/a® m(dz).
Using Lemma 5.15, there exist Ky > 0 and €y > 0 such that for all v > 1,
N(v,t,r) > Kyv?t (-2,
The inequality becomes
Oyen-ym (v) <exp (—KUU2+1—L54(1_%)) ,
and
+oo o] 4 5
/ Oyirm-ve (v)dv <1 —I—/ exp (—KU'UQJFW(I*Z)) do
0 rh(®) 1
< +o0- O

We now consider multistable processes. The next proposition will be used in the proof of Theorem 3.1.
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Proposition 4.11. Assuming (R1), (M1), (M2) and (M3), there ezists Ky > 0 such that for allu € U, v € U

and z > 0,
o = ul? o[, lo—ul o —ul|
v—u v—u v—u v—u
P(X(v,v) — X(v,u)| >x) < Ky T(l—i— log . | >+ — (1—1— log —— >
Proof. See Section 5. O

5. PROOFS AND TECHNICAL RESULTS

5.1. Proof of Proposition 4.11

First case: r(z) = 1.
We proceed as in [13]. Note that condition (M1) implies that there exists ¢’ € (% —1,0) such that:

146’
up [ [sup [|f<t,w,x>logf(t,w,ww“”)}] m(de) < . (5.9)
teU JR weU

Since (M1) is true with ¢’ in place of §, we write in the sequel § for ¢’. The function u +— Ci{:)(") is a C*
function since a(u) ranges in [c,d] C (0,2). We shall denote a(u) = (m(E))Y/«®) Ci{:)(“). The function a is thus
also C. Let (u,v) € U2 We estimate:

X(v,0) = X(v,u) =Y 7i(@i(v) — @i () + Y 7i(W(v) — Wi(w)),
i=1 i=1
where
D;(u) = a(u)i_l/a(“)f(v,u, Vi)

and
;(u) = alu) (F;l/a(u) _ i—l/a(u)) Flv,u,Vp).

Thanks to the assumptions on a and f, ®; and ¥; are differentiable and one computes:

@i (u) = o (w)i ) f (0,0, Vi) + a(w)i™ ) fl (v,u, Vi) + a(u)% log(i)i~ /™ f(v,u, Vi),

and

yv//(u) :a/(u) (Fi_l/a(u) _ Z-fl/oc(u)> f(?],u,‘/i) + a(u) (Fi_l/a(u) _ i*l/a(u)) fq//,(vﬂu7‘/i)
o' (u)

a(u)?

(10g(Fi)Fi_1/a(“) — log(i)fl/o‘(“)> fv,u, V).

Using the mean value theorem, there exists a sequence of independent random numbers w; € (u,v) (or (v, u))
and a sequence of random numbers x; € (u,v) (or (v,u)) such that:

X(v,u) = X(v,0) = (u—v) i(ZiI + 2+ Z7) + (u—v) i(Yil +YP+ YD), (5.10)

=1 =1



INCREMENTAL MOMENTS AND HOLDER EXPONENTS OF MULTIFRACTIONAL MULTISTABLE PROCESSES 143

where
71 = s (w)i™ VD (0,03, Vi),
77 = ~yia(wy)i~ D fl (v, wi, Vi),

o/ (w;)

2} = nia(w) ooy 1og(@)i™V/ 20 £ v, wi, V),

Yil _ %a,(xi) (Fi—l/a(aﬁq‘,) _ i*l/a(Zi)> fv, 2, Vi),
}/;2 _ 72@(1’2) (FZ—1/0($1) _ Z—l/a(ﬂ’h)) f;(v’.ri"/;-)’

’
3 Ne (1’2) Nl alw) =1/ a(xs) VA
Yy = 72a(xz)a(l‘i)2 (10g(Fl)Fi log(#)i ) fv,@i, Vo).

Note that each w; depends on a, f, a,u,v,V;, and each z; depends on a, f, o, u,v,V;, I; but not on ;. This
remark will be useful in the sequel.

oo . o) .
In [13], it is proved that each series Y Z7 and > Y/, j = 1,2,3, converges almost surely. Let z > 0. We
o o | -
consider P ( Nzl > 1’) and P < Y| > x) for j =1,2,3.

i=1 i=1
Let n € (0,min(% —1,£(6 + 1) — 1)). Markov inequality yields

o . 1 o . d
P(Zzg >az>§—dE > 7z
i=1 . i=1
1 50 d(1+4n) #’I
<B4
i=1

The random variables Zij are independent with mean 0 thus, by Theorem 2 of [24]:

400 d(1+m) +oo
e[Sz | <2 ez
=1 =1

For j =1,

E[12270+7] = | o) i S

F (w05, Vi) |20+

d((1+n))
Ky a(w;
<t ( sup | (v,w, V[

weB(u,e)
Ky - 14+n 2(14n)
< 7 E sup f(mw%)l““”) +< sup f(mw%)l““”)
weB(u,g) weB(u,g)
Ko



144 R. LE GUEVEL AND J. LEVY VEHEL

For j = 2,
K 14+n <(1+n)
E ||z < e ( sup |f;<v,w,v1>|“<w>> +< sup f;<v,w,v1>|a<w>>
¢ wEB(u,e) weEB(u,e)
Ku
< T

For j = 3,
(0 (d(1+n) Nd(147)
31d(1+n) | _ o/ (w;) (14 (log)
E[1z710+] = E [ o) pgya| M W
(logi)(+n)
s KUilT'

+oo .
Finally, sup ) E [|Zf\d(1+")} < 400 thus
velU i=1

>4

P (
i=1

K
> ;v) < —([ij
T
We consider now P Yij >z | forj=1,2,3.

P(iyg >x>SP(|Yf2;)+P<

i=1
5 d(14n)
>3] < & |E

Y7 and write Yij = W Note that ; is independent of W/ and Si_1.

7 7

oL

i=1

T
>
|=3)

0o n
> ) , we want to apply Theorem 2 of [24] again. Let

Since P ( Y/
i=2

Sm =

oF

i=1

( m+1‘S ) =E (E(Yj+1|5man+1)\Sm)
= E (EGums1 W1 Sms Wit 1)[Sm )

(
=E (W +1 ’Vm+1|Sman+1)|Sm)
&

We apply Theorem 2 of [24] with (d(1 +n) < 2),

00 d(14n) 0o
Z)/Z_j < QZED/ij‘d(l—H])’
=2 =2

and

v

P (
i=1

=2

1

oo 1+

x <P(\Yﬂ‘\>f)+z 23 E|y/ |40 '
- L= 9 zd v ’
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For j =1,
o)
r 1 xa(a’:l)
P <|Y11‘ > 5) =P |a’(x1)‘a(x1) m 1 |f(’U,l‘1,V1)|a(xl) > -
1
1 o)
=Pl sup | f(v,w, Vi)[*®) > Kz )
Fl feten) weB(u,e)
For x < 1,
o)
1

[ (|Y11\ > g) <P sup |f(v,w,V1)\a(“’) > Kyat
we B(u,e)

Fll/a(xl) -1

weB(u,e)

<P<{ sup f(v,w,V1)|a(w)>Kde}ﬂ{F1>1}>

weB(u,e)

4P ({‘H re@) _qet) sup [ f(v,w, V1)) > Kde} N{n < 1}) .
1

K
P sup [ f(v,w,V1)[*™) > Kya® o {1 > 1} | < =7E| sup  |f(v,w, 7))
weB(u,e) €z weB(u,e)
<L

zd
Let W (v, ) = supy,cp(u,) |f (v, w,2)|*) and F, v, be the distribution of W (v, V}).
A @) ag) d d
P 7 I, 1| W(v, Vi) > Kyz® p n{I1 <1} | <P (W (v, V1) > KyzIt)
1

+oo
— / P(z> Kya®I) F, v, (dz)
0

. /;OO (1—e %) Fow(d2)

+oo
< ——F, v, (d
A Kde ,V1( Z)
Ky
S d
For z > 1,
1 a(z1)
x
P(Y1 2—>§P — =1 sup | f(v,w, V1)|*™) > Kya©
Yl 2 Fll/a(zl) wEB(uE)‘ ( )
K
P(i=3) <=2
2 x°

145
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For ¢ > 2,

d(1+4mn)
E\Yi1|d(1+n) —E (a/(xi)d(1+n)]“i1/0¢(wi) _ i Valzi) d(1+n) (\f(v,xi, Vz)|a(3f7)> @) )

i 1/a(xy) .
E _

d(1+n)
d(1+4n) d(14n)

< KpE [ i G0 W (v, V;) oG

K S\ e A S\Vd o [a
U 1 g 1
< B | W V), v HO)] ’(E) -1 + (ﬁ) -1
. d(1+mn) .\ 1/d d(1+n)
KU 1 a0 q 1/c i
< B (W, V) 4+ W (o, V) E 0 ) E ‘(F) -1 (gy)

Using the fact that n <& and 2(1+n) <1+,

E (W (0, Vo) 7 W (0, Vi) S5 ) = B (W (0, VA) M7 4 W (0, 12) £ )

< Ky,
g\ A i\ 204
E (F) —1 < Ky (HE((E) ))
< Ky,
and d(1+n)

As a consequence:

+oo
sup Z ED/ZI ‘d(1+77) < KU

veliz

1 11
PID V! >z) <Ky —t =)
i=1

For j = 2, since the conditions required on (a’, f) are also satisfied by (a, f'u), one gets in a similar fashion

b N 11
=1

and

For j = 3,
31T o/ (z1) —1/a(z1) x
> ) = i > 2
P> 3) P( alen) 35 oaT)IT /) f(w, 21, V1) 2 5
|f(U7$17V1)|a(ZI) Fl
<P|K > .
= ( U po(z) = Hogp1|a(z1)
Let g(Z) = W, for z < 1.
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g is a one-to-one increasing function, and for all z < 1 such that z|logz|a(zl) < 1 and |1 +

o) L el < 2,
log z|*(=1) z
log 2172 = “| >2
g (Z‘ 02| |log z + a(z1) log | log z||*(x1) — 2
thus g~(%) < z|log z[*(®1).
Fix A > 0 such that for all 0 < z < A, g7 '(2) < 22|log2 + log z|*(1) j.e.
g 1(z2) < Kyz|log z|*®1),
1,V a(zy)
Let B = {KU\f(v L }
P
P(B) =P(BN{I}>1})+P (B n{n <1}n {o < Ky f”la(xj)” < A})
x
‘f(vaxla‘/l)‘a(xl)
+P<Bm{F1 <1}m{KU o@D >Ad ).

Each of these three terms will be treated separately.

|f (v, 21, V2)[*0)

po(zy)

e P(BN{In>1})< P(KU |log I [*() > 1>

<P\ Ky sup [f(v,w, V1)) (|log I1|° + [log I'1|*) > 2*(1) | .
weB(u,e)

For x > 1,
P(BN{I >1}) <P (KU p )If(v,w,Vl)\“(“’)(\ log In|* + |log I1|) > w)
weB(u,e
K
< —UE< sup If(v,w,‘/l)“(w)> E (|log I1|* + [log I1|)
x weB(u,e)
<Ku
:L-C
For x < 1,

P(BN{I1>1}) <P (KU sup | f(v,w, V1)|*™) (|log 1| + |log I |*) > wd>
we B(u,e)

Ky

P

IA

po(z)

a(zy)
° P(Bﬂ {Fl < 1} N {KUf(U’xl"/i) > A}) < P(KUf(U’q;th)o‘(ml) > Axa(ﬂh))

<KU Ky

¢ zd



148 R. LE GUEVEL AND J. LEVY VEHEL

po(zy)

a(z1) a(z1)
{gm) < e }” (<10 {0 < g 0oL I A}>
xoz 1

;L*a(xl)
a(z1) )

1 1 a(z1) 1 a(xr)
S P(Fl SKUf(U’xl’Vvl”a(xl)( _H ng| >+KU|f(U7$17V1)| Og‘f(v,l‘l,vl)H .

a(zy)
oP(Bﬂ{F1<1}ﬂ{O<KUf(v’xl’vl) <A}>
P

ro(z) U ro(z1) ro(z)

a(zy) a(zy) a(zy)
SP<F1§KUf(v’x1’V1) LK |f(v, 21, V1) ‘log |f (v, 21, V1)]

(@) zo(z)

With W(U7$) = SupwEB(u,s) |f(v’w,x)|a(w) and Z(’U,.’E) = SupwEB(u,s) ‘f(’U,’U),.’E) 10g ‘f(,u’,w’x)Ha(w)’

1’0‘(301)

P (B N{I <1}n {0 < Ky |f (w20, Vo)) < A})

IN
-

ga(@1) polz)

1+ |log z|*(@1) 1+ |log z|*()
P(H < KyW (0, 1) (%)) T P<F1 < KUZ(U,V1)<% .

1411 a(z1) Z(v. Vi
(MKUW@,VQ(w)% (v, 1>>

IN

Zo@1) P po

. a(zy) c d
Since 1+ log z| < KU<1+|log3:| + 1+|lodg3:| >7

a(z1) c d
P (n < KUW(v,V1)<%>> < P<F1 <KUW(%V1)<1+ [logal® , 1+]loga ))

palen) z¢ xd

1+]1 ¢ 141 d
<KU< +|logal® 1+ [logal )

x¢ zd

and

za(@1) xd

1 4 [log z[*(*1) 14 |logz|® 1+ |logx|?
P<F1<KUZ(U7V1)<+|L>><P<F1<KUZ(’U,V1)< +\x<zgx| N + | log x| ))
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Denoting G, v; the distribution of Z(v, V1),

1+ |logzlc 1+ |logx|®
P<F1<KUZ('UaV1)< \xcg | + ‘xdg | ))

oo 1+ |logzlc 1+ |logx|d
:/ (1—exp<—KU< ‘xcg | + |xdg | z | |Guvy(dz)
0

L+ [loga|® 1+ |loga|®) [T
< KU( | (:gx‘ + ‘ ng| >/ ZGU’Vl(dZ)
0

x zd
141 c 141 d
<KU( +|logal 1+ [logal >
xc .Z‘d

since sup, e p(y,) E(Z(v, V1)) < +oc.

Finally,

a(zy) 1 1 c 1 1 d
P(Bﬁ{Fl < 1}0{0§KU|JC(U»$1»V1)| SA}> SKU< + |log | 4 + |log x|

po(@1) xc xd
and
c d
P (|Y13\ > f) < Ky 1+ |log x| . 1+ [logz|® |
2 ¢ zd
For ¢ > 2,
1/a(zi) d(14n)
i|d(1+n) log I; i
31d(1+n) |log d[ ™) 147 ) 4 (14n) o8lill( L _
|logi‘d(1+") log FZ Z 1/0‘(337) 1 d(1+77)
= DU log i I;
1/ d(1+n) 1/d d(1+n)
| log 4|21+ log I || [ i ‘ ) ! log I || i ) !
ittn logi I; logi I;
|10gi‘d(1+n)
e
thus
—+oo
sup Z E|Y;3\d(1+’7) < Ky
velU i—2
and

> YF

i=1

d

1+ |logz|® 1+ |loga|?
>x> <KU( +Ixcc>gx\ n +\x3grv| )
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Let us go back to P (| X (v,v) — X (v,u)| > x).

Z(Zl+ZQ+Z‘3+Y1+Y2+Y3)
1=1

)*P<

_d
§]ﬁ7<h}$;d <1+

General case: we apply the previous result to the function g(t,w, z) = r(x)Y/*) f(t,w, ) on (E, &, ) where
m(de) = ﬁm(dx). We check that g is satisfying the conditions (R1), (M1), and (M2) with r(z) =1

and the proof is complete.

e By (R1), the family of functions v — f(t,v, z) is differentiable for all (v,¢) in U? and almost all z in E thus
v — g(t,v,x) is differentiable too i.e. (R1) holds for g.
e Choose > ¢ — 1 such that (M1) holds.

sup (|g(t, w, 2)|*)) = r(x) sup (| £ (¢, w, 2)|**)).
welU wel

One has

[ |supate. v " e = [ [sup s, ) " i)

welU

- /R [sup<f<t,w,x>|a<w>>} " w)m(d)

welU

thus (M1) holds for g.
e Choose d > £ — 1 such that (M2) and (M3) hold.

gLty ) = () (1 (1w, ) — % log(r(2)) £ (1, w, )

and

/R E‘ég(lg;(t, w,l‘)o‘(“’))] o i (dz)
o/ (w) |

SAEd )

The inequality |a + b|° < max(1,2°71)(|a|® + |b]°) shows that (M2) holds for g.

fult,w, ) — og(r(x)) f(t, w, x)

a(w)q 1448
H r(z)°m(dx).

5.2. Proof of Theorem 3.1

Consider
e H Y(t+e)—Y(t)

n
0 > .T) dx.

n] _ /Ooo b (‘Y(t +€eh)(t)— Y (t)
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Thanks to (R1), (M1), (M2) and (M3), Y is h(t)-localisable at ¢ [13], thus for all > 0,

o (‘ Y(t +;)(t)_ Y (1)

> x) —P (/)" > =z).

We shall make use of Lebesgue dominated convergence theorem.

Y (t4e)-Y (t) |"
Forxﬁl,P(‘%

>x)§1.

n
>x>

For x > 1,

o (‘ Y(t+e)—Y(t)

o <’Y(t+s) —Y(t)’ N ajw)

ch(t) h(t)
X(t+ett+e)—X(t+et) al/m
< (| - >
b X(t+et)—X(t,t)|  x'/m
" =0 2 )
For the first term, by Proposition 4.11,
X(t+ette)—X(t+et) al/n Ky 4
P(’ —h(D) > 5 < —a/n (1—|—|10gx\ ) o/ (1—|—|10gx\ ).
For the second term, let p € (n, a(t)).
X — 1/n — p p/n
o [X(ttet) - X(tt)|_ = _pf|Xtte) X))« _
gh(t) 2 ch(t) g

With Markov inequality and (H2),

_ 1/n P
P( X(t+e,t) X(t,t)’>x ) 2

E0) 5 ) = gormem@ Coam 0PI (E+ et ) = F1 )l

20l p/o(t)
S xp/ngp?z(t) (/ ‘f +5 t .’E f(tatal'”a(f)m(dl'))

Kpa@)
1'17/77

)

thus

P(’Y(t—&—e)—Y(t)

ch

K 1 1 1
>ac> <KU< T (1+|logz|?) + e (14 |logz|) + p—/n>1x>1+1x§1.

5.3. Proof of Theorem 3.2

To prove Theorem 3.2, we need a series of lemmas. More precisely, the proof is organized as follows: Lem-
mas 5.12 and 5.13 below are used to prove Lemma 5.15. Lemmas 5.14 and 5.15 allow to show Proposition 4.10.
Finally, Propositions 4.10 and 4.9 are used to prove Theorem 3.2.



152 R. LE GUEVEL AND J. LEVY VEHEL

Lemma 5.12. Assume (M6), (H4) and (H5). There exists a function | > 0 such that

lim sup |A(r, t) — ()] = 0,

r—0¢cy

where
oL/alt+r) ) 2
a(t+r) a(t)

A(r,t) =: r2h / / S/t fE+rt+rz) — Wf(t,t,x) dy m(dx).
2/a(t) g L= atry
Proof. Let I(t) = —“—————¢(t). Note that condition (H4) implies the following:
(D)
Ky > 0,Vv € U,Vu € U, ‘1+2 f (v,u, ) — f(u,u,z)]> m(dz) < Ky. (5.11)

Expanding the square, we can write A(r,t) — I(t) = Ay(r,t) + Asz(r, t) + As(r,t) where

1/a(t+r) Ol/a(t) 2

a(t+r) ot
Aq(r,t) 7«2h D / / 1/ ———ft+rt+rz)— yl/(a)(t) ft+rtx) dy m(dx),

201/
As(r,t) = W/ / 170 ——ag1(r, t,x,y) g2 (r, t, 2)dy m(dx),

and
c? /oc(t)

As(r,t) r2h ) / / 2/0(” flt+rtx)— f(t,t,x))Q dy m(dz) — I(t),

1/ o (t+7) ol/e®
with g1 (r,t,z,y) = % (t+rt+rwz)— %f(t—i—r,t,x) and go(r,t,x) = f(t+rt,x) — f(t,t,x). Since
« is continuous, there exists a positive constant Ky (that may change from line to line) such that

g1(r,t,x,y)g2(r, t, x)

A2, 0)] < 5y / / /a0 dy m(dz)
< K—iﬂ( L), m(r,t,x,ynzdym(dw))%( WA dym(dw)>%
<- U SO A1) (/ / 92 17“/;5(5" dy m(d:c)> :
< 5@) (r,t) (/ lg2(r,t, ) (d@)i‘ﬁﬂ_%[(%_ﬁ Qié(ctv)(t)
< Ky A1(T,t)< S0 /\f t+r,t,z) f(t,t,x)zm(dx)>%

< Ky+/Ai(r,t) with (5.11).
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Let us show that lim, .o sup,cy; /A1(r, t) = 0. The triangle inequality yields /A1 (r,t)) < 1(r,t) + 02(r,t) +
03(r,t) where

N

La(t+r) _ /e 2| f(t+rt+r2)?
ou(r,t) = Th(t) (/ / ’Coc(tJrr) Calt) y2/alt+) dy m(dz) |,

2/a
// 2/aa(tt)+r |[f(t+rt+rax)— f(t—i—r,t,x)\zdym(dx) ,

=

1)
2(r?) 2rh

and 1
2

2
2/a(t) 1 B 1
d5(r,t) = 2rh (/ / C’a(t) |f(t + 7t x)|? <y1/a(t+r) yl/a(t)> dy m(dx))

Now,

r /a(t) 1——2 \ 32
Catein = Cap | (1 (KT .
510 ) < Ky ——(7) [ 15ttt mas)

a(t+r)

=

Since the function u +— Ciés)(“) is a C' function,

=

51 (r,t) < KUrl_h(tH‘a—(tif) -3 (/ |[f(t+rt+r 1‘)\2 m(dx))
R

1
< Kyr' MOFSem 3 with (M6)
S KUT%J'_%_’LF

Since 1 + 1 — hy >0, rhg(l) sup;cy 01(r,t) =0.

1

Cléc;(t) ) Ko\ ek \ 2 1
So(r,t) < —2U - / t+rt+ra)— ft+nrtz)>md
2(rt) < 5 30 ( 5 _1<T> ) (Rf(+7" +rx) — f(t+rt )" m(dr)

a(t+r)

=

< KUT—a(tlm—h(t)—% (/ lft+rt+rax) —f(t+r,t,x)2m(dx)>
R

< Kyretsem M with (Hs)
S KUT%J'_%_}L"'

thus liH(l) sup;cy 02(r,t) = 0.

=

S3(r 1) < —2U t+rt,x) | m(d
3(r,t) < o h() </R |f(t+rt,2)]" m( 1’))

1 AR
x \ /et~ yijam ) Y
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Since the function u — a(u) is a C! function, ¥y < 3,

1
2

d3(r,t) < %(/ |f(t+7",t735)2m(d$)> Kyratan
R

< Kyrzta— 17"+ with (M6)

thus liH(l) sup;cy 03(r, t) = 0. Finally, lin’(l) supyc /A1 (r, t) = 0.

Let us now consider the last term As(r,?):

02{(;(”1{1 = 1
aft 2
A(r,t) = - (Tm(h(t)l/a(t) [ G+t = f.) m(dx)—g(t))

a(t)
thus, with (H4), lir% sup,cy |As(r, )| =0 0

Lemma 5.13. Assume (M}), (M6), (M7),(H3), (H5), and let:

1/e(t) nflrinf
Alrt) = 1 oy K st 5o ( (t+r) fR t+rt+rx)f(t,t,z)m(dz) .
I -1/« I ——
rit2(h(t)=1/a(s) Ciézf];—; )y ot~ am (Q(HT) + o5 — 1) Jg f(t+ 7t + 7 2)?m(dx)

Then:

lim sup |A(r, t)| = 0.
r—0,cU

Proof. Since the function t — a(t) is a C! function, there exists Ky > 0 such that

a(t
W—l S’I”[(U7 (512)
a(t+r)
’Kﬁ*ﬁ —1’ < rKy, (5.13)
and
.
e - 1| <K (5.14)
a(t+r) a(t)
Increasing Ky if necessary, we also have, Va > 0,
1 a
—T 1‘ <r'Ky. (5.15)
ro(+r)  at)

For the last term, we write

Jo FE+ 7t +ra) f(t,t, 2)m(dx)
Jo f(t + 7.t +r,2)2m(dx)

—1=A4(rt) + Ax(r,t)

where

1
Jr Jt 47t 47 x)2m(

Ai(r,t) = ) (/Rf(t—&-r,t—kr,x) (f(t,t,x) —f(t—|—r,t,ac))m(dm))
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and

1

B t) = TR ) (/Rf(t—l—r,t+r,a:)(f(t+r,t,x)—f(t+r,t+r,x))m(dx)).

With (M7), we may choose Ky such that
A1) < Ko [ 1+t +r )] [1(68.2) = (04 r,t,0) mda),
R

Let p € (a(t),2), p > 1 satisfying (H3), and ¢ such that % + % = 1. Holder inequality entails:

1/q 1/p
0] < Ko ([ et nofmm) ([ 16— s nenr )
R R
1/p
< Ky </ |f(t+rtz)— f(t,t,x)pm(dw)> with (M4) and (M6)
R
< Kyr» =36 with (H3).
With (M6), (M7) and Cauchy—Schwarz inequality, we select Ky such that
3
a0 < Ko ([ 176+ re 7.0 = e+t man)
R
< Kyr with (H5).
. . 1 1
Finally, since h(t) + 5 e < 1,
‘ JrfE+rt+ra)f(tt,x)m(dr) 1’ < KyrhO+i-<h (5.16)

Jg f(t+ 7t 47 z)2m(dr)

Using the inequalities (5.12)—(5.16), we may find a constant Ky such that for all @ > 0,

1
[A(r, )] <

2 2 2(h(t)++—5155)
< crrmmay Ko (17 ™).

Choosing a € (h(t) + ]lg - ﬁ, 1), this entails:
Kyr2hO+5-a6)

3
O e R YY)

2
< 3Kyrr .

Since % -1>0, }13(1) supy, v |A(r, t) =0 O
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Lemma 5.14. Assuming (R1), (M4), (M5), (H1) one has:

1
Ve < =, 3Ky <1 such that Vv > 1,Vr < g,

d
vi=a ) vC’l/ng)rr)f(t—l—T t+r ) vCl/a(t)f(t t,x)
y > Ky =Vt € U, sin -

2rh(t)y1/a(t+r) 2rh(t ) 1/a(t)

2

1 vCié?Jri;_r)f(t +r,t+r ) vCi{g(t)f(t, t,x)
- 5 2rh(t)y1/o‘(t+7") 2rh(t)y1/a(t)
po M et ot AR o .
Proof. Let & < 1. We write “(zt:,f'()t)yfgit;;r ) Q:ff()t)yf/(ii) ) k1(r,t,v,2,y) + ka(r, t, v, z,y), with
v (O ety O F( it )
"fl(Tatv’vavy) = B
BYA0) y1/altrn) y1/a(d)

and
a(t
Ka(r t,v, @, y) = 2 y1/a () (ft+rt,x)— f(t,t,x)).

Using the finite-increments theorem,

1
v Kylf(t+r,a,z)| C/a(a)\fu(t"‘?”a z)|
9 (D) Sgg yi/a(@ + SEU yi/a(@)

\H1(T,t,v,x,y)| <

ot
s 1260, ol 10+ )
e o2(a) yi/a@
For y > 1, conditions (M4) and (M5) imply

KU|f(t+T,G/,l')| < KU
yl/a(a) — yl/d’

Kylfo(t +7r,a,x) - Ky

yl/ala) = yl/d’
and
@@ e it rad) Kyl
o2 (a) yl/ala) = yl/d
Finally,
et < KU 1 g

KUU
yl/d—e ’

IN
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Condition (H1) allows to estimate xa(r,t,v,z,y) as follows:

KU’U
|/§;2(T,t,v7l‘7y)‘ < W

_d__
Finally, VK > 0, Ve < 33Ky > 1,V0 > 1Vr < eo, Vy > Ky2—",

WO pe e 0O it ta) =

9 (D) g1/l T) Srhyifad | =

Lemma 5.15. Assuming (M4), (H3), (M6), (M7), (H4), (H5), there exist g and Ky > 0 which does not
depend on t such that ¥r < gg, Vv > 1:

2

where

2
1 t+r 1/a(t
_// VOt ra) wCy R f ()
v, t, 7T 4
Kyvl—-ed

2rh(t) g1/ alt+r) 2rh()y1/a(t) dy m(dz).

Proof. Expanding the square above, we may write

N(v,t,r) = As(r, t)v2+ﬁ(1_ﬁ) — A (r, t)v2+ﬁ(1_ﬁ_ﬁ) + As(r, t)v2+1+?d(1_%),

h
where C2/Oz(t+7‘)(KU)1_a(t2+V)
A(rt) = ;(tJrr) O / |f(t+rt+r z)Pm(dz),
4(—2—_1)r st
(a(t+7”) )
e
Aa(rt) = 142 () — ot f (t+rt+rx)f(ttz)m(dz),
5 (m n m 1) EGoRo)
and
02{03@)( )1—a<t>
Az(r,t) = 5 1+2(h(t ‘f () Fnlde)
(1) )
We obtain

2
N(v,t,r) = ﬁ*?‘id(l*ﬁ) <A1(T, t) (v%(ﬁ*au‘ir))) — As(r,t) (vl ad(agt)*aulw))) + As(r, t)) .
Let P(r,t, X) = A1 (r,t) X2 — Aa(r,t) X + Az(r,t). Write:

P(r,t,X) = P(r,t,X) — P(r t, 2’21((’; %) i P( ;121(8 %) — P(r,t,1) + P(r,t,1).

Since P( A2((Trtt))) is the minimum of P,

A2 (T, t)
> =) - )
P(rt, X) > P(r,t, A, t)> P(r,t, 1)+ P(r,t,1)
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Note that P(r,t,1) = N(1,¢,7), thus Lemma 5.12 entails that there exists a positive function [ such that

liH(l) P(r,t,1) = I(t). For P(r, t, 2‘?421(8?)) — P(r,t,1), we use Lemma 5.13. With the same notations,

AQ(T, t)
P(T,t, m) — P(T,t, 1)

= A (r, ) 2O 5T) A 1)

< KUA(Tv t)

thus ll_r)r(l) sup,cy |P(r, t, 2‘?421(8;)) )—P(r,t,1)] = 0. As a consequence, there exist a positive constant Ky and eg > 0

such that for all z € R, all r € (0,&¢) and all t;nU, P(r,t,z) > Ky. We obtain N(v,t,r) > Va0 Ky
for all v € R and r € (0,&¢). Since a(t) > ¢, N(v,t,r) > Kyv2t == (1-2) O

We now proceed to the Proof of Theorem 3.2.
Let v > h(t) and = > 0.

P (|Y(t+r) —Y () > x) = P<|Y(t+’r) —-Y(@)| < ?>_

Applying Proposition 4.10, there exists g > 0 such that

—+oo
sup / QY (t+r)—Y(t) (v)dv < +00.
reB(0,e0) JO rh(®)

Thus with Proposition 4.9, there exists Ky > 0 such that

FY—h(t)

P (Y(t—l—r) Y (@) < %) < Ky

Let r, = & with n(y—h(t)) > 1.Vz > 0,>_ P (m > x) < +4o00. Borel Cantelli lemma entails that,

= 400. As a consequence, almost surely, lim sup W = +o0, and

r—0

Y (ttrn) =Y (1))

almost surely, lim
n—-+ Tn

H, < h(t).

5.4. Proof of Theorem 3.5

We want to apply Theorem 3.1 with f(,u,z) = 1 (). Let us show that conditions (R1), (M1), (M2) and (H2)
are satisfied.

e (R1) The family of functions v — f(t,v, z) is differentiable for all (v,¢) in (0,1)? and almost all z in E. The
derivatives of f with respect to u vanish.
e (M1)
‘f(tvwvx”a(w) = l[O,t] (l‘)

thus, for all 6 > 0, all ¢ € (0, 1),

146

/ [ sup (\f(t,w,x)|a(w)) dr =t
R

we(0,1)

and (M1) holds.
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(M2) f! =0 thus (M2) holds.
(H2)

1 1 [t

S —_ a(t) S
rh(t)a(t) /R |f(t+rtx) = f(Et,2)|*"Ym(ds) , /t dx
=1

)

thus (H2) holds.
From Theorem 3.1, we get that

EIY(t+¢) = Y(OI"] ~ e E[V (1)]"].
Since Y/(1) is an S,(4)(1,0,0) random variable, Property 1.2.17 of [21] allows to conclude.

5.5. Proof of Theorem 3.6

159

We want to apply Theorem 3.2 with f(t,u,z) = 14 (x) and h(t) = ﬁ in order to obtain the inequality. Let

us show that the conditions (M4), (M5), (M6), (M7), (H1), (H3), (H4) and (H5) are satisfied.

e (M4) Obvious.
e (M5) Obvious.
e (H)VweU,VueU,VzeR,

1
= u‘h(u)fl/a(u) |f(v,u,z) — f(u,u,z)| = 1[u,v] (z)

<1

thus (HI) holds.
e (H3))Ywe UNueU,

1
v — u‘1+17(h(u)*ﬁ)

Pm(dx) = ! T
/R|f<v,u,x>—f<u,u,x>\ (dz) /Rmuw]( )

v —u
=1

thus (H3) holds.
e (M6) Vv e U, VueU,

/R |f(v,u,m)\2 m(dz) =v
thus (M6) holds (U = (0, 1)).

e (MT7) Since ¢t € (0,1) (in particular ¢ # 0), one can choose U such that inf,ey v > 0 thus (M7) holds.
e (H4)

1 1
ey [, U nte) - St i) = 1 [ 1@
=1

thus (H4) holds.
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e (H5)YweU,VueU,

ﬁ/RU(v,v,x) — f(v,u, ) m(da) =

thus (H5) holds.

5.6. Proof of Theorem 3.3

We

want to apply Theorem 3.1 with f(t,u,z) = |t — J;\H(u)_ﬁ - \J;\H(u)_ﬁ. Let us show that conditions

(R1), (M1), (M2), (M3) and (H2) are satisfied.

e (R1) The family of functions u — f(t,u, ) is differentiable for all (u,t) in a neighbourhood of ¢y and almost

all z in E. The derivatives of f with respect to u read:

o' (w)

a?(w)

frt,w,z) = (b (w) + log |t — z|)|t — z|")=Velw) _ (1og |z|)|a|M(w) =T/ alw)|
u

e (M1) In [6], it is shown that, given ¢ty € R, one may choose € > 0 small enough and numbers a,b, h_, h

with 0 <a < a(w) <b<20<h <hw) <hy <land (-3 <h_ —(L-4)<h_<hy<
hy + (2 —1)<1—(L—1) such that, for all ¢ and w in U := (to—s to +¢) and all real x:

|f(t,w, )], | fr, (8w, 2)] < ka(t,2) (5.17)
where Ay Ay
S amax{l, |t —z|""Ye + x|~} (Jz| <14 2maxier [t])
kl(t,$) - {cth‘*'_l/b_l (|l‘| > 1+ 2maxier ‘t|) (5.18)

for appropriately chosen constants ¢; and ¢y. One has, for all § > 0,

1+0
/R {sup f(t,w,:c)|a(w)} r(z)’dx < /R (k1 (t,2)* + k1 (15,;1:)1’)1+(S r(z)°dx

welU
< K, / ko (£, 2)20+) ()
R

+Ks / ki (t, )P0 r ()0 da.
R

Let us study [ k1(t, 2)?+9r(2)°dz, where p =a or p = b.

25 +oo
/ kl t l' 1+5) = 35 Z .7 + 1 25/ (kl(ta _l.)p(1+5) + kl(tax)p(l+6))d$

726 £ j+1
-5 Za+1 2 [ (a0 ),
J

We consider now fjo k1 (£t, 2)P1+9)dx. There exists K, 5 > 0 such that, for all real z such that |z| <
1+ 2maxcy |t]:

ky (£, 2)P1H) < K, 5 (1 F| £t — gpAFO(B-=1/0) 4 ‘x‘pu%)(h:l/a)) ’
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and for all real  such that |z| > 1+ 2maxey |t
kl(:tt,:c)pu*‘;) < Kp(;\x\p(1+5)(h+*1/b*1),

Let jo = [1 + 2maxscy |t])] . For j < jo,

J+1 j+1 j+1
/ ki (£t 2)P0 0 dz < K, 5 <1 +/ | £ ¢ — g[PAH+Oh-—1/a)qy +/ xp<1+5><h1/a>dx> .
J J J

Choose ¢ such that p(1+d)(h— — 1/a) > —1 (we show below that such a ¢ exists).
Then

41 +tj
/ |t — PO —1/a) gy — / [P0 (B =1/a) gy
j +t—j—1
_ e j|1+p(1+5)(h—*1/a) +|Et—j5— 1|1+p(1+5)(h—*1/a)
< TP o) 1/a)
< KU‘t|1+p(1+6)(h‘_1/a)‘l +j|1+P(1+5)(h——1/a)

S KU(]. +j)1+p(1+5)(h,71/¢1)

where K7 > 0 depends on U and may have changed from line to line. We deduce:

j+1
/] k1(:|:t,w)p(1+5)dw < Ky(1 +j1+p(1+5)(h——1/a)).
J

For j = jo,
" Jo+1
/ ki (£t, z)PAH)dz < Kyljo|t PO+ (h-—1/a) o KU/ D1/ g,
Jo A
< Ky.
For j > jOa
J+1 i1
/ k1(j:t,x)p(1+6)dx < KU/ ‘x‘p(lﬂ)(h**l/b*l)dx
7 J
< KpyjpA+d)(he—1/6=1)
Finally,
Jo—1
sup/ Fy(t, )P0 r(2)0de < Ky [ 1+ Z 528 (1 +j1+P(1+5)(h_—1/a))
teU JR par
thy Y RO/,
J=jo+1

To conclude, we need to show that we may chose § > 2 — 1 such that p(1 4+ §)(h— — 1/a) > —1 and

20 + p(1+9)(hy —1/b—1) < —1, for p = a and p = b. We consider several cases.
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First case: h_ —

%20andh+—%—1§—%.
Let5>§ 1. One %

has p(1+9)(h— — =) > 0> —1. We consider 1+ 20 + p(1 4+ 0)(hy —1/b—1).

2
1+2&+M1+®w+—1w—4)§1+26—EM1+®

_1—@+25<1—1—’>.
a

Sincel——<0and1——<0 1—|—2(5+p(1—|—5)(h+—1/b—1) < 0.

Second case: h_ — E >0and hy — 3 — 1> —%
Let 0 € (— -1, %‘%‘_”7;_:?) One has p(1+0)(h——21) > 0> —1. We consider 1420+p(1+0)(hy—1/b—1).
For p = a:
1 1 1
1 1 1 1
<a<g—a—|—1—h+> +G/(h+—g—1+a)
=0.
For p = b:

If $ + hy — 1 <0, then b6(3 + hg — 1) + b(hy — 1) < 0. Else

@Im =
c—l»—‘@h—‘

1 1—hy
b6| —+hye —1 b(hy —1 b— h b(hy —1
<b++ >+(+ ) < 1+h+<b++ >+(+ )

b 11 1
%—%—1+h+<a b><+ b)

< 0.

; . 1 1 2
Third case: h,—— < 0 and h+—5—1§—5.

ah_+ﬁ—1

For p = a:

1+p(1+5)<h _ é) — ah_ +8(ah_ —1)

ah_ + 4 —1
h_ ho —1)—2—

> ah—+ (a 1) 1—ah_

:ah_—i—l—%—ah_

> 0,
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and
2 1 1 1
1+25+p(1+5)(h+—1/b—1):a5<5+h+—5—1>+a<h+—g—1+a>
1 1
§a<h+———1—|——>
b a
< -1
< 0.
For p =b:
1 1 1 1
oran ) =ofo 2 2) )
a a b a
1 1 1\ah_+7 -1
>b<h_—5—|—g>—|—b<h_—a> T ah
1 1 1 1
=blh_ ——+ - bl ———=—h_
:07
and

1+26+p(1+5)(h+—1/b—1):b5<%+h+—1)+b(h+—1>

<b5<% - %) +b(hy —1)

< 0.

Fourth case: h_ — % <0and hy — % —-1> —%.
b . ah_+%-1 1-141-hy
Let 6 € (a—l,m1n< > %1+h+>>'

For p = a:
1
1+p(1+5)<h_ — E) =ah_ +d(ah_ — 1)

2 oferim

ah_ + ¢ —

> ah_ 4 (ah_ —1) T ah

:ah_+1—%—ah_

> 0,

163
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and
2 1 1 1
1+2(5—|—p(1+5)(h+—1/b—1):a(5<5+h+—5—1>+a<h+—g—l+a>
1 1 1 1
>a<g—a+1—h+>+a<h+—g—l+a>
= 0.
For p =b:
1 1 1 1
1+p<1+5>(h___> :b<h___+_> +b5(h___>
a a b a
1 1 1\ah_+7 -1
1 1 1 1
_b(h‘_5+5)+b<5_6_h‘>
:0’
and

1—|—26+p(1+6)(h+—1/b—1):bé(%+h+—1)+b(h+—1).

If $ +hy —1<0, then 1426+ p(1+6)(hy —1/b—1) <0, else

1 L lao1-n )\ /1
bo| —+hy —1 blhy —1 Y (R —— —+h, -1 blhy —1
<b++ >+(+ ) < <% —1+h+><b++ >+(+ )

B Lo\, ]
"2 T gqp\a b))\ b

< 0.

S o

(M2) is obtained with (5.17) for the same reason as in (M1).
(M3) For j large enough (j > j*),

£ (t, w, ) log(r(x))|*™) < Ky ks (t,2)[*™)
+oo
+K5 Z |f(t,wal‘)\a(w)(IOg(j))dl[fj,fjﬂ[u[jfl,j[(l’)

Jj=3*

£t 0, 2) [ aog-1(@) < szl[fjﬁjﬂ[uhfl,j[(w)
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(K3 may have changed from line to line). Thus

146

sup [t ) og(r )] | @) < Kbt )04 0) + Kl 1,004

?* (log(4))*
+K Z |z 1+5) T+1/6— h+)1[—j,—j+1[U[j—1,j[($)-

Let 6 > % — 1 be such that (M1) holds. Since 26 + a(1 + 6)(hy — 1 — 1) < —1, (M3) holds.
e (H2)

a(t)

1 1 __a
e / [f(t+rt2) — f(t,t,2)]*Om(dz) = / 11— 27075t — |27 O3t | dz
e R R

o (H2) holds.

From Theorem 3.1, we obtain that

E[IY(t+e) = Y()[") ~ e E[ Y (1)]"].

a(t) a(t)
Since Y/(1) is an Sy (0,0,0) random variable with o = (fR ’\1 —ac|H(t)7ﬁ - \J;\H(t)*ﬁ dx) ,

Property 1.2.17 of [21] allows to conclude.

5.7. Proof of Theorem 3.4

We want to apply Theorems 3.2 with f(t,u,z) = |t — z| o — || = in order to obtain the
inequality. Let us show that conditions (M4), (M5), (M6), (M7), (H1), (H3), (H4) and (H5) are satisfied.

(M4) Since H(t) — (f) >0, (M4) holds.

(M5) We also use the fact that H(t) — ﬁ > 0 in order to prove that (M5) holds.
(H1) Yo e U,Vu € U, Vz € R,

H(u)— (u)—

1 1 H(u)——L- H(u)—
= u|h(u)—1/a(u) |f(v,u,2) — f(u,u,z)| = = u|H(u)—1/a(u) v —z ) — [u —z wto

<1

thus (H1) holds.
(H3) Yo e UNu € U,

p
5 [ 1) = fn)P o) = [ (0=l ol
_a(u)

lv— I“”

o (H3) holds.
(M6) Vv € U, Vu € U,

2
R R

thus (M6) holds.
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(M7) For t # 0, one can choose U such that inf,cy P P2HO=5EG) 5 0 thus (M7) holds.
(H4)

1 > H) -l _ | HO- 2|
m[ﬁ(f(tﬂ,t,w)—f(t,t,w)) m(dw)Z[R‘\l—ﬂd 7O — [ 70 d

2
thus, choosing g(t) = [ ‘|1 — x\ D-aty — |w|H(t)7ﬁ dz, (H4) holds.

e (H )VUEU,VueU

U%u‘z [ 1700) = 0.0 )

2
= [l o sl 0 st
v—u R

thus (H5) holds

5.8. Proof of Theorem 3.8

+oo |
Recall that r(z) = > 2071 _; i qup—1,5(2) and f(t,w,z) = e‘A(x_t)l[t’+oo)(ac).

j=1
e (R1) fl(t,w,z) = 0.
o (M1)
140
[sup w9 < @01,
146 +o00 .
[316113 If(t,w,x)a“”)] r(a)? <Y 20T AENETOL (015D o) (®)-
j=1
We write U = (t — €,t +€).
Case t < 0:
146 +1
/ {sup(|f{,(t,w,x)°‘(w))] dl’ < Z 9(=j+1)s / e~ A1+0)e(z—t) 3,
R weU
j=[t—€]
J+1
+ZQ<;+1)6/ A+O)e(—1) gy
< 266)\(1+6)Ct( —HAHe Z 92— ]5 —A(1+8)cj
- Ac(1+96) “
256)\(1+5)ct( —A(146)c Z2j5 _A(1+d)e
Ac(1 +
ot/ — c —[t—e]
. 98 o A(149) te A1+ _ 1) Z i (61024 A(1+6)c)
- Ac(l +9)

j—l
21 +8)et (= A(1+0)e _ 1)

263(6(1112 Ac)— )xc)
Ac(l +

If In2 — Ae < 0, there are no constraints on ¢. Otherwise, chose ¢ € (0, 1n2>\—f)\c)
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Case t > 0:

/ [sup<f;<t,w,x>“<w>>
R LweU

1o ™= j+1
x)‘;dxg Z 2(j+1)5/ e~ A1+8)c(z—1) 4,

j=lt—e J
_ 26e>\(1+5)0t( =A(1+d)e _ Z 078 = A(1+6)cj
- (1 +9)
el + 4
5 A(148)ct (= A(1+8)c
<2€(+))\((1+(6+) — Zej (In2—Xc)— )\c)
¢
(M2) Obvious
(M3)

146 too
[:‘,‘22 | log<r<x>>|a<w>] r()’ < [log 20N " |4 1400200 i (@)
j=1

The remaining of the proof is the same as in (M1).
(M4) f(v,u,x) <1.

e (M5) Obvious.
o (M6)

(M7)

(H1) We have h(u) = ﬁ

1 1o 1 a(t) [+
—/ \ft+rtx) — f(t,t,z)|*Pde = —/ e W@ qy 4 = ‘e)‘(t”) —eM / e gy
r Jr " J¢ r t+r
1 ’ ’oz(t) 1 o ef)\a(t)r)
<
~ Aa(t) T + T
and a(t) > 1.
(H3)

1 1 |e)\\u7u\ o 1|p (1 _ e—)xp\v—u\)
—_ - Pe < — .
U_u|/Rf(v,u,x) fluyu,z)|Pde < » [ o=l + v =]

(H4) Let g(t) =1

=S| =
IN

/ (Flt+rt,2) — f(t,t,2))2 dz — g(t)’
R

(H5) Obvious.

167
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6. PROOF OF THEOREM 3.7
Recall the definition of the Lévy multistable field on [0, 1]

X(U u 1/04(“) Z F 1/a(

To prove Theorem 3.7, we need a series of lemma

0 [0,v] (‘/Z)
Lemma 6.16. Assume o is Ct. Then, for all u € (0,1), almost surely,

‘X(Ua U) — X(Uv u)‘
sup < +00.
vel0,1] v — ul
Proof. in the case of the Lévy multistable field, (5.10) reads

+oo +oo +oo
X(v,v) — X(v,u) = (v—u (Z:Z1 —I—ZZf(v)—&-ZYil(v)—l—ZYig )
i= i=1 j
where Z},...

are defined as above. Let A > 0 and B

> 0 be constants such that YVw € U
, +o0 4o [29Ft1q +o00
la’(w)] < A and ‘a(w)gg((ﬁ))’ < B. We write ) Zl(v) = Y | X Zlw)| = Y Xj(v) and
i=1 j=1 \ i=2i j=1
+oo [27t1_1 400
ZZSU) = Z > Ziv)) =
J=1 =27

) =: ZX;’(U) We consider liminf {
j=1

i s )] < A/f} and
lim inf { sup \X?’ < ng@% . Let VOO V@
v€e[0,1] '

V(@) denote the order statistics of the Vj
(i.e. VY = minVj, ...). Then:

AjV/2I
{ sup |Xj1(v)\> J

2 N oy V0| o ATV
vel0.1] 27/d } - UNZI Ul17<<<,lN€|I2J721+1—1]] ({ ;’}/lia (wll)li 2]/d }
..m{v<1> =V, VO =W,,..., v :WN}>
AVT _ (29 - )L, o) AV
Pl sup \X;(v)\ > .—d> < Z Z —_— Z’yl a’(wy,)l; 7
(ve[OJ] 27/ N=11,....In€[27,20+1-1] (2)! i=1 29/
2.7
<

2J
- s @ (
N=11,,

U)li 9i/d
In€E[2d,2i41 1] (

J7atur) >9\/_>
2 2 - N 2
< >

i

— 2 2
(27)!
=1l,...,In€[29,29+1-1]
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where we have used the following inequality (Lem. 1.5, Chap. 1 in [16]):

o

n
D> ui
i=1

> /\\/ﬁ> < %

. . o . "(wy, i/ .
for (u;); independent centered random variables verifying —1 < u; < 1, with u; =, ‘ (Z}l’) % and \ = 7.
l T

i

We deduce that P (lim inf { sup | X (v)] < Ag){?}) =1.
ve[0,1]

Similarly:

P( sup |X]3(U)|> L

ve(0,1]

bgm&0+m¢§>g%kﬁ

and P [ liminf; { sup |X3(v)| < w = 1. We work on the event
J c0.1] J 23/

log(2)Bj(j + 1)v27
< -
- 27/d

i/ 27
lim.inf{ sup \le(v)| < AJ\/Q_}

= Y Nliminf{ sup |[X3(v
i | veon oo / { P,

Nliminf {I5 > 1}.
J vel0,1] v

25/d 247/d

There exists Jy € N such that Vj > Jo, sup |Xj(v)| < AV and sup | X7 (v)] < log(2) Bj(j+1) V2T
vel0,1] vE[0,1]

+o0 270 1 A +o0 j
1
ZZi () < Z a7 Z ASGTD
i=1 j=0 j=Jo
and
+o0 2701 . +00 .
Blog(i jg+1
> 2| < Y B8 1S ploa UL,
; : it/ A 2i(5—3)
=1 7=0 j=Jdo
+oo +oo |
thus sup |>. Z}(v)| < +oc and sup |>. Z3(v)| < +o0.
ve(0,1] [i=1 ve(0,1] [i=1
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Fix ig € N such that Vi > g, I[; > 1.
i0

DY)

i=1

i
RO
=1

<AZ< 1/c 1/(1)
lo 7
<BZ( ﬂg;g).

and log I}

1/c

_1/0‘($ ) _ 71/04(‘%)

+o0o
>

< A Z 1{1<F %}
i=1ig i=io
+AZ —Va@i) _ -1/a(z:)|q -
{{<I<2i}
i=1g
PAS | r e ety
i=1g

+oo +o00o
—1/a(x; —1/a(x;
> Vi) SQAZ( {1<ri<i }+1{F>2Z}> +AZ foatm) _j=1/eC Miicr<on
i=io i=io = Zo
+o00o +oo 1 F
1=10 i=1ig
+oo
—1/a(xz;
PR O] BZ log(I) Ly —log(i)i™ /") |1y )
=1 =10
1B Z log(I; l/a(z) — log(i)i —1/a(z;) 1{'2i'<1“i§2i}
= Zo
+BZ log(I) Iy /) —1og(i)i /@1 gy,
= Zo
+o00o
S VR < K3 tog) (Tarcgy + L)
i=ig i—io
BY |1 el og(i)im /@) |1 .
+ Z og (I og()i {i<r<2i}
i= Zo
+oo
. log I;
SKzlog(l)( (1<ni<i }+1{F>22})+chz J = —1|-
=1 i=1ig
+oo +oo
Finally, sup |[> Y/'(v)| < +o0 and sup Z}/ﬁ(?}) < +o0.
ve(0,1] [i=1 ve(0,1] [i=1
As a consequence, sup TZ u|(v Wl < oo

ve(0,1]
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Lemma 6.17. For all u € (0,1) and all n € (0, ﬁ)’ one has, almost surely,

X(v,u) — X (u,u)
o —ul"

sup

’ < +o0.
ve(0,1]

Proof. Let n € (0,

&) mEN, C; — 2! {V%[ — s ut 221”,

29+l _1 v
D;" _ sup Z i g~V alu) Zwvld 70 L, U]( i) < lz ’
2er1<\'u u\<2m i—92J ‘,U_u‘n J
and Dj = N> D7". D;j may be written:
27+l _q
V)| 1
D. = sup it —1/a w) [u v] < =
! vel0,1] 222:7 ’ v —wuln 52
Let us evaluate liminf Cj.
2.7'+171 1 1
P(Cj) < Z j227 - ]_2
i=27

and thus P (liminf; C;) = 1. Now,

We consider several cases, depending on the respective values of j and m:
° Ifm>j—|—ﬁlogj,
P (DTN C;) =0
o If j + pargy logj = m > j,

20+l _1

L 1
o —1/a(u S
P (Dj ) <P sup g it /e )l[u,v](v;) 2 2(m+1)7]j2

2m+1<|v ul<ghw =27

Let Jy € N be such that for all j > Jy, DA RN 2’7j3+102<n2>. The event:

29t 1
. 1
{ sup Z Vil 1/a(u)1[u,v](v;) > W}
2m+1

<|lv—u|<gh i—=2i

171
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1 N 11
= Q0min 2 } a (mi‘l {W —ule [W’ Q_M] })
1 1

> W) =0, and thus

! N 1 1
> o) P (- [ i )

is included in the event

2.7
Un>1 (Ull,‘..,me[[zj,zjﬂ1]]{

—1/a(u)

i’

% - lfl/a(1t)
p (A

1=

Z’Yl lfl/a u

—

Notice that for j > Jy and N < j, P (

P(DT”)ssz > (

N=jl1,..,In€[29,20+1-1]

27 N
1 1/a(u) 1
Sy T (| S| s
N=j I1,..,IN€E[29,20+1 1] i=1
27 1 201 1 1
L 462(m+1)n
= Z Mt N Z Jj2 Z .
N=j Iy, ln€[29,20+1 1] i=2i *
2 4o2(mi1)n
J72 J(1—=2=) AN
< ICE= 2 /ol
N=j
27 2 CN
N= J

, (1) 2 9j-No(i—m)N

N=j

__1
<3]4+1o 292 ( ”(“’),

e When j > m > iggg;, the same computations lead to:

2 ol 1 11
—1/a(u
D S (D ) L (s LR e
N=j2i—m 1y, In€[29,20+1 1] i=1 J
2 :462(m~+1)n
J72 J(—=E3) N
< ) Semw 2 0
N:ij—m
27 . .
) 2i—N9(j—m)N
:462(m+1)n—275/a(u)
=72 2 N
N:jgj—m

(e I (j—m)N
< j422"22](" m)) 3 2 —

N=j2i—m
) 29 o (j—m)(j2) " +1)
(j29—m 4+ 1)!

< Kj42 (’7* a(u)
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. n N+1 .
where we have used the estimate ) - &5 <e®X We arrive at:

= C N

P (D) < Kj422j(”*ﬁ)

j2rmm

S > (

15N E[27,2041 1]

—1/oz(u)

L

1
2(m+1)77j2 ’

We need to distinguish two cases depending on the value of n. If n < 3, fix J; € N such that for all j > Jj,

(et —2) > ol/alw) 337G 1 n > %, fix J; € N such that for all j > Jj, ZJ(H(“ M > 91/a(w) 3, /5 Then for all n
gi/ex(i)

and allj 2 J], one has W Z 1 and
1/a(u
Z l—l/oz(u) 1 Z 2 /o) o /N
Vi 2(m+1)71j2 = Vi z J
< 2e77 /2.
We then get
j2j*’"l 1 1 27 N
D 14921 (n—atay _ Noo—i%/2
P (D) < Kj*2 (r==to) 4 St DN (1 2m+1> Cyi2e™
N=1

27 27 N
402 (n—t3) | 9e—i/2 ! ! N
< Kj42¥(=5t7) 4 96 ZQ(mH)N 1= oo cy
=1

< Kj422j( o) )+267j /2.

e Assume finally that m < {gggg
Fix .J; € N such that for all j > .J5, (st =) > 21/a(w) j3+n_ Then, for j > Jy, one has 33\/22%/2% > 1 and
computations similar the ones above lead to
2 T 1
Hm 1/c(u)
0F) < 3 st 1 5 S e[ k)
N=1 I ...,lNE[[2J,2J+1—1]]
27 2/-N 1/o(u)
1 1 i /() ‘
<> st (1= ot > (e ()
N=1 Iyl €[279,2041 1]

< 2e77°/2,

We thus get that, for j > max(Jy, J1, J2),

+o0 - (n_;)
Z P (D_;n N Cj) < Klog( ) At oaiey 10g(2) 2 EIE) ’

m=0

and thus P (liminf; D;) =1
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On the event liminf; C; Nliminf; D;, we may fix jo € N such that for all j > jo,

20+l _1

71/(1 w) [u U](V) 1
sup Vit < =
ve[0,1] ZE;J v — ul j?
290 _1 i)
Since sup Z i Z_l/a(u)ﬁ < 400, we obtain
ve[0,1]
—1/a u) tlu v](V)
sup it < +o0.
ve[0,1] Z ' |v — ul"
Let us now deal with
20+l _1
_1/a(u . 1y o1(Vi 1
Bi={ s | 3 (Fi 1/ )_Z—l/a(u)) o (Vi) | L
velo1] | [ v — " J
_ 1 _
P (Ej) < j_2 P(Ej n Cj)
1 P 1
< +P (27 sup | > (F{””‘(“) —fl/“(“)) L (Vi) > =
vel0,1]| 55 J
1 7 1
= —1/a(u) _ -—1/a(u))‘
< e +P Z ’(Fz L = Qa0
i=27
27+l _q
< — _|_2]77 i2(14n) Z Ell 1/04(“) —1/04(11,)
=27
1 27+l _q .
in 2(1+ ] ? . .
< — 4205204 Z 2<P (r, < 5) +P(I; > 2@)
=27
2i+1_1q
+ 23nj2(1+7]) Z E‘Fi—l/a(u) _ i_l/a(u)|1{%<ﬂ<2i}'
=27
However
—1/a(u)  —1/a(u) ) 1 Q —
E FZ ¢ ’1{%<Fi<2i} = i1/ a(u) K.E i 1
1
< Kuﬁ
T
and

2it1l_1q ](n . )
—1/a(u) —1/a(u . T alu
P e Liscn<on = Kj20Hm2 @/,

271 j2(14m) Z EITl

=27
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We thus obtain P (liminf; E;) = 1. As a consequence, sup Z ~i(L; e *1/0‘(“))‘“”7(“/) < 400 and
vel0,1] |4
finally
X -X
sup (v, ) (u,u)’ < +o0. O
vel0,1] v — uln

Lemma 6.18. For all u € (0,1), one has almost surely, for alln € (O, L)),

a(u

sup ‘X(’U,’LL) — X(uvu)|

ve[0,1] v —ul"

< +00.

Proof. Fix u € (0,1). Lemma 6.17 yields that, for all n € (0, ﬁ), we may choose an {2, having probability one

X (v,u)—X (u,u)
lo—u|"

and such that, on §2,,, sup

< +o00. Thus, on 2 = ﬂj>0(2%_i, which still has probability
ve(0,1] = a(u) 27

[X (,u) =X (u,

one, it holds that, for all n € (O, ﬁ), SUDP,c[0,1] Iv—u|nu W« oo, 0

Proof of Theorem 3.7. From Theorem 3.6, we already know that H, < ( 5 To prove the reverse inequality,
we treat separately the situations where a < 1 and a > 1.
e Consider first the case 0 < a(u) < 1.

Write:
Y(v) =Y =Xw,v) - X(v,u)+ X(v,u) — X(u,u).

By Lemma 6.18, we know that the Holder regularity of v — X (v,u) — X (u, u) at u is almost surely not smaller

than ﬁ Now, by applying the finite increments theorem to the functions ¢ — C’l/ tF e , we get
X (v,0) — X(v,u) = Z%‘l[o,v](Vz’) (Oiég)(u)qﬂ/a(v) _ Ciég)(mpfl/a(u))
- 1/a(w;) log I; -1
= (a(v) — a(u)) Z ¥il{0.0) (Vi) (CP(a(wi)) — el )W et

where, for each i, w; € [u,v] (or [v,u]), and CP denotes the derivative of the function ¢ — C; /t However,

1j0,0)(Vi) (Cp(a(wi)) _ ;‘(’if;) pl/aw) Z

Cl/a(wi) IOg I;

—1/o(w;)

i

IA

1—|—|10gF| ( Ve ”d)

Thus the quantity T'(u,v) = Y2, ¥l (Vi) (CP( (wy)) — Cl/a(wi)M> ;7 s uniformly in v, al-

a(w;)  a(w;)? i

most surely finite and not 0. As a consequence, the function v — X (v,v) — X (v,u) = (a(u) — a(v))T (u,v) has

almost surely the same Hélder exponent at u as the function v — «a(v) at w. If HS < % this entails that Y
has exponent H¢ at w. If HS > ﬁ, then the exponent of Y at u is at least a(lu) and thus exactly —— by
Theorem 3.6.

e Assume now that 1 < a(u) < 2. Let n < —— Gy and 6 € (17, ﬁ) Then:

Y(v) =Y _ [X(v,0) = X(v,u)| | [X(v,u) = X(u,u)]
|v — uln - |v — uln |v — uln
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By Lemma 6.18, there exists K > 0 such that W < Klv— u\‘S*", and, by Lemma 6.16, there exists
K > 0 such that W < K|v — u[t=". This entails lim,_,, W =0 and
1
Hy > —- U
a(u)

7. ASSUMPTIONS

We need to make a series of assumptions on the kernel that define the multistable processes. These asumptions
are of three kinds: regularity condition that entail localisability, moment conditions related to the fact that we
work in certain functional spaces and finally, Hélder conditions which enable to transfer the behaviour of f to
the one of Y.

Regularity

e (R1) The family of functions v — f(t,v,z) is differentiable for all (v,t) in U? and almost all x in E. The
derivatives of f with respect to v are denoted by f;.

Moments conditions

e (M1) There exists § > ¢ — 1 such that:

teU welU

144
Sup/ [sup <S|f(t,w,x)°‘(“’)>1 r(2)° m(dz) < oco.
R
e (M2) There exists 0 > % — 1 such that:

sup /R [sup (f;<t,w,x>|a<w>)r+5r<x>5 m(dz) < co.

teU welU

o (M3) There exists § > £ — 1 such that:

sup/ {sup {\f(t,w,x) log(r(as))|a(w)Hl+6 r(z)? m(dz) < co.
teU JR lwelU
e (M4) There exists Ky > 0 such that Vo € U, Yu € U, Va € R,

|f(v,u,z)| < Ky.
e (M5) There exists Ky > 0 such that Vo € U, Yu € U, Va € R,

|fo(v,u, @) < Ky.

e (M6) There exists Ky > 0 such that Yo € U, Yu € U,

/ \f(v,u,x)|2m(dx) < K.
R

[ ]
—
=
-

inf/Rf(v,v,x)Qm(dx)>O.

velU
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Holder conditions

e (H1) There exists a function h defined on U and Ky > 0 such that Vo € U, Yu € U, Va € R,

1
‘1} _ u|h(u)—1/a(u) |f(

U,u,x)—f(u,u,xﬂ S[(U

e (H2) There exists a function h defined on U, €9 > 0 and Ky > 0 such that Vr < &g,

1
T _ a(t)
DA /R [f(t+rt,2) = f(t,t,2)"Dm(dz) < Ky.

e (H3) There exists a function h defined on U, p € (d,2), p > 1 and Ky > 0 such that Vv € U Vu € U,

1
|1) _ u|1+10(h(u)*ﬁ)

/ If(v,u,2) — f(u,u, )" m(dz) < Ky.
R

e (H4) There exists a function h and a positive function g defined on U such that

r1+2(h(t)1—1/a(t))) /R (f(t+7t2) = f(t,1,2))" m(dz) = g(t)] = 0.

lim sup
r—0 telU

e (H5) 3Ky > 0 such that, Vo € U, Vu € U,

(1]

(10]

(11]
(12]

(13]
(14]
(15]

[16]
(17]
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