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SELF-STABILIZING PROCESSES: UNIQUENESS PROBLEM FOR STATIONARY
MEASURES AND CONVERGENCE RATE IN THE SMALL-NOISE LIMIT

SAMUEL HERRMANN! AND JULIAN TUGAUT?

Abstract. In the context of self-stabilizing processes, that is processes attracted by their own law,
living in a potential landscape, we investigate different properties of the invariant measures. The interac-
tion between the process and its law leads to nonlinear stochastic differential equations. In [S. Herrmann
and J. Tugaut. Electron. J. Probab. 15 (2010) 2087-2116], the authors proved that, for linear inter-
action and under suitable conditions, there exists a unique symmetric limit measure associated to the
set of invariant measures in the small-noise limit. The aim of this study is essentially to point out
that this statement leads to the existence, as the noise intensity is small, of one unique symmetric
invariant measure for the self-stabilizing process. Informations about the asymmetric measures shall
be presented too. The main key consists in estimating the convergence rate for sequences of stationary
measures using generalized Laplace’s method approximations.
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1. INTRODUCTION

In the framework of nonlinear diffusions, self-stabilizing stochastic processes play a particular rule. Introduced
by McKean [9] these processes attracted by their own law are solution of the so-called McKean—Viasov equation:

dXt = th + b[Xt,Ut] dt, XO =x Ec R, (11)

where uy is the law of Xy, bz, u] := [ b(x, y)u(dy) for any probability measure u and (W, t > 0) represents a
one-dimensional Brownian motion. A solution of (1.1) is in fact a couple (X, us) such that, for any ¢t > 0, u;
represents the distribution of the variable X;. Such processes appear naturally in huge systems of particles in
interaction by the so-called propagation of chaos phenomenon, see [10] for an introduction to this topic.

The common mathematical problems related to these self-stabilizing processes concern the existence and
uniqueness of solutions to (1.1) and ergodicity properties like the existence and uniqueness of stationary mea-
sures, the convergence of the law of X; to the invariant law as time elapses. A relative numerous literature,
based on fixed point technics, free-energy methods or logarithmic Sobolev inequalities, presents results concern-
ing the existence and uniqueness of invariant measures and ergodic behavior. Each study deals with a particular
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family of interaction function b, let us present an incomplete selection of works: [1-4,8,11-13].In the situations
described previously, the results are quite similar than those developed in the classical diffusion context even if
the methods of proof are clearly different.

However the self-attraction structure of (1.1) can lead to surprising phenomena like non-uniqueness of in-
variant measures. The aim of this paper is namely to focus our attention to some of them. Let us introduce the
process we are interested in: the solution (X, ¢t > 0) of the following one-dimensional McKean—Vlasov equation:

dX; = VedW, — V'(X;)dt — / F'(X; — z)dug (x)dt, (1.2)
R

where u$(x) represents the distribution of X; and € is a small positive parameter. In other words the function b
introduced above satisfies b(x,y) :== —V'(z) — F'(x —y): V is called the environment potential and F represents
the interaction potential. The functions V and F' are assumed to verify different conditions developed at the
end of the introduction and related to [1,2]. Let us just note two principal properties: F' is an even convex
function with F'(0) = 0 and lim,_.o F'(z) = 400 and V is an even double-well potential whose global minima
are reached for z = —a and x = a > 0.

In a preceding paper [5], the authors pointed out, under some suitable conditions and for small-noise intensity
€, that the nonlinearity of the dynamical system permits the existence of at least three invariant measures, one
symmetric (due to the symmetry of F' and V') and two so-called outlying measures which are concentrated around
—a or a, the bottoms of the double-well landscape V. Moreover, in the particular case of convex functions V"
and linear functions F”, there exist exactly three invariant measures for € small enough. The aim of this paper
is to take the first steps in order to generalize this nice result to general interaction functions F'.

In other words, we shall present several statements which are close to the following conjecture: under suitable
conditions (convexity of F”" and V" for instance), for any M > 0 large enough, there exists eg > 0 such that (1.1)
admits exactly three invariant measures whose first moments are bounded by M for all € < €.

The proofs of such local uniqueness results are based on the convergence rate for sequences of invariant
measures denoted by (ue, € > 0) and associated to a limit measure ug. In fact, the convergence rate depends on
the limit measure uy considered and is estimated through Laplace’s method type approximations.

The paper shall begin with the detailed assumptions concerning the interaction function F' and the environ-
ment function V of (1.2).

Main assumptions

We assume the following properties for the function V' (Fig. 1):

(V-1) Regularity: V € C*(R,R). C* denotes the Banach space of infinitely bounded continuously differentiable
function.

(V-2) Symmetry: V is an even function.

(V-3) V is a double-well potential. The equation V'(z) = 0 admits exactly three solutions : a, —a and 0 with
a > 0; V”’(a) >0 and V”(0) < 0. The bottoms of wells are reached for x = a and x = —a.

(V-4) There exist two constants Cy, Cy > 0 such that Vo € R, V(z) > Cya? — Caz?.

(V-5) lim V"(z) = +oco and Yz > a, V" (z) > 0.
r—=+oo

(V-6) Analyticity: there exists an analytic function V such that V(z) = V(z) for all « € [—a;a].

(V-7) The growth of the potential V is at most polynomial: there exist ¢ € N* and C; > 0 such that |V (x)| <
o (1 + .Z‘2q).

(V-8) Initialization: V(0) = 0.

Typically, V' is a double-well polynomial function. But our results can be applied to more general functions:
regular functions with polynomial growth as |z| becomes large. We introduce the parameter 6 which plays an
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FIGURE 1. Potential V.

important role in the following;:

0:= sgﬂg—V”(az). (1.3)
xT
Let us note that the simplest example (most famous in the literature) is V(z) = %4 - % which bottoms are

localized in —1 and 1 and with parameter § = 1.
Let us now present the assumptions concerning the attraction function F'.

(F-1) F is an even polynomial function of degree 2n with F(0) = 0. Indeed we consider a classical situation:
the attraction between two points « and y only depends on the distance F(z —y) = F(y — ).

(F-2) Fis a convex function.

(F-3) F'is aconvex function on R, therefore for any # > 0 and y > 0 such that > y we obtain F'(z)—F'(y) >
F'(0)(x — ).

(F-4) The polynomial growth of the attraction function F is related to the growth condition (V-7): |F'(z) —
Fiy)] < Cyle — yl(1 4+ [o272 + [y21-2).

Let us define the parameter o > 0 which shall play an essential role in following:

F'(r) = ar + Fj(x) with a := F"(0) > 0. (1.4)

2. MAIN RESULTS

First of all, we are interested in the asymptotic behavior of a sequence of invariant measures (ue, € > 0)
associated with the self-stabilizing process (1.2). We shall assume that the sequence of the first 2nth moments
{12n(€), € > 0}, defined by

Lk (€) ::/R\x\kue(ac)dm

and 2n := deg(F'), is bounded. Let us note that this condition is satisfied for symmetric invariant measures, see
Lemma 5.2 in [6]. In this context, the authors proved the existence of a subsequence (uc,, k € N) converging
towards discrete measures (Thm. 3.6 in [6]), the set of limit measures being associated with particular system
of equations. In the following we consider an additional condition:

Assumption 2.1. The functions F and V satisfy the assumption (UC) if V" and F" are convex functions.

The assumption (UC) permits to describe precisely the set of limit measures [6] (it shall be assumed in the whole
paper). Indeed there exist a unique symmetric limit measure % O_go + % 0z, where ¢ is the unique solution (see
Thm. 5.4 in [6]) of the system

V' (o) + %F/(on) =0,
V" (xo) + 3F"(0) + 3 F"(2z0) > 0.
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Let us just note that zo = 0 when F”'(0) > —sup,cp V" (2) = —V"(0). In the following, we shall also discuss
about the existence of asymmetric limit measures.

The aim of this paper is to describe the convergence rate which depends on the limit measure ug considered.
Let us first consider the symmetric case which can be divided into three different situations: either F”(0) +
V”(0) > 0 or F”(0)+ V"(0) = 0 then the unique symmetric limit measure is the trivial measure ug = o (these
two situations lead to two different convergence rates) either F”(0)+ V" (0) < 0 corresponding to the symmetric
limit measure ug = %5_350 + %5%, with zg > 0. In general the convergence is linear with respect to € when we
consider the asymptotic behavior of the following expression:

(fyue) — (f,uo) where (f,u) ::/Rf(ac)u(dx).

In fact some simple arguments permit to present the invariant measure in a particular exponential form: this
idea was previously presented in [5]. Indeed, defining

We(z) :=V(x) + F *ue(z) — F % ue(0), (2.1)
the following expression holds
exp[—2We(z)]
Je exp[—2We(y)]dy

Therefore the convergence of the invariant measure is related with the convergence of the function W, towards
the associated limit

ue(x) = (2.2)

Wo :=V + F xug — F *xug(0). (2.3)

Theorem 2.2 (Case F”(0)+ V"(0) > 0). Let (u., € > 0) be a sequence of symmetric invariant measures which
converges towards the trivial measure ug = &g. Then, for any function f € C* (R, R) with polynomial growth, we
have:

f"(0)

1
Ehi%z{ (frue) = (f uo) } ~4(F0) + V(0))

When the interaction term in the McKean—Vlasov equation (1.2) is weaker, that is F”/(0) + V" (0) < 0, the
limit measure is different. Nevertheless the convergence rate is also of order e.

Theorem 2.3 (Case F”(0)+V"(0) < 0). Let (ue, € > 0) be a sequence of symmetric invariant measures which
converges towards the unique symmetric limit measure uy = %5_% + % 0zy, with xo > 0. Then, for any function
f € C*(R,R) with polynomial growth, the following convergence rate holds

) = (fow) o)+ ) | feo) = )
e—0 € 8W6/(x0) 8W6/(.’E0)

+ x (o)

14S% (zo) + F(?’)(Zwo)
V" (o) + F"(2x0)

where x(xg) = —

We can observe a singular phenomenon for the intermediate case F/(0)+ V" (0) = 0: the asymptotic behavior
is completely different, we do not obtain the classical order €. In this context, the limit measure is given by
ug = 0p and consequently the pseudo-potential just introduced in (2.3) equals Wy(z) = V(z) + F(z). The
convergence rate is directly linked to the slope of the pseudo-potential in a neighborhood of the origin. We
define

ko = min {k > 2 | W(0) > 0}. (24)
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We introduce two other parameters which play a fundamental role for the convergence in the intermediate case:
po and mg, defined by

po = inf {k; >2 | F(Qk)(O) > O} and  mg := min {ko,po} . (2.5)

Theorem 2.4 (Case F”(0) + V"(0) = 0). Let (ex, k > 0) be a decreasing sequence satisfying limy_.oc € = 0
and (ue,, k > 0) a sequence of symmetric invariant measures converging towards ug = do. Then there exists a
subsequence of (ex) (we keep the same notation for simplicity) such that, for any 1 < j < kg, the sequence

{W;fj) O k> 1}

converges as k — oo. We denote by C; the associated limit. Moreover, for any function f € C*(R,R) with
polynomial growth, we have the following asymptotic result:

£(0) fo2exp|: 22] 1 2]),1‘ :|dl‘

koo 2 Jz exp [ QZJ 1 (QJ),I‘ 3} dz

Let us just note that the coefficients C; appearing in (2.6) shall be specified in Corollary 4.8.

We have just observed different rates of convergence for sequences of symmetric invariant measures depending
on the particular interaction and environment functions ' and V. We need now to present convergence rates
associated to non-symmetric stationary measures. For that purpose, we introduce the so-called outlying invariant
measures (see [5]), which are concentrated around 0, in the small € limit. Here a and —a represent the locations
of the global minimum of the environment potential V.

In order to study the convergence rate for asymmetric measures, we shall admit the existence of these extremal
outlying stationary measures for ¢ small enough. In other words, we assume the existence of a sequence of
stationary measures (ueik) heN® which converges towards d4,. We will drop the k for notational simplicity. Let
us just note that this main assumption is satisfied in many situations.

Let 2n be the degree of F. According to Theorem 4.6 in [5] and Proposition 4.1 in [6], we know that the
following condition is sufficient in order to ensure this existence:

o7 (0 ) — () (2.6)

2n—2
F+2)(q
%al’ <a+V"(a). (2.7)
p=0 P
In other words, under the conditions (UC) and (2.7), the set of limit measures contains at least three measures:
one symmetric and two asymmetric. For these asymmetric measures, we obtain the wished convergence rate e.

Theorem 2.5 (Asymmetric case). Let (ue, € > 0) be a sequence of invariant measures converging towards d,.
Let f € C*(R,R) with polynomial growth. Then

tim +{ (7, ) — (w0} } =

e—0 €

V'(@)f"(a) ~V®(a)f'(a)
4V (a) (o + V“(a))

Obviously the same convergence result holds for _, by symmetry.

The study about the convergence rate permits to estimate the moments of the associated stationary measures.
This feature is crucial for the uniqueness problem. Indeed, since F' is a polynomial function of degree 2n, the first
2n — 1 moments of an invariant measure characterize completely this measure (see the discussion introducing
Sect. 4.3 in [5]). This essential property shall be used to discuss the uniqueness problem: in fact, we know that,
under simple conditions, there exists several invariant measures for the self-stabilizing process (see [5]). However
we want to precise the statement in order to describe the set of all invariant measures. This set was already
explicitly presented in [5] for particular situations, namely when V" is a convex function and F” is linear. Our
aim is to extend this result to more general interaction functions.

We will now assume that the functions F' and V satisfy the condition (2.7).

(2.8)
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Theorem 2.6 (Local uniqueness).

L. Let (uc).~o and (ve),q two families of stationary measures converging towards 6,. Then there exists eg > 0
such that for all € < €, Ue = Ve.
2. Let F"(0) # —=V"(0). There exists a unique symmetric invariant measure for e small enough.

Let us end the presentation of the main results by a remark. In all the statements, we essentially assume that
the condition (UC) is satisfied in order to make the paper more accessible. In practice, weaker conditions are
sufficient and shall be presented in the proofs.

3. GENERAL ASYMPTOTIC PROPERTIES RELATED
TO THE PSEUDO-POTENTIAL W,

In the self-stabilization framework, the convergence rate of sequences of invariant measures in the small-noise
limit is directly related to the asymptotic behavior of the pseudo-potential W,. Indeed as discussed in Section 2,
stationary measures are in particular exponential forms (2.2). In order to introduce the proofs corresponding
to the theorems of Section 2, we present a general asymptotic estimation which shall play an important role in
the sequel.

As we have already seen, the sequence of invariant measures is assumed to satisfy a weak condition on the
moments, namely the family {u2,(€), € > 0} is bounded. Such a condition implies (see Prop. 3.3 and Thm. 3.6
in [6]) the existence of both a sequence (e )x>0 tending towards 0 and a regular function Wy such that:

° We(,f ) converges uniformly on each compact subset of R to Wo(j ), for any j € N,

e the sequence (u,)r>1 converges weakly towards a discrete probability measure given by ug := Y., p; 04,
with p; > 0 and Ay, ..., A, are locations of the global minimum of Wy defined by (2.3). Since F' is an even
function, we have Wo(z) = V(z) + 3°7_, p; (F(z — Aj) — F(4;)).

Attention! In the following we shall drop the index €y just replaced by € for notational simplicity but the
reader has to keep in mind that both previous properties (uniform convergence of the pseudo-potential and weak
convergence of the measures) are satisfied.

We define A := {A;; 1 < j <r} the support of the limit measure uy and B the set of all locations for Wy’s
global minimum which do not belong to A. We introduce s := #5B.

Let us consider the set of intervals (I;)1<;<,+s which correspond to the Voronoi cells centered in the elements
of D:= AUB. If WJ/(D) > 0 for all D € D, W, reaches its global minimum at a unique location in I; denoted
by D$ (also denoted by A€ or Bf), 1 <i < r+ s, which converges to D; € D (Lem. A.5).

In order to begin this asymptotic description, we need to estimate the behavior of WE(Aj) for any j as € — 0.

Proposition 3.1. We assume that W/ (D) > 0 for all D € D := AUB. If A; and Ay are two elements
of A with the corresponding asymptotic weight: uo(A;) = p; and uo(Ag) = pr, we denote by A5 and Aj, the
corresponding arg min deﬁned just before. Then the following asymptotic development holds

R

Moreover, for any B € B # () we denote B¢ the corresponding arg min presented previously and obtain

We(B¢) — W(AS
lim (B (45 =400, foralll<j<r. (3.2)

e—0 €

Proof. By Theorem 3.6 in [6], the limit measure wuo is a discrete measure constructed as follows ug =
> =1 Pj0a; + 20/, @0, where the weights are defined by

AJ+6 B;+6
pj = lim tue(z)dx and ¢ = lim ue(z)de, 1<j<r 1<Il<s.
e—0 A;—5 e—0 B,—6
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The only assumption on § is that all the intervals [A. — §, A. + J] and [B. — 9, B. + ] are disjoint. By definition
of the set A, p; # 0 for all 1 < i <r. As an immediate consequence, we obtain for 1 < j.k <rand 1 <1l < s:

Aj+6 ——W B;+6 ——W
By A Ty S T

Pk 5—)0 fAkJ"(S 72W I)dx Pj €—>0f 7—"_(S 7*W I)dx

By definition of the set B, the weights (¢;);>1 vanish. An adaptation of Lemma A.3 to the constant function
f =1 yields

2U5(A§) 2Uc(B})
T o T o——
. WI(AS) Dj 4 W (Bf) 0
1m e — —— an m - = U.
e—0 _2UeAp) Pk e—0 e _ 24D
€ —t __ e €
WA © WI(AS)

Applying the function z — —% log = to the previous equalities permits to prove the asymptotic estimates (3.1)
and (3.2). O

Remark 3.2. Let us first note that the pseudo-potential W, does not generally reach its global minimum at
each location A$ respectively By, defined in the statement of Lemma A.5, even if each of these points converges
to one location of the global minimum of Wy. Equation (3.1) emphasizes that the speed of convergence of
We(A$) towards Wo(A;) is directly related to the weight p;. Even if the elements of B do not have any impact
on the limit measure ug, they can influence the convergence’s speed of the sequence of invariant measures u,
for the self-stabilizing diffusion towards ug.

Let us introduce some assumptions in order to avoid the parasitism of B in the computation of the rate
of convergence of any subsequence of invariant measures towards a limit measure ug. In the following, these
conditions are assumed to be satisfied.

Let us recall the definition of D: if wg := ;2% Wo(x) then D = Wy ({wo}).

Assumption 3.3. For each D € D = AU B, Wi(D) > 0. Moreover, for any element A§ associated with
Aje A, 1<j<r, (see Lem. A.5 for the definition of AS) and Bf associated with B;, 1 <1 <'s, we set

.. We(Bf) — We(A3)
lim inf
e—0 —€ log(e)

> 1. (3.3)

This condition is quite natural: it is related to the asymptotic estimate (A.2). In that development appear
either terms induced from elements of A either from elements of B. The condition expressed in (3.3) is interpreted
as follows: the terms associated to B are negligible with respect to those of A of order €/2. In other words, we
assume that, for any 1 <j <rand 1 <[ <s,

e _2We(Bf) e _2Welap)

wrsn ¢ T Ty wragn ¢ 0 0

which is equivalent to (3.3).

Example: Let us just introduce an example which satisfies Assumption 3.3. This example was already

pointed out in [6]. The context is as follows: the environment function of the self—stabilizing process satisfies
Vix) := % — 22 — 1222 while the interaction function equals F(z) := Z- + Z-. Two essential results were

already proven (see [6]): first, any family of symmetric invariant measures {ue, e > 0} satisfies the following
weak convergence result:

li e =Ug:= —0g+ —
dmiue = uo = 7p00 + g5

Sy +0_3).- (3.4)
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We deduce, by the way, the expression of the limit pseudo-potential

Wo(z) =V (z) + %F(x) + %{F(w—xo) + F(xz+ o) — 2F(x0)},

=
t

where zg = ¥5=.
Secondly, due to some convexity property of WO(4), the global minimum of Wy can only be reached at three
locations, namely Ay = —x, As = 0 and A3 = xg.

e Therefore B = ) which implies that it suffices to obtain W{/(4;) > 0, for 1 < ¢ < 3, in order to verify
Assumption 3.3. After straightforward computations, we effectively obtain: Wy (@) = W/ (—@) =
AWE(0) = 22 > 0.

e In this example, Proposition 3.1 leads to some explicit computation of the first order development of W, (AS)
where (Af)eso is a sequence of local minimum locations for the potential W, which converges towards
Ay = —xo = —@ (see Lem. A.5). Let us note that the pseudo-potential W, associated to the symmetric
invariant measure introduced in (3.4) admits exactly three local minima as € is small. Indeed D admits three
elements, which implies that W, admits at least three local minima in the small € limit as it was proven in
Lemma A.5. Furthermore if W, admits more than 4 local minima, then W/ vanishes at least seven times. By
Rolle’s theorem this implies that W€(4), which is a polynomial function of order 2, admits 3 zeros: this is of
course a nonsense. Finally we obtain the existence of exactly three local minima of W¢: A{ < A5 < A§. The
symmetry of u¢ and consequently of We, permits to know that A = —A§ and A§ = 0. Finally Proposition 3.1
and W,(0) = 0 provide

7
W (A7) = glog (1 + 1—9) as € — 0.

The next part of this paper concerns the proofs of the different convergence rates of sequences of invariant
measures for the self-stabilizing process.

4. RATE OF CONVERGENCE: THE PROOFS

This section is devoted to the proofs of Theorems 2.2-2.5. We will in fact provide more than the announced
results in Section 2 by relaxing some of the hypotheses, particularly Assumption (UC).

4.1. Proof of Theorem 2.2

By Lemma A.5, the hypotheses of Theorem 2.2 imply that 0 is the unique location of the global minimum
of W, and of Wy which is given by Wy(z) = V() + F(z) according to (2.1). Instead of assuming that V" and
F" are convex, we will suppose that Wy and V" are convex (which is immediate consequence of the convexity
of V" and F").

Let us recall that this situation (V(0) + F”(0) > 0) corresponds to the lower-bound W{'(0) > 0. Since we
assume that Wy is convex, B is empty and finally Assumption 3.3 is satisfied. Applying a Laplace type asymptotic
result, we obtain easily the convergence rate of the sequence of symmetric invariant measures {u., € > 0} towards
the limit measure ug = dg as € — 0.

We recall that u. is characterized by the exponential structure (2.2). Moreover due to the convexity of
Wo, B = 0 and 0 is the unique location of the global minimum of W,. Therefore, applying the third item of
Lemma A.5 with A§ =0 and W.(A§) = 0, we have

[ s@e s =\ [T {10 + 90D +of)}.
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where o(f) is defined by (A.3). Since Wo(3) (0) = VE)(0) = 0 and W[(0) = a + V"(0) > 0, v(f) converges
towards

o) £7(0)
Hence
2 TE
| f@ex [—;Wew] do =\ [ {FO + e+ ot0). (42)

First we apply (4.2) to the constant function f = 1 and obtain

e

/Rexp {—%We(x)} do = W{1+7(1)6+0(e)}. (4.3)

o
Here (1) = —%. Let f € C*(R,R) with polynomial growth. We divide (4.2) by (4.3), the following

estimate yields

f(0) +(f)e+ole)
1+ 7(1)e+ o(e)

[ feuards - = £(0) + (3() ~ FOND))e +ole).
R

where y(f) is defined by (4.1). Finally the following estimate holds:
f"(0)

M =) = FON (1) +0(1) = s +o(0)

In order to complete the proof, it suffices to note that W' (0) = a.+ V" (0).

4.2. Proof of Theorem 2.3

Now, we focus our attention to the case: V/(0)+F"(0) < 0. In [6], the authors describe, in the self-stabilization
framework and under suitable conditions (the convexity of both F” and V"), the whole set of limit measures for
sequences of symmetric invariant measures. In the previous paragraph, we focus our attention to the convergence
rate when ug = &g and V(0) + F”(0) > 0. Here, we are interested by other functions V and F which permit
to deal with the following discrete limit measure: ug = %5% + %(Lmo.

According to Proposition 5.3 in [6], any limit measure associated to symmetric invariant measures and which
support is reduced to the set {—xzg, zo} with z¢ > 0, satisfies the following properties:

V/(ZL'O) + %F/(Ql'o) = 0,
(4.4)
V"'(xo) + 5 + %F”(on) > 0.

Furthermore the support satisfies z9 < a, where a was introduced in (V-3). The material is organized as
previously: starting with the convergence of the pseudo-potential W, defined by (2.1), towards Wy, given by

Wo(z) :==V(x) + %F(w — o) + %F(w + x0) — F(x0),

we analyze the asymptotic behavior of the minimum locations and deduce the expected rate.

Let us stress that in (4.4), nothing ensures that the inequality is strict. Nevertheless, in the following, we need
to assume W{/(zo) > 0 that is to say V" (z¢) + $F"(0) + 3 F" (2x9) > 0. Such hypothesis is less restrictive than
(UC). Let us prove this statement.

Lemma 4.1. Under (UC), the global minimum of Wy is reached exactly at two points: xog and —xo. Besides,
Wél(l'o) > 0.
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Proof. Since V" and F” are convex functions, Theorem 5.4 of [6] ensures the uniqueness of xy. If we assume
that W/ (o) = 0 then WO(S) (xo) = 0, Wy reaching a local minimum for x = . However, the convexity property
of W/ implies that Wo(3) is non-decreasing. Since WO(S)(O) = 0 due to the symmetry of Wy, we deduce that
WO(S) (x) =0, for all x € [0, xz0]. Hence W{'(0) = W{'(xo) which is of course a nonsense since W{(z9) = 0 and
W (0) =a—0 < 0. Indeed, 0 := sup,cp —V"(x) = —V"(0) since V" is a convex function. O

As a consequence, we obtain that the set B defined in Section 3 is empty. From now on, we shall just assume
that W/ (zo) > 0 and allow B not to be empty. Lemma A.5 permits to obtain directly the following asymptotic
behavior: for € small enough, there exists a unique zf in the neighborhood V of x such that W, defined by (2.1)
reaches its global minimum on V for x = zf. Moreover we have the following convergence: since W/ (x¢) > 0,
x§ converges towards z¢ and

« _ W{(zo)
x§ =10 — Wi (zo) + o {W!(x0)}. (4.5)

This convergence can even be more precise.
Theorem 4.2. If W{/(zo) > 0, under the condition (3.3), we get

w5 — w0 _ Wi (wo) (F"(220) — @) — F® (220) W (wo)
e—0 € 8W (x0)2 (V" (o) + F"(2x0))

The proof of Theorem 4.2 is essentially based on two lemmas: Lemmas 4.3 and 4.4. The first one deals with
an integral estimate in the spirit of (A.2) and permits to prove the second one which describes the asymptotic
behavior of the following expression W/ (zo)/e. It suffices then to consider (4.5) in order to finish the proof. The
details are left to the reader.

Lemma 4.3. Let us assume (3.3). For any function f € C*(R,R) with polynomial growth, the following esti-
mate holds:

[ f@e e~ e L Fu () + (e +ole) ) (4.6)

W”(%)

where
5 W§ Wiy Ws

A1) i= (s — oy ) o) — o o)+ S22
Here Wy := W (20) and f1(z) := (f(z) + f(~2))/2.

Proof. We recall that Lemma A.5 provides directly the existence of +xz§. Moreover (A.2) combined with
Assumption 3.3 permits to obtain (see the comments following Assump. 3.3):

Af“ e, WZ%)Gmg@{ﬂma+v4ﬂ+v(ﬂ€+d@}

(o)
Wo

and W . We(k)( §)- In order to

A8 W3, 16 W3, AW, T AW,

prove (4.6), it suffices to note that x§ converges towards zo and that We(k) converges uniformly towards Wo(k)
(see Sect. 3) as € — 0. O

2 1
with 4 (f) = f(%w0) ( 5Wie Wi ) g e | 17CEn0)

Lemma 4.4. Let W/ (xo) > 0. Under the condition (3.3), we have:

iy Weleo) _ FO Quo)Wg (o) = Wy (o) (F"(20) — )
=0 € 8W¢' (zo) (V" (z0) + F"'(220))
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Proof. Since xy is the location of a local extremum for Wy, W{(z¢) = 0. Hence, defining £(z) := F'(x¢ — z), we
get

W (an) = W(ao) = Wi(ao) = [ 6(:)uc(:)dz = 5 (¢(e0) + €(=00))

2
_ Jzé(z)exp [—2We(2)] dz .
fReXp [_% ( )] €+( 0)'

By Lemma 4.3 the following estimates hold:

[ et ar = 2, [ e e g 41+ ol0)) (48)
Ae*;We<w>dx:2 W;T(;g) e M{l—kv(l)e—ko(e)}. (4.9)

Let us divide (4.8) by (4.9). Therefore

[ €@t = 4a@t) + (1) - a1 )e + o)
R

The definition of ~ leads to:

W 1
/Rf(x)ue(x)dx =&y (xg) + ( 1 V\iQ & (o) + %(—V:;Z))G + o(e). (4.10)
Therefore, we have
. W(xo) E(25) =& (xo) TG —20 | W3 £ (z0)
iy € {1_ x§ — o We’(wo)}_ 4 W3 € loo) + 255 AW,
By (4.5), we get
. Wl (xo) Elwo) | . W5, &l (xo)
ll_r,% 6 {1 + W (o) } T2 W22 §+($0) + AW, (4.11)

Since W5 = WO(?’)(xO) = VO () + FO®)(z0)/2 and Wy = W{/(zo) = V" (z0) + £ + (2m°) , the announced
limit (4.7) is proved. O

Finally we can obtain the desired result concerning the convergence rate that is to say Theorem 2.3.

Proof. Since ug = £6,, + 20_4,, the difference (f,uc) — (f, uo) equals
[ f@udards = fiGe0) where £(0) = 5 (£(@) + f(-a).
R

Applying Lemma 4.3 to the functions f and 1, we obtain the estimate of the ratio. Hence

[ F@pectera = fy(a5) + (— Tyt a0) + j—jf) e+ oe).

Therefore, defining

T -— lim { <fv 6> <f;'u0> _ f+(1'6) - f+(1’0) xf) — T Wé(xo) }’

€ x5 — To Wl(xo) €
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Y(zo)  Wsfl(20) f+(@5) — f+(20)
W (o) AWE ‘

Ty — Lo
x0) /Wl (zo) = —1/W{(z0) and lim¢_,o W/(x¢)/€ is determined by Lemma 4.4. Hence

(f,ue) = (fruo) (o)

€

= fi(x0), (4.5) implies lime_o(zf§ —

we get 7T = . Obviously lin(1)

3 /

ehj% € - 4W6/($0) +f+(1‘0)A(1‘0),

with
Aday) i 07 (o) (F"(220) — @) = P )W (z0) _ W
0) - 8W6/(1'0)2 (V“(l’o) +F”(2$0)) 4 W22

_ 2W (o) + FO(2m0)

— 8W (wo) (V" (wo) + F7'(20))
The proof is achieved since WO(S) (z0) = VO () + £F®)(2zy). O

4.3. Proof of Theorem 2.4

We come back to the case where the limit value is ug = dp. But, we assume V" (0) + F”(0) = 0 instead of
V”(0) + F"(0) > 0. Since Wy =V + F and F” are convex, 0 is the unique location of the global minimum of
Wy. But, in this situation, we have W{/(0) = 0. In other words, Assumption 3.3 is not satisfied. The aim of this
paragraph is to emphasize that the convergence rate is not always equal to e. This rate was effectively presented
in Sections 4.1 and 4.2 and concerns most of the situations. The condition W{'(0) = 0 changes drastically the
asymptotic behavior of the self-stabilizing invariant measure. The asymptotic results shall be proved under
weaker conditions than those presented in Theorem 2.4. Indeed, instead of assuming (UC), we start with the
convexity of both functions Wy and F”. The computation of convergence rate will be based on successive
derivations of the pseudo-potential: WE(%) (0). We therefore recall and introduce:

ko = min{k >92 | Wi (0) > 0},

Q2 := max {‘WE(Qj)(O)
1<j<ko

%e—%} (4.12)
and My (e) := /IR 2" exp {—%We(x)} dz. (4.13)

The expression {2, corresponds in fact to the suitable change of variable associated with the computation of
Mo, (€). This result is detailed in the following proposition. Let us just note that Ma, () is well-defined. Indeed
since u. is a symmetric invariant measure, Lemma 4.2 in [5] implies the following lower bound:

/:(F’ *ue)(y)dy > 0.

Tt suffices then to use (2.1) and the growth property of V in order to prove the boundedness of the integrals
Moy, (¢€), for € > 0 and r € N.

Proposition 4.5. If Wy and F" are convez, for all r € N, the following inequalities hold:

0 < lim inf Q22 My, () < limsup 227 My, (€) < +oc. (4.14)

e—0
Proof.
Step 1. Preliminaries. Since {u., ¢ > 0} is a sequence of symmetric invariant measures with uniformly
bounded 2nth moments, WE(QT) converges uniformly on each compact set to WO(QT) (see the discussion before
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Lem. A.5 and the statement of Prop. 3.3 in [6]). The definition of k¢ implies therefore: |We (2ko) () 0)] Tho e o
+00 as € — 0. Consequently, 2. — +o0.

Let Cj(e) == LZ(Z;(O)
Let us select a deéreasing subsequence (€ ), oy converging towards 0 such that, for any 1 < j < ko, we observe
Oj(€k) — Cj € R.
In order to simplify the notations, we drop the index.
We define

. By construction, the families {C}(¢)},. , are bounded.

J::{j‘1§j§kO,Cj7é0}:{j1,...,jl} (4.15)

with 1 < j; < jo < -+ < 5i < ko.
Let us now focus our attention to the computation of the integral term Ma, (€) which can be split into two
principal terms as follows:

Mo, n(©) (e +oo (o
22(6) = Is (e) + Jor(€) ::/ 2¥e= e 4 +/ e 2 )dx, (4.16)
0 n(e)

n(e) shall be specified in the following.

Step 2. Asymptotic analysis of I3,(€). The mean value theorem applied to the function W, on [0;7(e€)]
leads to:

ko
l‘ o 1 25 € Yz 2ko+2
_ez:: (0)z™ + (2ko +2)! € * ’

with y, € [0;7(€)]. Using the definition and the convergence result related to Cj(e), we get:

l 2ko+2
Z C]k ngk 23k_'_W( ’ )(ZU )$2k0+2

= (2ho 2l ¢
ko 1 N2 .
2y (G- ) (1056 — C313) " @2 423, (417

We shall find a suitable sequence {n(e), € > 0} (subsequence since the index was dropped), decreasing to-
ward 0 and such that the first sum in the rhs of the previous expression is the principal term, all the others
being negligible. For e small enough and for all « € [0;7 (¢)], the second term is upper bounded by:

1

€

WE(%OH)(:%)’ 22hot2 < bup ‘W 2k0+2)( )‘n(6)2ko+2 1

Let us now introduce the parameter {2, which tends to 0 in the small € limit and which is defined by:

1<j<ko €

— 1
2. := max{ sup |Cj(e) — Cj\;j ok ¢ ToToTD } .

0. is a good candidate for the construction of 7(e); we set

N

n(e) =07 (2)" (4.18)
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Some straightforward considerations permit to observe that:

e Firstly, 7 (¢) tends to 0 as € becomes small.
e Secondly, there exists p(e) > 0, satisfying lim._,¢ p(¢) = 0, such that, for all = € [0;7(¢€)],

25

WEho+2) ko (‘Cj(g) _ cj|27)
2o 1 2)! )

Jj=1

2% 2% < p(e). (4.19)

Due to the suitable choice of the parameter 7(e), see (4.18), the integral Io,(€) defined by (4.16) is equivalent

to the simpler integral
l

(€) )
/77 22" exp | -2 Z —C,j’“ ij’“ 22 | | dz,
0 (QJk)!

k=1

in the small € limit. The change of variable z := 2.1y provides

e(e) Lo, )
)~ 077 [T e [—QZ i | dy, s e 0, (420)
0 .

1
where ¢(€) == n(e) 2. = () > — +oo as € — 0. By definition Cj, # 0, see (4.15). If Cj, > 0, then
I i= [p 2®"exp [—2 Zé@:l @Cjkﬁj’“} dz < oo and therefore, in the small € limit, (4.20) leads to

Ly(e) = 27271,

To conclude the asymptotic analysis of Io, (), it remains to prove that C;, > 0. We shall prove it by reductio

ad absurdum. Let us then assume that C;, < 0 which implies limy,_, 4 Zizl (2J—J:), y?i* = —o0. Hence there
. c, j we (07t c; :
exists yo > 0 such that 22:1 (2J—J:)' ygjk < —1. Due to the convergence of g towards 22:1 (2J—J:)' TRL

for any y € R, we deduce that W, (QE_ 1y0) < 0 for € small enough. This contradicts the fact that 0 is the global
minimum of We in a neighborhood of 0, for € small enough (see Lem. A.5).

Step 3. Asymptotic analysis of Ja.(€). It is now sufficient to prove that Ja,(e) defined in (4.16) satisfies
Jor(€) = o(Ia.(€)) = o {();2“1}. We split this integral into three different parts depending on the support:
J3,.(¢) for the support [n(e), e [, J5.(€) for [¢*,e#[ and finally J5 () for [e™#, +oo[ where A, > 0 shall be
specified in the following.

3.1. Let us first estimate J5}(¢). Due to the assumptions (F-2) and (V-4), we get the lower bound W,(x) >

Wo(z) > Cya* — Con® > % for large =. The first inequality in the previous formula is also related to the second
item in the proof of Lemma A.5. We apply the change of variable x := /ey, Lemma A.1 leads to:

<t |

€

0o
. y27‘efy2dy < 2614»(1727‘);1, exp [_672;1,71] ;
2

—u

for € small enough. It remains to prove that the rhs is negligible with respect to £2-2"~1. It suffices in fact to
note that, by definition of (2., the following convergence result holds: ef2. — 0 as ¢ — 0. Consequently, since
>0,
92r+161+(1—2r)u exp [_6—2;4—1] =0
. .

3.2. Secondly we estimate J3,.(¢). We obtain:

—p

Jo(€) = / 2" exp {—gWe(x)} dz < e H2r D exp 2 inf  We(z)

€ - € z€[eM o0
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We note that 0 is the unique location of the global minimum for the pseudo-potential Wy which implies that
infze[ex;+oo[W5(z) = We (e’\) > Wy (e>‘), for € small enough. The mean value theorem provides Wy (6’\) ~
W) (0) 20X
(2ko)! )
Taking A =

is negligible.

Wlﬂ and p > 0, J3,.(€) is exponentially small in e. By definition, /e = o {£27'}. Hence J3,(e)

3.3. We focus now our attention on the integral J3, (¢) related to the support [n(e), e[ where n(¢) defined
by (4.18) tends to 0 as € becomes small. The change of variable z := 21y yields

b(e) 9
J5.(e) = 952“1/ y*" exp [— —We(ﬂe_ly)} dy, (4.21)
a(e) €

where a(e) := n(e)f2. — +oo and b(e) := €. Let us just prove that the integral introduced in (4.21) is
negligible, that is tends to 0 in the small € limit.
An integration by parts permits to obtain:
a(e)?" exp [ 21y, (27 a(e ))] b(e)?" exp [—%WE(Qs_lb(e))]

T3 () Q2+t = - - -
’ W0 ale)) - 25 WU () - 25
AP LS

a(e) Y (ﬁw/(ggly) _ &)

€ Y

Since I is a convex function, we obtain
W/ (z) — W (z) = / (F”(ac +2)+ F'(x—2) - 2F”(ac))u5(z)dz > 0. (4.22)
R4

The main assumption in this section is W{'(0) = 0. Moreover, since 0 is the unique global minimum location of
the limit pseudo-potential Wy, there exists a constant n > 0 such that W{'(z) > 0 on the interval | — 7, n[ and
so, due to (4.22), W/ (02-1y) > 0 for y € [a(e), b(e)]. Hence

— 21, (2 a(e)) 2~ 2W, (2 1b(c))
T3 (€) Q22 < ( jre — - b( )7 o (4.23)
oW @) — g e We(270(9) — g5
Moreover since the application y — WE’ 2-1y) is non decreasing on the interval [a(e€), b(e)], we get
2 2r 2r
7! — (2 - 4.24
=0 ( ¢ b(e)) b(e) = e(z o Ve ( (6)> a(e) (4.24)

Let us prove now that the r.h.s. is positive for € small enough. The mean value theorem leads to a similar
development as (4.17) namely
l 2ko+2
Wi(z) _ Z Cjy Q20617256 —1 | We( ’ )(ya:) p2ko+1
e, - (24 — 1) € (2ko + 1)! €S2,

ko .
_ (o (10 (6 — 013 ) i1 201
+;<2j—1>! sgn (C5(6) = Cy) (1C5(0) = 651 ) 027127,

with y, € [0,2]. In particular, for x = 2. 'a(e) = 7., similar arguments as those used in (4.19) permit the
existence of a function p(e) > 0 satisfying lim._.¢ p(€) = 0, such that

‘W 2Rt ()
ef2, (Qko + 1)'

ko £\
— .27
2k0+1 ( (€) - G5 ) 02i-1 2j—1
n(e E G 7 m(e) T < ple).
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We deduce that w is close to P(e) := Zi{::l % a(e)¥x~1: for any § > 0 small enough, there exists
€g > 0, such that /
W82 ale))
e,

Let us recall that a(e) — oo as € — 0. Furthermore, in Step 2 we have proved that C;, > 0. Therefore, as ¢ — 0,

P(e) — oo and so do % Finally we deduce that the rhs of (4.24) is lower-bounded: for any § > 0 there
exists €p such that

— P(e)| <6, Ve<e.

2 2r 1

—_— >

el a(e) — 4

By (4.25), (4.24) and (4.23), there exists § > 0 such that the following upper bound yields in the small € limit:

Wi (02 ale)) -

Ve < . (4.25)

27 o= 2We (27 a(e))
a(e)?e - — < da(e)? o=t We(82, a(e)) (4.26)
{02 ale)) - 35

Let us prove now that the previous upper-bound becomes small as ¢ — 0 which implies immediately the required
asymptotic result: J3,.(€) = o(2.-21).

It suffices in fact to get an estimate of W, (27 a(¢))/e. The procedure requires the arguments just used for
the asymptotic estimation of the expression W/(2-ta(e))e 12 . Indeed for any § > 0 there exists ¢ > 0 such
that

T3, (€) 0227 <

S 6a € S 607 (427)

with Q(e) := 2221 % a(€)?*. Since Cj, > 0, the following limit holds lim._.¢ Q(€) = +oo and therefore (4.27)
leads to 2 W (2. a(e)) > % a(e)? for € small enough. By (4.26), we finally get

0 < I3, ()22 < da(e)” exp [‘ % a(a”’] |
1)

Since a(e) — oo as € — 0, the rhs in the preceding inequality tends to 0 and J3,.(€) = o(2.2"71).

Step 4. Conclusion. In the first step, we have decomposed the moment My, (¢) (for a subsequence (€x);cn)
into two parts: I, (€) studied in the second step and Jo,(¢) studied in the third step. We have proved that Jo,(€)
is negligible with respect to Is,(¢). Hence the following asymptotic estimate holds

l
M27"(€) = 96*27‘71/1' eXp[ 22 Ik
R

1

“ldr+o {0 ?1} (4.28)

where the coefficients C; depend on the sequence € = (ex),.cy-

In order to achieve the proof, we analyze, not only for one subsequence, the following expressions:
liminfe .o 2271 My, () and limsup,_,, 227! My, (e) and prove (4.14) by reductio ad absurdum. If we assume
that the limsup is unbounded, then there exists a sequence (€x)r>0 which tends to 0 and such that

khm ()2”1 Mo, (er,) = +o0.
Applying Step 1, we extract a subsequence (€} )r>0 such that Cj(e;) — C; as k — oo for all 1 < j < ko. For
this subsequence we have already proved, see (4.28), that QZTH Mo, (€},) is bounded. We obtain the announced
k

contradiction and therefore limsup,_,, 22”71 My,(¢) < co. The same argument is used to obtain the lower-
bound. O
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According to Proposition 4.5, we observe that {2. defined by (4.12) is essential in the description of the asymptotic
estimation of My, (€), defined by

Ma,(e) = /R %" exp {—%We(x)} dz.

In particular My(e), corresponding to the normalization term for the invariant measure u., see (2.2), converges
towards 0 with the rate £271.

We recall the expression of the limit pseudo-potential introduced by (2.1): Wy(x) = V(x) + F(z) and the
related parameter

kozmin{k22 | w{)(0) >0}.

The aim is now to prove that the convergence rate of sequences {Ma,(ex), k& > 0} is related to eé2r+1)/(2m°).
First of all, we present the following asymptotic result:

Proposition 4.6. If F” and Wy are both convex functions, the following inequalities yield:

0< hm 1nf() ¥ < lim sup {2 €T < +00. (4.29)

e—0

Proof. By definition of the parameter kg, we have
W29 (0) = / (FOP(@) ~ P (0)) uela)da, 1< < ko1
R

Since F' is a polynomial function of degree 2n,

W (o nzj FCre2) 0 ) Mo (e)
r=1 MO(G)

For any 1 < j < n — 1, we define s(j) := inf {r >1 | FE+2)(0) £ 0}. Applying Proposition 4.5 with
W& ()
e

1 <r < ko—1, there exists a decreasing sequence (ex)x>0 such that C;(ex) =
denoted by Cj, as k — oo, for all 1 < j < ky. Moreover, by (4.28), we obtain

converges towards a limit

F(2j+2s(j))(o)

W 0) =

s() 252V (1+0(1)) ask — oo (4.30)
Jur 22 exp[ QZP 1 (2] ),as p} das

fR+exp[ QZP . f,p'”" Jp} dz

The set of indexes J = {ji, 1 <k <1} is defined by (4.15).
We distinguish two different cases:

with «, = (4.31)

First case: pg > ko. By definition of the coefficient C;(¢ex) and using (4.30), we obtain the following asymptotic
result:

(23) 252605 |
C(ex) = 1 2(0) _ B0 o +0(6,§19;2(y‘+s(y)>>.
GkQEg (2s(7)! €k 92(J+S(j)) k

Since j > 1 and s(j) > 1, we get j + s(j) > 2. Using the definition of s( ), we obtain F(27+25(1))(0) # 0 which

1
implies j + s(j) > po. Furthermore (4.12) yields 2., > WE(,? kO)( )2" Gk . Therefore the following lower-bound

holds
2(j+s(5)) ”r(2k ) (A ze 2(5+s(5)) 1-20
Ekgskj Tz ( ©’(0)? 0) € O
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The rhs of the preceding inequality becomes infinite as k — oco. This is due to the definition of ko, see (2.4),
and the inequality po > ko. Hence, for any 1 < j < ko — 1, the sequence C}(ex) tends to 0 as k — oo. In other
words the set J is a singleton: J = {ko}. Finally for k large enough, we get

T 1
Qek = We(fko)(o)ﬁek 2o _ We(fko)(o)ﬁek g

Second case: pg < ko. For all j < ko — 1, (4.30) implies the following asymptotic estimation:

1

- ‘F(2j+2s(j))(0) 2] _sG) _ 1 _s@ _ 1
(2s(7))!

1
i 27
20, = |WE(0)

i 57 I 35
Oés(j) »Qek ’ €L ’ :Kjgek 7 € J,

L
where K is a constant. Hence, for k large enough, {2, e,j(”s('”’ > KJ’.. In particular, for j = pg — 1, we have

__1
2, > Ce, ™. (4.32)

Hence there exists a constant C” > 0 such that, for any 1 < j < ko — 1,

() _ro—s() 1

Qe_k J € 27 < Cvl 2jpo < C/ 2p0.

Therefore, for all 1 < j < kg — 1, there exists a constant C” > 0 such that

‘W(QJ) > € ~3 < ("¢ 2”0, for k large enough.

In order to conclude it suffices to use the definition of (2, , see (4.12). The term of highest degree in the
1 1

oL 1 _L
construction of (2, is \Wezko)(())\"”“o €. ° which is of order ¢, *° = O(e, ™), since pg < ko. The others
components satisfy

_%} g CIG;ﬁ

These upper—bounds combined with (4.32) permit to prove the boundedness of the sequence {2, /¢, 2”0 k>

1) = {20/, k> 1}

The result announced in (4.29) is a straightforward consequence of the convergence rates proved on sub-
sequences. Indeed it suffices to adopt similar arguments as those developed in the proof of Proposition 4.5
(Step 4). O

sup {‘W(zw

1<j<ko—1

Remark 4.7. In the proof of Proposition 4.5, the boundedness of the family (Cj(e) = %, € > O) for

all 1 < j < ko and the asymptotic result liminf.osup;<;<, [Cj(€)| > 0 were the main starting arguments.
Furthermore the inequalities presented in (4.29) imply that Cj(e) := Wi (O)e”ziof1 satisfies these properties
too. Therefore, in the following, we shall consider C}(¢) and its possible limit C instead of Cj(e) and Cj. In
order to simplify the notations, we shall continue to write C}j(e) and Cj;.

Using the preceding results concerning the asymptotic behavior of the moments Ma,(¢) as ¢ — 0, we shall
now focus our attention to the convergence rate of the expression (f, u.) towards (f,uo) for general functions f
and we will obtain Theorem 2.4.
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Proof of Theorem 2.4. Let us introduce the function f(z) := 1 (f(z) + f(—x)). Therefore we obtain (f,ue,) —
(fruo) = 2 fps (f+(2) — f+(0)) ue, (x)dz. Applying the mean value theorem to fy, there exists a function
x — yy € [0, ], such that

f"(0) Ma(ex) | 1

[ (+@ =1 ) = 0 4 1 [ O et e

The integral term in the rhs can be upper-bounded by a finite combination of moments Aﬁ;—(ﬁ, with r» > 2, since

yx € [0;2] and since f is of polynomial growth. Taking into account Remark 4.7, we adapt Proposition 4.5
_1
to our particular situation. Therefore fR (4)(yw)as e, (r)dx = o(e," ). Proposition 4.5 and especially the
asymptotic equivalence (4.29) yields (2.6). O
Let us now precise the limit just pointed out. The following study consists in describing the whole family of
coefficients (C;, 1 < j < ko).

Corollary 4.8. We assume that both F"' and Wy are convex functions. Let f € C*(R,R) be a function with
polynomial growth. Let us recall that ko, po and mo are defined respectively by (2.4) and (2.5).

1. First case: kg < pg. We have:

1 \Er()
i 75 () — (o)) = 3 (wvifki))'(o)) E E:g 7). (133

2. Second case: py < ko. Let us consider a decreasing sequence (ek)k21 which tends to 0 and satisfies: C;(ex) =
We(fj)(O)ei/mo_l converges to C; for all 1 < j < kq. Then
« C;>0for1<j<po—1;
e Cj=0forpy<j<ko—1;
2k
[ ) Cko = WO( O)(O)l{po:ko}'

We note that this convergence concerns the whole family {u., € > 0}.

Proof. Set s(j) = min{r >1 | F&*27(0) #0} for all 1 < j < ko. Let us consider a decreasing sequence

(€x)r>1 such that Cj(ex) = We(fj)(())ei/mo_l converges as k — co. Using similar results as (4.30) and (4.31), we
obtain

’"_';’(1 +o(l)) ask— o0 (4.34)

J

C)! ng} dx

fR+ %" exp { 2 ZI?O_
fR+ exp [ QZJ L (2;‘)' 23} dz

1. If ko < po then Cj(er) — O0ask — oo forall 1 < j < ko. Indeed due to the inequality j+s(j) > po > ko, (4.34)
leads to the asymptotic estimate:

1 FRIH2sG))(0) i)y
N ——————— g€ ° — 0, ask — oo.
(2s(j))! W

Hence C; = 0 for 1 < j < ko. Moreover Cy, = WE(EkO)(O). The rhs of (2.6) can be easily computed using a
change of variable. We obtain (4.33) and the limit does not depend on the choice of the subsequence.

Ciler) = W(j)()k

2. Let us consider now the case: py < kg. By similar arguments as above we obtain that C; = 0 for py < j < kg

_ Fro)(0) . i . N
and C; = o Ys) >0 for all 1 < j < po, since j + s(j) = po. O
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Let us note that, in the case pg < ko, the coefficients C; corresponding to the limit values of special subse-
quences are linked together by the relation

F2p0)(0) Jpr #2P0=D exp [—2 > %xm} dx

— )
(2(p0 j)) fR+ exp |:_2 fil (g’;l)!x2lj| dz

C; = , for1<j <po.

If we can prove that these relations admit a unique solution (Cj, 1 < j < pg) then the result of Corollary 4.8
is sharpened. Indeed the limit value does not depend on the choice of the subsequence. The prefactor in the
convergence estimate is then uniquely determined. This is for instance the case for pg = 2 but, in general, this
question is open. Let us finally observe that the rate of convergence in the particular case py = 2 is €!/2 which
is actually different from the rate (namely €) described in Sections 4.1 and 4.2. In other words the comparison
between the interaction function and the potential landscape respectively represented by the growth coefficient
a and —V"(0) is essential for the study of the invariant measure convergence rate associated to the limit measure
ug = 50.

4.4. Proof of Theorem 2.5

We deal with the convergence rate associated of outlying stationary measures for diffusion (1.2) associated
with the limit measures d+,. Let us denote by W the pseudo-potential associated with these outlying measures
(see (2.1) for the definition of the pseudo-potential). (W=)U) converges uniformly towards (W) as e — 0.
The limit pseudo-potential is given by

W =V + F(. — (+a)) — F(a). (4.35)

Let us also assume (UC) that is to say the convexity of both functions V" and F”. In particular, Condition (3.3)
is satisfied since +a is the unique location of the global minimum of Woi. In order to present the convergence
rate of uX towards ua—L, we shall essentially apply the procedure presented in Section 4.2. By symmetry, it suffices
to study u[, so in the following we delete the exponent symbol.

First of all, in order to apply Lemma A.5, we just observe that W§'(a) = a + V”(a) > 0 and deduce the
following result: for € small enough, W, reaches its global minimum only at the point a. which satisfies moreover:

We(a)

e = a

This convergence can even be more precise.

Theorem 4.9. The distance between a and a. satisfies:

. ac—a aV®(a)
lim = — -
T W@ at Via)

ac—a W/(a)

The proof of this theorem is based on the decomposition: lim,_,q W a) . The limit value of the first ratio

is determined by (4.36). It suffices to study the second ratio.

Proposition 4.10. The following convergence result holds:

LWa)  aVO)
w6 T V@) (a+ Vi(a)

Proof. Since a is the location of a local minimum of V', W{(a) = 0 and so

W!(a) = W/(a) — Wi(a) /R F'la— 2)u.(2)d.
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We define &(2) :

= a — z) and proceed similarly to the proof of Lemma 4.4. Applying twice Lemma A.5 to
the functions f(t) :

F(

=¢(t) and f(t) := 1 and computing the ratio permits to obtain
[ €@t = (e + mi©)e = gam e+ ofo),

where 7, is defined by (A.3) with A; = a. In other words,

_ W YL
[ staruters = + (= Paeiar+ S ) e ofe

Therefore, we have

§"(a)
szf (a) 4 W2 :

e—0 € ac—a Wl a)

i V@) {1 _&la) — @) ac } -

It suffices in fact to replace in (4.10) &4 by &, o by a and z§ by a¢. The asymptotic result (4.11) is then satisfied.
In order to finish the proof, let us note that Wiz = W& (a) = VO (a), Wy = V"(a) + a = W{/(a), £'(a) = —«
and £"(a) = 0. O

Finally we are able to establish the wished convergence rate of Theorem 2.5.

Proof. Let us recall that ug = dq. Hence (f, uc) — (f,uo) = [5 f( x)dz — f(a). Obviously the proof is similar
to the one of Theorem 2.3. It suffices to replace fy by f, zo by a and x§ by ae. So we obtain directly

lim ~ {/f z)ue(z)dz — f(a )}: f"(a) + f'(a)A(a), (4.37)

e W@
where )
Moy VO VO@ VO
L AV(a) (a+V"(a)?  A(a+V"(a)?  4V"(a) (a+V"(a))
The combination of both the definition of A(a) and (4.37) leads to (2.8). O

Remark 4.11. Theorem 4.8 in [5] can be presented as a consequence of Theorem 2.5 applied to the particular
polynomial function f(x) := 2*. However the statement of the theorem is much more accurate. Indeed, on

one hand, the authors proved in [5] that there exists an outlying stationary measure whose first kth moments

@)
are closed to a* — ka*~ wzai,,(fzzl)((jﬂl,),}?a)(;l) €. On the other hand, we prove in Theorem 2.5 that any outlying

stationary measure around a has such moments.

Remark 4.12. In this section we consider general invariant measures converging towards a discrete limit mea-
sure with trivial support d,. In fact in the proof of Theorem 2.5 the value a does not play a crucial role: it
suffices that it characterizes the limit measure. We deduce therefore that Theorem 2.5 can be applied to dg, it
suffices to replace a by 0 in the statement. In other words, Theorem 2.2 which concerns only symmetric invariant
measures can be extended to the whole set of invariant measures converging towards dg.

5. LOCAL UNIQUENESS: THE PROOFS

In this section, we prove Theorem 2.6. We split into three different cases (which correspond to the three cases
studied in Thms. 2.2, 2.3 and 2.5). We assume from now on that the functions F' and V satisfy (2.7) which
ensures the existence of the so-called outlying stationary measures: invariant measures converging towards d4,.
Moreover V" and F” shall be convex functions.
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Let ue be an invariant measure for the self-stabilizing process and 1 (€), -, ptan—1(€) its first 2n — 1 moments.
Let us assume that u. converges towards ug € {5(1; O a; %(53;0 + %5_350} where z( is the non-negative solution of

2V (zo) + F'(220) =0 and 2V"(x¢) + F"(220) + a > 0.

In [6] we proved that the condition o« > —V"(0) is equivalent to 2o = 0 and so %5% + %(5_% = 0p. We denote
by W, the pseudo-potential associated with u. and defined by (2.1), Wy the limit pseudo-potential associated
with wg, and my(0) the kth moment of ug.

For any measure v whose first 2n moments are bounded (we denoted these moments by (m,, 1 < p < 2n—1)),
we have:

Wi (z) =V (x) + F xu(z) — Fxu(0) = Wo(x) + Zn(x) — Zn(0), (5.1)

with Z,,(x) :== Zii}l (_pll)p (myp —m,(0)) FP)(z). For all k > 1, we define the application ¢ and the probability
measure v, by

< (m - - Jg 2" exp [=2Wp, (2)] da (e
(pk( Ty-ens 2n—1) = fR exp [—%Wm(x)] de ) /R m(d ) (52)

Moreover, if the two measures v and ug are symmetric, then Z,,, and consequently W,, does not depend on the
odd trivial moments. In this case, we consider the function £ defined by

f;k(mg, .. .,mgn,Q) = <p§k(0,m2, 0, .. .,mgn,Q,O).

Finally we introduce $(¢) : R?"~1 — R?»~1 and @ge) : R — R"! given by

) = (05,0505 )T and B8 = (€5, ... &5 5, )T (5.3)

Key property: The measure u. is invariant if and only if the following vector (i1 (€), p2(€), ..., pan—1(€)) is a
fixed point of @), Tt is invariant and symmetric if and only if pogiq(€) = 0 for all 0 < k < n — 1 and if the

even moments compose a vector (pz(€), ..., tan—2(€)) which is a fixed point of 45(()6).

Procedure: In order to obtain local uniqueness for asymmetric stationary measures, we shall use the uniform
convergence on a compact set of () (and its derivatives) towards an application () (and its derivatives).
Secondly, we shall prove that the differential of Id — & is invertible on a small neighborhood of the limit
point (m1(0),...,m2,-1(0)) associated with ug. Finally we shall conclude by using the convergence rate which
assures that the vector (p1(€),. .., pan—1(€)) belongs to the observed compact set. We shall proceed in a similar

way for the uniqueness of symmetric stationary measures with 45(()6).

We begin with a preliminary result:

Proposition 5.1. Let (p1,. .., pan—1) € R* 1 and (va,...,v9,_2) € R* L. We set g :=1=: vy . For C >0,

we define two compact sets namely Pe := Hii}l [ty — C€ pp + Ce] and Q. = Hg;ll [vop — Ce;vay + Cel.
1. If the function Uy(x) = V(z) + 2127161 (;1!)1’ tp (FP)(z) — F®)(0)) reaches its global minimum at a unique

location ag with Uf(ag) > 0 then for allm € P., k > 1 and p € [1;2n — 1], we have

&p;( - kaf™t (—1)p~1
Ug(ao)  p!

2. If the function To(x) := V(x) + ZZ;S ﬁl/zp (F(zp) (z) = F®P)(0)) admits two global minima +by with
T4 (bo) > 0 then for allm € Qc, k > 1 and p € [1;n — 1], we have:

om, F*™ (ag) + 0p,(1). (5.4)

85216 ~N Qk bgk71 ]. (2p+1)
dOma, m)= TO//(bO) (2p)!F (bo) +00.(1). (5.5)




STATIONARY MEASURES FOR SELF-STABILIZING PROCESSES 299

Proof.
Step 1. ¢, is directly related to W,,. By (5.1) and since F' is an even polynomial function of degree 2n, we get

(e P |
W (x) = Wy (z) + Z ( pl') (mp — mp(0)) (1;]7_(;))' 220-P

L 14
izt

Then, the derivative of (5.2) in the variable m,, satisfies

ogy v 2(=DF ~ FE(0)
amp(m e pl Z

7 gt (Phiiplm) = 28, ()i m)). (5.6)

The derivative of &5, is computed in a similar way.

Step 2. Let m € P.. For all 1 < ¢ < 2n — 1, there exists C; € [-C, C] such that m; = p; + C;e. Then, for all

[ >1:

Jp 2t exp [~2Uo(x) — 2R (z)] d
Jrexp [-2Uy(z) — 2R ()] da

where Ry, (z) == 2" - DPM F@)(g) = 3220t % C,F®)(z). According to Lemma A.5 in [5], we

p=1  p! p=1
have the following asymptotic result which is uniform with respect to m € Pe:

€

@i(m) =

(5.7)

1—2 (3)
U, ((10)
€(m) = ab — |—20 0 — (I =1)+4aoR' .
er(m) = aq ) ag U7 (o) ( ) +4ao R, (ao) | €+ op.(€)

We obtain an equivalence of the following expression directly linked to the derivative of ¢j;:

e( ) M 2j+k—p—2

Pojrh—p(M) — P55, (M) (M) = 207 (o) ag e+ op,(€).
Therefore, (5.6) becomes
Ok -1 & R {k(Zj — D) 2jik—p-2 }
m) = a e+ op (€
omy "~ >Z_ @) | 205 (a) (©

_ka’é D s _E®(0)

2—p—1 1
U (ao)p! ¢ Tor(l)

2j—p—1)°

J> 1+17 (

which provides (5.4) as announced.

Step 3. The proof of (5.5) is similar to the previous one. Let m € Q.. For all 1 < i < n — 1, there exists
Cyi € [—C; C] such that mo; = va; + Case. Then, for all I > 1, £, satisfies the same expression that 5, in (5 7)
with the support of the integral reduced to Ry, Uy replaced by Ty and R, by R = Z;l 11 2p),C2p P)(z).
We can not apply directly Lemma A.5 in [5] since the support is reduced to RT instead of R. However the result
can be adapted when by — the unique minimum of 7y on RT — is positive. Therefore

€ ~ € ~ € Qk(2] - 2]7) 2j4+2k—2p—2
fzj+2k—2p(m) - fzj—zp(m)fzk(m) = W 0] P e+ oo, (€).
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Finally (5.5) is proved as follow:

n

(27) P .
0y , .. 2 1 Z FE(0) {Qk(QJ 2p) bgg+2k2p26+oge(6)}

m)=— ;
Imayp e 2p)t L= (25 —2p)! | 277/ (bo)
o 2% b(?)krfl n F(2])(0) b2j_2p_1 +0Q (1) 0
- " | P _1\y1°0 3 .
Tg'(bo)(2p)! £, (2] —2p — 1)!

This preliminary result permits to estimate the differential and by the way answer some questions concerning
the uniqueness problem.

5.1. Local uniqueness for outlying measures

We recall that we assume that the condition (2.7) is satisfied. We are going to prove that there exist exactly
two extremal outlying measures for e sufficiently small.

Proposition 5.2. Let F" and V" be two convex functions. Let (uc) ., and (ve) s, two families of stationary

measures converging to 6,. Then there exists eg > 0 such that for all € < €g, ue = ve.
By symmetry, the same result of local uniqueness holds for d_,.

Proof.

Step 1. For all 1 < k < 2n — 1, we apply Theorem 2.5 to the function f(z) := 2* and so get the existence of a
constant C' > 0 such that (u1(€), ..., pon—1(€)) and (v1(e),. .., I/Qn,l(ef) belong to P, for e small enough. Here
i (€) (resp. vi(e)) is the kth moment of u. (resp. ve) and P, := Hfj; [a' — Ce;al + C¢.

Step 2. Since u, and v, are invariant measures, each vector composed with the first 2n — 1 moments is solution
of the equation: p = P¢(u) where ¢ is defined by (5.3). Therefore let us prove that this equation admits a
unique solution in P, it suffices to point out that Id — Jac @€ is invertible. Here Jac @ represents the Jacobian
matrix of the 2n — 1 dimensional function ¢¢. According to Proposition 5.1 applied to p, = a?, Uy = WO+
defined by (4.35) and satisfying (W;")"(a) = V" (a) + F"(0) = V"(a) + o > 0 (see condition (V-3) and (1.4)),
we get

Doy’

8mp (m) _ kak—1 (_1)17*1 F(erl)(a) +0P5(1)~

(Wo)"(a) P!

The Jacobian matrix then takes a simple expression. Indeed it suffices to prove that (W) (a)Id + V4 Vyl s
invertible, with Vi (i) := ia’~! and Va(j) := (;—II)JF(jJrl)(a), 1 <i,j < 2n— 1. The proof of Lemma 4.7 in [5]
solves this question: if (W;")”(a) + (V1,V2) # 0 then the matrix considered is invertible. Let us note that
i1 i .
(V1, V) = Zfﬁ;l %F(Z‘H)(a) = —F"(0) = —a. Hence (W;")"(a) + (V1,V2) = V"(a) > 0 because of
the hypothesis (V-3). By these arguments we have obtained that p = @¢(u) admits a unique solution in P.. In
order to conclude it suffices to note that the first 2n — 1 moments characterize the stationary measure: F' is a
polynomial function of degree 2n and the invariant measures are defined by (2.2). O

5.2. Local uniqueness for symmetric measures

We shall divide the study into two parts. The first one concerns the limit measure ug = dg and the second
one concerns ug = %(5_3;0 + %5%.

Let us now consider the limit measure Jp. This discrete measure is effectively a limit measure when o > 6
(these parameters are defined by (1.4) and (1.3)). In this case, we get also the following property B = (.

Proposition 5.3. Let V" and F" be two convex functions. Let o > 6. There exists a unique symmetric invariant
measure for € small enough.
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Proof.
Step 1. According to Theorem 4.5 of [5], we know that there exists at least one symmetric invariant measure
ue. We know by Theorem 5.4 in [6] that any such symmetric stationary converges weakly to do since o > 6.

Step 2. Let us consider now two symmetric invariant measures u. and v. converging towards dg.

By Theorem 2.2, there exists C' > 0 such that the vectors (pz(e),. .., pon—2(€)) and (va(€), ..., van—2(€))
belong to Q. for e small enough. Here pap(€) (resp. vax(€)) is the 2kth moment of u. (resp. v.) and Q. :=
[~Ce, Ce]™ 1.

As in the preceding proof, it suffices to prove that Id — Jac @ is locally invertible, where Jac @ denotes the
Jacobian matrix. Applying Proposition 5.1 with v, =0 for all 1 <p <n —1 and so Ty = Wy which admits one
unique global minimum location: 0, we get for m € Q. 887%2’; (m) = 0¢o.(1). This implies directly that Id — Jac &§

is invertible. Moreover since F' is a polynomial function of degree 2n, these moments characterize the measure,
see (2.1). O

Let us finally consider the case ug = % O_mo + % 0z, o > 0, associated with the study developed in Section 4.2.
The discrete measure ug is a limit measure for families of symmetric invariant measures provided that o < 6
(these parameters are defined by (1.4) and (1.3)).

Proposition 5.4. Let F” and V" be two conver functions and o < 6. For ¢ small enough, the self-stabilizing
process (1.2) admits a unique symmetric invariant measure.

Proof. We shall assume that deg(F') > 6. Indeed, we have already proved (Thm. 3.2 in [5]) that, in the linear
case (F’ is linear), there exists a unique symmetric invariant measure for (1.2). Moreover, Example 4.2 in [5]
points out that there exists a unique symmetric invariant measure for deg(F) = 4.

According to Theorem 5.4 of [6], since V" and F" are convex functions, each sequence of symmetric stationary
measures converges to the discrete measure %510 + %(Lmo. Let (uc)..o be such a sequence then it defines a

fixed point of the application 45(()5) defined by (5.3). Moreover, by Theorem 2.3, we know that there exists

C' > 0 such that the first n — 1 even moments of u. represented by (mz(€),...,Ma,—2(€)) belongs to the set
n—1

Qe :=[[,—; [xgp — Ck, ;vgp + Ce¢|. In order to prove the statement of the theorem, it suffices to prove that the

equation p = @ge)(,u) admits a unique symmetric solution in Q.. As explained in the two preceding proofs, the

work just consists in verifying that Id—Jac @Ef) is invertible where Jac @Ef) denotes the Jacobian matrix. Applying
Proposition 5.1 with vy, = 2o? forall 1 <p <n —1 and so Ty = Wy = V + TF(.—20) + LF(. + mo) — F(xo)

which reaches its global minimum for two locations —x¢ and zq (see (4.4)), we get for m € Q.
IS 2kt

s, ") = gy ) o)

By similar arguments as those used in Proposition 5.3, we have just to verify that W' (x¢) + (Vi, Vo) # 0 where
(Vi,Va) = % (F"(2z0) — F"(0)). On one hand, the definition of 2 (4.4) leads to W{/(zo) > 0, on the other hand
the convexity of F" which is a polynomial function of degree larger than 6 permits to obtain (V1,V2) > 0. O

Combining Propositions 5.2-5.4 leads to the statement of Theorem 2.5.

Remark 5.5.

1. Using the convergence rate from wu. towards ug, we prove that there exists a unique symmetric invariant
measure for the self-stabilizing process (1.2) under the convexity property of V” and F” and when a > 6 or
a < 0. The case a = 0 is more difficult since the convergence rate is not of order €. It needs then some other
kind of tools.

2. Let us note that the uniqueness of symmetric invariant measure was already studied in [1] where the authors
considered the constant potential case V(z) := 0. They obtained uniqueness results for « large enough but €
fixed which is to relate to our situation where v > 6 but the noise intensity € should be small. Their proof is
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essentially based on a contraction map which of course leads to local uniqueness. Our study handles directly
with local uniqueness.

APPENDIX A.

Let us finally present some useful asymptotic results which are closed to the classical Laplace’s method. Let
us first recall a preliminary asymptotic result (see [5]):

Lemma A.1. Let M > 0. Let us assume that U is C*([M, oc[)-continuous, U(x) # 0 and U"(z) > 0 for all
x € [M, 00| and lim,_ (U,(ECQSQ =0. If v — e V@) 45 integrable on R then:

+o00 U —U(ac) z ) eU(w)
dt ~ and / e’ \Wdt ~ as x — 0.
/3: U'(x) M U'(x)

Lemma A.2. Sete > 0. Let U and G two C*°(R)-continuous functions. We deﬁne U, = U—i—uG for u belonging
to a compact interval T of R. Let us introduce an interval [a,b] satisfying: U} (a) # 0, U,,(b) # 0 and U,(x)
reaches its global minimum on the interval [a,b] in a unique point x,, €la,b] for allpel. We assume that there

exists an exponent ko independent of u € T such that 2k = min,cy- {U&T)(xu) #* O}. Let f a C*(R)-continuous

function. Then letting the parameter € tend to 0, we get

Um) f(x“) €(2ko)! 2o 1 tate
/ f ko (UE’CO((;;“)> F(Q_]{;O> ( “!‘01’( ))

where I' represents the Euler function and oz(1) converges towards 0 uniformly with respect to y € T.

Proof. The arguments are similar to those used in Lemma A.2 [5]. O

Lemma A.3. Let U. and U € C* ([a;b],R) such that for all i € N, UL converges to U uniformly on [a; b]
as € — 0. If the global minimum of U is reached at a unique point x¢ on [a;b] with xo €]a;b|, then, for e small
enough,

1. Ue has a unique global minimum location x. on [a;b] with x. €]a;b].

2. U"(z0) > 0 implies U (x¢) > 0 and

Ullzo)
U//( )

+ o {U/(x0)} -

Te = T —
3. Furthermore, if U" (x0) > 0, by taking the limit ¢ — 0, for all the function f € C*([a;b];R), we get

[ e = [ ) i (etole)}

with

UL U e ey 4 L100).

Vao (f) = f(20) <48 W 168 +
Here Uy, := Ug(k)(xs).

Proof.

1. We shall proceed using reductio ad absurdum. Let us assume that there exists a sequence (e ) k>1 such that

U., admits two different locations for the global minimum: ac,(cl and x,(f) for all k& > 1. Due to the uniform
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convergence of U, on [a;b], both x,gl) and x,(f) tend to xo as k — oo. Hence, for any § > 0, there exists kg
large enough, such that both x,(cl) and x,(f) belong to |zg — §;x¢ + 8] for k > ko. Moreover U”(z9) > 0 by
assumption and U/ converges uniformly on [a;b]; so there exist p > 0 and dy > 0 such that U/ (z) > p for
all x € [xg — dp; xo + o] and for k large enough. Consequently, the equation U’(x) = 0 does not admit several
solutions on this interval. Taking § = dg, we obtain the uniqueness of the global minimum location for U, and
€ small enough.

2. The uniform convergence and the assumption U”(zo) > 0 imply that U/ (x,) > 0 for € small enough. Moreover
we get the following convergence U/(zo) — 0 as € — 0. Using the mean value theorem, we obtain as € — 0:

Ulwo) = Ullwe) + Ul () (wo — we) (1 + o(1))
= Ul(we) + U (wo) (w0 — xc) (1 + 0(1))

Since U/(x.) = 0, we obtain

Ui(xo)
Te =0 — 07 (o) +0{U.(z0)} -
3. It suffices to adapt the proof of Lemma A.3 in [5]. The arguments are namely the same. O

We can extend the previous statement to integrals with unbounded supports.

Lemma A.4. Let U. and U € C* (R,R) such that for all i € N, Ue(i) converges uniformly on all compact
subset. If U has r global minimum locations Ay < --- < A, and if there exist R > 0 and €. such that U.(x) > x?
for all |z| > R and € < €., then, for € small enough, we get:

1. Ue has ezxactly one global minimum location AS on each interval I;, where I; represent the Voronoi cells
corresponding to the central points A;, with 1 < i <r.

2. U"(A;) > 0 implies U/ (AS) > 0 and

Ul(Ai)

A=A Ty

(3

+o{U{(A:)}.

3. Furthermore, if U"(A;) > 0 for all 1 < i < r, then for any function f € C*(R,R) with polynomial growth,
the following asymptotic development holds as € — 0:

Jrwe =30 [t e 549 £ e+ ot0)
g=1 ¥ e

5U2 . Uy Us f7(4;)
) = f(A; D 2 = (4 S >
'Vj(f) f( J) (48U§,j 162/122,j> f( )4u2j + 4 Us ; ,

with

and Uy, j == Ul (AS).

Proof. For all 2 < j < r —1, we apply Lemma A.3 on the interval I; defined in the statement. We also apply
Lemma A.3 on [-R; R]NI; and [—R; R] N I.. Hence the result is proved on the integral [—R; R]. To conclude it
suffices to note that the integral on [—R; R]¢ is negligible due to the polynomial growth of f and the Gaussian
behavior of exp [—%Ue]. O

Finally we present some special Laplace method applied to the pseudo-potential defined by (2.1).
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Lemma A.5. Let (uc), a sequence of stationary measures which converges weakly to ug. We assume moreover
that {pan(€), € > 0} is bounded with 2n := deg(F'). Let W, and Wy defined by (2.1) resp. (2.3). We denote by
Ay < - < A, (respectively By < -+ < By if s > 0) the elements of A, the support of the limit measure ug
(resp. B the set of all locations for Woy's global minimum which do not belong to A).

1. Let us consider the set of intervals (I;)1<i<r+s which correspond to the Voronoi cells centered in the elements
of D:=AUB. If W§/(D) > 0 for all D € D, W, reaches its global minimum at a unique location in I; denoted
by DS (also denoted by A€ or Bf), 1 <i <r+ s, which converges to D; € D. Then, D satisfies the following
asymptotic development:

2. If ue is symmetric, if ug = dg, and if both Wy and F" are convex functions, then 0 is the unique location of
the global minimum of W.. Furthermore, if F' is not a linear function, we get W!'(0) > 0.

3. If W}/(D) > 0 for all D € D, then for any function f € C* (R,R) with polynomial growth, we have as € — 0:
_2We(®) " [ 7e _2We(ay) .
/Rf(t)e < dt :jzz:l WA;) e c {f(AJ) + vj(f)e + 0(6)} (A.2)
s TE _2We(Bf)
+;”WB§)€ c {f(Bl)+0(1)}

5WE, Wy Ws; o f"(4)
‘ :: A N ,J gl A »J 7/, A.
’YJ (f) f( J) (48 W237j 16 W227j> f ( J)4 W227j + 4 WQJ‘ ( 3)

Here Wy, j = W (A5).

with

Proof.

1. (We)eso satisfies the assumptions of Lemma A.4. Indeed, We(j ) converges uniformly towards Wo(j ), for j € N,
on all compact subsets of R, see Proposition 3.3 in [6]. Besides, since F is a even polynomial function of degree
2n and since the moments are bounded, F'  u.(x) — F % uc(0) > P(z) where P is a polynomial function
independent of e whose principal term is positive. Therefore, using (V-4), we obtain the following lower bound:
We(z) > Cyz* — Co2? + P(x). The application of Lemma A.4 provides the existence of A§ and Bf. Let D be
a location for the global minimum of Wy. If W{J/(D) > 0, the uniform convergence of D¢ towards D and the
convergence of W, towards Wy, on each compact set, imply W/ (D) > 0 for e small enough. The asymptotic
development (A.1) comes directly from Lemma A.4.

2. If ugp = Jp then Theorem 3.6 in [6] implies that 0 is one global minimum of Wy and by the way Wy(z) >
Wo(0) = 0 for all x € R. Furthermore, since F” is a convex function and u, is symmetric and absolutely
continuous with respect to the Lebesgue measure, see [5], we obtain the following lower bound

W) - Wi ) = [

(F”(ac —2)+ F'(x+2)— 2F”(ac))u5(z)dz > 0.
R4

Due to the convexity of Wy, we obtain the convexity of W: W/ (z) > 0 for all z € R. Let us note that W.(0) = 0
and W/(0) = W§(0) = 0. We deduce that We(x) > Wy(xz) > 0 for all x € R.

Let us prove that the global minimum of W, is only reached at 0. If there exists m > 0 such that W.(m) = 0,
then due to the convexity W.(xz) = Wy(x) = 0 for any « € [0,m]. By definition, since ug = dg, we get
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Wo =V + F. By (V-6), we know that V' is an “analytic function” on [—a,a] and F' is polynomial. Therefore
Wo(z) =V (x)+ F(z) =0 and W['(z) = V"(z)+ F"(x) = 0 for any « € [—a, a]. This contradicts the hypotheses
(V-3) and (F-2) which imply that W”(a) > 0. Finally we conclude that 0 is the unique location of the global
minimum of W,.

Besides, if F’ is not a linear function then F”(z) > F"(0) for all z # 0. Consequently, W/ (0) — W{/'(0) =
Jz (F"(2) = F"(0)) ue(z)dz > 0 because F” is odd and convex on R . Therefore, W/ (0) > W' (0) > 0 and so 0
is the unique location of the global minimum.

3. As By tends to B;, we have f(By) = f(B;) + o(1) so that (A.2) is a direct consequence of Lemma A.4. O

(1]
2]
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