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PLUG-IN ESTIMATORS FOR HIGHER-ORDER
TRANSITION DENSITIES IN AUTOREGRESSION *

ANTON SCHICK' AND WOLFGANG WEFELMEYER?

Abstract. In this paper we obtain root-n consistency and functional central limit theorems in
weighted Li-spaces for plug-in estimators of the two-step transition density in the classical station-
ary linear autoregressive model of order one, assuming essentially only that the innovation density has
bounded variation. We also show that plugging in a properly weighted residual-based kernel estima-
tor for the unknown innovation density improves on plugging in an unweighted residual-based kernel
estimator. These weights are chosen to exploit the fact that the innovations have mean zero. If an
efficient estimator for the autoregression parameter is used, then the weighted plug-in estimator for
the two-step transition density is efficient. Our approach generalizes to invertible linear processes.
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INTRODUCTION

Suppose we observe X, ..., X, coming from a stationary linear autoregressive process of order one:
X =pXi1+¢e, telz,

with p € (—1,1) and independent and identically distributed innovations {e;,t € Z} with mean zero, finite
variance 02 and a density f. We are interested in estimating the two-step transition density ¢ of X; o given
X, = z for some fixed x. We could estimate ¢(z) nonparametrically by writing it as h(z, z)/g(z) with g and
h the stationary densities of X; and (X, Xi12), respectively, and plugging in kernel estimators for h and g;
see Roussas [16,17], Nguyen [13] and Athreya and Atuncar [1]. The rates would be those for estimating a two-
dimensional density. We could use the Markov structure and write ¢(z) as [ s(z,y)s(y, z) dy with s the one-step
transition density, and plugging in nonparametric estimators for s. This would give better rates, because the
problem reduces to that of estimating one-dimensional functions, namely conditional expectations. This is work
in progress. Functional central limit theorems cannot be expected (except locally, on intervals shrinking as
the bandwidth) since for different values of z the estimators eventually use essentially different parts of the
observations.
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Using the autoregressive structure, we can express the two-step transition density given x as

q(z) = /f(z —py—p°n)f(y)dy, z€eR

This is a smooth functional of f and p, and we shall show that plugging in appropriate estimators for f and p
leads to a root-n consistent estimator of ¢. We must of course exclude the degenerate case p = 0.

First we discuss limitations and possible extensions of our approach. For the one-step transition density
f(- = px) of Xiy1 given Xy = x, the rate of the estimator f( — pr) equals the rate of f, and we do not have
root-n consistency. Our results generalize however to estimation of m-step transition densities of Xy, given
X; = x, which can be expressed as

//f( — Y1 — ="y = p" ) F (1) - f Y1) Y Ay

Our results also generalize to higher-order autoregression. To keep the paper readable, we consider only the
simplest case.

Root-n consistent estimation of g is possible because ¢ can be written as a convolution. This idea has
already been used for other estimation problems in time series. Saavedra and Cao [18] obtain pointwise root-
n consistency of a plug-in estimator for the stationary density p of a mowving-average process of order one,
X, = pei—1 + &, which can be expressed as p(y) = [ f(y — px) f(x) dz. Schick and Wefelmeyer [20] prove that
versions of this estimator are asymptotically normal and efficient. Schick and Wefelmeyer [22] show that such
estimators obey functional central limit theorems in L; and Cpy; they also consider higher-order moving average
processes. — Estimating ¢ is similar to estimating the stationary density p of X;, which can be expressed as
p(y) = [ f(y — px)p(z) dz. Root-n consistent estimators for the stationary density of general invertible linear
processes are derived Schick and Wefelmeyer [24,26].

Similar results exist for i.i.d. observations Xi,..., X, and functionals not involving unknown parameters
like p. Frees [4] shows that his local U-statistic estimators for densities of certain functions ¢(Xj, ..., X,,) with
m > 2 are pointwise root-n consistent. Saavedra and Cao [19] consider the special case X7 + aXs with a known.
Schick and Wefelmeyer [21,25] obtain functional central limit theorems for plug-in estimators of densities of
ur(X1) + -+ + um(Xm) and X7 + Xo in Ly and Cp. Giné and Mason [5,6] prove functional central limit
theorems and laws of the iterated logarithm in L,, 1 < p < oo, for local U-statistic estimators of densities of
functions ¢(X1, ..., X,,), under minimal conditions, and uniformly in the bandwidth.

To describe our plug-in estimator, let p denote the least squares estimator

5e Y XX
S X7

Note that p has the martingale approximation

27—1 Xj1€5 1 1$ 1/2
p—p=35 = =3 Xjag+o0,(n?)
Yo Xiy BXgneg T

and E[X3] = 0%/(1 — p?). In particular, p is asymptotically normal with variance 1 — p?. We mimic the
innovation €; by the residual

éj:Xj_ﬁXj—h .721,,’[7,
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We can then estimate the innovation density f by the kernel estimator based on these residuals,

fly) = %Z ko(y =€), yeER,

Jj=1

where ky(y) = k(y/b)/b for some density k and some bandwidth b = b,. Substituting these estimators for f
and p in the expression for ¢ yields the following plug-in estimator of ¢:

Q(Z):/f(Z—ﬁy—ﬁQx)f(y)dy, z €R.

In place of the kernel estimator f we can use a weighted kernel estimator

fuly) = Z wike(y — &), yeR.
j=1

S|

This results in the plug-in estimator

awazfﬁ@—m—ﬁmﬁ@mhzek

Since the innovations have mean zero, we choose weights for which the weighted empirical distribution of the
residuals has mean zero. Motivated by Owen [14,15], we take weights of the form

w = — (0.1)

where ) is chosen such that the weights wy, ..., w, are positive and Z?zl w;é; = 0. This is possible on the

event {mini<;<, &; < 0 < maxi<;j<n €;}, which has probability tending to one; otherwise we set A=0.

We shall show that the estimators ¢ and ¢, are root-n consistent in the L;-norm and obey functional central
limit theorems in L; with the weighted estimator resulting in a smaller asymptotic variance structure. To
describe these results let us define functions x¢, x1 and y2 by

xd@:i/fwfpwﬂwd%
xd@:i/fwfpwyﬂwd%
m@=/@—wv@—wvwmhzek

We shall require that f is of bounded variation. Then the first two of these functions will be shown to be
absolutely continuous with integrable a.e. derivatives x( and x}. Now set xy = x1 + x2 and

q(z) = —2prxo(2) —x1(2), z€R.

In the following, let ¢ and X be distributed as e; and X;. Let f, denote the density of pe, i.e. f,(y) = f(y/p)/lp|-
Define functions ¢ and v, by

Uy, 2) = folz —y) + flz—py) and ¥.(y,2) =9(y,2) — o 2yx(z), y,z€R.
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These can be used to define processes

sy
P
I
S|

(¥(ejy 2) = ElY(e, 2)]),  z €R,

1

J

=
*
O
I
S =
(]

(Ys(gj,2) — Etbe(e, 2)]), z€R.

j=1
Finally, for ¢ € R, introduce the shift operator S; which assigns to an integrable function h the shifted version
Sth defined by Sih(z) = h(z —t).

Theorem 1. Let p # 0. Suppose [ has bounded variation and a finite moment of order greater than 16/7. Let
k be the standard normal density and b ~ (nlogn)~/*. Then

16— a = Sp2a® = (p = p)Speadlls = 0p(n~17?),
|G — g = Sp2aWu — (p = p)Sp2wdlls = 0p(n~1/3).

Moreover, n*/?(G — q) converges in distribution in L1 to S, (G + 0 1 Z1x + /1 — p2Z2q), while n*/*(G, — q)
converges in distribution in L1 to S,2,(Gy 4+ /1 — p?Zaq), where Z1 and Zy are independent standard normal
random wvariables independent of the centered Li-valued Gaussian process G, that has the same covariance
structure as (g, ).

The rest of the paper is organized as follows. In Section 1 we describe our main result, a version of Theorem 1
for certain weighted Li-norms. Theorem 1 then follows by taking the weight function to be constant. Section 2
gives conditions under which ¢, is efficient for all finite-dimensional marginals if an efficient estimator p is used.
Section 3 derives stochastic approximations for the residual-based density estimators f and fw used for plug-in.
The proof of the stochastic approximations (1.6) and (1.7) for ¢ and G, is in Section 4.

1. A VERSION OF THEOREM 1 IN WEIGHTED L;-SPACES

Let V be a positive measurable function. The V-norm of a measurable function h is defined by

[|hllv = /V(x)|h(x)|dx.

This is the usual Li-norm if V' = 1. Let Ly denote the space of all (equivalence classes of) measurable functions
with finite V-norm. In other words, Ly is simply the Li-space for the measure that has density V with respect
to the Lebesgue measure. Throughout we always impose the following assumptions on the function V.

Assumption 1. The function V is continuous at 0 with V' (0) = 1 and satisfies

V(s+t)
V(st)

V(s)V(t), s,teR, (1.1)

<
< V), |s|<1, teR. (1.2)

Examples of such functions are V(y) = (1+1y|)” and V(y) = exp(r|y|) for non-negative r. The class of functions
satisfying Assumption 1 is closed under multiplication and under taking positive powers. Consequently, the
following functions V, and W, share Assumption 1 with V,

Vi) =1 +y)V(y) and Wa(y) =1+ |y)*Viy), yeR,

with o > 0.
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Assumption 1 was introduced by Schick and Wefelmeyer [25]. Property (1.1) is useful when dealing with
shifts and convolutions, while (1.2) is useful when dealing with rescaling. More precisely, for functions g and h
of finite V-norm we have

[Sehllv < V@)[IRllv  and g hllv < [lgllviihllv

and, with hs(y) = h(y/s)/|s| for y € R,
[hsllv < [|Allv, 0 <ls| <1.
Furthermore, for each o > 1 we have the inequality
I3 < Callh®[lw., (1.3)

with Co = [(1+ |y|)~*dy. See Schick and Wefelmeyer [25] for details.

To state our result for the space Ly we need to strengthen the assumption that f has bounded variation.
Let h be an integrable function of bounded variation. Then there are finite measures p; and s with equal mass
p1(R) = p2(R) such that

h(x) = pa (=00, z]) — pa((—00,z])
for all but countably many . This motivates the following definition. We say that an integrable function h has
bounded V -variation if h has bounded variation and the measures p; and pe can be chosen such that f Vduq
and [V dps are finite.

In this section we no longer insist that p is the least squares estimator. Instead we consider more generally
an estimator p that satisfies a martingale approximation

A I8N -
pp= 13 Xy 0(e) + oY) (1.9
j=1
for some measurable function ¢ such that E[¢(e)] = 0 and E[¢?(e)] is finite. The least squares estimator

satisfies (1.4) with ¢(y) = y/E[X?] = (1 — p?)y/o?, y € R.

Theorem 2. Let p # 0. Suppose the density k has mean zero and is four times continuously differentiable with

bounded derivatives and k and its four derivatives have finite V.2-norms. Let b ~ (nlog n)’1/4. Suppose [ has
bounded V -variation and
J @+ W)V @) + 2V @) + ) S0 dy < o0 (15)
for some o > 1 and some & > 16/7. Let (1.4) hold and let v denote the standard deviation of Xo¢p(e1). Then
1d =g = Sp20® — (5= p)Speadllv = 0p(n~"/?), (1.6)
16w — a = Sp2a W = (= P)Sp2adllv = 0p(n~173). (1.7)

Moreover, n'/?(G—q) converges in distribution in Ly to Sp24 (G +0 1 Z1x+7Z5q), while n'/? (G, —q) converges
in distribution in Ly to Sz, (Gys +vZ2q), where Z1 and Zy are independent standard normal random variables
independent of the centered Ly -valued Gaussian process G, that has the same covariance structure as 1, (g, ).

We obtain Theorem 1 by taking V' = 1, k the standard normal density, and p the least squares estimator, for
which v = /1 — p2. If V(z) = (1 + |z|)" for some non-negative r, then (1.5) amounts to a moment condition.
For example, for r > 1, (1.5) is equivalent to f having a finite moment of order greater than 1+ 2r.

We shall defer the proof of the expansions (1.6) and (1.7) to Section 4. A proof of the weak convergence
of n'/2(§ — q) and n'/?(4, — q) is given next. For this let Z;,Z, and G, be as in Theorem 2. In view
of the expansions (1.6) and (1.7) and the continuity of shifts and addition in Ly, it suffices to prove that
A, = n'2(U, U — U, (p— p)g) converges in distribution in L}, to A = (G.,0 ' Z1x,7Z2¢). For this it is
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enough to show that the sequence A,, is tight in Lj, and that M),(A,) converges to My (A) for every triplet
h = (hq, ha, h3) of bounded measurable functions, where M), is the operator from L:%/ to R defined by

My (g) = / (hl(Z)gl(z) + ha(2)g2(2) + hs(Z)gs(Z)) dz, g=1(91,92,93) € L%/-

Here we made use of the fact that the family M), is a probability determining class on L?,. In view of (1.4) we
obtain the expansion

Mi(An) =023 (ai(e)) = Blar(©)] - 225 + asX;10(e)) ) + 0,(n /%)

with a1(y) = [ hi(2)Ya(y, 2) dz, az = [ ha(2)x(z)dz and a3 = [ hs(2)¢(z)dz. Note also that E[X] = 0 and
Elai(e)e ] = 0, the latter in view of (1.8). Thus the martingale central limit theorem yields that My (A,,) is
asymptotically normal with mean zero and variance

2
a
Var(ai(e)) + 0—3 + a2v?.

This is also the variance of the centered normal random variable Mp(A). Thus we have shown that M (A,)
converges to My(A) for each triplet h = (hq, ha, hs) of bounded measurable functions. Hence we are left to
establish tightness of A,. For this we recall the central limit theorem for the space Ly ; see e.g. Ledoux and
Talagrand [11], Theorem 10.10.

Theorem 3. Let Y, Y7, Ys, ... beindependent and identically distributed Ly -valued random variables with mean
zero. Then n~/2 Z?Zl Y; converges in distribution in the space Ly to a centered Gaussian process (with the
same covariance structure as 'Y ) if and only if

Jim 2P([Y]ly > ) =0 and /V(Z)(E[YQ(Z)])1/2 dz < 0.

A sufficient condition for this central limit theorem is that E[Y 2] has finite W,-norm for some a > 1; see Schick
and Wefelmeyer [25].
Abbreviate W,, by W for the a of Theorem 2. For each z € R, we calculate

El(e, 2)e] = /fp(z —yyfly)dy +xa(z) = /(z =) f(z=y)fp(y) dy + x1(2) = x(2) (1.8)
and thus find
E[pl(e,2)] = E[Y?(e,2)] — 0 2x*(2) < E[Y*(e, 2)] < 2f7 * f(2) + 212 % fo(2).
Since f has finite W-norm and is bounded under the assumptions of Theorem 2, we obtain that

B2 Nllw < IER e, Mllw < 20152 « fllw + 211 + follw
<2 1wl fllw + 2021wl follw < ADIfIF

for some constant D. Thus n'/2¥ and n'/?¥, obey a central limit theorem in Ly. Since n'/2(p — p) is tight,
so is n'/2(p — p)¢ in view of the continuity of the map (s, ) — sh from R x Ly into Ly. This shows that the
sequence A, is tight in L3 .
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We end this section by stating some expansions in Ly. We say a function h is Ly -Lipschitz if there is a
constant C such that
ISih = hlly < CHV(E), teR.
It was shown in Schick and Wefelmeyer [25], Lemma 8, that functions of bounded V-variation are Ly -Lipschitz.
Let A denote the set of functions g with finite V-norm that are absolutely continuous and whose a.e. deriva-
tives ¢’ have finite V-norms. Let A, = {g € A: ¢’ is Ly-Lipschitz} and Ao = {g € A: ¢ € A}.

Lemma 1. Let K be a measurable function with finite Vi.-norm. Then v; = [u'K(u)du is finite for i = 0,1,
and the following are true.

(1) If g is Ly -Lipschitz, then ||g x K, — vog|lv = O(b).

(2) If g belongs to A, then ||g * Ky — vog + birg’||v = o(b).

(3) If g belongs to Ar, and [V (u)u?|K (u)|du is finite, then |g * Ky — vog + brig'|lv = O(b?).

Proof. The first assertion follows from Lemma 7(1) of Schick and Wefelmeyer [25] with v = 1; the last two
assertions follow from their Lemma 6. O

2. EFFICIENCY

In this section we recall a characterization of efficient estimators in autoregressive models and use it to prove
that g, is efficient if an efficient estimator p is used. Fix p € (—1,1) and an innovation density f. Assume that
f is absolutely continuous with a.e. derivative f’, and that the Fisher information for location, J = E[(?(¢)], is
finite, where £ = — f’/f. Introduce perturbations p,, = p+n~?r, r € R, and f,, = f(1 +n~'/2h) with h in
the space H of bounded measurable functions such that E[h(¢)] = E[eh(e)] = 0. Let P41 and P,41 .5 denote
the joint stationary law of (Xy, ..., X,,) under (p, f) and (pnr, fnn), respectively. Then we have local asymptotic
normality under P41,

dp, ¢ 1
log —Lrh =172 > (X oal(g)) + h(gj)) — 5 (PEIXP]T + E[1*(2)]) + 0p(1);
APy < 2
see e.g. Koul and Schick [8]. Let H denote the closure of H in Ly(f). The squared norm on the right-hand side
defines an inner product on R x H. A real-valued functional s of (p, f) is called differentiable at (p, f) with
gradient (ry,hy) € R x H if

2 (6(pnrs fan) — K(p, f)) — rorE[X?)J + Elhe(e)h(¢)], (r,h) € R x H.
An estimator & of & is called regular at (p, f) with limit L if L is a random variable such that
nl/Q(/% — K(pnr, fun)) = L under Poyq,n, (r,h) € R x H.

The convolution theorem of Hajek and LeCam says that L is distributed as the convolution of some random
variable with a normal random variable N that has mean 0 and variance r2 E[X?]J + E[h2(¢)]. This justifies
calling & efficient if L is distributed as N.

An estimator % of k is called asymptotically linear at (p, f) with influence function g if g € La(P2) with
E(g(Xo, X1)|X0) =0 and

n'2 (k= k(p, ) =02 g(X1, X;) + 0p(1).
j=1

It follows from a version of the convolution theorem that an estimator & is regular and efficient if and only if
it is asymptotically linear with influence function g(Xo, X1) = 7. Xo0f(¢1) + hw(e1). We refer to Bickel et al. [2]
for these results.



142 A. SCHICK AND W. WEFELMEYER

We read off immediately the well-known result that an estimator for p is regular and efficient if (and only if) it
is asymptotically linear with influence function r, X¢f(e1), where 1/r, = E[X?].J, i.e. expansion (1.4) holds with
é(y) = rpl(y). Efficient estimators for parameters of time series are constructed in Kreiss [9,10], Jeganathan [7],
Drost et al. [3] and Koul and Schick [8]. If we use an efficient estimator p for ¢, then, by Theorem 2, G, (2)
has influence function 7. Xol(e1) 4+ Sp25(Vu(e1,2) — Elbs(e, 2)]) with 7, = r,5,2,4(2). To prove that G, (z) is
efficient, we need only check that (r.,S,2, (¢« (e1,2) — E[1)« (e, 2)])) is the gradient of x(p, f) = q(z). Note first
that for (r,h) € R x H we can write

02 (K(pnrs fan) — K(p, f)) = n'/? (/ Jrn (2 = prry — pip®) frn (y) dy — /f(z —py — p°x) f(y) dy) :

By Taylor expansion this converges to

—r2px / fz=py = p*x)l(z — py — p*2) f(y)dy —r / Fz = py — p*2)yl(z — py — p*x) f(y) dy
+ /f(z —py = pre)h(z — py — pPx) fy) dy + /f(z — py — p*2)h(y) f(y) dy
which can be rewritten as
1 (2088,20X0(2) + S i () + Sy [ e = ) F0) dy + Sy [ T~ pw)h0) 1) dy
= 1S5224(2) + E[Sp2.9(, 2)h(e)] = ror B[X?)J + B[S 2, (¢4 (e, 2) — Elyu (e, 2)])h(e)]-

This shows that x(p, f) = ¢(z) has the desired gradient. In the last step we have used that 1. (e, 2) — E[)«(e, 2)]
is the projection of ¥ (e, z) onto H.

3. THE BEHAVIOR OF THE DENSITY ESTIMATORS

In this section we derive convergence rates and stochastic expansions for residual-based density estimators.
Throughout the section we let K denote a measurable function with finite V-norm and set

v = [ K@y and Kify) = K@/, yex

For z € R let

S|

Ho(z) = %Z wiKie =&, A= 13 K2,

A ==Y Ky(z—cp), () = ()] = Ky # £(2).

Now fix an a with 1 < a < 2 and set W = W,,. Since f has a finite second moment, so do the stationary
random variables Xy, and this yields

= 1/2
max |X;1] = o,(n'/?). (3.1)

The root-n consistency of p then implies that

Tn = 112]%)(11 &5 —eil = 1p = pl 121]&3)(71 |Xj—1] = 0p(1). (3.2)

From Lemma 1 we obtain the following result.
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Lemma 2. Let f have finite V-norm and be Ly -Lipschitz. Let K have finite Vi.-norm. Then
I1H —vic fllv = O(b).
Lemma 3. Let f and K2 have finite W-norms. Then
IH — Hllv = Op(n~"2071/2).

Proof. We calculate R
nVar(H(y)) < BIKj(y — )] = Ki » f(y), yER,
and thus obtain in view of (1.3) the bound

nB[|H — H|[}) < Call K} + fllw < Call fllw K7 lw-

This yields the desired result as [|[KZ||w < b= 1| K?|lw for b < 1. O

Lemma 4. Suppose that f is Ly -Lipschitz and has finite W-norm. Let K be twice continuously differentiable,
let (K")? and (K")? have finite W-norms, and let K' and K" have finite Vi.-norms. Let nb* — 0. Then

1~ Hly = Op(n~'b72).

Proof. We may assume that b < 1. In view of V' < V,, < W, the functions f, K’ and K" have finite V-norms. Let
K} and K| denote the first and second derivative of K. Then Kj(z) = K'(z/b)/b? and K]/(z) = K" (z/b)/b>.
Using this it is easy to see that

[5Gl =007, K lv =0072),  [(K)?lw = 00~?),  [[(K5)*[lw = O0b~?).

Since f is Ly-Lipschitz and K’ and K" have finite V,-norms, and since the integrals [ K’(u)du and [ K" (u) du
equal zero, part (i) of Lemma 1 implies that

If = Killv =0(1) and |[f« K}y =O00™"). (3.3)
Set .
Y XjaKpxfy), yeR.
j=1

S|

1 & _
Lly)==> XjaKiy—g), T =
j=1
Then we have

1Tl =0 [ 3 X1 | = 0p0%) = 00572,
j=1
Note that nE[(I'(y) — I'(y))?] = E[X?](K})? * f(y). Using this and (1.3) we obtain that
nB[| I = I|[}] < CaBIX?]|(K)* * fllw < CaBIX?]| fllwll(K3)*[lw = O().

The above shows that
1(p =PI llv = Op(n~1b=%/2).
Thus it suffices to show that
IH = H —(p— p)Tllv = Op(n~"072).
A Taylor expansion shows that H(y) — H(y) — (p — p)I'(y) equals

—_

L3 =N [ K=+ = p)X) (1= )
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Using ||S:h|lv < V(#)||h]lv and V(s +t) < V(s)V(t) we obtain

V=B = (= )l < 5 3 (5= PR VNV ) IKY v

This gives the desired result in view of the bounds
(p— P)QHK{:HV = Op(n_lb_2), Vi(ta) = 1+ 0,(1), Z 1V ej) = Op(1),

the latter by the finiteness of E[X2V (g1)]. O
A stronger result is possible under an additional moment assumption.

1/4

Lemma 5. Let the assumptions of Lemma 4 hold with b ~ (nlogn)~'/*. Let f have a finite moment of order

&> 16/7. Then
IH — Hllv = op(n~"/?).

Proof. We may assume that b <1 and £ < 4. It follows from the moment assumption on f that the stationary
random variables X; also have finite moments of order £&. This implies that

_ 1/¢€
19]a§n|XJ 1= Op( )- (3.4)

In view of the results in the proof of Lemma 4 it suffices to show that

|H = H = (p = p)Tllv = op(n~"/?).
Set r,; = n~Y2X; 1 and A = n'/2(p — p). Then &; —¢; = —(p — p)X;_1 = —Ar,;. This allows us to write
H(y) — H(y) — (p — p)I'(y) as R4 (y), where

1 n
Ra(y) = 3" (Kuly — &5 + Arwy) = Koy - 21) = Aray Ky - <)) ).
j=1

In view of the n'/2-consistency of p, it suffices to show that, for each (large) constant C

sup [|Rallv = op(n~"/?). (3.5)
INESe;

Now fix such a C. A Taylor expansion shows that

1

n
EZ (Ary;) /K Yy —¢&j + ulr,;) (1 —u)du
=1

and that

10 1 B 1 B
Ra x(y) — Raly) = - Z Ary; /0 (A 4+ vA)ry; /0 Ky (y —€j + u(A 4+ vA)ry;) dudv.
j=1
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Let a = a, be a sequence of positive numbers such that C' > a and a ~ (logn)~!. It follows from ||S;hlv <
V(t)||h||v and the properties of V' that

R - R <a(C+a)V((C+ il VI K 4 V(
2 Vs =l S0 v (€0 e R 53

Since maxi<j<n |Tn;| = 0p(1) and E[Xj{lV(sj)] = E[X?]||f|lv, we see that

sup sup |[Ra,x — Rallv = Op(an™"b7?) = O,((nlogn)~%/?). (3.6)
[AISC A|I<a

Let now R (y) be defined as Ra(y), but with r,,; replaced by 77, = 7,;1[|X; 1| < n'/¢]. Then R%(y) and
RA(y) can differ only on the event {max;<;<, |X;_1| > n'/¢} which has probability tending to zero. This shows
that

sup ||[RA — Rallv = op(n_1/2). (3.7)
[Al<C

Now set

n

1
_1 g (Arn;) / /K{;L(yferuAr;j)f(z)dz(lfu)du.
n - 0

Jj=1

In view of (3.3) and (1.1) we obtain

n

sup IRallv < %g (Arsy)V (€ max frug ) I« fllv = Opn~'07) =0, (n~"2). (38)
Next,
E[|(Ra — R&)?w] < / [ WWErA @) dydu,
with
= %i ( Ky (y — e+ ulry;) f/K{)’n(yferuAr;j)f(z)dz)
j=1

a martingale. Since
E[IR(y,u)] < ™ |A*E[|Xo[*1[| Xo| < n'/E)(K7 (y —e1 +udn™/2X0))?],
we obtain from (1.1) with W in place of V' that

b \ETECE[II(RZ — RA)?[lw] < W(Cn ™ 2RV O 2 OO Sy S EILX | fllw (K7l

Since —2+ (4 — &)/£+5/4 < 0 in view of £ > 16/7, we arrive at the rate

n sup E[||(Ry — R3)?|lw] = Op(n™)
|alsc
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for some ¢ > 0. In view of (1.3) we then have, for every finite subset D,, of the interval (—C,C) with M,
elements,

P( max n'2|R5 — Rallv >n) < 3 P(n'/?|Rs ~ Rallv > )

AeD
A€eD,,
< Y PmCal(RA — RA)?(lw > 1)
AeD,
nC’ R
< E[|(Rx — R3)?|lw], n>0.
AeD,

This shows that, for every n > 0 and every finite subset D,, as above,

1/2 * _ —C¢
P(Anéagin IR RA||V>7;) O(M,n~9). (3.9)

Now take D,, to be such that the intervals of length a,, centered at elements of D,, cover the interval [-C, C].
We can choose D,, such that M,, = O(a; ') = O(logn). The desired (3.5) follows from (3.6)—(3.9). O

Lemma 6. Let the assumptions on f and K of Lemmas 2 to 4 hold. Let nb* — 0 and nb%/3 — oo. Then we
have

1H = vi fllv = op(n™"/*).
In addition, if K has finite W-norm and [u?|K(u)|du is finite, then

IH —vi fllv. = 0p(n~"/*).
If also [y*V (y)f(y)dy is finite, then
| = op(n”1%).

Proof. The first conclusion is a consequence of Lemmas 2 to 4. Since o > 1, we have

A+ [y)V*2(y) <W(y), yeR,

and hence the inequality

15

b= [ DV W@ dy [+ V2@l dy < [l R

where U(y) = (1 + |y|)?, ¥y € R. The second conclusion now follows from the facts that ||f|w and ||f]v are
finite and that ||H|lw = O,(1) and ||H||y = Op(1). For example, using ||S;h||w < W(t)||h|lw and W(z +y) <
W (x)W (y), we find

n

1
1Hw < ~ Z /le 2= &))IW(z)dz < [|[Kplw — Z W(E;) < [KlwW (ra —Z

J 1 Jj=1

3

for b < 1 and thus ||H|lw = O,(1) in view of (3.2) and finiteness of E[W (¢)] = || f|lw.
The third conclusion is proved similarly using instead the inequality

IR]I7, < /(1+ IyI)QV(y)Ih(y)Idy/V(y)lh(y)ldy O

Let ¢ denote the identity map on R.
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Lemma 7. Under all the assumptions of Lemma 6 except the very last, we have
2 22T —1/2
[Ho — H + dvicefllv = op(n~/?).

Proof. Tt was shown in Miiller et al. [12] that

Y R _ -
=0 2EZ gj +0,(n" %) =0, (n"1?), (3.10)
W, = max |w; — 1] = 0p(1), (3.11)

and that w; — 1 = fj\éjwj for j =1,...,n. Thus we obtain the identity
- ~ N NN o1
Hy,(y)— H A = —A\y(Hy bA— —&;).
(y) = H(y) + Ay f(y) y(Ho(y) — nz:: £j)

Since ¢K has finite V-norm, we obtain

1257 wmnt -2, < X

— Klv = 1).
2 2 wVEKly = 0y

||M:

Thus it suffices to show that || H,, — vk f|lv. = 0,(1). But this follows from

1Hw — Hlly. < w.— Z VeENIK v, = 0p(1)
_] 1

and ||[H — vk f|v. = 0p(1) in view of Lemma 6. O

All the assumptions on K appearing in the previous lemmas are met if K is twice continuously differentiable
with bounded derivatives and if K and its derivatives K’ and K" have finite V,>-norms.
Now let f be the kernel estimator based on the actual observations,

%Z y—¢5), YyeER,

and set f = f x k. If we take K = k, thenwehaYeVK?l,f{ :f“’,’ I:[:f,f{:fandﬁ:f*kzb:f; if we
take K = k', then v =0, Hy,, = bf!, H=>0bf', H=">0f" and H = bf’; and if we take K = k" we have v =0,
H, =02 H="02f" H=0>f"and H = b>f". Thus we have the following results.

Proposition 1. Suppose the density k is four times continuously differentiable with bounded derivatives and k

and its four derivatives have finite V.2-norms. Let b ~ (nlog n)*1/4. Suppose f has finite W-norm and a finite
moment of order greater than 16/7 and is Ly -Lipschitz, and (> f has finite V-norm. Then

1w = fllv = 0p(n ™), [l fu = fllv. = 0p(n™""),
Ifw =+ Afllv = 0p(n= %), [lfu = fllv = 0p(n~"/*logn),
1f = Fllv = op(n=®logn),  |Ifii = Fllv = 0p(n'/*logn).

Moreover, R R R R
1wl + llefullv + 12 fully = Op(1) and || fillv = op(n'/*logn).
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4. PROOFS OF (1.6) AND (1.7)

For the proofs of (1.6) and (1.7) we need some smoothness results for convolutions. For r in (—1,1) and
integrable functions g and h, let us denote by B,(g, h) the integrable function defined by

Bi(g.0)e) = [~ rhw)dy, 2R
It is easy to check that if g and h have finite V-norms, so does B,.(g, k), and
1B:(g, Mllv < llgllvIAllv.
Since B,.(g,h) — B-(g,h) = B,(g — g,h) + B.(g9,h — h), we find that
1B+(g,h) — Br(g, )llv < g — glvIhllv + llgllv ]Ik — Allv,

for g, g, h, h with finite V-norms.

Lemma 8. Let g and h have finite V-norms and |r|,|p| < 1 with p # 0. Then the following are true.
(1) If g has bounded V -variation, then B,(g,h) belongs to A.

) If h has bounded V -variation, then B,(g,h) belongs to A.
) If g and h have bounded V -variation, then B,(g,h) belongs to Ay,.
) If g belongs to A and th has finite V-norm, then, for |r — p| <1 —|p|,
1B:(g,h) — Bo(g, W) llv < |r = plllgllv[chllv-
(5) If g belongs to Az, then
1S¢Br(g:h) = Br(g,h) — tBr(=g'. h)llv < E2V()llg" v h]v
and, if also t*h has a finite V-norm, then, for |r — p| < |pl,
1Br(g.h) = By(g. h) — (r = p)Br(=g',eh)|lv < (r = p)*llg" v [|:llv-
Proof. The proof of (1) is contained in the proof of Lemma 8 in Schick and Wefelmeyer [25]. The proof of (2
p p Y p

is essentially the same. To prove (3), recall first that a function of bounded V-variation is Ly -Lipschitz. Then
(3) follows from Lemma 4.6 in Schick and Wefelmeyer [23]. To prove (4), write

B(0.1)(:) = Byla. ) =~ =) [ | (e py— 1l — p)y) dtyh(y) dy
to obtain
IB:0.0) - Byta v <=l [V [ [ 1 (= — oyl — p)y)| () dydz
=l [ 1 [ [ Vet outute =l ()] dzluh)| dy du.

Then use V(s +t) < V(s)V(t). The proof of (5) is similar. O
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We are now ready to prove (1.7). The proof of (1.6) is similar. Set A = (52 — p?)z. We have the identities
Gu = SpaBa(fu, fu) and q=S,:B,(f. f).
Since || Sih|lv < V(t)||h]]v and Sity = StSu, it suffices to prove
1S3 Bp(fus fr) = Bo(fs /) = W = (p = p)dllv = 0p(n~"/?).

Let us set

(fo(z —&5) = E[fo(z — €)]),

>
#
2
O
I
S
INgE

1

J

>
3
o
&
I
S|
(]

(f(z—pej) — E[f(z = pe)]), z€R.

J

Then we have

1 n
Vo=An1+Ana—0 2= ) gx.
A1t Ana—o0 n 4 €iX

We can show that A, 1 xky = Bp(f— I, f)and A, 2 x ky = B,(f, f—f). By the tightness of nl/QAn,i, we obtain
[n'/2 A, ; % ky — n'/2A, i|lv = 0,(1) for i = 1,2. In view of this and (3.10) it is enough to show that

ISaBs(fus fu) = Bo(fs f) = Bo(f = £, ) = Bo(f: f = ) = (p = p)d + Axllv = op(n~ /).
We have the identities
q = QPpr(ifa f)/ + Bp(ffa Lf)/ and X = Bp(fa Lf) + BP(Lfa f)

Thus the desired result will follow if show

IS Bo(fus fu) = Bo(fus fu) = (b= p)202By(=f, f) v = 0p(n'1?), (4.1)

I1Bs(fus fu) = B (funfw) (6= P)Bo(=f,uf) IV = 0p(n™1/3), (4.2)

I1Bp(fus fu) = Bo(f: fu) + AB,(uf, fllv = 0p(n=1/2), (4.3)

1B, (f, fu) = Bo(f, ) + AB,y(f,uf)llv = 0p(n~1/2), (4.4)

IBo(f f) = Bolf f) = Bo(f = F. ) = Bo(fo f = Nllv = 0p(n=1/2), (4.5)

IBo(f, ) = Bo(f, Ny = O(b%) = 0p(n~"/?). (4.6)

Since [k (u)du = 0 and [uk/(u)du = —1, Lemma 1 yields ||g = kj||y = O(1) if g is Ly-Lipschitz and

llg = ki — ¢'|lv = o(1) if g belongs to .A In view of Lemma 8 and Proposition 1 we have

ISABs(fus fur) = Bp(fus fu) = ABs(=flos fu)lv < A2V fulvIIfullv = 0p(n™"7?),
I1Bo(fiss fu) = Bo(fios v < 16 = plllfullvllefullv = 0p(1),
1By(fiss fu) = Bo(Fs Dllv < If = FIvifullv + 111 fu = Fllv = 0p(1),
1Bo(f', £) = Bo(£, £)'lv = 1Bo(f. f) # kit = Bo(f, ) llv — 0.

These four bounds and the fact that A = (5 — p)2pz + 0,(n~'/?) show that (4.1) holds.
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Using again Lemma 8 and Proposition 1, we find

1Bo(Fu o) = BolFons Fu) = (= 0)Bol~FstFudllv < (5 = 9?1 Flv 12 Fullv = 0p(n™/?),
1By~ Fovif) = By sof v < 1o = Flvllefulle + 17l = Dlle = 0p(2)
|Bo(~F's1f) = Bo(—fo1f) v = 1By, of) by = By(—f.1f) v — 0.

These three bounds show that (4.2) holds.

we

Since
1By (fus i) = Bo(Fs Fu) = Bp(fur = . O)llv < 1w = FIvIfu = Fllv = 0p(n™"/2),
1By (Fu = F.5) + ABo(uf, Dllv < V1w = F+ Aeflly = 0p(n~2),
obtain (4.3). A similar argument yields (4.4).

The inequalities

: ) = Bo(f = [ Dllv I = FIvIS = fllv = op(n™1/2),
IIB (f; f) (f D =By(f.f = Dlv < If = FIVIf = fllv = 0p(n™"/?)

imply (4.5).

It is easy to check that B,(f, f) = B,(f, ) * ko * kpp = B,(f, ) * (k * k,)p. Since B,(f, f) belongs to AL, by
Lemma 8 and K = k * k, has finite V,2>-norm, part (iii) of Lemma 1 gives (4.6).
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