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FUNCTIONAL CENTRAL LIMIT THEOREMS FOR EPIDEMIC
MODELS WITH VARYING INFECTIVITY AND WANING
IMMUNITY

ARSENE BRICE Z0OTSA NGOUFACK®

Abstract. We study an individual-based stochastic epidemic model in which infected individuals
gradually become susceptible again following each infection (generalized SIS model). The epidemic
dynamics is described by the average infectivity and susceptibility processes in the population together
with the numbers of infected and susceptible/uninfected individuals. In R. Forien et al., Stochastic
epidemic models with varying infectivity and susceptibility. arXiv preprint arXiv:2210.04667 (2022), a
functional law of large numbers (FLLN) is proved as the population size goes to infinity, and asymptotic
endemic behaviors are also studied. In this paper, we prove a functional central limit theorem (FCLT)
for the stochastic fluctuations of the epidemic dynamics around the FLLN limit. The FCLT limit for the
aggregate infectivity and susceptibility processes is given by a system of stochastic non-linear integral
equation driven by a two-dimensional Gaussian process.
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1. INTRODUCTION

Many infectious diseases become endemic over a long time horizon, for which waning of immunity plays a
critical role in addition to the infection process. The classical compartment model, SIRS (susceptible-infectious-
recovered-susceptible), assumes that immunity at the individual level is binary, that is, each individual is either
fully immune or fully susceptible. However, that is largely unrealistic since it does not allow for partial immunity
or gradual waning of immunity. Various models have been developed to study the effects of the waning of
immunity and the associated vaccination policies [1-12]. All the models except [6, 11] start from an ODE model
with the additional waning immunity characteristic. In particular, El Khalifi and Britton [10] recently studied
an extension of the ODE for the classical SIRS model with a linear or exponential waning function. They
considered a model with a fixed number of immunity levels and then discussed the corresponding ODE-PDE
limiting model (similar to [3]). See also [12] for an analysis of the stability of the model with an arbitrarily
large number of discrete compartments with varying levels of disease immunity. Carlsson et al. [6] study an
age-structured PDE model that takes into account waning immunity. Despite the interesting findings, there has
been lack of individual-based stochastic epidemic models that take into account waning immunity.
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FIGURE 1. Illustration of a typical realization of the random infectivity and susceptibility
functions of an individual from the time of infection to the time of recovery, and then to the
time of losing immunity and becoming fully susceptible (or in general, partially susceptible).

In [13] the authors Forien, Pang, Pardoux and Zotsa first introduced an individual-based stochastic epidemic
model that captures waning immunity as well as varying infectivity [14]. More precisely, they proposed a
general stochastic epidemic model which takes into account a random infectivity and a random and gradual
loss of immunity (also referred to as waning immunity or varying susceptibility). See Figure 1 for a realization
of the infectivity and susceptibility of an individual after an infection. Individuals experience the susceptible-
infected-immune-susceptible cycle. When an individual becomes infected, the infected period may include a
latent exposed period and then an infectious period. Once an individual recovers from the infection, after some
potential immune period (whose duration can be zero), the immunity is gradually lost, and the individual
progressively becomes susceptible again. Then the individual may be infected again, and repeat the process
at each new infection with a different realization of the random infectivity and susceptibility functions. This
model can be regarded as a generalized SIS model. When “I” is interpreted as “infected” including exposed and
infectious periods, and “S” is interpreted as including immune and susceptible periods. It can of course also
be regarded as a generalized SEIRS model. We also mention the recent work [11], where a similar stochastic
model of varying infectivity and waning immunity with vaccination is studied. We notice the difference from our
modeling approach besides the vaccination aspect: the random susceptibility function and varying infectivity
function are taken independently in each infection. However, we do not impose the independence between the
random infectivity and susceptibility functions in each infection.

In [13], the authors have proved a functional law of large numbers (FLLN) in which both the average
susceptibility and the total force of infection converge, when the size of the population goes to infinity, to a
deterministic limiting model given by a system of integral equations depending on the law of the susceptibility
and on the mean of the infectivity function (see Thm. 2.2 below). Note that, the average susceptibility is the
sum of the susceptibility of all individuals in the population divided by the size of the population and the total
force of infection is the sum of the infectivity of all individuals in the population divided by the population
size. Under a particular set of random infectivity and susceptibility functions and initial conditions, they also
show that a PDE model with infection-age can be derived from the limiting model, which reduces to the model
introduced by Kermack and McKendrick in [15, 16] (see the reformulation in [17]). They also characterize the
threshold of endemicity which depends on the law of susceptibility and not only on the mean, and prove the
global asymptotical stability of the disease-free steady state when the basic reproduction number is lower than
the above-mentioned threshold. When the basic reproduction number is larger than this threshold, they authors
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prove existence and uniqueness of the endemic equilibrium and under additional assumptions, they prove that
the disease-free-steady state is unstable.

The goal of this work is to study the stochastic fluctuations of the dynamics around the deterministic limits
for the stochastic epidemic models with random varying infectivity and a random and gradual loss of immunity,
see the result in Theorem 2.10. More precisely we study jointly the fluctuation of the average total force of
infection and average of susceptibility and then deduce the fluctuations of the proportions of the compartment
counting processes. The fluctuation limit of the average total force of infection and average susceptibility is
given by a system of stochastic non-linear integral equation driven by a two-dimensional Gaussian process.
Given these, the limits of the compartment counting processes are expressed in terms of the solutions of the
above non-linear stochastic integral equation driven by another two-dimensional Gaussian process. This result
extend the functional central limit theorem (FCLT) results of Pang-Pardoux in [18, 19] for the non-Markovian
models without gradual loss of immunity and in [20, 21] for the Markovian case.

To prove the FCLT (Thm. 2.10), we first obtain a decomposition for the scaled infectivity and susceptibility
processes, each of which has two component processes. We employ the central limit theorems for D-valued
random variables [22] to prove the convergence of one component since it can be regarded as a sum of i.i.d.
D-valued random variables. We refer to the Notation section below for the notation D. The convergence of
the other component is much more challenging, and we must develop novel methods to prove tightness and
convergence. We need more assumptions on the pair of random functions (), ) than the ones used to establish
the FLLN, and these assumptions are sufficient to establish tightness. For that purpose, we need to establish
moment estimates and maximal inequalities for the increments of the processes. This is extremely difficult. In
general the common technique use classical result for moment calculations of stochastic integrals (see for example
[18]). However, this result does not work here because of the complicated interactions among the individuals, as
well as the randomness in the infectivity and susceptibility. Some of the expressions involve stochastic integrals
with respect to Poisson random measures, with integrands which are not predictable but depend on the future.
The classical result for moment calculations of stochastic integrals cannot be used in our setting, for example,
[23], Theorem 6.2. Thus, we establish a new theorem to calculate the moments for such stochastic integrals (see
Thm. 5.1). In fact, in general the common technique use classical result for moment calculations of stochastic
integrals see for example [18].

In addition, we develop an approximation technique by introducing a quarantine model, in which one infected
individual is quarantined so that the number of infected descendants of that individual can be bounded con-
veniently (this scheme can be extended to more than one quarantined individual). Using this approximation,
we compare the processes counting the number of infections of each individual for the original process to the
number of infections of each individual for the quarantine model, and as a consequence, we obtain the moment
estimates and maximal inequalities to prove tightness (see Lem. 8.6).

Finally it is worth noting that our individual-based stochastic model resembles the recent studies of models
with interactions, for instance, interacting age-dependent Hawkes process in [24, 25|, age-structured population
model in [26] and stochastic excitable membrane models in [27]. In the proof of the FLLN in [13], the authors
adapted the tools to the theory of propagation of chaos (see Sznitman [28]) by constructing a family of i.i.d.
processes with a well-chosen coupling. A similar approach was taken in [24, 26]. However, for the FCLT, we
derive from the approach of studying fluctuations from the mean limit that were taken in [24, 26], since it is more
challenging for our non-Markovian model. In that approach one has to work with processes taking values in a
Hilbert space (dual of some Sobolev space of test functions) and the limit is characterized by an SDE in infinite
dimension driven by a Gaussian noise. On the contrast, we work directly with the real-valued processes and
prove their convergence with the conventional tightness criteria, which leads to a finite-dimensional stochastic
integral equation driven by Gaussian processes.

Organization of the paper

The rest of the paper is organized as follows. In Section 2, we describe the model in Subsection 2.1 and
we recall the FLLN results from [13] in Subsection 2.2. Next, in Subsection 2.3 we present the main results
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of this article. The proof of our main result is presented in Section 3, in particular we present an alternative
expressions for the limiting system of our main result in Subsection 3.4 and we present a specific cases in
Section 4. In Section 5, we present some preliminary results that will be used in the proofs. In Section 6 we
characterize the limit of the convergent subsequences. In Section 7 we approximate the limit, and we prove
tightness in Section 8. Appendix in Section A.

Notation

Throughout the paper, all the random variables and processes are defined on a common complete probability

space (2, F,P). We use # to denote convergence in probability as the parameter N — co. Let N denote
—+00

the set of natural numbers and R*(R% ) the space of k-dimensional vectors with real (nonnegative) coordinates,
with R(R;) for k = 1. We use 1{-} for the indicator function. Let D = D(R;;R) be the space of R-valued
cadlag functions defined on R, , with convergence in D meaning convergence in the Skorohod J; topology (see,
e.g., [29], Chap. 3). Also, we use D* to denote the k-fold product with the product .J; topology. Let C be the
subset of D consisting of continuous functions and Dy the subset of D of cadlag functions with values in R.
We use = to denote the weak convergence in D.

2. MODEL AND RESULTS
2.1. Model description

We consider a population of fixed size N. Let (Ao,70) and (A,7) be two random variables taking values in
D(Ry,R;)?, and let {(Ak0,7k.0),1 <k < N} be a family of i.i.d. copies of (Ag,70) and {(Agi,Vk.i),i > 1,1 <
k < N} be an family of i.i.d. copies of (), ), independent of the previous family. The function Ay o (resp. vyx,0)
is the infectivity (resp. susceptibility) of the k-th individual between time 0 and the time of his/her first (re)-
infection, and A ;(t) denotes the infectivity of the k-th individual, at time ¢ after his/her i-th infection (where
we count here only the infections after time 0), and ~x ;(¢) denotes the susceptibility of the k-th individual, at
time ¢ after his/her i-th infection, given that this is his/her most recent infection.

We can think of the law of (Ag,79) as being a mixture of the law for the initially infected individuals, who
have been infected before time 0 and for which \g(0) > 0 and ~9(0) = 0, and the law for the initially susceptible
individuals, for which Ag(0) = 0 and ~5(0) > 0 (possibly vo(0) = 1).

As in [13] we assume that (Ao, 7o) and (A, ) satisfy the following assumption.

Assumption 2.1. We assume that:

(i) 0 < 7o(t), v(t) <1 almost surely and there exists a deterministic constant A\, < oo such that for all
t>0,0<MA(t), A(t) < A\ almost surely.
(ii) Almost surely,

sup{t > 0, Ao(t) > 0} < inf{t > 0, v (t) > 0} and sup{t > 0, A(t) > 0} < inf{t >0, v(t) > 0}. (2.1)

We refer below Assumption 2.6 for example of pair (A, 7).

Assumption 2.1-(ii) implies that, as long as an individual has not recovered, he/she cannot be reinfected.
Hence in each infected-immune-susceptible cycle, the infected and susceptible periods do not overlap. Note that
only (i) is necessary for the process to be well defined, and we discuss the consequences of removing part (ii) of
the above assumption in Remark 2.13 below.

Fori>0and 1 <k < N, we define

M0 = sup{t > 0: A\ o(t) >0}, and 7, :=sup{t >0: Ag;(t) >0}
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We will also use the notations
no =sup{t >0, Ao(¢t) >0} and n=sup{t >0, A\(t)>0}.

Let AY(t) be the number of times that the k-th individual has been (re)-infected between time 0 and ¢. The
time elapsed since this individual’s last infection (or since time 0 if no such infection has occurred), is given by

G (t) ==t — (sup{s € [0,#] : A (s) = AR (s7) + 1} V0), (2.2)

where we use the convention sup () = —oo. With this notation, the current infectivity and susceptibility of the
k-th individual are given by

Ak, AN (1) (s (1)), and Vi, AN (t) (s (1))

Let us now

N
70 = 5 > a6 (1), (23)
k=1

the average infectivity at time ¢ and

N
&' (1) = = X map & 0) (2.4)
k=1

the average susceptibility of the population at time ¢.
The instantaneous rate at which the ¢-th individual infects the k-th individual is

1
N/\e,A;V /(52 ()1, a8 @) (St (1))

where the % factor comes from the probability that the k-th individual is chosen as the target of the infec-

tious contact. Summing over the index ¢, the instantaneous rate at which the k-th individual is (re)infected is
given by

TN (1) = e an o ()T (0)-

Let now (Qk,1 <k < N) be an i.i.d. family of standard Poisson random measures (PRMs) on R? , independent

of the sequence (A,i,Vk,i)1<k<nN,i>0. The family of counting processes (A{CV (t),t > 0,1 <k < N) is then defined
as the solution of

AN () = / Ly cpn oy @ (dr, du). (2.5)
[0,t] xR

We set

N
V) =S TN (1) = NS (1F ().

k=1
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We define the number of infected individuals at time ¢ by

N
N —
™y =>" L <, ay iy (2.6)
k=1

and the number of uninfected individuals at time ¢ by

2

N N
UM =3 1wz, iy =N =170, (2.7)
k=1

We then define

7(0) := B(no > 0), T(0) == P(np = 0) = 1 — 1(0).

Recall that {(Ag,0,7%,0),1 <k < N}, and hence (ng,0,1 < k < N), are independent and identically distributed.
Thus by the law of large numbers,

N N
1 1 1 1 =
(§1 0. 50" ©) = (N YIRSy ﬂnk,o_()) - (100, 7(0)
k=1 k=1
2.2. Already known results
Under Assumption 2.1 from [13], Lemma 6.1, there exists a unique § € D(R) such that

F(t) =E A a,i(c1(t)] and &(t) =E [v1,4,0)(s1(1))],

where for £ > 1 the process Ay is defined as:

Ag(t) = / Ly<ry (r—) Qi (dr, du),
[0,t] xR

with

T (t) = Yo, 4, ) (S (£)) S (0),

and ¢, is defined in the same manner as ¢V with Ay instead of AN, see (2.2). In this definition we use
the same (Ag i, 7k, Q) as in the definition of the model in Subsection 2.1. Moreover, note that, as the
((Mki)is (Vei)is Qk)k21 are i.i.d, the (Ag)x are also i.i.d.

Then we recall the following FLLN result from [13]. Let (UN,TN) = N-YUN,IN). Let

Ro(t) = E[Ao(®)|mo > 0], () ==Eat)],
F5(t) =P (n,0 > tlmo >0), F(t):=P(n>1),

and recall that 1(0) =P (11,0 > 0). We shall denote below by u the law of .
Theorem 2.2. Under Assumption 2.1,
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where (6,F) satisfies the following system of equations,
—_— t —
S(t)=E [’yo(t) exp (—/ 'yo(r)S(r)dr)]
0
t t B L
+/ E [v(t — s)exp (—/ ~y(r — s)&(r)dr)} S(s)F(s)ds, (2.9)
0 s

3(t) = T(0)Xo(t) + /O t Xt — 5)8()F(s)ds. (2.10)

<

Given the solution (&,

)7

@™, 1 Nj’m (U, 1) in D2
where (T,T) is given by
T(t) =1 - 1(t), (2.11)
10 = 10750 + | Pt — 5)B(s)F(s)ds. (2.12)

Note that Theorem 2.2 states that in large population, the dynamic of the epidemic becomes deterministic.

Remark 2.3. Note that for each ¢ > 0, @(t) <13 <\

2.3. Main Results

The purpose of this section is to establish an FCLT for the fluctuations of the stochastic sequence around its
deterministic limit. More precisely, we define the following fluctuation process: for all ¢ > 0,

N

Ft) = VNG ()= 31), and &V (1) = VN(&" (t) - (1)), (2.13)

and we want to find the limiting law of the pair (&N, FV).
We introduce the following Assumptions.

Assumption 2.4. The random functions (A, ), of which (Mg, Vk,:)k>1,;>1 are i.i.d. copies, satisfy the following
properties: There exist a number ¢ € N*, a two random sequences 0 = £0 < ¢! < ... < ¢f = o0 and 0 = (¥ <
¢t < - < ¢! = +00 and random functions M € C, 47 € C, 1 < j < £ such that

)4

4
A(t)zzv(t)ygm,@)(w and  y(t) =Y ¥ (B ¢0)(t). (2.14)

Jj=1

In addition, for any T' > 0, there exists deterministic nondecreasing function ¢ € C with ¢r(0) = 0 such that
IN(t) — M (s)] < or(t —s) and |y (t) — 47 (s)| < pr(t — s) almost surely, for all 0 < t,s <T,1<j <k.

Assumption 2.5. There exists a > 1/2 such that for all 0 < ¢ < T, the function @7 from Assumption 2.4
satisfy

er(t) < Ct7, (2.15)
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for some constant C' > 0. Also, if F; denotes the c.d.f. of the r.v. &, and G; denotes the c.d.f. of the r.v. ¢,
there exist C' > 0, and p > 1/2 such that, forany 1 <j</—1,0<s<t<T,

Fij(t)— Fj(s) <C'(t—s)” and G;(t)—Gji(s) <C'(t —s)”. (2.16)

Assumption 2.6. There exist non-decreasing continuous functions ¢1, ¢2, 11, 12 and constants oy > %, Qg >
%,ﬂl>1,ﬁ2>1suchthatf0ra110§s<u<t,

i) E[(A®) = A())*] < (61(8) = 61(s)* 5

i) E [(7(6) = 7())°] < (62() = 62(5)™
i) B [(A(1) = A@)* (Aw) = As))?] < (a(t) = ()
iv) B [(7(5) = 7()” (1) = 7())°] < (Wa(t) = wa(s))”

We note that, Assumptions 2.4, 2.5 and 2.6 are not required to establish the FLLN in [13]. These additional
Assumptions are used to establish the tightness, of §V and &%, see the proof of Lemma 3.7. There are many
examples of the pair (),~) that satisfy them. A typical example of pair ()\,v) can be given by:

A(t) = Mo<icn, and y(t) = Ly or ¥(t) = (1 — e*(t*")) sy,

where 7 is a random variable. For more examples and discussions on A(-) we refer to Section 2.3 in [18], and on

A(-) in [10]:
Let us now state on main results.

Definition 2.7. Let (J,9) be a two-dimensional centered continuous Gaussian process, with covariance
functions: for ¢,¢ > 0,
() = Cov (31,4, (@ (1) 11,4009 (9 ()
£),M(')) = Cov (A1, 4, ) (51(8)), A, ay o) (61(1)))
Cov (M (t ,fj(t')) = Cov (A1, 4, (1) (s1(8)), 71,4, ) (s1(F))) -

Remark 2.8. In Subsection 3.4 the system of equations (3.19) give another expression for (fj, 951)

We consider the following system of stochastic integral equations for which we have (z,y) € C?:

)=~ [ &l en (- [ 050 )] seas
/ / [t—s r—s)exp(— /:wu—s)s(u)duﬂy(r)m 8(s)drds
' / B - s)ew (- [ . 501 )| (s69506) ~ 35(5) + Slohu(s) as
+3(), (2.17)
o) = [ Xt =) (0156 - 36I56) + Sls)u(s)) ds + 00 (218)

Lemma 2.9. The set of equations (2.17)—(2.18) has a unique solution (x,y) € C2.
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We denote its solution by (S,F) € C2.
y') an

Proof. If we denote by (z? d (22, y?) two solutions of (2.17)—(2.18), as & < 1 and § < A, we obtain by

easy computations for all t 6 [0, TL

2 (t) = 2O + Iy (8) =y (O] < (A2 + 20 + AT +2) /O |2t (s) = 2(s)| + [y (5) — y*(s)Ids. (2.19)

Uniqueness then follows from Gronwall’s Lemma.
Now local existence follows by an approximation procedure, which exploits inequality (2.19). Global existence
then follows from the estimates (2.19), which forbid explosion. Lemma 2.9 is established. O

The following Theorem is our main result.

Theorem 2.10. Under Assumptions 2.1-2.6,
(6N, §V) = (6,§) in D2

where (é,@) is the unique continuous solution of the system of stochastic integral equations (2.17)—(2.18), that
18,

&) - | E [w( J0(s) exp ( / t ’Vo(T)S(r)dr>] §(s)ds

/ / { (t = 5)y(r —s)exp <—/:v(u—s)$( )duﬂ@( )3 ()8 (s)drds

" / e [ -seo (- [ tv(r—s)@(r)dr)} (6()3(5) — 3()3(5) + B(5)3(5)) s

(5)3(s) + B(5)§(s) ) ds + M), (2.21)

o8
—

~
=

\

C\ﬁ

>
=

~

|

Vo)
&

N

—
S~—
=
=
&
RS

where we recall that (ii)jt) is specified by Definition 2.7.

Remark 2.11. Note that in Subsection 3.4, Proposition 3.10 give another expression for (é,@)
We define

INe)=VNIT ) -TI@) and UN@)=VN@ () -T®), t>0.

We first note that as T () + U (t) = 1 and T(t) + U(t) = 1, it follows that ¥ (¢) + UN(t) = 0.
As the random function ¢ — 1,>; satisfies Assumptions 2.1, 2.4, 2.5 and 2.6, replacing A ;(t) by 1;<,, , in

(2.3), the convergence of IN(t) follows an analogous argument as that used for FV(t) in Theorem 2.10. Using
the fact that IV (t) + U™ (t) = 0, we obtain the convergence of U~ . Therefore, we obtain the following Corollary
from Theorem 2.10 and the system of equations (2.20)—(2.21).

Corollary 2.12. Under Assumptions 2.1-2.6,

(O iN) = (—=1.1) i D,
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where I is the unique continuous solution of equation:
itt)y= [ Fe(t—s) (é(sms) —3()3(s) + @(s)@(s)) ds + 9, (1), (2.22)

where My is a centered continuous Gaussian process as given in Definition 2.7 where we replace Ay 4,1y by

Licny 4,y 0 the expressions of M.

Remark 2.13. If we remove condition (2.1) of Assumption 2.1, this means that an infected individual can be
reinfected before the end of his/her infections period. As a result from [13], the limit obtained in the FLLN
satisfies a different set of equations. More precisely, equation (2.10) is replaced by (2.23) and (2.12) by (2.24),
where (2.23) and (2.24) are given below:

50 =& (e (- [ w(Fnar)|
+/0t [ (t — s) exp ( /tw—s (r)drﬂe(s)g(s)d& (2.23)

10 =5 [ty-com (~ [ 2 )]
- E Lo (- - I50ar) | S(s15e)as. (2.24)

In the same way without condition (2.1) of Assumption 2.1, the limit obtained in the FCLT (Thm. 2.10 and
Cor. 2.12) satisfies a different set of equations. More precisely, equation (2.21) is replaced by (2.25) and (2.22)
by (2.26), where (2.25) and (2.26) are given below.

st - | E [Ao< Jr0(5) exp ( / t VO(T)S(r)drﬂ §(s)ds

/ / [ (¢ = s)y(r —s)exp ( / tv(us)%(u)du)h(r)s( )& (s)drds

v [ M=y (- | i 5ar) | (S5 - 36)506) + E0)3(6))
+ 0M(t), (2.25)

0= [ 8t e (- [ 5] 56

/ / [ n>t-s7(r = 5) exp (— / tv(u—s)%(u)duﬂ $(13(s)S(s)drds
+/0 E {]lwtsexp < /Sty(r —5)

+ 0, (t). (2.26)

&
=
S~—"
[oN
=
N———
I
/N
(68
o
g
N
|
<
—
Va)
S~—
o
—~
VA
S~—"
+
@
—
Va)
~—
<>
—
VA
S~—"
N—
o,
V)

In that case, the convergence of § (t) follows an analogous argument as that used for &V (t) in Theorem 2.10.
More precisely, without condition (2.1) of Assumption 2.1, equation (3.4) is replaced by a similar equation
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as (3.5). Consequently instead of the expression in (3.9), one gets a different expression, which resembles the
expression in (3.10), so that the proof follows from similar arguments.

This model is very versatile. We can construct more types of compartmental epidemic model. From
Theorem 2.10 we can deduce the fluctuation of the proportion of individuals in each compartment; for example
taking L, <i<no+e, inStead of Ag(t) and 1, <<y instead of A(t), in (2.23) we obtain the proportion of recovered
individuals at time ¢ denoted R(t), where we recall that 79 and 7 are infection periods and ¢y and ¢ are immune
periods, and doing the same in (2.25) we obtain the expression of fluctuation of the proportion of recovered
individuals at time ¢ denoted R(t) In Section 4 we will deal with a special cases of Theorem 2.10.

3. PROOF OF THEOREM 2.10
We recall the definitions of FV and &V, from (2.13) below:

() = VN (§N(t) - §(t)) , and &N () .= VN (6%) - 6(t>) .

Let us write,

N
+VN (]17 Z M4t (6 (1) —E [Ara, ) (gl(t))])
5

and

t). (3.2)

Since (Ve A, () (sk(+)), )\kwAk(‘)(gk(.)))k are i.i.d D%-valued random variables with each component satisfying
Assumption 2.6, by applying the central limit theorem in D, each component (see Thm. 2 in [22]) it follows
that éév = J and @é\f = M in D as N — oo respectively. Then, as D is separable from [30], Lemma 5.2 the
pair (éév, @é\’) is C—tight in D? and using the uniqueness of the limit of éév and {%V, the convergence in D? of
the pair (&5, §)) follows. Moreover, given the convergence of (62, §}'), by the continuous mapping theorem
SYFY converges in D. It follows that for each ¢,# > 0, the covariance of &Y (¢') and §Y (t), which is given
by Cov (1,4, (1) (s1(t'), M1, 4, (1) (s1(¢)))) , converges to the covariance of the limit process of SY (') and §Y(t).
Hence we have the following Lemma:

Lemma 3.1. Under Assumption 2.6, as N — 400,
(6Y.85) = (3,Mm) in D2

where (3,93?) s a centered continuous 2-dimensional Gaussian process given in Definition 2.7.



56 A. B. Z. NGOUFACK

To conclude the proof of Theorem 2.10, it remains to prove the convergence of the pair (é{v ,{%{V ), which
is very technical. To achieve this, in Subsection 3.1, we provide a decomposition of the pair (&, F). In
Subsection 3.2 we establish two continuous mapping theorems. Hence, in Subsection 3.3 we are able to prove
Theorem 2.10 and in Subsection 3.4 we establish an alternative expressions for the limiting system (é,@) of
Theorem 2.10.

3.1. Decomposition of the fluctuations (é]l\f’§11\7)

In [13] we had made a coupling between A]kv and Ay and if instead we give ourselves a Poisson random
measure on R x D? x R, we can define a new coupling. However if we look at the law of the first time for
which AY # Ay, then the law of this time is the same for both couplings.

We then introduce a Poisson random measure @ on Ry x D? x R, so that the mean measure of the
PRM is

ds x P(dA,dy) x du,

where we consider P as the law of the pair (A,7).
We denote by @)}, its compensated measure.
For 0 <s <t ,and vy € D, ¢ € D we set

Pi(s,t,7,¢) = / Luc(r—eyom @i (dry AV, ', du).

[s,t]xD2 xRy
Note that if individual k-th is infected at time s and his/her susceptibility is v, Pk (s, t, 7,§N) = 0 if and only

if there has not been yet reinfected at time t.
Note that to define AQI below we use the fact that,

A (1)
g (58 (0) = W0 (L, (0,5, . 5%)=0 + > malt - Tﬁi)ﬂmfﬁ,m i3)=0
i=1 T

where (T,ﬁvl), is the family of infections time of individual k with increasing order and where (7 ;); is the family
of susceptible function which corresponds to this infection. We also have a similarly expression for Ay 4~ (N ().
So we define A, as follows

<Aﬁ@)zt/ Ly oy Quldr, X, dy, du)
[0,t]xD2 xRy

where

i T (s-) 7N
T (1) = (vk,o(tﬂlpk(Ommgw)_o+ L] v(ts)ﬂpk(s,t,v,@N)_oQk(ds,dA,dv,du>>s (®

N t TN (s—)
_N 1 k
5 <t>:NZ{Ak,o<t>ﬂp,c<o,t,%,o,gw>-o+ L A<t—s>ﬂpk<s,t,m>-o¢2k<ds,d%d%dw}- 53
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Note that the process AkN define here has the same law as the process A,iv given by expression (2.5). Under
condition (2.1), (3.3) becomes

- &ZN:{AM / /132 /Tk : A(t = 5)Qk(ds, dA d%du)} (3.4)

k=1

On the other hand, we have

t T (s-)
Z {Wc 0 Pk(O,t,wk,o,§N):0 + /0 /D2 /0 ~y(t — s)]lpk(s,t,yﬁ’v):o@k(ds’ dA, dv, du)} . (3.5)

Similarly,
Ak(t) :/ ]luSTk(T—)Qk(dT,dA,d’y,du)
[0,t]xD2xR4+
with
t Tk(s ) .
0 = (o0 pamomcot [ L[ A= 9L mm0@u(ds.dhdran) ) 50

where § is given by (2.10).
Consequently we have

N t Ti(s™)
Z)\k A () (su(t kZ:l {Ak,o(t) +/0 /D/O At — s)Qk(ds,d)\,d%du)} : (3.6)

and
N N Tr(s— )
D WA (ok() = {%0 Lp(0.t10.0. %)= o+/ /Dz/ Lp, (5,67, 5)=0@r(ds, dX d%dU)}
k=1 k=1
(3.7)
Using the fact that
—N —
Ty (s) — Te(s) = Vi, AN (5) (S (NT () = Vean(s) k()T (s),
from expression (3.2), it follows that,
1 N n —_N N _N ~ N
Vi (TR (s) = Tr(s)) = SN (9)F (s) = S5 ()T (s) + SN ()3 (s), (3.8)
k=1

where

1 N
=~ > Viane) (su(t
k=1

and from expressions (3.1) and (3.2), we obtain the following Proposition.
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Proposition 3.2. Under the condition (2.1) in Assumption 2.1, for every t > 0,

N t Yi(s—)VTH
ANy L — §)sign(YV(s7) — 57))Q,(ds U
o=z L) A= s () — Tuls )G, A )

YTr(s—)ATY (s—)
t AN =N i~ AN =Y i _ NE&N/NAN s
+/0 At — )67 (s)F (s)ds 7/0 At —$)65 (5)§ (s)ds +/O At — )67 (s)§ (s)ds, (3.9)

and

Z "V, 0 ( P (0,¢,7%, 0,§N)—0 - ]lpk(07t7"/k,0,§)=0)

N
TZ / /D ] / y(t — 5) (npk (SytmN)_o—11Pk(57t7%3)_0> Qr(ds,d), dv, du)

; Tk(é)kaN(b
ﬁ kZ/ /132 /k( . — s)]lpk(s,tm@)zosign('fév(s_) —Yr(s7))Qr(ds,dN, dy,du)
= 67 (t) + &11 (1) + S5 (8). (3.10)

Remark 3.3. Note that, in the rest Q(dr,du) can be seen as the projection of Qg (dr,d),dvy,du) on Ry x R,.

3.2. Two continuous integral mappings
Let ¢ : Rﬁ_ — Ry and ¢5 : R?‘_ — R, be given by

rltss.r) =& [+t = st =)o (= [ w95 ) |
and
bo(t,s) = E {’y(t — ) exp (- / - s)g(u)du)] .

Let ¥ : Dl — D, be given by

B (F)(t) = folt) — fa(t) — fult) (//¢MsrhUkUEUM%
f/éwwﬁ®h®®+/¢ﬁ@ﬁ@ﬁ@®*/¢ﬁ@ﬁ@ﬁ@®,@ﬂ)
0 0 0

for all ¢, where f = (f1, fo, f3, fa, 5, f6, f7) € Dzr-

Lemma 3.4. If f" — f in DY, as n — oo and f is continuous on R, then ¥1(f™) — ¥1(f) in D as n — co.

Proof. Since f™ — fin D7, as n — oo and f is continuous, ||f™ — f|lr — 0 as n — co. Consequently (|| f™||1)n
is bounded and it follows easily that there exists Cr(sup,, ||/™||7) > 0 such that,

1 () = o (Hllr = Crlsup [IF )17 = Flr-
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Where for f,g € Dl, we define,

If = gllr = sup |f(t) —g(t)],
0<t<T

with | - | the Euclidian norm with respect to the dimension of the space. O

On the other hand, let ¥s : Dﬁ_ — D, be given for all ¢ by

Xt = ) fs(s) flsds + [ Xt = )fo(s) i ()0
(3.12)

%m@=h@—hm—AX%wM@h@®—/

0

for any f = (f1, f2, f3, f1, f5. f6) € DS.
Lemma 3.5. If f" — f in D%, as n — oo and f is continuous on R, then Wo(f™) — Wo(f) in D as n — oco.

The proof is similar to Lemma 3.4.

Remark 3.6. If #,(5,6,610,J,5,6,6) = 0 and % (§,6,9M,3,5,6,8) = 0, then (&,F) is a solution of
(2.20)-(2.21).

3.3. Proof of Theorem 2.10

To prove Theorem 2.10, we will show that sequence

(éNang»é 32 361 076{\51)

N>1

is tight and that any 1imit (§ 6,6, 07;’ ,@) )
3V, 6N, 60,,65.5",8",6") and (3V, & 2N6§V §

6’6) = 0’w2(37679:n7 a37676) = O7 and

3,3,6,8) of a converging subsequences

>?ﬂ‘

5,6,Mm
@N éN) respectively satisfies ¥ (@, é, 6170,3, 3.

@Mﬂzi[Ehﬁmwwm(jfw&mmwﬂ§@®-

This will imply that convergence in distribution of (E%N , N ) This will follows from the following Lemmas.

Lemma 3.7. The sequence (éN,§N,é 32 ,61 0> G{V

71)N>1 is tight in DS.

We refer to Section 8 for the proof. R
We have the following characterisation for the limit of any converging subsequence, of 6{\77 o in D and we refer
to Section 6 for the proof.

Lemma 3.8. Let (@, 6170) be a limit of a converging subsequence of (@N, éf{o). Then, almost surely,

&mwl[Ehwmmmm(l[wvmwmﬂé@®.

Lemma 3.9. Under Assumptions 2.1-2.6, as N — oo,
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and

We refer to Section 7 for the proof.

Proof of Theorem 2.10. As the space D is separable, and §N7 @N7 and &V are tight in D, from Lemma 3.7.

—N —N ~
is tight in D7. We can extract a subsequence denoted again (%N SN (‘51 05 9’ 5,6 6" ) that converges
to (S, 6, (‘51,0, ,8, S, 6) in law in D”. By Lemma 3.9, and the continuous mapping theorem, it follows that:

1 (3,6,610,3.5.6,8) =0, 1)
Wg(ﬁ,é,i)f’tf,‘@@@): ; .
where we recall that the pair (ﬁ , 95?) is given by Definition 2.7.
Note that
7(5,6,61.0,3.3.6,8)(t) = 6(t) — &10(t) — 3(t)
+ E|y(t—s)y(r—s)exp | — [ y(u—s)F(u)du || §(r)F(s)S(s)drds
T —
—I—/O E ['y(t — s)exp (—/g ~y(r — s)&(r)dr)} (3(3)3(8) —5(s)6(s) — 8(5)6(5)) ds,

and

=) —Mmt) — | At — 5)6(s)F(s)ds — ; At — 5)3(s)F(s)ds + | At — 5)S(s)F(s)ds. (3.15)

Combining (3.13) with Lemma 3.8, it follows that the pair (&, F) satisfies the set of equations (2.17)—(2.18) and
from Lemma 2.9 we conclude the proof of Theorem 2.10. O

It remains to prove Lemma 3.7, Lemma 3.8 and Lemma 3.9. We refer to Section 6, 7 and 8.

3.4. Alternative expressions for the limiting system

In this section we establish an alternative expression for the pair (&, §) solution of (2.20)(2.21).

Proposition 3.10. Let (3071,95?071) and (W{Y,W;,WA) be two independent centered continuous Gaussian
process with covariance functions: for t,t/,
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COV(jO,l(t),jO,l(t/)) =E

Yo(t)v0(t") exp (‘ /0 Yo (7")3(7")(17">

~E (e (- [ t o )| &

Cov (W7 (1), W7 (t)) = / B[t —shy(t' — s)exp (— / A - s>s<r>dr> & (5)(s)ds
- /O E [W(t — 5) exp (—/ y(r — S)S(T)dTﬂ
X E |y(t' — s)exp (/ y(r — s)&’(r)dr) S(s)F(s)ds
Covw3 0. w3 @) = [ B|re-sew (= [ 26 =950 )]
X E |y(t' — s)exp (—/ y(r — s){S’(r)dr) S(s)F(s)ds
COV(Dj/tOJ(t), 95’{071 (t/)) = COV ()\1)0(0, Al)o(t/)) 5
Cov(Mo.1 (1), Jo.1(t) = —T(0)Ae()E | 7o (') exp ( /0 fydr)&(r)dr)] ,
Cov(W (1), W (t)) = /O E [\t — s)A(t — )] &(s)F(s)ds
Cov(WA(t), W] (') = —/0 At — 8)E |[y(t' — s)exp (—/ y(r — s)&(ﬂdr) S(s)F(s)ds
Cov (WA (1), W3 (#)) = /0 Xt — $)E [1(¥ — s) exp <— / (- s)s(r)dr> &()3(s)ds

Cov(W{ (t), W3 (t')) = —/0 E [’y(t’ — 5)exp (—/ ~y(r — s)&(r)dr)] 0

Yo (t') exp (/0 ’ydr)%(r)dr)] ,

/Os E {7(8 —a)y(t —a)exp (— /at y(r— a)%(r)dr)] 8(a)§(a)dads.
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Let (é,{?) be a solution of (3.16) and (3.17) below. Then (é,%) 2 (é,@) solution of (2.20)—(2.21).

Moreover

A. B. Z. NGOUFACK

&) -~ [ E [wwo( ) exp ( / t mrmmdrﬂ 3(s)ds

/ | / | [ eXP( / tv(u—sﬁ(u)du ]%mm )& (s)drds

) /OE[W S)GXP( /:W s)&(r)dr)] (8()5(s) + S(5)3(s) ) ds

+J0.1(t) + WP (£) + W3 (1),

50 = [ A=) (S5 + S3(0)) ds + Do (1) + W)

i(t) = /0 Fe(t = 5) (S()3(s) + B(s)5(s) ) ds + 0 (1) + W (1),

(3.16)

(3.17)

(3.18)

where (SﬁtoF, WF) is a centered continuous 2—dimensional Gaussian process where we replace Ao(t) by Licy,

and A(t) by 1<, in the expressions of (95?0717W>‘>,

Proof. Note that the following expression follows from (3.6) and (3.5)

where
N
62 ,0

N
621

N
622

éév(t) = éé\,[o(t) + é% (t) + éévz(t)

+ /OtIE [71,1(75 — 5)exp (— /: ya(r— S)S(T)drﬂ 3(s)8Y (s)ds,

\;ﬁé (%0 P00, 5)=0 — I [Wl’o(t) exp <_ /Ot m0(s)3(s )dS>D 7
\/lﬁé// /m Lpyon3)=

. / St s>exp( /:< 3 ) n(a9)] Qu (s dv ),

ﬂ\

Similarly, we have

§2( 8'20 +321 //\t S

/t/ /T " / (t—s eXP( / )S(r)dr> 1(d%) Q. (ds, dX, dy, du).
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where
. 1 &
$2lo(t) = Wii ]; (Ako(t) —E[A10(t)])
Tr(s
S5 (1) N;/ /D/ At — 5)Q,(ds, d), dv, du).
We set

t T (s-)
)= /0 /132 /0 [’Y(t N S)]lP1(s7t,%§):0

= [t =sem (= [ 30— 950)ar) nan)]| @u(ds.an dn. )

= [T [ se (- [ 5t - o) s s an ardn,
S / / /T1 At — 5)Q(ds,d), du).

Recall that (Vg 4,()(k(:)), /\k,Ak(~)(§k(')))k are i.i.d. D%-valued random variables and that each component
satisfies Assumption 2.6 and (Q},)y are also i.i.d. (Note that the processes P, depends only on @y and Y}, depends
only on vy 4,.) As a result, the processes éé\fo(t), éé\’l (1), éé\fz(t), §§,[0(t) and {%évl(t) can all be regarded as
sums of i.i.d. random processes in D. Thus, applying the central limit theorem in D to each term (see Thm. 2
in [22]), we obtain the convergence of these processes: (65, &3}, &5,, §,§Y1) = (Jo,0, W1, W3, Mo 1, W)
in D5 where the limits are Gaussian processes defined as follows:

15011 has covariance function, for ¢,¢ > 0,

Cov(J0,1(t), Jo,1(t')) = Cov (’Yl,o(t)]lpl(o,ml,oﬁ):o’71,0(t/)]lpl(o,t',vl,oﬁ)zo)

E [ ot 30(#) exp (— / 70<r>s<r>dr>]
~-E [’YO(t) exp (— /0 t VO(T)S(T)dr)] E

and 95?0’1 has covariance function, for ¢,¢ > 0,

Cov(Mo,1(t), Mo,1(t')) = Cov (A1,0(t), Aio(t)),
and the covariances between any two processes can be obtained,
Cov(Jo.1(t), W] (') = Cov (71,0(t)ﬂpl(o,t,m,oﬁ):o’ 65271(’5'))

and so on.
Using It6 formula for Poisson process, Theorem 5.1 and [23], Theorem VI.2.9, it is easy to check that these

covariance functions are explicitly given by the following:
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Cov(W] (£), W] () = E | G2t >éz,1<t'>]

—e|[" / / < Lneania— [ 2= svew (= [ 3= 9iF0ar) uan)

« (W om0 /D 5t~ 5)exp <— [ e s)&(r)dr> u(cm) Q1<ds,dx,dv,du>]

tAt’
= /0 Cov (”y(t =) p (5.04F)=00 y(t — 5)]1P1(5’t,,%§):0) S(s)F(s)ds

tAt
0

&(5)F(s)ds

y(t = s)y(t’ — ) exp (— / Y — s)@(r)dr)

S(s)F(s)ds,

Cov(W (1), W3 () = [@;22( ), & (t ’)}

“u| [ L e (- [ e amow)
< [fy(t’—s)exp <— /t Y — () )] (ds, d), 7, du)]
:/OMt/E{y(t—s)exp(—/:'y(T )3 ﬂ
v(t'—S)exp<—/:/ A - $)3(r)d )

The remaining covariance are obtained with the same way.

x E S(s)F(s)ds.

Cov(WA(t), WA(#)) = /0 E[A\(t — s)ME — )] &(s)F(s)ds,

Cov (W (), W) (¢) = /0 Cov (Mt = 8) 1t~ )1, 570 ) S(s)F(s)ds

= —/ At — s)E l’y(t’ — 5)exp <—/ ~y(r — s)&(r)dr) S(s)F(s)ds
0 s
Cov (W (8), Wy (#)) = /O Xt — $)E lfy(t’ _ s)exp (- / - s)g(r)dr> &()3(s)ds
Cov(Wy' (1), W () = —/O E|y(t" = s)exp (—/ V(r - S)S(T)drﬂ (s)
/o E [v(s —a)y(t —a)exp (—/a ~y(r — a)&(r)dr)} S(a)F(a)dads
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We also have

Cov(WA(1), 30,1 () = Cov(Jo. (1), W] () = Cov(To (1), W3 () = 0,
Cov(W(t), M1 (') = Cov(W (t), M1 (t')) = Cov(Wy (t), M1 (t')) = 0.

Then by the continuous mapping theorem, we obtain the convergence of G , and then given its convergence
and the convergence of (8’2,0,52)1), we obtain the convergence of FY. Using the uniqueness of the limit of the
process (éé\’, 35\[), from Lemma 3.1, it follows that,

<

() £ Jo.1(8) + W (1) + W3 (1) + /Ot E [m(t — 5)exp (— /: malr = s)&(r)dv“)} F(5)3(s)ds,

M(t) L Moy (£) + WAE) + /O t At — 5)F(s)3(s)ds.

where we recall that (3,95?) is a centered continuous 2-dimensional Gaussian process given in Definition 2.7.
This concludes the proof. O

We also refer to the ongoing work [31] for a pde expression equivalent to the system of equations (3.16) and
(3.17).

4. PARTICULAR CASES OF THEOREM 2.10 OrR PROPOSITION 3.10

In [13], Remark 3.4, it was proved that Theorem 2.2 coincides to the non-Markovian SIR, SIS and SIRS
model in the literature when we remove the gradual loss of immunity. Therefore, in this section, we show that
Theorem 2.10 coincides with the corresponding central limit theorems in the literature.

In the sequel we use 2 to denote equality in distribution.
We start to recall that,

1Y 1 Y
=~ > 1,40, and ™ (0) = =% > 1y, 50,
k=0 k=0

We also recall that IV(0) = VN (TN(O) - Y(O)) and UN(0) = VN (UN(O) - ﬁ(O)).

As the family (7 0) is ii.d, from classical central limit theorem, it follows that, the pair (I (0), UN(0)) —
(1(0),U(0)) as N — oo and where (1(0),U(0)) is a Gaussian process with covariance given by

Var(U(0)) = Var(1(0)) = 1(0)(1 — 1(0)) and Cov (f(()), rj(())) = —T(0)T(0) = —1(0)(1 — 1(0)).
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4.1. Generalised SIR model

In this case

1 if No = 0,
vVt >0, t) =0, and t) =
2 v(t) Yo(t) {0 if 10 > 0.
From Theorem 2.2 the functional law of large numbers associated is given by the following system

S(t) = S(0) exp ( /O t g(r)dr>

50 =100+ Xt — £)S()F(s)ds

Note that in this case &(t) = S(t).
From Proposition 3.10 the central limit theorem associated is given by

S(t) = (1) /O F(s)ds + 5o (1),

30t = /0 Xt — ) ()5 () + 5()§(s)) s + Do (1) + WA(1).

We prove the following Proposition in Section A.1

Proposition 4.1. The system of equations (4.2) is equivalent to the following system of equations.

S(t)

3(s) + S()(s) ) ds,

1(0) + Wo(t) — /0 t (50

t
() = 10DRo(t) + Ws(t) + [ Xt =) (S5 + S(s)5(5)) d,

0

where Wy 1s a centered Gaussian process with covariance function for t,t' > 0,
At
Cov(Wa(t), Wa(t)) = [ F(s)S(5)ds,
0

Wg a centered-Gaussian process with covariance functions for t,t' > 0,

Cov(W(t), Wz(t')) = T(0)E [(Ao(t) — Ao (t)) (Ao(t') = Ao(t)) |10 > 0]

+ / E[A(t — s)A(t' — 5)] S(5)F(s)ds.
0

and 1(0) is a centered-Gaussian variable with variance 1(0)S(0) independent of Wy and W. Moreover,

Cov(Wo(t), Wx(t')) = /0 At — 5)F(s)S(s)ds.

(4.1)

(4.3)
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The set of equations (4.3) describes in Proposition 4.1 corresponds in law to the result described in Pang-
Pardoux [18], Theorem 2.2.

4.2. SIS model

We consider the generalised SIS model where

]l’l70>t lf Mo > 0

v(t) = L¢>, and yo(t) = {

In this case &(t) = U(t) = S(t) and as I(t) = 1 — S(t), the law of large numbers is given by the following
system

1(t) = T(O)Foc(t) + /0 Fe(t—s)(1- T(s))@(s)ds
o(t) + / Xt — 5)5(s)3(s)ds

From Proposition 3.10 the central limit theorem associated is given by

1) = [ ot~ ) (~1)506) + (L= T()F() ds + 05 (1) + W0
0 (4.5)

t
3(t) = / Xt — ) (~F(s)3() + (1= T(5))§(s) ) ds + Do (1) + WA(1),
0
where we use the fact that &(t) = —I(t).
We deduce easily the following Proposition. In fact, it easy to check that

4

ME () + WF(t) £ F0)FE(t) + We(t) and Mo, () + WA(E) £ 1(0)ho(t) + W=(t),

where the pair (Wr, Wx) is a Gaussian process define below in Proposition 4.2.

Proposition 4.2. The system of equations (4.5) is equivalent to the following system of equations.

10) = TR0+ Wr(0) + [ e =5) (1= T(:)30) - 1)5()) ds

(4.6)

10 = H00) + W50+ [ 2= ) (1= T80 - F6)506)) ds,

where Wg is a centered Gaussian process with covariance function for t,t' > 0,

Cov(Wr(t), Wr(t') = 1(0) (F§(t V') — F§(t')F§(t)) + /0 Fe(tvt —s)S(s)F(s)ds,

W= a centered-Gaussian process with covariance functions for t,t' >0,
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Cov(W(t), W) = T(O)E [(Ao(t) — X (1)) (Mo(t') = Xo(t')) |0 > 0] + /0 E[At — )Mt — )] S()F(s)ds.

and 1(0) is a centered-Gaussian variable with variance T(0)S(0) independent of Wr and Wx. Moreover,

LAt
Cov(Wg(t), Wg(t’)) =1(0) (E [,y A0(t’ ’770 > 0] — F5(t)Ao(t)) + / E[L,5i—sA(t" — s)] S(s)T(s)ds.
0
The set of equations (4.6) corresponds in law to the result described in Pang-Pardoux [18], Theorem 5.1.

3. SIRS model
We consider the generalised SIRS model where

Y(t) = Lizy+o and yo(t) = .
= Lyot+0o>t  ifmo >0

with fp the immune period at time zero, and # the immune period after time zero.
Note that at the beginning, if the individual is susceptible 8y = 0 and 79 = 0, and if the individual is recovered
0y > 0 and 19 = 0. Thus

S(0) =P(ny = 0,00 = 0), R(0) =P(n9 = 0,6y > 0), and 1(0) = P(ng > 0).

In this case

N N N
1 1
- N Z 1nk,o:0,0k,o:0a N Z: Nk,0>0 and R E , Lse.0=0,0k.0>0-
k=0 k=0 k:

So from classical central limit theorem, it follows that (SV(0),7%(0), RN (0)) — (—1(0) — R(0),1(0), R(0)) as
N — oo, where (I(0), R(0)) is a Gaussian process with covariance given by

Var(R(0)) = R(0)(1 — R(0)), Var(1(0)) = T(0)(1 — 7(0)) and Cov (f(o), R(O)) = —T(0)R(0). (4.7)

In this case S(t) = &(t). As we said before, taking 1,,,<¢<ny+¢, instead of \o(¢) and 1, <¢<y+. instead of A(t),
in (2.23) we obtain the proportion of recovered individuals at time ¢ denoted R(¢) and in (2.25) the expression
of associated central limit theorem’s denoted R( ). As a result,

where

Ge(t) =P (6 > tno = 0,00 > 0), G(t|u) =P (0 > t|n = u),
To(t) =P (o <t <mo+bolno>0) and T(t) =P(n<t<n+0).
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Consequently the functional law of large numbers associated is given by the following system

3(6) = TO)Ro(t) + / Xt — 5)(1 - T(s) - B(5))3(s)ds

T(t) = TO)Fg (1) + / Fo(t — 5)(1 - T(s) - R(s)F(s)ds,

From Proposition 3.10 the central limit theorem associated is given by

§) = / At = s) (~1()3(5) + (1= T()F(s) ) ds + Do, (£) + W(2),
I(t) = /0 Fe(t—s) [~ (1(5) + () §s) + (1 = T(5) = B(s))F(5)| ds + TE (6) + W (1) (4.8)
R(t) = /0 Ut —s) [~ (1(s) + R(5) §(s) + (1= T(s) = R(s)F(s)] ds + M, (1) + W),

where (sm{}, WR) is a centered continuous 2—dimensional Gaussian process as given in Proposition 3.10 where

we replace Yo (t)by 1,y<t<no+0, and ¥(t) by 1,<t<ntg, in the expressions of (3071, wy, W;)
We deduce easily the following Proposition.

Proposition 4.3. The system of equations (4.8) is equivalent to the following system of equations.

F(t) = 10 o (t) + Wi(t) + /0 Xt - s) - (1(s) + R(s))

() + (1= 1(s) = R(s))§(s)] ds.

1(t)

5
H0)FS () + Wi (t) + /0 Fe(t —s) [~ (1(s) + () §s) + (1 = T(5) = B(s))F(5)] s, (4.9)
R(t) = R(O)G§(t) + T(0)Wo(t) + Wr(t) + /0 W) - (

where Wg is a centered Gaussian process with covariance function for t,t' > 0,

’

Cov(Wk(t), Wr(t")) = 1(0) </0 ' Wo(t vt —r|r)Fo(dr) - \Ifo(t)\lfo(t’)> +R(0) (G3(t vV t') — GG (H)GG(T))

tAt At —s o
+ / / G°(tVt —s—rlr)F(dr)S(s)(s)ds,
0 0
Wz a centered-Gaussian process with covariance functions for t,t' > 0,

Cov(W5(t), Wz(t') = T(0)E [(Ao(t) — Ao (t)) (Ao(t') = Ao(t)) |10 > 0]
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and (1(0), R(0)) is a centered-Gaussian variable independent of Wy and W, with covariance given by (4.7).
Moreover,

tAt’
Cov(We(t), Ws(t) =T(0) (& [Lysho(®)lo > 0] = F5@R(®) + [ ElLpi-idlt’ = )] ST
0
The set of equations (4.9) corresponds in law to the result described in Pang-Pardoux [18], Theorem 5.2.

5. SOME PRELIMINARY RESULTS

To establish the tightness of §V, & we need a C-tightness criterion (see App. Sect. A.2), a new result
on stochastic integrals with respect to Poisson random measures, the moment estimates, an approximation of
the original model by a quarantine model, and an estimate on the pair (),v), which are given in the next
subsections.

5.1. A property of stochastic integrals with respect to Poisson random measures

Theorem 5.1. Let (E,B(E),v) be a o—finite measured space and let Q be a Poisson random measure on
Ry x E of intensity dsv(du) and (Fy)¢ a filtration which such that for all t > 0, Q|04 xk s F:—measurable,
and for 0 < s <t, Fy and Qljsyxp are independent. Let h : Ry x E — R, be a predictable process such that

for allt e Ry,
E [/0 /E|h(s,u)|1/(du)ds} < 0.

Let f : Ry X EX Mp(Ry x E) = R, be a bounded and measurable deterministic function. Then

B [ /HE h(s,u>f<s,u,Qns,ﬂxE)Q(ds,du)] K [ / t | b Fsu s

where

?(87u7t):E[f( ) )]

Proof. Let (s;,u;); be an arbitrary ordering be the atoms of the measure (). We note that

/ h(s7u)f(sau7Q|]s,t}><E dS du Zh Slau’b SlauiaQ
[0,t]xE

i>1

]Si,t]XE)]lSiSt'

As

E [/Ot/E|h(s,u)|y(du)ds} < o0,

by Fubini’s theorem

E |:/[ : h(svu)f(s7qu|]s,t]><E) dS du ‘| ZE Smuz f(siauiuQ ]sz,t]XE)|-7:sJ ]lsigt} )
0,¢]x E

i>1
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and as @@

Js:,)x & and F, are independent,

E [f(sivuin‘]si,t]XE”-FS'] ?(suuza )7

it follows that,

E [/ h(s7u)f(s,u7 Q‘]s,t]xE dS d’LL ] ZE 317 uz Szvuzat)]lsigt:l
[0,1]

i>1

=E

/ h(s,u)f(s,u,t)Q(ds, du)] )
[0,t]xE

71

Consequently, as h is a predictable process, by a classical result on Poisson random measures [23], Theorem 6.2

E [ /[]E h(s,u>f<s,u,@ns,ﬂw)cz(ds,du)] -5 |[ t [ s s, s

5.2. Moment Inequalities
We recall the following Lemma from [13].

Lemma 5.2. Assumption 2.1 for k € N and T > 0,

T
E| sup |AN(t) — Ax(t)] g/o E[|T{€V(t)ka(t)”dt::cSN(T)

t€[0,T)

and
P(( (5)eetor) # (sk(D)eerory) < ToV(T).
Moreover,

sN(T) < (20 T).

From Lemma 5.2 or [13], Lemma 6.3 in [13], we also have the following Corollary.

Corollary 5.3. Assumption 2.1, for k € N andt > 0,

B[[5 0 -50] < 2=
and  E[|TY(t) — Tr(t)]] < \;\%(1+2)\*texp(2)\*t)).

By exchangeability from Corollary 5.3, it easy to check that for ¢t > 0,

ﬂ

A

E[[T" 0 - TV0)|] £ F= (1 + 20 texp2A0)),

=

(1 4+ Mtexp(2A.t)), EH@N() @()H —(1+/\*texp(2)\*t))

(5.1)
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where

N 1o
T (t):NZTk(t).
k=1

Now we establish similar inequalities as in Corollary 5.3 for higher moments. Let

XS\’f) (t) = P((';I?’](S))SE[OJ] # (Skr (8))86[0,1&]7 VE =1, 7k)'

We establish the following Proposition.
Proposition 5.4. Assumption 2.1, for all N > k, and t € [0,T], there are positives constants Cy r and C,’€7T
depending on k and T, such that
k
XN (@) <N and - €Q(t) - Ug -5 } < Chp(H)NTF2,

Proof. We adapt the proof of [25], Proposition 3.1. Let

TN (sT)VTr(s™)
/ / | Qu(as, ).
N(S YAYT k(s

Observe that for all &', (¢ (5))scio.1 = (Srr(8))sefo.r if and only if AN (t) = 0. As AL takes integer values,
k €[0,t] €[0,¢] k k

X () <E

110

Let us set, for all k,p € N such that N > k,

1 (Aﬁ(t))p] |

NP () =E
k'=1

We next show by induction on k that
e () < CrapNT*2
From Lemma 5.2,
0Pty < N2, (5.4)
Note that for all p < g,

k, k,
P (t) < (1)

)

because the counting process A,];] takes values in N.
As in [25], Proposition 3.1, we have for all p € N,

(17:0)( t) = [(AN( ))p} < CT,pN71/2~ (5.5)
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Indeed, noting that, as the process (AY(t)); jumps at each time from A} (¢t7) to AN (¢t7) + 1, the process
(AN (#))P); jumps from (ALY (¢7))P to (ALY (¢t7) + 1)P. Consequently, from the fact that

AN+ 1 — @AY= 3 (jj) Ay,

p'=0

it follows that

oy =S (2) [ ¥y s,

p'=0 v
Moreover, as (AN (s7))” < (AN(s7))” for p < p, we deduce that
A =e[@aro)] <z [ [ avas] -2 ] [ @) sl
= e () + 2 / E (A ()7 IT1(s) = TV (9)]] s
< Cr,N~'? 420, /0 t 0P (5)ds,

where the last inequality comes from (5.4) and the fact that |T;(s) — T (s)| < A*. The conclusion (5.5) follows
by Gronwall’s Lemma.
When k£ > 2 and p > 1, as above, noting that

i=1 p'=0 i#g,i=1

vy -3 5 (2) /;( I (Azws-»”) (A5 Ay,

almost surely, and using exchangeability of the processes (AN); and the fact that the integrand is predictable,
it follows that

(k,p) k pzl D t k ,
P _ st p NS, p N s
6 <t>Z<p)E[/ T ey agen)” aye)
p—1 t &
_ p N()\P N ()P §) - TN(s .
_k(p)/ e | (&) T o)~ 730 |

However, as

T1(s) = T ()] < I8 (5) = F()| + Ay ay ) (<17 () = v, () (2.(9)))]
< |§N(S) - §(5)| + A*ﬂqf\](s);ﬁql(s) or AN (s)#£A1(s)

<IT(s) = F(s) + AAT (5),
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it follows that,

e () < k:/ 5)+ 2T (s) ) ds,

with MV (s) =E [Hf:z (AN(s))" \{?N (s) — {?(s)\} . Using exchangeability we can replace each term (AN(s))” in

the expression of MY by the following sum
il 7
F=G=DL % 1+1

without changing the value of M, since the sums are taken on disjoint indices. Then,

k il ]
MV (s)=E [H (Vlw (ay <s>>f') 5 (s) - 3(s>|]

Consequently, using Young’s inequality, it follows that

k-1 1
P05 [ (S Bwaa) + 168060 + 7)) as,

where
. L%J ¥
ENk,p T 5))p
L? j:l
k—1
/ Kk k,
Z NEhely A >+s§V”><s>>7
k’:l
and

&0 =550 50|
<21 (=] Zraro @ 0) - dacots®)) |+ £ (5 natsn -50) )

o (S0 ool rmtcr-70)

—1
S Z Nk,7k65\1; 7k)(t> ( ,p)( )+C’ N~ k:/2 (56)
k'=1



FCLT FOR EPIDEMIC MODELS WITH VARYING INFECTIVITY AND WANING IMMUNITY 75

We refer to [25], Proposition 3.1 for more details. The conclusion of the proof of this Proposition follows by
induction and Gronwall’s Lemma. O

The proof of the following Corollary is similar to (5.6) replacing X; ; by v ;.
Corollary 5.5. For all ¢, k, T > 0, There exists Cr > 0, such that for all t € [0,T], VN >k,

E “GN(t) - G(t)ﬂ < CruN~"2 and E [mv (1) — Tg(t)ﬂ < CruN~"2, (5.7)

5.3. Quarantine model

Fix k € N, let us consider the model above where the k-th individual is quarantined. Then we define

N N

—N 1 —N 1

Sy (t) = ~ Z )\z,Ag(k)(t)(geIY(k) (), and &y (t) = N Z Ve, (k) () (52 (1),
=102k =102k

where

+oo
N —
Ay (1) —/0 /o Yo a o (5 (5= )T (5 )>uQ¢(ds7du), 0+ k,

and we recall that Q) is a standard Poisson random measure on Rﬁ_. In the original model, the number of
individuals infected by the k-th individual can be described by

+oo
Z / / 'Yg AN(S ) (1; (9 ))N zk 1>\l AN(s )(§ (s~ ))<u<7( AN( 7)(9/ (s~ ))N Z?:] A11A5(57)(<{V(‘g—))

0=1,04k
Qe(ds, du).

Since /\k,Ai\’(s*)(gljgv(s_))’YZ,Af{V(s*)(géN(s_)) < A, we have

+oo
Z / / L Aeoal (o S (5= D Ve, a (oo (51 N (g— ))>uQe (ds,du) 7/ / Q). (ds, du),

0=1,04£k

where @), is a standard Poisson random measure on R?‘_ independent of Q.
So we can bound the number of infected descendants of the individual k, by a pure birth process with birth

rate A, denoted by Y (¢t — T,évl) (where 7/, denotes the first time of infection of the individual & in the full

model). Note that Y (t — 7" M) <Y(t), and that Y (t) follows a geometric distribution with parameter exp(—A.t)
and is independent of (). As the random variable Y bounds the number of individuals who do not have the
same state between the two models, as a result, we have

0 -Foo] < 3v(0) and [6(0)-&

N Y(t)

K N

Similarly we can define a quarantine model (@é\;,@),@é\,}ﬁ,@)) where the k-th and /-th individuals are quarantined
such that

Y(t) and ‘@N(t)—gﬁl)(t)]g%, (5.8)

where Y (t) follows a geometric distribution with parameter exp(—2\,t) and is independent of Q) and Q.
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5.4. Useful inequalities for A and ~
We establish the following Lemma where A and ~ satisfy Assumption 2.4-2.5.

Lemma 5.6. Fort > s> 0, with a > 1/2 as in Assumption 2.4-2.5, there exists C > 0 independent of s and
t such that,

-1
M) = A(s)] S Ct =) + MY Locers,
j=1

{—1
V(8) = 7(s)| < Ot = )" + D Loccica,

j=1

and

Proof. We have

4 -1
At) = Als) =Y (M () = N (5)) Ler-1<s,ecer + (A(t) = A(s5)) Z Toceict

j=1
Thus the statement follows from Assumption 2.5. O

6. CHARACTERIZATION OF THE LIMIT OF CONVERGING SUBSEQUENCES
~N &N
OF (3, 61))

The aim of this section is to prove Lemma 3.8. We recall that
1 X
&No(t) = —= > w0 (L 000y 50— 520)
’ ’ 5Vk,0,8 )=0 Py (0,¢,7%,0,8)=0
VN pot % (0,6,7%,0,8 ) & %,0

Let

=N _i S N
21 (1) = \/N];Xk (1), (6.1)

where

N _ _
Xk (£) = k,0(t) (ﬂpk(o,t,m,gfv>_o b 0.t 700.5)=0

— exp <— /Ot %,O(T)SN(T)dT> + exp (- /Ot Vk:,O(T)g(T)dT> >
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Lemma 6.1. Under Assumption 2.6, for allt >0, as N — 400,
=N : i
=1 (t) = 0 in probability.

Proof. Tt suffices to show that

lim E [(E{V(t)ﬂ = 0. (6.2)
By exchangeability, we have
E[E®)] =E[(0X®)*] + V- DE X O 1) - (6.3)

From Theorem 2.2, as N — oo, §N = 3, in D, consequently as N — oo, x(¢) — 0 in probability and as
XNV (t)| < 2, it follows that, as N — oo,

2
E [(Xflv ) } 0. (6.4)
To obtain (6.2) it remains to show that

1
B [ ond 0] =o ). (6.5)
We consider a quarantine model where the first and second individuals are in quarantine (see Sect. 5.3). We

denote by §ﬁ’2)(t) the force of infection in the population at time ¢ in this model. As in (5.8), for any T > 0,
there exists a geometric random variable Y independent from @7 and Q2 such that almost surely for all ¢ € [0, T,

=N Y N =N
S,2)(t) — N <F ) <Fan)+ N
Therefore,
—N Y =N =N Y
Pr(0,4, 7,0, 8(1,2) — N) < Pe(0,4,7%,0,8 ) < Pr(0,8,9%,0,8(1,2) + N)-
Let

Elf;v - {Pk:<07ta,yk,05'§(1’2) - N) = Pk<07t57k,073(172) + N)} .

Then, for k € {1,2} as Qy, is independent of (Q;,Vk,0,Y, §g,2)) for k # 1, it follows by Markov’s inequality that

1y, (6.6)

P((BY) 0. 502, Qi) <
Let

~N _ _
) = 100 (Lo, 090057 21120 — IR0 010

~exp (_ /0 t %’O(r)gﬁg)(r)dr> +exp (— /O t vk,o(r)S(r)dr» :
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For k € {1,2} as Qg, Vk,0, and §é\1r,2) are independent, it follows that
. =N
E |:X;cv(t)|%(1,2)77k,0} =0.
Moreover, as Q1, 71,0, @2, 2,0 and §ﬁ,2) are independent, it follows that

E [ 0% )] =E [E [W (0[50 B[ OF0]| =0 (6.7)

+E (Y (1) = x1 () (x2' (1) = x2'(1))] (6.8)
However,
(6~ 5N ()] < Ly + 10 (69)

Hence from (6.6) and (6.9),

B [0 (68 0 - @)]] < B[RV gpye] + wE [ 0] Y]
= B[l @R ((BY)" 1.0, .2, V: @) + 1 [ (0)] V]

< R[5 ()] Y]
= 2R OEY),

where we use the fact that Y and YV are independent.
From (5.3) as 3 -7, and |§N - §é\1/72)| < X, it follows that as N — oo,

Bl () <E [/0 [LO(M(%(MVS(H) Qi(dr du)] + [ 8 [t 50~ 50

10(r) (B2 (r)AF ()
= 2/0 E {fyl’o(r) ‘@é\iz) (r) — g(r)H dr — 0.
Thus
£ (16 63 0 - )]l =o (1) (6.10)

Similarly, we show that,

B[00 - @) 0]l =o (). (6.11)
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Moreover, from (6.9), by the fact that @1 and Q2 are independent, and exchangeability,

[E [0’ () -0 0) (' () —x2' ()]

[( ) (1 + )]

- [ (EN 07 P (B [Fha¥)] + 572 [V () [60. )] + 322 1)

E [v?],
where we use (6.6).
Consequently,
N N N N 1
|IE [(Xl (t) — X1 (t)) (Xz (t) — X2 (t))]’ =0 (N) : (6.12)
Thus from (6.12), (6.11), (6.10), (6.8) and (6.7), (6.5) holds. O
We set,

o ,¢~,§jv%o (exp(—lltvhouas”<ﬂdr)-—exp(—létwhoooswﬂdr)).

Consequently, from (6.1) for any ¢t > 0, éi{\fo( ) =ZN(t) + VI (t). Therefore from Corollary 6.1 as =¥ (¢) — 0 in
probability, to conclude the proof of Lemma 3.8, it suffices to establish the following Lemma.

Lemma 6.2. Let § be a limit of a converging subsequence 0f§N. Then, for anyt > 0, almost surely, as N — oo,

(v ®.5Y) = (20.5).

where

Z@fﬁhmw@m{.[%m%mﬁh@m

Proof. By Taylor’s formula we have

N
V() = -2V (t) + % > i), (6.13)
k=1
where
7”N E t 7 S -5 S ’ S
1< 5VN [ (576 -50) s
and
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From Proposition 5.4, it follows that,

(6.14)

Hence 7 Zk L7 (t) — 0 in probability.
On the other hand, for any fixed ¢, as (yx,0)x are i.i.d by the law of large numbers in D it follows that, as
N — oo,

]tévk,o(t)%,o(-)exl) (- /Ot %,o(?‘)&(T)dT> —E [ o(t)v0(-) exp (— /Ot ’ydr)%(r)dr)} a.s.

in D and as N — oo, ¥ =% inD andFis continuous, it follows that,

<zlv i%o@m,o(-) o (- [ vk,o<r>s<r>dr)> 570 & [t e (- [ 2a0)F0ar) |30,

in law in D. For any fixed t, since the mapping f — fo s)ds is continuous from D into R, as N — oo,

20~ [ E [’Yo(t)%(s) exp < / t w)smdrﬂ §(s)ds.

This concludes the proof.

7. APPROXIMATION OF THE LIMIT

In this section we establish the proof of Lemma 3.9. We organise this section as follows: In subsection 7.1 we
give the proof of Lemma 3.9 with the proofs of the supporting lemmas in subsection 7.2.

7.1. Proof of Lemma 3.9

We first make the following observation related to the process é{v 1-

Lemma 7.1. Fort >0,

\/N/Ot/D’Y(ts)<exp</ A — 9T (r)d )exp< /t"y’r‘gg >)TN(s)u(d’y)ds
/// (t —s)y(r —s)FV(r) eXp( Y(u—5)§ d>T()(d’y)drds—|—7’N(t),

where as N — oo, N — 0 in probability in D.
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Proof. By Taylor’s formula we have

e
/// (t=s)(r—9)$ eXp( /7“_37 )T (8)u(dy)drds + r™ (t),

where

2

|7 (#)| )\ \F-/ / (/ r—35) r) —@(r)) dr) p(dy)ds. (7.1)

By Holder’s inequality and Proposition 5.4 it follows that,

T)\ 2 T3)\*
E drds < .
o o)) < R[50 - 50) aras < T

Hence, from (3.2), (3.10), (3.11) and Lemma 7.1, it follows that

n(§Y, 6N, 61, 65,58, 6M) )
= &N() - &Y, (1) - 65 (1)

/// (t=s)y(r—s eXP( /v(u—s)S( )du )u(dv)ﬁN(r)SN(s)GN(s)drds

- / t—sexp( [ 2= 950 ) o) (790636~ F (967 () - $ ()67 (5)) s
=20+ V0 + =)

where 7V is given by (7.1),

— &N,(1) \F// (t—s) <exp< /7(7“—8)3 (r)dr)

—ep (= [ 2= 95000 ) ) TV utaas, (12

— &) / I t—sexp( / V(T—S)S(T)dr>u(dv)\/ﬁ(TN(S)—TN(S))ds, (73)

and where we use the fact that,
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On the other hand, from (3.1) and (3.9),

T (VY R(rT) -
\/NZ/ /132/N(r JAT k() ME = s)sign(Y (s7) = Ti(s7))Qu(ds, dA, v, du)
= 2N (). (7.4)

To prove Lemma 3.9 it suffices to establish the following three lemmas, whose proofs are given in the next
subsection.

Lemma 7.2. Under Assumption 2.6, as N — 400,

=V =0 in D.
Lemma 7.3. As N — +oo,

=Y =0 in D,

i probability.
Lemma 7.4. As N — o,
=¥ -0 in D,

i probability.

7.2. Proofs of Lemmas 7.2-7.4
7.2.1. Proof of Lemma 7.2
We recall that

TN (P )VTR(r™)
=N Mt — s)sign(YY (s7) — Ti(s7))Qy(ds, dX, dy, du). 7.5
4 fz//m/ e M T ) Vel ) ()
As (Qp)r are i.i.d, by exchangeability and from Corollary 5.3, it follows that
) t
E|E®)]=E UO At — )20 (5) = T (s)[ds
¢
< ()\*)2/ E HT{V(s) —T1(s)|] ds — 0 as N — +oc.
0

To conclude, it suffices to prove tightness of () ;. By the expression in (7.5), tightness of the sequence processes
(EY)n can be deduced from the tightness of the following sequence processes since sign(Y4 (s7) — Yk (s7)) does
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not modify the setting:

rT)VYg(rT)
At — 8)Qr(ds,dN, dv, du),
1 \/>Z/ /D2 /TN(r AT (r—)

:\/N/O Xt = ) [TV (s) = T(s)| s,

where we recall that

Z ) and TN (t) = %ZTk(t).
k=1

k:

The tightness of (V)y will be established in Lemma 8.1 below. Hence it remains to prove the tightness of
(V)
From (5.3) we have

E { sup ng(t)] <\ /OTE VA (7)) [ ar < xr. (7.6)

0<t<T

From Lemma 5.6, for any 0 < s <t < T,

V3 () = V3'(s)

_ TN(T)‘ dr + \/N/ Nt —7) = (s —7)] ‘TN(T) —TN(T)) dr

-7 ()‘err\F(tfs /‘TN TN(T)‘dT

+ A \ﬁZ/ i(t—7r)—Fj(s—r1)) ‘TN(T) —TN(T)‘dr. (7.7)

By Markov’s inequality,

IP’( sup T ()‘erG)
0<s<t<T,|t—s|<d
t _ 2
< EQIE l sup (t— s)/ TV (r) — TN(T)‘ dr]
g 0<s<t<T,|t—s|<d s
2
g—N/ { TN()’]dr
5CT

= 927

where the last line follows from applying (5.7) with k = 2.
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On the other hand,

0<s<t<T,|t—s|<6

]p( sup <t_s>a\/N/OS\TN<r>—TN<r>\drze)gfm/OTEHYNm—TN(r)Hdr

C
< l5a7 (7.9)
0
where the last line follows from applying (5.7) with k& = 1.
Applying again (5.7) with & = 1, by Markov’s inequality and Assumption 2.5,

0<s<t<T,|t—s|<d

P( sup Z/ i(t—r)—F;(s—r)) TN(r)TN(r)‘dr29>

(7.10)
< —=4F.

Thus from (7.7), (7.8), (7.9) and (7.10),

%1_% hmjsupP (wT(V ,0) > 9) =0,

combined with (7.6), it follows from Theorem A.1 that (VY')y is C-tight.
This concludes the proof of Lemma 7.2.

7.2.2. Proof of Lemma 7.3
We recall that

LN g T (s7)
- Z/O /D/O A(t — 5) (11&(5,%?) o )Qk(ds A\, dy, du).
k=1

Define

a\~

o=/ [ =9 (s 5910 i)
~ [t (e (- [ - 95 (rar) e (-/ S F(r)dr ) ) )} Qu(ds, ..

and

> A0

k=1

%\H
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where

o=/ [ e Jat=9 (e (= [ 3= 95 0hr) —exp (= [ 36— 950)0r) ) utan)

Q. (ds, d\, dv, du).

From the expression (7.2), we rewrite 2 as follows: 2 (t) = 23, (t) + 0, (¢).

Hence to prove Lemma 7.3 we first prove that, for fixed t, as N — o0, Z5;(t) — 0 and EY,(t) — 0 in
probability. Therefore, we require the following two Lemmas.

Lemma 7.5. For anyt >0, as N — +o0o,

Proof. By exchangeability we have
E[E06)°] =E [64®)°] + (V= DE (X x5 0)] (7.11)
Set
¢ TN (s7)
)Z;cv(t) = /0 /132 /0 {’Y(t B S) (]lpk(s,t,’y,gﬁ’g))zo o ]1pk(5,t,%§):o)
_/ F(t — s) (eXp (—/ F(r — s)&ﬁ’z)(r)dr> — exp (—/ F(r — s)&(r)dr)) ,u(d&)} Qr(ds,d, dv, du),
D s s
and
t A
L A I AR T R S PP
_ L =N L = N
—|—/D At — s) |exp <—/ F(r = 8)8 a2 (r)dr) — exp (—/ Alr — S)S(r)dr) ‘ ,u(dy)} Qr(ds,d\, dv, du).

For 0 < s <t,and v € D, let E,va(s,'y) denote the event

=V Y =N Y
EI]CV(S’FY) - {Pk (s’t’77g(172) - N) = Pk <57t777g(1,2) + N) } 5

where Y is a geometric random variable independent from @7 and Q2 chosen as in (5.8), such that almost surely
for all t € [0,T7,

— Y — Y
S - 5 <F () <Toy) + 5

We denote

]:tN = a'{o‘k,i(gliv(')))1§k§N,i§A§c\’(t)7 (’Yk,i(gliv(')))lgng,iSAlk\’(t)7 (Qk|[0,t]><E)k§N}-
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As
=N =N
Pk(s7 ta 773’ )]]'Eliv(s,'y) = Pk (87t7 v, g(l,2)> ]lE}CV(sp/)a

and TkN(s_) < A, it follows that

R t A Yt
X&' (8) = X&' ()] < / /D / L (s, Qk(ds, dX, dy, du) + = By (1), (7.12)
0 2Jo ’

where

t)_/ot/nz /OA* Qu(ds, dX, dv, du).

Moreover, as Qp|}s,4 is independent of (FN, §?{,2), Y, Q), for £ # k and k € {1, 2},

B (B (5|7, Bl Vo) < 2 (713)
We have
E[xY®)xs () = O @)] =E [xY (1) (0’ () = x5 ®0)] +E [(x1' (8) — 2 (1)) X5 (1)]
+E (a1 (1) — %0 (1) (x5 (t) — X5 (1)] - (7.14)

Note that
i | < X3 and X3 <

As Q- is independent of {S’ , Y, Q1), from (7.12), (7.13) and Theorem 5.1,
1,2)

L0 (0 - o) <xE @0 [ [ 2@ ey

—N
FY Fha V@) u(dv)ds}

+ B[R (Y Ba()]

32\,
<
= N

E Yy (1),

where as N — oo, E [Y 1Y ()] — 0, because {1’ (t) — 0 in probability as N — oo and {{’ is bounded.
Thus it follows that

Similarly we show that
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From (7.12),

E[|xt (1) = xt ()] |x2 (1) = x2 (1)]]

t A t A
/ / / IL(E{V(&,Y))cQ]_(dS,d)\,d'y,du)/ / / IL(Eév(Sﬁ))CQg(ds,d)\,dw,du)
0o Jp2 Jo 0o Jp2Jo

t A
YBQ(t) / / / ]l(E{V(é’,Y))ch(dS,dA7d7,du)]
0 /D2 Jo

t A
YBl(t) / / / ]}.(EéV(S77))cQ2(d87d)\7d’y,du)
0 /D2Jo

<E

t
—E
+N

2

n %E + %E [V2B (t)Bs(t)] .

Conditionally on §é\1[72) and Y, the terms inside the first expectation above are independent because @1 and Q2
are independent, and from (7.13) and Theorem 5.1, it follows that

t bW t A
E / / / ﬂ(E{V(s,'y))CQl(dsvd)\7d77du) / / / ]I(Eév(s;y))CQQ(dsad)Hd’Ya du)]
0o /D2 Jo 0 Jp2
t —N
=R {/ /D]P ((E{V(s77))0’§(1,2), w(dy) ds/ / E2 $,7))

4)\2154

va 1,2)> Y) u(dv)dS}

<

E[Y?].

Hence using again (7.12) and the fact that Qj, is independent of (Eﬁ)z), Y, Q¢), with k # ¢ and k, ¢ € {1,2}, we
deduce that

E[|xt (1) = xt ()] |x2 (1) = x2 (1)]]
4N2¢4

S EY? 42

IN

B[yt [ [ (B2 Y2 02) i

e (Vo) [ [ (B2 )[R0 Y201 s + 1B [V 022 (0)

2\, t2 22, t2

4>\2t4
E[YBy(t)] +

N2

E[Y B (t)] + ;\%E [Y2B1(t)Ba(t)] -

IN

E [Yz}
Hence,
B[O (1) - 2 (1) (& (1) - 2 (@®)]] = o (;V) .

In conclusion, coming back to (7.14)

[ 0 )~ O3 @) =0 () (7.15)
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On the other hand, since @1, Q2 and ?82) are independent,
~N ~N =N
E {X1 (t)x2 (t)‘g(m)} =0.
Hence from (7.11) and (7.15), it follows that

E[EL0)°] <E[Y0)] + V-1 [E Y 0 0) - ¥ OF 0]

=E[(RY(1)"] +o1).

However, as 1 and §ﬁ’2) are independent, from Theorem 5.1

t
Nonl=N T B =N
E {X1 (@’3(1,2)} = /\*/O /D v(t—s)E Hﬂpl(s,tmgﬁm):o - ]lPl(s,t,'y,S):O‘ ‘3(1,2)} p(dy)ds

o t [tz e (- [ - haar) —exp (- [ - 3 )

Hence since §é\{,2) — 3, as N — oo, and ¥V is bounded, it follows that as N — oo, E [X{V(t)] — 0 and
E [(x1'(1))*] = 0. =

Lemma 7.6. For anyt >0, as N — 00,

E [|2Y,(t)]] — 0.

Proof. Let

W= [ t / e Lat-s (oo (- - ar) ~exp (- [ S 93 ) ) ute)

Q. (ds, d\, dv, du).

As in Lemma 7.5 we have

0 - 0] < 5 B+,

On the other hand, since @1, @2 and 17§é\1/72) are independent, it follows that

E [ (0% (0502 =0

The Lemma follows by exchangeability and the fact that as N — oo, Y& (t) — 0, proceeding as in (7.11) and
(7.14) 0O

We can now conclude the proof of Lemma 7.3.

Proof of Lemma 7.3. We recall that

=0 =600~V [ [ -9 (o0 (= [ 2= 05 00
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—exp (= [ 2t = 950 ) ) T putanas

From Lemmas 7.5 and 7.6, for each t > 0, as N — oo, ZY(t) — 0 in probability. As a consequence, for all

’nGN,to<t1<"'<tn,

—~

Eév(to)75év(t1)’ t 7Eév(t7l)) - (0,0, T 70) .

Note that, from Lemma 7.1, it follows that, = (t) = &, (t) — 7 (t), where

= [ [ [ A=sne- 95 0o (-] (- 93 () o) T (ute)irds. (7.16)

To conclude it remains to show the tightness of (Z))y, but from Lemma 3.7 (é{v 1)n is C-tight and as rV is

also C-tight ( see Lem. 7.1), it remains to show the tightness of V. Since the pair (@N, YN) is tight in D2, the
result follows using the continuous mapping theorem.
This concludes the proof of Lemma 7.3. O

7.2.8. Proof of Lemma 7.4
We recall that

&N, (1) = 1%[/ / e )fy(t— $)1 _osign(TN (57) — Th(s7))Qu(ds, dA, dy, du)
1,2 \/Nk:1 o Jo2 Pk(s,t,'y.&)zo ’ ) ) )

Tr(s™)ATN (s7)

and from (7.3) we also recall

Efm:é&(t)—/ot/l)v(t—s)exp (—/:wr—s)

We define for any k € N,

<=
hes
3
N———
=
2
3
S
~
2
&
|
3
2
o
~—
o,
)
<
=
-

Tr(s VYN (s7)
/ Qr(ds,du) . (7.18)

Tr(s)ATN (s7)

A,?’(w:/ot

and let (93;)r.i be such that

N t) - Z]lﬁlkv,igt'

i>1

We note that, for some i.i.d (ygq, ¢ > 1),

1 2( \ﬁ Z Z Vieyi ﬁk i (ﬂgi,t,wk,i,§):osign(chV(19ﬁi) =Tk (ﬁkN,i))]lﬂ{g{igt : (7.19)

k=1i>1
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We recall that

We set

V<N }- (7.20)

giv = U{()‘k,i)lgng,i<AkN(t)7 (’Yk,i)lgng,KAg’(t)? (Qk

Note that from Lermma 3.7 Z% is tight.
We want to show that, as N tends to oo, ZJ — 0 in D in probability. To do this, we define

N
ZZxLYi(t% (7.21)

ﬂ\

with
t J—
X (8) = | Wit = IR p 0 1y F)=0 — /D Y(t —9%;) exp | — /19 A= 9)E()dr | p(dy)
ki
< sign(TY (97) = Ta@Y ) Loy <. (7.22)

We establish the following Lemma.

Lemma 7.7. For anyt >0, as N — oo,

Proof. For all k,i € N, E [ ]g ] = 0. Moreover, for any k # ¢,

E [ (00 (0] = E [Loy <op E (O (0] Q| +E Loy, cop B piOx5 (1[G . Qe |

=E {Xﬁi(ﬂ%ﬁgﬁﬁﬁ {X%(ﬂ!gé\iw’j’QkH +E [Xé\,]j(t)]lﬁgngiE [Xk,i (t) |gﬁﬁi7Qe}]
0 (7.23)

because x;'; and Qy are independent and similarly for x7'; and Q. Hence, as [x{',;(t)] < Tyx <, from (7.23)
and exchangeability,
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B D YD DL ATIA0)

i>1 1<k<(<Nij>1

¢ 3e (]
iV(t))Q]

IE Nﬁ: {(Zxkl )

IA
H oz

A?T
P

[

where AY is given by (7.18).
However from Corollary 5.3,

Consequently

Note that from (7.17),

=N

—3 (t) - ‘—‘31

/ /TN(S ):( / (t—s) exp (— / A = $)F(r)d ) pu(dy)sign(TY (s7) = Ti(s™))Qp(ds, du).

Hence, as (Qr)x are i.i.d.,

( fz / /TN(S ):( I t—s)exp(— /Stv(r—s)%(r)dr>u(dv)

xsign(TH (s7) — Tr(s7))Qy(ds, d“)) ]

T,{.V(sf)\/'rk(s’) t B
/ / ~y(t — s) exp (—/ ~y(r — s)&(r)dr) w(dy)
TN (s™)AYr(s—) /D s

2
xsign(T (s7) = Tuls™ )@y (ds, du>> ]

= [ ([ e (= [ ot 50 wiam) B [0 - #00)as

(f

1 N
:NZE
k=1
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From Corollary 5.5 and Lemma 7.7 it follows that, as N tends to oo, Z5'(t) — 0 in probability for any ¢ > 0.
This implies the finite dimensional convergence and as () v is tight in D, it follows that as N — o0, Z¥ — 0
in law in D and hence in probability.

8. PROOF OF TIGHTNESS

In this section we prove Lemma 3.7.

To prove Lemma 3.7, since D is separable, it suffices to establish that each component of
(éN,éN, ég,@é\[, éf{o) is tight in D. Moreover, from Lemma 3.1 the pair (ég,@év) is C-tight in D?, since it
converges in D? to a continuous limit. The tightness of the rest follows from the following Lemmas.

Lemma 8.1. §V is C-tight.

Lemma 8.2. é{VQ is C-tight.
Lemma 8.3. é{vl 1s C-tight.
Lemma 8.4. éf{o is C-tight.

8.1. Proof of Lemma 8.1

Since (§))n is C—tight in D, it suffices to prove that (FV)y is C—tight in D. By the expression in (3.9),
that claim can be deduced from the tightness of the following sequence of processes

Vi fZ / [/ T ) Qulds, A dy, ).

Tro(s—)ATY (s-)

From Assumption 2.4 and Lemma 5.6, for any 0 < s <t < T,

N N A N t YTr(rO)VYY ()
Vi) -V - (dr,dA,dy,d
vro-viors =3 ] | Quldra d,

(r)AYN (r

0t — ) & // /mr )vTN<r )
4+ — Qr(dr,dA, dvy,du
& 2 o ( )

(r )/\TN(T_)

A, —1 N .5 Y (r VYN (r7)
+ Z/ / / ]ls—r<£-7§t—er(dT7d)\vd'yadu)‘ (81)
1k= b2

Nj:k1 0 (r)AYN ()

By Markov’s inequality,

géa TK(T )VTkT
Z / L/ Quldr,d, dy, du) > 0
D2 k(’r‘ TN(T)
2
1[G A .
62 Qi (dr,dX, dv,du
9 ( Z D2 JY(r—) /\TN k( )

However, by exchangeability and Hélder’s inequality, it follows that



FCLT FOR EPIDEMIC MODELS WITH VARYING INFECTIVITY AND WANING IMMUNITY 93

6504 T;, (T’ )VT 2
/ / / Qk(dr, dA, dy,dw)
VN k=1 D2 JY(r—)ATY (r—)

géa TK(T )VT 2
< 2E Z / / / Qk(dr, d\, dv, du)
D2 JY (r)ATY (r7)
05> ’
+ 2E < Z/ |T,C k(r)‘ dr)

T
5%252@/0 E[|TY(r) - ()Hd“r%z(szaN/ |T1 _Tl(r)ﬂ @

T
< 2@252a/ E[|YY(r) = Yo(r)|] dr + 2070267,
0

where the second term in the last line follows from applying (5.7) with k = 2. Note that from Corollary 5.3 the
first term in the last line tends to 0 as N — oo, while the second term is independent of N.
Then, thanks to o > 3 (Asm. 2.5),

1 g,Uo( N T Y (r~ )\/T (7’
lim limsup sup = sup —Z/ / / Qr(dr,d\,dy,du) > 6] =0. (8.2)
Ni=Jo Jp2

6=0 N_s00 0<t<T5 0<v<s Te(r)ATN (r-)

On the other hand, for all 0 < ¢t < T, since (Qg)x are i.i.d, by Holder’s inequality and exchangeability, we obtain

t+5 Y (rT )V (r7)
Qr(dr,dA, dy,du) > 6
\F / /132/ (r=)ATN ()
A N t+6 Yr(r VYN () 2
< 7 - Z/ / / Qu(dr,d), dy, du)
0 k=1 D2 JYy(rm)ATY ()
N 4o i)V (r7) 2
(] / Qu(dr, d, dy, du)
k=1 \’t D2 Yy (rm)AT (1)
( 1 i t+6‘ N ’ 2
+E || —= / Ty (r) — Ti(r)| dr
VN = s

2 t+4d t+d ’
29*; EV [T (r) = T1(r)] dr | + NE (/ !T%)—Tﬂr)\dT)

2 T+6
< 222* {/0 E[|TY(r) = T1(r)]] dr+OT62},

=

2\2
92

IN

2=

IN
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where the last line follows from Hoélder’s inequality and applying (5.7) with k& = 2. Note that the second term
is independent of N and from Corollary 5.3 the first term tends to 0 as N — oco. Consequently,

1 WYY ()
lim limsup sup <P | su / / / dr, d\, dvy, du) > ¢ | = 0. 8.3
60 N—>oop0§t£T <O<UE6\/>Z ¢ p2 Sy o)A (- Qk( 7, du) (8.3)

Moreover, by Markov’s inequality,

1 iv: -1 t Tk(’r‘i)vfrg(’l“i)
p|-L / / / Ty cescres—r Qu(dr, d\, dy, du) > 0
\/N k=1 j=1 Tk(T*)/\T{C\T(r*) -
1 1 zN:ei:l t Yi(r )VYR (r7) ?
e >» / Ty ceizrrsr Qu(dr, dA, dv, du)
62 N == o Jo2 Jrronry o) -
- 2:
5 1 iv:eq ¢ Te(r VTN (7)) o
S 7]E y— / / / ]lt—r<£j<t+5—er(dT7 d)\,d’}QdU)
62 VN (=5 o Jo2 Jreeonry o) -
L ) i
9 1 {—1 N t N
+SE| | — / (Fj(s+0—1r)—Fjt—1)) | Yy (r) = Tr(r)|dr
02 VN = kZ:l 0 J J ‘ k ’

Consequently, since (Qg)x are i.i.d., from (2.16) and Holder’s inequality and from exchangeability, we obtain

1NZl VYN (r7)

P| —= | P _r dr,d\, dy,du) > 0
\/N k=1 j=1 / /D2 / YATN (=) t—r<&I<t+é Qk( ¥ )

<.

2

9 i e—zl t Yi(r™) \/TkN(rf) o
2 N\E / / / Ly yeercirsrQp(dr, X, dy, du)
NQQ 1 =1 0 D2 -

Te(r )AL (r™)

%Zg% éE </Ot |T,]€V(r) — Tk(r)‘ dr)zl

<> [ w6 rs-n-FE-mEIT @ -Tio) e+ 200N [0 -1

IN

j=1
2067 [* 2070%5%
< 972/0 E (|1 (r) = Ta(r)]] dr + = 55—

where the last line follows from Hoélder’s inequality and applying (5.7) with k = 2. Note that the second term
is independent of N and from Corollary 5.3 the first term tend to 0 as N — oo.
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Therefore, as p > £ (Asm. 2.5),

1 {—1 N Ti(r )\/Y (r7)
lim limsup sup = sup fZZ/ / / ]lt_,,«<§j§t+v_er;(d7",d)\,d’}/,du) >0 =0.
D2

=0 Nosoo o<t<T5 0<v<$§ =i Tr(r=)ATN (r

Thus, from (8.1), (8.2), (8.3) and (8.4), we deduce that

1
lim limsup sup —P < sup |V (t+v) - VY @) > 9) =0,
=0 N 0<t<T 0<v<s

and thanks to Lemme A.2, (VY)y is C—tight in D.

8.2. Proof of Lemma 8.2
We recall that

N t IWTN(s7)
AN 1 k
(G t::—g // / 'ytfs]l = signTNs — T(s7))Qr(ds,d\, dv, du).
1,2() /*Nk < Jo 2 Jry(s-)n N ( ) Pk(s7t),\/)g)70 ( k( ) k( )) k( Y )
(8.5)

By the expression in (8.5), tightness of the processes ((‘%{V o)~ can be deduced from the tightness of the following

processes

N t Tr(sT)VYY (s7)
VN (f) = —— Z/ / / = 9L o, 30l N 7. ), (8.6)
VN = Jo Jpe RSB

(s)ATH (s
Forall 0 <s<t<T,

[VE'(t) = V5 (s)]

1 N t Tk(r
< — Qk dr,d\, dvy, du
\/N;/s /D2 /I‘k(r VAT (r—) ( )

0t — 5)° & / / /T“ e
Jri dr,d\, dvy,du
i Z . Qk( 7, du)

Tr(r=)ATY (r—)

1 {—1 N Tk T )\/TN(T
TZZ/ / / 1o rcci<i—rQr(dr,dA, dy, du)

Ti(r=)ATY (r7)

1 N s Y (rT)VYY (r7)
a0 00 A A AT P XL )

Tr(r™)

where we use Lemma 5.6.
From (8.2), (8.3) and (8.4) it remains to prove that, as § — 0,

Y (r VYN (r7)
- = — = >
llmsupoiltlgT(; (\ﬁZ/ /132/ (NN () (]lPk(r,t,%S"):O ]lPk(r,tJré,v,s):o) Qr(dr,dA, dv, du) _€>
— 0. (8.7)
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We recall that for 0 <t < T,

1<i<AR (t)

Fl=o0o {()\k,i,%,i) 1<k<N 5 (Qk|[o,t])1<k<N}-

We set

t Tk(v )VT
=// / Ok o, du),
0 /D2 AT (v)

—N . . . .
and D, is given by the same expression as DIICV but where we replace @ by its compensated measure.
Since

t+6
0< ]lPk(v,t,"/!§):O - 1Pk(v,t+5,7’§):0 < /t . Qr(duy, dug) = Cy(t,t +0),

by exchangeability and the fact that (Qx) are independent and C(t,t + 0) and Qr|j are independent, it
follows that

1 N t Y (v VTR (v~ 2
\/Nkz—:l/o /Dz/k(u JATY (v <1Pk(”7tv%§):0_]lPk(vat+5v%§):0> Qr(dv, dX, dy, du)

N 2
<E (\/lﬁ > Cr(t,t+ 6)D,Qv(t)>

k=1
= [Cf(t, t+0) (DY } + (N = DE[C1(t, t + 0)Ca(t, t + 0) Dy (t) DY (¢)]

()
—E[C(t,t+0) E[(DF(1)] + (N = DE[C1(t,t + 0)]E[Ca(t, ¢ + )] E [DY (1) DY ()]

( ) (8.8)
2
2(\.0 + A25%) <]E {(D1 } +E </ TN (v) )|dv) ) + A262NE [DY (1) DY (1))
t
oo+ ([ B[00 - YO do s 7 / ) = Ta )] a0
0 0
+ A262NE [DY (t)DY (1)] ,
where we use Holder’s inequality in the last inequality.
At this stage, we admit the following Lemma holds (and we will show this immediately below):
Lemma 8.5. There exists C > 0 such that for all N.
NE [DY(H)DY (1)] < C, (8.9)

for some C > 0 independent of N.

Consequently from Corollary 5.5, from (8.9) and (8.8), (8.7) follows and so does Lemma 8.2.
Now we establish Lemma 8.5. To do this, we define the following process for each k € N,

o [ e,
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where
=N
o (t) = ’Yk,Bi}’(t)(ﬁllcv(t))g(lﬁ)(t)v
and 99 is defined in the same manner as ¢{¥ with B instead of A} in (2.2).

Lemma 8.6. Forke N and T > 0,

T
E| sup [AY(t) - BY@t)|| < / E“Tfy(t) - @{j(t)”dt = (1)
t€[0,T] 0
and
E [ sup |§k — OV (¢ )| < TN (T).
t€[0,T]
Moreover,
E[Y
SN(T) < %Texp(Q)\*T).
Proof. Since
N oo
|Ak ( Bk / / mm(rN(r )@N(T' )><u<max(TN(7" )@N(T ))Qk(du d’l’)

we have

< /OTE[\T{;’@) o (1) |dt = % (D)

E [ sup |AY (t) — BY (1)]
t€[0,7)

We recall that
—N =N
T () = Y av o (sh )T () and O (1) = vi 5y o) (8 (1) (1,2 (8)-

However, since v;; <1 and 0 < ?N(t), @ﬁm(t) < \*, we obtain

E[[T¥(t) - o) 0] | <E [[T¥ (1) - 6F O] Lay -5y 060003 0]

+ NP (AR (1) # BY (1) or & (1) # 97 (1)) -

On the other hand, as v;,; < 1, from (5.8), we have

BTN () - OF (O Lapw=py s w=rp] SE[[F O =T @]
1

E[Y].

IN

N

Moreover, since

{AV(®) # B (1) or ' (1) # 97 (¢) }C{SuplAiV(T)BéV(T)IZl},

rel0,t]

97

(8.10)

(8.11)

(8.12)

(8.13)
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we have

P (AR (t) # BR (t) or i (t) # 91 (1)) <E [ sup, [AY (r) = By ()] | < 6™ (2).
Thus, from (8.12) and (8.13), we have

EY]

E[ T (1) - o) | < AN ().

Hence, from (8.10), we deduce that
E[Y]
< 7T * N
sN(T) < N LA / d

and by Gronwall’s lemma, it follows that

E[Y]

SN(T) < =T exp(\*T).
N
Moreover,
E tes[%lz‘r] s (8) = 0% (D] | =B | Lizeero,med (208 0} S[UF;] | (1) — 95 (¢ )|1
< TP (3t € [0,T], ' (1) # 0% (1))
=TP ( sup |AkN(t) - B,va(t)’ # 0)
te[0,T]
<TE | sup |AN (1) - BY (1)
t€[0,T)
< ToN(T).
This concludes the proof of the lemma. O

We can now establish Lemma 8.5.

Proof of Lemma 8.5. We first note that, from the proof of Proposition 5.4, where we replace Ay, by By and T},
by ©F and using Lemma 8.6 instead of Lemma 5.2, we deduce that, for all p € N, t € [0, T7,

P((Cg(s))se[o,t] 7£ (ﬂg( ))se[Ot vk = 1,--- 7p) < %,
and
N N CT
E [T () -6 0] < - (8.14)
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By exchangeability and the fact that Q; and Qs are independent,
E [DY()DY ()] =E D) (D5 ()] +2 / B[ @) - 1D )] o
- t / BTN () = Ta @I () — Yol duds
- 2/:1@ [\T{V(u) - Tl(v)@;V(v)] dv
+/Ot /Ot]E 1Y (0) = 2 (0) [T (r) — To(r)[] dudr, (8.15)

¥ -0

where the first term in the last equality follows from the fact that

t Tolr)VTY (r~ )
_E / / / 0, (dr, d, dv, du)
v JD2 (r)AYY (r—)

T3 (@) = T1@)] < [T (0) = OF ()| + [0 (v) = T1(v)];
by Hélder’s inequality, it follows that
E [T @) = T10)IID; 0)l] <E |17 (0) = 0Y ()| (v)1] + E[I6F (v) = T1(0) 1Dy (v)]]
< ® [} () - oY @) (B[@Y 0)7]) " +E[I0F ) - 1a@)I DY )]
Moreover, as
D5 < DY W)+ [ () - Talr)lar
<D (0) = By ()| + DY () + | () - Talr)lar,

where

t
= / / / Qk (d’l}, dAv d77 d’ll,)7
0 JD2 JY (v )AON (v-)

it follows that,

N

E [0 () - Ta)| DY )] < (B 10X (@) - 0 @) (B [0 @)2]) " + A& [IDY ) - DY)
+E |6 (0) = T1(0)[E [DF (0)[F(1.20» @1 |
+ ["2 60 - T 0) - Ta(r)] ar

where we use the fact that |O (v) — T1(v)| < A



100 A. B. Z. NGOUFACK

Consequently from (8.14) and the fact that Q2 and (Qhﬁi,z)) are independent, it follows that

YY(rT)vey ()
E (1Y () - 1.0)IDY ()] < N5/4+>\]E[/ L[ Qu(anand.a

N(r—)yney (r

+/ 162 (v) — T () |03 (r) - T2<>|]dr+/ [|@iV<v>m@)ﬂwr)—n(r)udr
0

0

_ o ' N(ry -1 r N v)[|eY ) — r)|| dr
=yt [ E[6Y () Mar+ [ E[6Y6) - Ta@6F () - Ta()l) d

+ [ E16F @) - TiITF () - Tatr)] ar

2Cr Cr(A+1)

where the last line follows from (8.14) and Corollary 5.5.
Hence, from (8.15) and Corollary 5.5 it follows that the inequality (8.9) holds.

O
8.3. Proof of Lemma 8.3
We recall that
S (t \FZ / /D 2 / At —r) (]1Pk (ren5) =0 —npk(mw)_o) Qr(dr,dX,dv,du).  (8.16)

We set

t ry(v—s)(¢1Ve2(v—)
Hk<57ta77¢la¢2) :/ / Qk(d’l},d’lﬂ).
s Jy(v—s)($1Ad2(v—)

Using the fact that for all A, B € N,
[Tazo —1p—o| <|A-BJ.
From Assumptions 2.4 and 2.5 and Lemma 5.6, it follows that

<+ fﬁj/ /D/ Hy(r, 6,7, 3)Qu(dr, dA, dy, du)

2t — 5)% o [ - N =
+N’€Z/ LQA Hk(?",t,’y,s a%)Qk(dT,d)\,d’y,du)
{—1 N

A
\/7 ZZ/ / A ]187T<Cj§t7er('r',t,77§Na§)Qk(d7’, d)\vd’y’du)

\ v

2

1 N — N —
T Z/ / / Hk T, VaS’N7{§) +Hk(T,S7’Y,SN,S)) Qk(d’f’, d)‘7d7?du)
D2

Therefore, tightness of (%{V ; follows from the following Lemmas.
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Lemma 8.7. As § — 0,

N t+0 A
1 1 —N —
limsup sup = —g / / Hi(r,t+6,v,5 ,5)Qur(dr,d\,dvy,du) > €] — 0. 8.17
N—>oop0<f£T5 (\/Nk_1 t D2 Jo k 1B ! ) ) ( )

Proof. By exchangeability, we have

1 N t+6 A N — 2
E||-—— Hy(r,t+06,7,3 dr,d), dv,d
<\/Nk2::1 t /DZ/O w(r 78 5 8)Qr(dr ¥ U)>

[ t+48 A Y )
=E (/ / / Hl(T,t—‘r(Sa’y;"S 73)Q1<d7‘, d)\,d'y7du)>
t D2 Jo

t+4d A _N —
+(N-1)E l( / / Hy(r,t 46,7, ,le(dr,dA,dv,du)) (8.18)
t D2 J0

t+46 A N —
(/ / HQ(T7t+57773’ aS)Q2(dT; dA,d’}/,dU)>‘|
t D2 Jo

Let

1+ A o
N(t) = / / / Hi(rt 16,74, 5)Qu(dr, d\, dv, du),
t D2 J0

and
45 A N
:/ /2/ Hi(r,t +0,7,8(1,2), §)Qk(dr, dA, dvy, du).
t D2 Jo

Note that, as §é\1,72) and Qy, for k € {1,2} are independent, from Theorem 5.1 we have

B3 05

t+48
[ [ / Hi(r,t+8,7.51.2), §)Qe(dr. A, v, du) \sm)]
D2

t+6 t+6
_)\El/ // v—r‘&m )‘dvudvdT‘gm)]
t+6
<)\/ / ’5(12 )’dvdr

t+6 . .
— A0 /t ‘3(172)(1;) —S(v)‘dv. (8.19)
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=N =N
Consequently, conditioning on §; 5), and using the fact that Q1, Q2 and §(; ) are independent, we have

E Y035 (0)] = E [E[R¥ O 05|

—E [I{«: [;z{\’(t) *ﬁ’g)] E [Xév(t)‘ﬂz)”

t+3 _N o 2
< NPE ( [ Fham -50) dv)
t
t+48 _N o 2
< [ B |[fa0 -5 |
t

1 Cr
< 2x%6* (NQE (V2] + ) , (8.20)

N

where we use Holder’s inequality and the fact that @32) (v) —F)| < X+ |§N(v) —3()], (a+b)? < 2(a®+b?)

and Proposition 5.4.
In addition for k& € {1, 2}, using Subsection 5.3

t+48
D2

t+48 W t+48 (v— ?”)(3(1 2)(v7)+Y/N)
/ / / / / Qr(dv, dw) | Qr(dr,dA, dv, du). (8.21)
D2 y(v—r (3(1 2)(” )—Y/N)

Consequently, using Theorem 5.1

_ - 2Y' N0
E[|X{V(t)—xiv(t)|’6ﬁ,g)}§ N (8.22)

and from (8.21) we deduce that as N — oo, ¥V (t) — 0 in probability and as

t46 AL 2
W) < ( / Ql(dudw)) ,
t 0

it follows that, as N — oo,
2
E [(X{V(t)) ] 0. (8.23)
We have

E [x1' (O)x2 (1) = X1 (%2 (0] = E [x'(t) (x2'(8) = x2' (1) + E [(x2' (1) — %1 (1) X2 (1)]
+E [’ (1) - x1'(0) (@' (8) - x2' ()] - (8.24)
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As (Q1, Q2) and (@g’z),Y) are independent, from Theorem 5.1, (8.21), (8.22) and (8.19) it follows that

B [ (1) (687 (1) = %5 ()]
) t+5 A t4+8 (=) (F (1.2 (0 )+Y/N) _
xiv(t)/t /D/O (/ A Qg(d@,dﬂ})) Qa(dr, AN, dy, du)[§(1 o), Y

<E
(v=7)(F(1,2)(07)=Y/N)

E

E[E [3Y ()]0 Y]

t+6§ b t46 (=) (F (1 2) (v )+Y/N) N
/ / / / / N Q2 (dv7 d’lU) QQ (dT, d)‘a d’% du) ‘3(1,2)7 Y
i D2 Jo r Y(=7)(S(1,2)(v7)=Y/N)

Y/tt+6 Fﬁ’z) (v) — §(v)‘ d’vl

xE

2252

IN

E

IN
S
=

(8.25)

where the last line follows from the fact that ’ﬁi,z) (v) —F()| <

Similarly, we show that

B [(x' (1) = X1 (1) X2 ()] < =3—E[Y]. (8.26)
From (8.21), and as in the setting of (8.25), it follows that

E ()~ 20 [ ()~ ¥ 0] < eg-E ] (8:27)

Consequently from (8.27),(8.26), (8.25), (8.24), and (8.20), it follows that

1
lim limsup sup =NE [X{V(t)XéV(t)] =0.

820 Nooo 0<t<T O
Therefore, from (8.23) and (8.18), it follows that (8.17) holds. O

Applying the same method as in the previous lemma, we establish the following Lemma,

Lemma 8.8. Asd§ — 0,

N—soo 0<t<T 0

a N t As
limsup sup 1113’ <5 Z/ / / Hy(r,t+ 5,7,§N,§)Qk(dr, dA,dy,du) > e> — 0,
o Jp2Jo

Nooo 0<t<T 0

N ot A
1 1 * N —
lim sup sup <P ( E / / / Hk(T,t,’y,S'N,%)Qk(dT, d)‘vd’% du) > 6) — 07
0 /JD2Jo
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and

N t A
1 1 * —N —
limsup sup ~P | —= // / Hi(r,t+6,78 ,8)Qk(dr,dA,dy,du) > ¢ | — 0,
( N =i /o Jp2 Jo

N—oo 0<t<T 0

To conclude the tightness of é{v 1, it remains to establish the following Lemma.

Lemma 8.9. As§ — 0,

{—1 N t A
1 (1 . N =
limsup sup 1P’< > // / 11tr<<f<t+aer(mer&%SN,S)Qk(dhdx\,d%dU)zc>
0 /D2 Jo

Nooo 0<t<T 0 N 4

j=1k=1
— 0. (8.28)
Proof. By exchangeability it follows that
2
1 -1 N t A N
E T = ZZ/ / / 1t—r<(j§t+5—er(r7t + 6)773 78)Qk(dr7 d)‘ad’%du)
N o /o Jp2Jo

2

/—1 ¢ As
7N p—
= (Z L] tercocis it + 62,5, Hrrdr dy,du)
/o Jp2Jo
—1 t A N
s -E | (X[ [ oz e+ 0.5 BQuanandrde | (629)
i=iJo Jp2Jo
—1 t A N
Z/ / / ]lt7r<C-7§t+67rH2(T’t+5a’7ag 73)@2(dradAvd73du)
=i /o Jp2Jo
Let
/—1 t As N —
X{ev(t) :Z/ / / ]lt—r<Cj§t+5—er(7ﬁvt+677a3 aS)Qk(dTa dA,d’}/,dU),
=i/o Jp2Jo

and

—1 t A

~ *N —

W => / /D ) / Ly yeci<ororHi(r t + 06,7, 81,2y ) Qi (dr, dX, dy, du).
=170 0
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Since §ﬁﬁ2) and Qy, for k € {1,2} are independent, from Theorem 5.1, we have
. =N
E [XkN(t)’S(l,z)}
-1

:Z]E

* —N — =N
/ / / 1t—r<Cj§t+5—er(Tat + 57 Vs S(l,Z)?g)Qk(d(rv d)‘vd’}/7du)‘3’(1,2)‘|
= 0o Jp2Jo
-1 t t+3 N B N
= A Z E / /D 1t-r<¢j§t+5—r/ (v —r7) ‘3(1,2) (v) = 3(”)‘ dUM(dV)dT‘S(Lz)
=1 0 r

t+6 N
< A ZE / t+5*’l") Gj(t*”’ / ‘3(12) 3(”) 3(1,2)

T
<078 [ [ (0) - F0)] o
0

where we use v < 1, to get the third line.

(8.30)

dvdr

Consequently, conditioning by §ﬁ,2), and using the fact that @1, @2 and §é\1l,2) are independent, we have

—E [E [fdv (ﬂiéﬂﬂ‘ﬁz)”
—E [E [g{\’(t)‘@ﬁ,z)} E {fcév(t)‘gﬁmﬂ

. 2
< A22T26%R (/ ’ﬁz) (v) —S(v)’ dv)
0

T
< )\EPTS(S%/O E “82\172)(0) —S(v)ﬂ dv

1 Cr
< 2\22T36% (NQE V2] + ) ;

E [x7 ()% (1)]

(8.31)
where we use Holder’s inequality and the fact that @é\{p) (v) —F)| < X+ |§N(v) —3 ()], (a+b)? < 2(a®+b?)
and Proposition 5.4.

In addition for k € {1, 2}, using Subsection 5.3

Ik (1) = xx (8]

* _N -
= E :/ /[)2/ ]lt—T<Cj§t+6—THk(rvt+6777&(1’2)73’)Qk(dr7d>\3d/yvdu)
=1 0 0

t46  py(w=r)(F(y.2) (07 )+Y/N)
< Z/ / / 1 rcci<ivo—r / / B Qr(dv, dw) | Qr(dr,dA, dvy, du)
D2 r

(=) (1.2 (0" )=Y/N)

=: X (t)- (8.32)

Consequently, using Theorem 5.1, it follows that,

£l (0 - ol < TP gy, (5:33)
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and from (8.32) we deduce that as N — oo, x — 0 in probability, and as it is bounded by a square-integrable
process, it follows that, as N — oo,

E [(lev (t))z} 0. (8.34)
We have

E [ (0 (8) — 2 ()% (8)] :]E[fdv()(xév()* ())]HE[( N()*Xiv(t))fcév(tﬂ
FE[(XD () =X () (xo' Y], (8.35)

As (Q1, Q) and (@ﬁg),Y) are independent from (8.32) and (8.30),

B[ ) (&' (1)~ %5 1)]] <E [E[W¥ O 9]0 Y]]

—E[E[{¥ 0[50, Y] E [1Y (0[50, Y]]
2T

T N B
<= F Y/ ‘3(172)(11) 8’(1})‘ v
2T3N\2025%P
< 5 ElY]. (8.36)
Similarly we show that
. . 2T3N2025%°
B[’ () = X' @0) x2' (]| < =57 —E]- (8.37)

From (8.32), and as in the setting in (8.36), it follows that

B [0 - 0] 3 0 - ) < T g [yv2). (5.39)

Consequently from (8.38),(8.37), (8.36), (8.35), and (8.31), it follows that

lim limsup sup NE [X{V(t)XéV(t)] =0.
=0 N_ooo 0<t<T5

Therefore, (8.28) follows from (8.34) and (8.29). O

8.4. Proof of Lemma 8.4
We recall that

N Z eo(t) <1Pk(07t77k,07§N)=0 - 1Pk(0’t77k=07§):0) '
k=1

Using the fact that for all A, B € N,

[Ta—o — 1p—o| < |A—-B|,
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from Assumption 2.4 and 2.5 and Lemma 5.6, it follows that

N
Z Ot’YkO,S’ ,5)

k=1

£—
—N —
Z s— 7"<C',i§t—er(Ovt77k,Oa%' ,3)
. (8.39)

- 5i-

>
Il
—

M= TTMz

<Hk(07ta’yk,07§Na§) + Hk(07 577k,0;§N7§)) .

Hence as in the setting of (8.2), (8.3) and (8.4) respectively, we establish the tightness of é{\,{o-
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APPENDIX A.
A.1 Proof of Proposition 4.1
It is easy to check that

~>

Mo,1(t) + W (t) = 1(0)Xo(t) + Wx(t),
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where I(0) is a Gaussian variable with variance 1(0)S(0) and W a centered-Gaussian process independent of 1(0) with
covariance function for ¢, > 0,

COV(Wg(t), Wg(t/)) = T(O)E [(/\Q(t) — XO (t)) ()\0 (tl) — Xo(t/)) ’7’]0 > O}

This lead to the second equation in the set of equations (4.3).
Recall that the unique solution of the linear differential equation:

(t) = 2(0) = [ Fa(s)ds + ().
with y(0) = 0, is given by the formula for ¢ > 0,
z(t) = z(0) exp (—/0 @(r)dr) — /0 y(5)F(s) exp <—/ @(r)dr) ds + y(t). (A1)

We set,

By derivation,

where the second line follows from the fact that gl(t) = —S(¢)F(t) and the third line follows from definition of X (t). As
a result,

X(t) = — /0 X (5)F(s)ds — /0 S()3(s)ds. (A.2)

We next show that,

(S

t
01(0) = 10) = [ S01(5)F(s)ds + W), (A.3)
0
where Wy is a centered Gaussian process with covariance function for ¢,¢" > 0,
At
Cov(Wo(t). Wa(t)) = [ F()5(s)ds,
0

and 1(0) is a centered-Gaussian variable with variance 7(0)S(0).
Note that combining (A.2) and (A.3) from (4.2), we obtain the first equation in the set of equations (4.3). So to
conclude it suffices to compute the covariance function of Jo,1.
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From (A.1) we have for ¢ > 0,

exp< /3 dr) /Wo exp( /3 dr)ds—i—Wo()

We compute the covariance function Cov(Jo,1(t), Jo,1(t')) for t <t

Cov(Fon / / (55w exp ( / Frdr - / ' smm) E (Wo(s)Wo(u)] dsdu
_/0 §s)exp <‘ /: §(T>d7"> E [Wo(s)Wo(t)] ds
_/Ot,S(s ) exp <_/t'3 dr) (s Wo 0] ds
+E [Wo(Wo(t exp< [T - / 5 >

For the first term by integration by part twin, we have

[ [ serwes (— [ 5o [ 50) dr) [Wo(s)Wo(uw)] dsdu
:/Ot/:?(s)@u)exp (—/:& / 30 >/ F(r)S(r)drduds
Jr/ot /:l T(5)T (uw) exp </S S(r drf/u S(r) dr> /0 S(r)S(r)drduds
— 9 /0 "F(s) exp <_ / e - / ’ S(r)dr) /0 "3 () S(r)drds
+ /O "F(s) exp (_ / " S(r)dr) /O “F(r)B(r)drds + /0 sy exp <_ / t@@»)d»«) /O F(r)8(r)drds
= —exp < /t/§ dr) /f§ S(r)dr + exp < /t/ 3’(r)dr> /Ot S(s)F(s) exp (72 /St g(r)dr) ds
/ T(s) exp ( / F(r dr> / S(r)S(r)drds + /Ot F(s) exp (— /: §(r)dr> /OS F(r)S(r)drds.

For the second term

/ 3(s exp( / 3(r dr) [Wo(s)Wo(t')] ds = / 3(s exp( / 3(r dr) / "3 () S(r)drds.

For the third term

/0 " 3(s) exp (— / t 3(r)dr> E [Wo (s)Wo (1)) ds
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- ['5 (/g )/g jStryiras + [ 500 (/g dr>ds/g S
/gexp(/g )/g ryinds + [ 503 dr_exp(/g )/g

where the last line follows by integration.
Consequently using the fact that

it follows that,

Cov(fs'(),l(t),jo,l(t/)) = exp < /tt/ S(r)dr) /Ot g(s)@(s) exp <72 St§(r)dr) ds

This conclude the proof.

A.2 Tightness criterion
We recall the following theorem used to prove of C-tightness in D (see Thm. 3.21 in [32], p. 350).

Theorem A.1. Let (X™)n be a sequence of r.v. taking values in D. It is C-tight in D, if

(i) for any T > 0, € > 0 there exist No € N and C > 0 such that

N2N0:>]P’<sup |X5N|>C>§e. (A.4)

0<s<T

(#) for any T >0, € >0, 0 > 0 there exist No € N and § > 0 such that
N>Ny = P (wT(XN,(S) > 9) <e (A.5)

where

wr(a,6) = swp Ja(t) - a(s)]
0<s<t<T,|t—s|<5

Since we work with processes in D, we will simply write C-tightness below for brevity. In fact, C-tightness means
that the limit of subsequences are continuous. We also recall the following result from [18], Lemma 3.1.
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Lemma A.2. Let {XN}n>1 be a sequence of random elements in D such that X (0) = 0. If for all T > 0, € > 0, as
6—0,

limsup sup lP( sup |XN(t—|—u)—XN(t)|>e) — 0,

N—ooo 0<t<T 0<u<s

then the sequence X” is C-tight.
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