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A LEVY-ITO DECOMPOSITION ON A CLASS OF TOPOLOGICAL
MONOIDS

ULISES PEREZ-CENDEJAS!Y*® AND GERARDO PEREZ-SUAREZ?

Abstract. We investigate a Lévy-It6 formula on a class of topological monoids with a suitable family
of characters. This formula generalizes the classical ones for subordinators. Stochastic processes such as
classical subordinators, extremal processes, measured-valued processes and the random interlacements
model fall into this category.
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1. INTRODUCTION

A subordinator, as defined in [1], Chapter 3, is a stochastic process (X;);>o taking values in [0, 00) with
independent and identically distributed increments. An important feature of subordinators is that they possess
a Lévy-Ité decomposition, that is, if (X;);>¢ is a driftless subordinator, then (X;);>o can be written as

Xp=Y @, t>0, (1.1)

t; <t

where N' = >, 0(4,.2,) is a Poisson point process on (0,400) x (0,400) with intensity measure dt ® 7, and 7
is a measure on (0,400) such that f(OAJroo) min{1, z}r(dz) < co. Moreover, classical exponential formula ([1],
p. 8) implies that

E |exp —)\in = exp {—t /(0 . (1- e_’\gj) w(dm)} , A>0. (1.2)

t <t

From now on, for reasons that will become clear later on, we will refer to these subordinators as additive
subordinators.

In the literature, one can find several kinds of stochastic processes that possess a Lévy-Khintchine type
formula and a Lévy—Itd like decomposition. For instance, the extremal processes ([1], p. 8) and super-extremal
processes [3], the random interlacements model [4], and the flow of squared Bessel processes of dimension zero
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([5], p- 508; [6], Section 4). An interesting fact is that all these processes take values on some topological monoids.
Thus, a natural question is to find a class of topological monoids that admits an analogue formula to (1.2),
which at the same time unifies and generalizes the formulae in the examples just mentioned. In this work we
propose a class of topological monoids that possesses this property, which we call L-topological monoid (see
Def. 2.1). Our main result states:

Theorem 1.1 (Lévy-Tté6 Decomposition). Let (M, M) be an L-topological monoid. Suppose that N' = 3" Ots,m0)
is a Poisson point process on (0,00) x M with intensity measure dt ® I1, where 11 is a Borel o-finite measure
such that [, (1 — x(z)) (dz) < +oo for each x € M, and dt is the Lebesgue measure on (0,+00). Then, for

every character x € 1\7[[, we have

E|x @ :exp{—t/Mu—X(x))n(dx)}, £>0. (1.3)

t; <t

Under the assumptions of this theorem, the law of the stochastic process (@ <t xl> induces a convolution
=t >0

semigroup of measures. To the best of our knowledge, although Lévy-Khintchine formulae have been widely
studied for convolution semigroups of measures (see for example [7]), Lévy—Itd representations for convolution
semigroups of measures, as in (1.3), have not been considered in the literature.

In some other directions, the classical pathwise notion of Lévy processes, as defined in [1], has been extended
to more general groups (for instance, Lie groups [8] and some Banach spaces [9]). In the same vein, subordinators
have been extended to some particular cones of Banach spaces (see [10] or [11]).

The paper is organized as follows. In Section 2, we introduce the definition of an L-topological monoid and
prove some of its properties. Then we gather some results about the Laplace transform on a topological monoid
(as in [12]). Afterwards, we define subordinators and their Laplace exponent, and we generalize some well-known
results related to this exponent. In Section 3, we prove the Lévy-Itd like decomposition (1.3). Finally, in Section
4 we recover some known examples.

2. A CLASS OF TOPOLOGICAL MONOIDS

In this section we introduce the notion of L-topological monoid. We also prove some of its properties.
Examples of L-topological monoids that appear in the literature are presented as well.

First, let us recall some definitions. An abelian topological monoid is a triplet (M, 7,®) such that (M, 7) is
a topological space, (M, @) is a commutative monoid, and the operation &: M x M — M is continuous. We
denote the neutral element in (M, @) by e. We refer the reader to [13], Section 1.5 and the references therein
for a complete exposition on topological monoids.

Let 0 be an element not in M and set M* := MU {0 }. We denote by (M*,7*) the Alexandroff extension
of (M, 7). We recall that a sequence (2, )n,>1 C M* converges to O if for any compact subset K of (M, ) there
exists N > 1 such that z,, ¢ K for all n > N. As usual, we denote this by x,, = 0uc.

We say that a function x: M — [0, 1] is a character on M if

x(e)=1 and x(z®y)=x(x)x(y) forall z,yeM.

Equivalently, a character on M is a monoid homomorphism from (M, @) to ([0,1],-), where - denotes the usual
product on R. Let B(M) be the Borel o-algebra of (M, 7). We denote by Ch(M) the set of all B(M)-measurable
characters on M. We say that a subset M of Ch(M) is closed under pointwise multiplication if x1x2 € M for

any x1,x2 € M, where (x1x2)(z) = x1(z)x2(x), z € M. The set of all characters in Ch(M) that tend to zero
at O will be denoted by Chg(M).
We are now ready to formulate our notion of L-topological monoids.
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Definition 2.1 (L-Topological Monoid). Let M = (M, 7, ®) be an abelian topological monoid. We say that a
pair (M, M) is an L-topological monoid if (M, 7) is a locally compact second countable Hausdorff space, and M
is a non-empty, countable and closed under pointwise multiplication subset of Ch(M) such that for any sequence
(Tn)n>1 C M the following conditions are satisfied:

(i) x(z,) — 0 for all x € M if and only if 2,, — Juo;
(ii) if x(xn) — ¥(x) for every x € M and ¢ # 0, then there exists € M such that z,, — = and ¥(x) = x(x)

for each y € M.
In this case, we say that M is a determining class of characters on M.
We present next some examples of L-topological monoids that appear in the literature.

Example 2.2. Let Ry = [0,00) be endowed with the usual topology 7, and the usual sum +. Then
(R4, R, , +) is an abelian topological monoid. For each A € QT := QN (0, 00), let ex: Ry — (0, 1] be the expo-
nential function given by ey (t) := e * for each t € Ry. Set Exp(Ry) := {e) : A € QT }. Notice that Exp(R)
is closed under pointwise multiplication. Let (¢,)n,>1 C R4 and fix A € Q. Then (ex(ty))n>1 converges to zero
if and only if ¢,, — co. On the other hand, (ex(¢y))n>1 converges to an element in (0, c0) if and only if (£,)n>1
converges in Ry. Thus, (R4, Exp(R4)) is an L-topological monoid.

Example 2.3. For each z,y € Ry, we set x Vy = max{x,y}. Then (Ry,7r,,V) is an abelian topological
monoid. For each A € QF, we denote by 1jg y the indicator function of the interval [0, A]. Set Ind(R;) =
{105 : A € QT}. Notice that Ind(R,) is closed under pointwise multiplication. Let (t,),>1 C R. Observe
that 1 »(t,) — 0 for all A € QT if and only if ¢, — co. On the other hand, if (t,)n>1 is bounded and 1o 5(tr,)
converges to ¥(A) for all A € QT, then (t,),>1 converges to some ¢ and 9)(\) = Ly »(¢). Thus, (R4, Ind(R4))
is an L-topological monoid.

Example 2.4. For any integer d > 1, let Z¢ be the space of proper subsets of Z?, equipped with the discrete
topology 774 and with the binary operation of the union U. Then (74, Tzd s U) is an abelian topological monoid.
Here the neutral element e and the point at infinity 0., are the empty set () and the set Z?, respectively. Recall
that the discrete topology on Z¢ coincides with the topology induced by the set-theoretic convergence, that is
to say, a sequence (Jp)nen in Z, converges to J if and only if J = limsup,, ,., J, = liminf,,_, . J,, where, as
usual, limsup,,_, . Jp := Np>1 Ug>p Ji and liminf,, o J,, 1= Up>1 N>y Ji. For a subset K of Z%, we write
K cc 74, if K has finite and non-zero cardinality. For each K CC Z<, we define the hitting functional y x : Z¢ —
{0,1} by xx(J) := L{jnr=p}- Set Hit(Z%) := {xk : K CC Z%}. Notice that Hit(Z%) is closed under pointwise
multiplication. Let (J,,)n>1 C Z%. Observe that x(J,) — 0 for all K cC Z® if and only if lim,, o J, = Z%. On
the other hand, lim sup,,_, ., J,, # Z% and xx (J,,) converges to 1(K) for all K CC Z¢ if and only if lim,, o J,, =
J for some J € Z¢ and ¢(K) = xk(J). Thus, (Z<¢,Hit(Z%)) is an L-topological monoid.

The following topological monoid does not completely satisfy the conditions from Definition 2.1 since it is
not locally compact, but still most of the results hold for this example.

Example 2.5. For each locally compact, separable metric space E, let M¥ be the space of Radon measures on
E with the topology 7= of vague convergence. Then (M, 7e, +) is an abelian topological monoid, where +
denotes the sum of measures in M¥. For every h in the space C} (E) of non-negative, real-valued functions with
compact support on F, we define the Laplace functional x; : M¥ — [0,1] by xx(n) := exp{— S h(s)n(ds)}.
For a countable dense subset C of CF(E), we set Exp(MF) := {x5, : h € C}. It follows from the Riesz-Markov
theorem that (M¥ Exp(M¥)) satisfies (i) and (ii) from Definition 2.1.

In the following lemma we prove some useful properties of L-topological monoids.

Lemma 2.6. Let (M, I\7JI) be an L-topological monoid. The following statements hold:

(i) M is non-vanishing everywhere, i.e., for any @ € M there ezists a character x € M such that x(z) #0.
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(i) M separates points, i.e., for any two distinct elements x,y € M there exists x € M such that x(z) # x(y)-

Proof. Since M is locally compact, part (i) follows directly from Definition 2.1 (i). Let us now proceed to prove
part (ii). Let z,y € M, and suppose that x(z) = x(y) for all x € M. Let (2,,)n,>1 C M be the sequence given by

x if n is even,
Zp = . .
y if n is odd.

Notice that (x(zn))n>1 converges to x(x) for all x € M. On the other hand, from part (i) we know that there
exists x € M such that x(z) # 0. We deduce from Definition 2.1 (ii) that (z,),>1 converges to some element in
M. Hence, ¢ =y, i.e., M separates points. [

Our next task is to construct elements of the form €
monoid (M, M).

nen Tn for any sequence (z,,)n>1 in an L-topological

Theorem 2.7. Let (M,M) be an L-topological monoid. The following statements hold:

(i) (Divergence criterion) If (xn)n>1 C M is a sequence such that [], <, x(xn) = 0 for all characters x € M,
then @, x; — O, asn — oo.
(i1) (Convergence criterion) If (xn)n>1 C M is a sequence such that [],~, x(xn) > 0 for some character

X € I\Nﬂ, then there exists an element in M denoted by ;- x; such that

n oo
im D = Do
n—oo
=1 i=1

Furthermore, the definition of @i, x; is independent of the order of the ®-addends, so we can
unambiguously denote it as B, cy Tn -
(ii) For any sequence (Tpn)n>1 C M,

X (EB xz> = Hx(xz'), X €M,

where we set x(0oo) == 0.
(iv) For any partition {P,Q} of N, we have (®nEQ 2n) & (Bpep ¥n) = (Bren Tn)-

Proof. Observe that the limit

};[1 X(Tn) = "}i_l)noo };[1 X(Tn)

exists because the sequence ([, x(xn))m is monotone decreasing for any x € M. Moreover, if (Tn)n>1 18

>1
a reordering of (2, )p>1, then

H X(Zn) = H x(z,) for any y € M. (2.1)



370 U. PEREZ-CENDEJAS AND G. PEREZ-SUAREZ

For each x € I\~4I, let

V00 = Jim x (69 ) = Jin [T vten)

If ¢(x) = 0 for all x € M, then it follows from Definition 2.1 (i) that €' i1 Ti = Ooo. This proves the divergence
criterion in (i). On the other hand, if ¢/ # 0, then we deduce from Definition 2.1 (ii) that (D;_, ;), -, converges
to some element in M. We denote such element by @5°, z;. Let (Z,,)n>1 be a reordering of (z,,),>1. By using
(2.1) we obtain that (), #;),-, converges to the element @;°, Z;. Moreover, from Definition 2.1 (ii) and
(2.1) we get that

X (é%) =X <é5€z> for all y € M.
i=1 i=1

Hence, from Lemma 2.6 (ii) we conclude that @;-, z; = @;-, ;. This proves the convergence criterion in (ii).
Part (iii) follows readily from parts (i) and (ii).
Let P C N, and let (z,,)nep C M. From the preceding parts, we know that @,

ings (Z )ln |1 and (& )‘n |1 of (zn)nep. Thus, we can define unambiguously the element D.cptn = @El Ty

Suppose now that {P, Q} is a partition of N, and let (z,,)n,>1 C M. Let (azn)l |1 and (mn)lgl be orderings of
(Zn)nep and (x,)neco, respectively. By using Definition 2.1 and (2.1) we obtain

((@)+(@) (&) (@)

7 1T = @lpll &, for any order-

IP| |2
= H X(%n) H X(%n)
= X(Tn)

~(@~)

for all x € M. Therefore, it follows from Lemma 2.6 (ii) that (@negxn) @ (@nEP mn) = (@nGN a:n) This
proves part (iv). O

Let (M, 1\7[[) be an L-topological monoid. We can define a natural metric py on M given by

(z,9) Z Xn (@ X"( )‘, z,y € M, (2.2)

n>1

where (Xn)n>1 is some ordering of M.

Denote as 75 the topology on M induced by the metric pg;, and let C (M) be the space of continuous functions
from M into R with respect to the topology 7. Setting xn(0so) = 0 for n > 1, the formula (2.2) makes sense
for any z,y € M* and defines a metric for M*. By a slight abuse of notation we also denote this metric as pg.
Let B(my) be the Borel o-algebra of (M, 7).
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Proposition 2.8. The followings statements hold:

(i) Ifcr(M) is the o-algebra generated by the characters in M, then

B(M) = o (M) = B(rg)-

(ii) (M, pg) is a topological monoid, and (M*, pg) is a compact space.

Proof. We first proceed to prove (i). Notice that B(ry) C o(M) € B(M). On the other hand, since (M,7) is

in particular a Polish space and M separates points, we can apply Lemma 3 in [14] to obtain that the Borel
o-algebras of (M, 7) and (M, pg;) coincide. Hence, part (i) follows.

It only remains to prove the statement in (ii). Suppose that x,,, = x, ¥, — y, as m — oo, with respect to the
metric pg. This means that X, (Tm) = Xn(2), Xn(Ym) = xn(y), as m — oo, for n > 1. Then Xy, (m © Ym) —
Xn(z @ y), as m — oo, for n > 1. Hence xp, © Y — = Dy, as m — 0o, with respect to the metric pg, so that
(M, pg;) is a topological monoid.

Let us prove that (M*, pg;) is a compact space. Let (2, )men be a sequence in MU 0, and consider the array
(Xn(Tm))n>1,m>1. By Cantor’s diagonal method there exists an increasing sequence (m(k))x>1 of integers such
that limg_ oo Xn (:cm(k)) exists for n > 1. It follows from Definition 2.1 that there exists x € M* such that

lim X (Tmk) = Xn(z), n>1

k—o0

2.1. Laplace transform on L-topological monoids

We gather here some of the fundamental properties of the Laplace transform on an L-topological monoid
(M, M), following nearly the approach in [12], IX, §5, No. 7. For each finite measure p on (M, B(M)), we define
the Laplace transform of u as the function Zp from M into [0, 00) given by

Zu(x) = /M x(s) du(s).

Given a probability space (2, F,P) and an M-valued random element X on it, we define the Laplace transform
of X, denoted by Zx, as the Laplace transform of the probability measure P(X € -). Observe that Zx(x) =

E[x(X)] for every x € M, where E is the expectation operator associated to P.
A full submonoid S is a subset of continuous characters such that S N Chg(M) separates points, S N Chy(M)
is non-vanishing everywhere, and y; € S, where x; is the constant character equals to 1.

Theorem 2.9. Let S be a full submonoid of an abelian topological monoid (M, 7, ®). If u1 and pg are two finite
measures on (M, B(M)), such that ZLu1 and Lz have the same restriction to S N Cho(M), then p1 = gz on
(M, B(M)).

Corollary 2.10. Let (M, M) be an L-topological monoid. If py and py are two finite measures on (M, B(M))
such that Lpy and Lus have the same restriction to M, then py = pg on (M, B(M)).

Proof. By part (i) in Proposition 2.8, B(M) = B(ry;). Therefore, 1, and pp are two finite measures on (M, B(7y;))-
By part (i) from Proposition 2.8, (M, pg;) is a topological monoid. Moreover, on (M, pg;) the set of characters
S:=MU {x1} is a full submonoid; indeed, by parts (i) and (i) from Lemma 2.6, S N Cho(M) = M separates
points and is non-vanishing everywhere, and clearly the characters in M are continuous in (M, pg;)- The result
follows immediately from the previous theorem. O
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Corollary 2.11. Let pi; and ps be two measures on (M\{e}, B(M\{e})) such that

[ a-x@)mn) = [ (1= x@)nalde) < 400, x L (23)
M\{e} M\{e}

then pn = po on (M\{e}, B(M\{e})).

Proof. The arguments are adapted from those on Theorem 1.23 in [15]. Let us extend u; and po by setting
p1({e}) = pa2({e}) = 0. For fixed x’ € M, consider the measures v; for i = 1,2, defined by v;(dz) = (1 —
X' (2))pi(dx) on (M, B(M)). Since M is closed under pointwise multiplication, then

/(L%XMD@MM@=/(Lﬂx%D@mM@<+w7xeM
M

M

By subtracting (2.3) from this last equation, we get that Zv; and Zvs coincide on MU {x1} and, by the
preceding corollary, v; = v5 on (M, B(M)) for every x’ € M. Therefore, pu; = p2 on

U {zeM:1- () >0} = M\{e},
X' €M

where the last equality is due to the fact that M is non-vanishing everywhere. O

2.2. Subordinators on L-topological monoids

Throughout this section, we fix an L-topological monoid (M, 1\7[[) and a probability space (Q,.%,P). The
stochastic processes below will be M-valued and defined on (9, .%#,P).
For now, we give below a definition of subordinator, which is enough for our immediate purposes.

Definition 2.12 (Subordinator). We say that (X;)¢>0 is a subordinator if
1. Xo = e.

2. (Xy)i>0 is right-continuous.

3. Givent > 0, for every s > 0, there exists a random element X gt), which could be defined on an enlargement

of (Q,.#,P), such that X, 4 Xé(t) @ X; where Xﬁt) 4 X, and th) is independent of X;.

We are interested in the Laplace transform of these subordinators, i.e.
Zx,(x) =EX(X1)], x €M, t>0.

From (3) in Definition 2.12 and since x(z) € [0, 1], z € M, it follows that ¢ — Zx, (x) is a non-increasing function
that satisfies the Cauchy equation

Lxo () = Zx.(X) - Zx,(x), st>0.
Therefore, there exists a mapping ¥ from M into [0, +00] such that
Zx,(x) = exp{~t¥(x)}, x €M, t >0,

which gives rise to the Laplace exponent ¥ of (X;)i>o0.
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For any integer n > 1, let (Xt(l))po, Sy (Xt(n))t>0 be independent subordinators having the same law as
(X¢)t>0, which could be defined on an enlargement of (€2,.%,P). We then have for 0 <t < --- < t,,,

1 1 2 1 n
Epa(Xn) -+ xa (X)) = E pa (X)) e (X 0 X2, ) v (X @00 X7, )]

o eftl\I’(Xl"'Xn)ef(t27t1)\p(X2"'Xn) e ef(tnftnfl)\l’()(n). (24)
In particular, when x1 = -+ = x, = X,
E[x(Xy,) - x(Xe,)] = e 1 ¥(X™) = (t2—t) ¥ (X" 1) e (tn=tn-1)¥(x) (2.5)

where x" is the product of x with itself n-times.

Remark 2.13. Reciprocally, if (X;);>0 is a stochastic process which satisfies (2.4) for every x € M and n € N,
then it is a subordinator. Indeed, the result from the previous subsection ensures that (X;);>¢ satisfies conditions

(1) and (3) in Definition 2.12. Since Y; := x(X¢) exp{t¥(x)}, ¢ > 0, is a martingale for every x € M, by the
regularization theorem, ¢ — x(X;) has a cadlag modification.

3. PROOF OF THEOREM 1.1

Let (M, M) be an L-topological monoid. We will denote as dt the Lebesgue measure on (0, oo) and by p® v
the product measure of two measures p and v.

Proof of Theorem 1.1. Let us first prove that (1.3) holds when II is a finite measure. Define W(y) == [, (1 —
x(z)) II(dz). Since II is a finite measure on M, we can write N' = 72, &, 2.), where (¢;)$2; is an increasing
sequence. Now we consider, for every ¢ > 0, the Laplace transform of @ti <t.i=1,... n Ti- By the memoryless
property of marked Poisson processes [16], Theorem 7.4, we get -

E1x @ Ti

ti<t,i=1,---,n

E lﬁ (1-0- x(wi))l{mﬁt})]

i=1

1{t1<~-<t"} H (1 - (1 - X(yi))l{tigt})eft"H(M)th(dyl) T dtnn(dyn)
(0,00) xM)™ i=1
1

Il
=~

3

/((0 e 1o coctictctipi<o<tn) H (1-(1- X(yj)))eft"H(M)th(dyl) <o dt, I(dyn)
,00) X n

i=0 j=1
+/ 1o vty H (1 -(1- X(yi)))eft"H(M)dtlﬂ(dyO - dt, I1(dyy)
((0,00) XM)™ pate}
& (e - w(y)' /
= =7 Vv L coctictatiin <<ty et Mgy, .. dt,,
s II(M)i—" (0,00)" { <t <t<tiy <tn}
+ (H(M)\If(x))"/( | Lincoctcnye "0 dE - dt,,.
O’J’,OO n
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The first term in the above line equals

n—1 (H(M) _ \I/(X))Z t to ) 00 oo 00
: dt;--- [ dt dt; dtiro--- dty,_ dt, e~ tnT1M)
Z H(M)l_" /0 i [) 1 [ i+1 /ti+1 i+2 /t n—1 /t n

n—2 n—1
. t ta
= (H(I\/JI)—\IJ(X))’/0 dtim/o dt, etV

— o tII(M) nz_:l (t(H(M) T ‘I’(X))) .

Therefore,

(1(men - w())

il

+ A, n>1, (3.1)

n—1
E X @ T — e—tH(M) Z
=0

t;<t,i=1,--,n

where A, == (TI(M) — \IJ(X))n i 1{t1<.__<tn<t}e_t"'H(M)dt1 -+ -dt,. Since II is a finite measure on M, it follows
that the (random) set {x; € M : ¢; < t} is finite a.s. for every ¢ > 0, and therefore

nh_}n;@E X @ Z; =E |x @Ii . (3.2)

t:<t,i=1,-,n i<t

Letting n tend to infinity in (3.1) and using, on one hand |A,,| < |II(M) — \I/(X)|nt”/n! for every n > 1, and on
the other hand (3.2), we get

E |x @xl = exp{—t¥(x)} = exp {—t/M (1—x(x)) H(da:)} , X €M,

t; <t

for every finite measure II on M.

Let now II be a o-finite measure on M. We can then choose an increasing sequence (K,,),>1 of Borel sets of
M such that Up>1 K, =M and II(K,) < co for n > 1. Denote as N the Poisson point process N restricted
to (0,00) x K, C (0,00) x M. By applying the result just proved to N, we get

E x| P —exp{t/Kn (1x(x))H(dx)}, n>1, (3.3)

<t

where {xi")} are the marks of N =%, d(t;,2;) that belong to K. On the other hand, since U,>1 K, = M, we

have @tigt z; = limy, oo EBt,;gt xgn)7 and moreover, lim,, s X ( ti<t xgn)) =¥ (@tigt xz> Finally, letting n

tend to infinity in (3.3), we obtain the desired result.

Theorem 3.1. Consider N' =3, 6, 2,y a Poisson point process on (0, 00) x M with intensity dt x II, where IT is

a o-finite measure such that [, (1—x(x))II(dz) < 400 for every x. Then, the process defined by X, := D, < Ti
s a subordinator in the L-topological monoid M. B
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Proof. First observe that, for s,¢ > 0,

Xs+t = @xz ©® @ z; | = Xt =) th)v

<t t<t;<s+t

X, is independent of X", and X, £ XV, Recall that the process Y; := X(X¢) exp{t¥(x)}, t > 0, is a martingale
for every x € M. By the regularization theorem, for every x € M, ¢t — x(X:) has a cadlag modification. Then
limy g, x(Xt) = x(Xy,) for every x € M. This implies lim,;, X; = Xy, since M is an L-topological monoid. [

4. EXAMPLES

We provide here some illustrative examples of subordinators on L-topological monoids that have appeared
in the literature and heavily motivated this work.

4.1. Additive subordinators

Classical (or additive) subordinators (see [1], Chap. 3) are the subordinators in the L-topological monoid
(Ry,7r,,+). From Theorem 1.1 it follows that the additive subordinators have the classical Lévy-Ito
decomposition (1.1).

4.2. Extremal processes

Let us recall the classical definition of an extremal process that can be found in Chapter 4, Section 3 in
Resnick [2]. An F-extremal process (M;);>o on Ry := [0, 00) is a stochastic process that satisfies

P(Mtl S $1,Mt2 S T2y ,th § Zm)

m m 4.
_ gt </\ $z> Fta—ta (/\ x1> L Ftmtmet () (4.1)

=1 1=2

where Ft(z) == (F(m))t for some distribution function F' concentrated in [0,00), that is, F : [0,00) — [0, 1] is
right-continuous and non-decreasing, lim,_, ;o F(z) =1 and 0 = inf{zx > 0: F(x) > 0}.

The extremal processes turn out to be subordinators on the L-topological monoid (R4, e, , V). Indeed, let us
observe that equation (4.1) is a particular case of the identity (2.5), with x; = 1jg,,] and ¥(x;) = ¥(1[p,4,)) =
—log(F(x;)), and by Remark 2.13 every F-extremal process is a subordinator on the L-topological monoid
(R4, TR, , V). Moreover, for each distribution function F' concentrated on R, we can associate a o-finite measure
7 on (0, +00) such that 7((a,b]) = Q(b) — Q(a), where Q(z) = —log(F(z)), x > 0. By Theorem 3.1, it follows
that if N' =37, 0, 4, is a Poisson point process on (0,00) x Ry with intensity dt ® 7, then M; := Vi< i is
a subordinator on the L-topological monoid (R, 7r, ,V) such that

PIM; < a] = E[1j,0,1(M¢)] = exp {—t /(O (1= 1)) 7r(Oly)} = F'(x),

,+o0)
that is, (My)i>0 is an F-extremal process.

4.3. Random interlacements model

In his seminal paper [4], Sznitman introduced the model of random interlacements (_#;):>o on Z? for d > 3
(abbreviated RI;) to study the local structure of a simple random walk covering a fixed proportion of the volume
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of a torus (Z/NZ)?. This Z%-valued stochastic process is characterized by the formula
P #NK =] =e t*E) K ccz?

where cap denotes the capacity of the symmetric random walk on Z?. The existence of a probability mea-
sure P satisfying the preceding relation follows immediately from the Choquet-Kendall-Matheron theorem (see
Thm. 1.34 in [17]) and an extension of Proposition 6.5.3 from [18]. It follows from Theorem 2.3.3 in [19] that
there exists a o-finite measure II such that

cap(K) = / (1 — xk(2))(dz), K ccz
ZI\{0}

As a consequence of Theorem 1.1, the random interlacements model has the Lévy-Ito decomposition 7, =
Ut,;<t Ji, where N =3, d(¢,,7,) is a Poisson point process on (0, +-00) x 7% with intensity measure dt @ II. Thus,
the random interlacements model is a subordinator on the L-topological monoid (Z<, Hit(Z)) with Laplace
exponent given by ¥(xx) = cap(K), K cC Z<.

4.4. Flow of squared Bessel processes of dimension zero

Let ((X¢(x))i>0, € Ry) be a flow of squared Bessel processes of dimension zero (abbreviated BESQ, in the
sequel), this is, (X¢(x))i>0 satisfies Xy (z) = = + 2f0t V| Xs(z)|dBs, t > 0, for all z € Ry, where (B;)i>o is a
Brownian motion. We can define an M®+-valued process (M, ),>0 by setting M, (ds) = X,(x)ds. Then

Elxr (M.)] = exp { [a- xh<m>)n<dm>} ,

where 7 is a measure concentrated on CF(R,) C M®+. Here, we have identified each function f € C}(R,)
with the Radon measure f(s)ds € M®+. Let (w;);>0 be the coordinate process on C:f(Ry). The measure 7 is
characterized by the following two properties: i) n(wg # 0) = n(wy = 0 for all ¢ > 0) = 0, and ii) under n the
process (w¢)>o is Markovian on (0, +00) with the transition probabilities P;(z,dy) of the BESQ, restricted to

—x/2t .
£ , that is,

(0, +00) and with entrance law on (0, +00) given by \;(dz) = 5z

n(we, € dar, - ,wy, € day) = A, (dz1) Pry—yy (@1,da2) - Prp—t,, (T—1,dxs),

where 0 < #; < --- < t,,. The measure 7 is known as the ezcursion law of BESQ,. We refer the reader to [6] for
details.

From this identity and Theorem 1.1, we can deduce that the flow of BESQ has the Lévy-It6 decomposition
M, = Exi<x M,,, where M =3, d(x:,M,,) is a Poisson point process on (0, +00) x M®+ with intensity measure
dt ® 7.

4.5. Subordinators on some other monoids

Although the most natural extension of real-valued Lévy processes is to consider Lévy processes taking
values in some topological group, the development of the theory has shown the existence of interesting infinitely
divisible processes that take values on some topological monoid instead of a topological group.

In the literature, there are subordinators taking values in some non-abelian monoids, and consequently, they
are not in the class of processes considered here. A concrete example of a subordinator on a non-abelian monoid
is given by the A-coalescent, which takes values in the monoid of partitions of N (see [20]). It would be nice to
have a unified approach that covers all these motivating examples.
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