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A PROBABILISTIC POINT OF VIEW FOR THE KOLMOGOROV
HYPOELLIPTIC EQUATIONS

P. ETorg!, J. R. LEON?*® AND C. PRIEUR®

Abstract. In this work, we propose a method for solving Kolmogorov hypoelliptic equations based
on Fourier transform and Feynman-Kac formula. We first explain how the Feynman-Kac formula can
be used to compute the fundamental solution to parabolic equations with linear or quadratic potential.
Then applying these results after a Fourier transform we deduce the computation of the solution to a
first class of Kolmogorov hypoelliptic equations. Then we solve partial differential equations obtained
via Feynman—Kac formula from the Ornstein—Uhlenbeck generator. Also, a new small time approxi-
mation of the solution to a certain class of Kolmogorov hypoelliptic equations is provided. We finally
present the results of numerical experiments to check the practical efficiency of this approximation.
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1. INTRODUCTION

In the forties of the twentieth century, two important tools in Physics were developed. The first one was
the path formulation of quantum mechanics by Feynman and the second, which appeared sometime later, is
the adaptation by Kac of Feynman’s ideas to heat equation. Feynman introduced in his work a formal path
integral, defined over trajectories, showing the equivalence between his approach of quantum mechanics and
the one developed by Schrodinger. Kac, substituting the formal Feynman’s path integral by an integral over
Brownian motion paths, achieved to solve the heat equation with a potential V' by means of the expectation of
a Brownian motion functional. The solution found by Kac is called Feynman—Kac formula (F-K) in recognition
to the work of both researchers. Since then both techniques have been very useful in mathematical physics and
a huge amount of literature has been published since its introduction. Two important references linked with
these matters are the books [7] and [10] written by Feynman and Kac, respectively. For an overview on the
topic, the reader can consult [13] and the bibliography therein.

In the present work, we will use the F-K formula to find the fundamental solution to several hypoelliptic
Partial Differential Equations (PDE). Let us consider two vector fields ¢ : R? — R? and b : RY — R4, with d
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not necessarily equal to d. We consider the following PDE

Ptz y) = 3Ayult,z,y)+ <by), Vyult,z,y) > + < c(y), Voult, z,y) >
+aV (@, y)ult,z,y), (tz,y) € R x R xR? (1.1)
u(0,2,y) = flz,y), (z,y) € RT xR

By a fundamental solution to the PDE (1.1) we mean a kernel p(t,z,y,2’,y") such that for any initial
condition f satisfying mild conditions one has

ult,z,y) = / p(t, 29,7, ) (& o )da'dy (12)
Rd x R4

Using differentiation under the integral sign, the fundamental solution can be seen, for any (z’,3') € R? x R,
as the solution to

1
atp(taxayvm/a y/) = iAyp(tvxaya x/ay/)—’_ < b(y)v Vyp(t,x,y, x/ayl) > (13)
+ < c(y), Vep(t,z,y,2',y") > +aV (z,y)p(t,z,y, 2", y'),

for any (t,z,y) € R} x R? x R? and with p(0,z,y,2",y") = 0z () @ 0, (y), which means that

ltiﬁ)l p(t,z,y. 2’y ) f(a! y)da'dy’ = f(z,y).

Note that the solution to (1.3) is sometimes taken as a definition of the fundamental solution in the literature
(see, e.g., [8] in the elliptic case).
Let us now consider the following system of Stochastic Differential Equations (SDE)

(1.4)

where W is some d-dimensional Brownian motion.
It is well known that if (1.1) and (1.4) have both a unique solution, one has (under mild assumptions on f
and V') the probabilistic representation

u(t,z,y) = B2 [ Jo VIXEY s £(x (1) v (1)) ] (1.5)

(see, e.g., [11], Sect. 5.7; one can adapt these results to the hypoelliptic case). Here E**¥ denotes the expectation
computed under P(- | X (0) = z,Y(0) = y). Formula (1.5) is a generalization of the initial formula by Feynman
and Kac.

In these notes, the procedure we propose consists in rewriting the expectation in (1.5) by using probabilistic
tricks such as the multidimensional-complex version of the Cameron-Martin-Girsanov formula [1] and/or a
Gaussian regression argument. Then, by comparing (1.2) and (1.5), we will deduce the fundamental solution
to various PDEs of interest of type (1.1) (see first examples in Sect. 2). One particular case of interest is the
following: if & =0 in (1.1) then

u(t,z,y) = / ey ) f(@ ) e dy
R4 x R4

=E[f(X(1),Y (1)) | X(0) = z,Y(0) = y] (1.6)
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and the fundamental solution p(¢,x,y,x’,y’) clearly appears as the transition function of the process (X,Y).
Then, as for (1.3), this transition function solves for any arrival point (z’,y’) € R¢ x R? the PDE

Op(t,w,y, ' y') = SAp(tx,y, ', y)+ <b(y), Vyp(t,z,y,2',y) >
+ <c(y), Vup(t,z,y,2,y) >, (t,2,y) € RE x R x R? (1.7)
p(0,2,y,2",y") = du(x) ®d,(y), (z,y) € R*xRY,

as a function of the starting point (z,y). Equations of type (1.7) were first studied by Kolmogorov in [12]. Since
then, such equations are known as Kolmogorov hypoelliptic equations (KHE). Note however that in [12] the
KHE appears in a time-inhomogeneous forward form, while Equation (1.7) is time-homogeneous and in the
backward form (for more details on the backward/forward terminology, see the appendix Sect. A).

One of the objectives of this paper is to provide a probabilistic approach to compute the solution to KHEs
described by (1.7), and thus to compute the transition probability function of SDEs described by (1.4) by
identification using (1.6). KHEs described by (1.7) can be considered as particular cases of equations described
by (1.3) with a = 0. In practice, we may use the solution to an equation of type (1.3), with o # 0 a complex
number, in order to get a solution to (1.7), using Fourier transform arguments as follows. In the following,
we define the Fourier transform w.r.t. the z variable as ¢(y) = Jpae <7T">¢(x)dx. Then, taking the Fourier
transform w.r.t. the x variable in (1.7) yields

Op(t, v,y 7, y) = ALY,y 2y )+ < b(y), Vyp(t, v, 9,2 9) >
+i <y, e(y) > bty 2 y), (67,y) € R x RY X RY (1.8)
POy, 2 y) = e TT6,(y), (1,y) € RY X RL

For fixed Fourier variable v, Equation (1.8) is similar to Equation (1.3) with d = 0, a = i and V, (y) =< 7, c(y) >.
Note that the initial condition has been replaced by p(0,~,y,2’,y") = e*i<z/’“’>5y/(y), which is not a major issue
for solving (1.8). Then, taking the inverse Fourier transform ¢(z) = 5= [oa <77 () dy of the solution to (1.8),
we will deduce the solution to KHEs of type (1.7).

Our study is in close connection with [3], in which the authors also use the Fourier transform method. However,
their analysis is then based on a semi-classical approximation “4 la Morette-DeWitt” [6]. Note that the results
in [3] have been deeply expanded in [4]. The approach we propose in the present paper is based on F-K formula
leading to the expectation of a Brownian motion functional which is then computed exactly or approximately.
For the computation of this last term, we resort to a regression model between the Brownian motion {W(s), 0 <
s < t} and the value at terminal time W (t). This procedure is a well-known tool in mathematical physics (see,

g-, [14], Thm. 6.6).

This note is intended to introduce a topic, well known to analysts, to a probabilistic audience. Some of
the results obtained are known, others are new. In all the results we claim some originality in the procedures
and how simple the proofs are. A similar approach has been applied in [5] to degenerated elliptic operators.
Nevertheless, there exist remarkable differences with our work in the computations. Moreover, we propose in
Section 4 a new result on an approximation in small time of the solution to the KHE (1.3), in the case b =0
and a = 0.

Note that the equations we handle in this paper, although specific, appear in different fields of application,
such as, e.g., finance or physics. We provide below two examples extracted from recent literature. The first one
is mentioned in Calin et al. [3]. Let d = 1 and d = 2 and consider the KHE with b = 0 and ¢(y) = y; — yo with
y1 and yo the components of y. Then the following equation

{ gy = Ayu+(yr—y2) P
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governs the pricing of options on geometric moving averages. The second example, from Bian et al. [2], consists
in the Fokker-Planck equation governing the evolution of the phase-space distribution of photons, N(y, x,t):

2 1 .
ON + —k VN = ﬁvzwge VN +Y 0y, (ai;(y)dy, N), (1.9)

j

with (¢, z,y) € R® x R3 x R%.. We refer to [2] for the definition of the constants appearing in the above equation.
In [2] different limit regimes for (1.9) are studied, giving rise to different reduced systems. In the small-angle
approximation, equation (1.9) reduces to the following Kolmogorov linear hypoelliptic equation (see Eq. (80) in
[2], Sect. 4):

op 1 0%p Op

ot 20y2 Yor

with p the probability density function (pdf) characterizing the perpendicular dynamics of photons. Besides,
the analysis of the diffusive regime is given in Section 5 of [2], it consists in the analysis of the spatial dispersion
along the zs-axis. Their study leads to the computation of the pdf Q(T, 7) of the delay time 7" at time 7, defined
as T(7) = [, W?(s)ds, with W the standard Brownian motion. More precisely, they state that the pdf p(r,z, y)
of the vectorial diffusion (T'(-), W(-)) is governed by:

op _10% _ »0p
or  20y> i

with some initial condition. It corresponds to the KHE with d=d= 1, b= 0 and c(y) = —y>. One quantity of
interest in Section 5 of [2] is then the Fourier transform p(7,v,y) = [ e 7*p(r, z,y)dz, which can be computed
using our results in Section 2.2.

Our paper is organized as follows. In Section 2, we recall the so-called F-K formula and we explain how it can
be used to compute the fundamental solution to parabolic equations with linear or quadratic potential. Then we
deduce from these results the computation of the solution to a first class of KHEs. In Section 3, we solve partial
differential equations obtained via the F-K formulas from the Ornstein—Uhlenbeck generator. We propose in
Section 4 a new small time approximation of the solution to KHEs ( case b = 0 and a = 0). We finally compare
in Section 5 the numerical approximation we propose with other ones from the literature. The appendix section
provides more details on the connexion between the solution to KHEs in the backward or forward form and the
transition probability function of processes governed by SDEs.

2. FEYNMAN-KAC FORMULA, NOTATION AND FIRST EXAMPLES

In this section, we recall how a link between partial differential equations and stochastic processes can be
established by using the so-called Feynman—Kac (F-K) formula. Then in Section 2.1 we exploit this link to
compute the fundamental solution to parabolic equations with linear or quadratic potential. In Section 2.2 we
apply these results to the computation of the solution to a first class of Kolmogorov hypoelliptic equations.
F-K formula originally was introduced as a tool to compute the solution of certain parabolic partial differential
equations as the expectation of some Brownian motion functional (see for instance [13]).

Let us introduce some notation. The process B(t) = y + W (t) denotes the Brownian motion beginning at y.
The expectation with respect to this last process will be denoted by EY and we set E = E°. We consider the
following SDE:

dB(t) = dW () with B(0) = y. (2.1)
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Let V : R? — R be a continuous function such that
E[e? Jo V+W(s)ds] < 56 for some B € R and for all t € R, and y € R% (2.2)

Then, if o = B + i7, the following semigroup PY f(y) = EY[e® Jo VIB()ds £(B(#))] is a family of continuous
operators acting on the space Cy(R%; C) of continuous and bounded functions taking complex values. It is an
easy matter to prove that the semigroup also acts continuously on L2(R?). By defining u(t,y) = PY f(y), the
celebrated F-K formula establishes that this function is the solution of the following partial differential equation:

%(t’y) = 3Au(t,y) +aV(yult.y), vt>0,
(2.3)

u(0,y) f(y)

which consists in a particular case of partial differential equations described by (1.1) with d=0and b=0.

Remark 2.1. There exist different conditions under which Hypothesis (2.2) holds. For instance if 8 < 0 then it
is enough that V' is bounded by below and if # > 0 a simple condition is [V (y)| < C (1 + ||y[|?). In the following
we assume one of the two conditions according to the case. Note that in this section, as far as in the rest of the
paper, for any k > 1 and any v € R¥, ||v|| denotes the euclidean norm on R¥.

To conclude this section, let us compute, by using F-K formula, the fundamental solution pV (t,y, z) of
d

2112
Equation (2.3). Let pi(z) = (27rt)*§e*% denote the probability density function of W (¢). Then, using (1.5)
and the total probability theorem, we can write

ult,y) = Jrap¥ (Y, 2)f(z)dz = EV[e” oo VIBEDAs £(B(t))]
= [ B RV () < 00+ 21
= [paEle® Jo VW+WENds |17 (4) = 2 — ylpe(z — ) f(2)dz.

We deduce from the above equality
p¥ (t,y,2) = Ele Jo VIHEWED|W (1) = 2 — ylp (2 — y). (2.4)

For specific potentials V/, it is possible to derive from (2.4) analytical expressions of p¥ (t,y, z). Two impor-
tant potentials verifying (2.2) are: V(y) =< a,y > for a € R? and V(y) = %HQ%yH2 with © a diagonalizable
symmetric matrix with non zero eigenvalues. Both cases will be handled in Section 2.1. Formula (2.4) can also
be used for obtaining an asymptotic expansion of the fundamental solution for small ¢ (see Sect. 4).

2.1. Fundamental solution to parabolic equations with linear or quadratic potential

In this section, we provide the analytical expression of the fundamental solution to the partial differential
equation described by (2.3) for a linear potential in Proposition 2.2 (see [9], Ex. 2), then for a quadratic potential
in Proposition 2.3.

Proposition 2.2. Let V(y) =< a,y >, with a € R, For any o € C the fundamental solution of (2.3) is

pv(tayv Z) = e%<a72+y>e“a‘ T Us(t)pt(z - y)?

with o3 (t) = t°/12.
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Proof. From (2.4) we have the following formula:

pY (t,y,z) = Ble® o =evt WA (1) — 2 — ylp, (y — 2)
_ eat<a,y>]E[ea||aH fJ<H27H,W(s)>dS|W(t) = 2~ ylp(y — 2).

Let P; be the rotation of axes such that ﬁ = Pi(e1), with ey the first coordinate vector. This is a unitary

transformation and the process W(-) = P 'W () is also a standard Brownian motion, by Lévy theorem. Then
we can write

Efe® fo <aW©>ds| (1) = z — y] = Bleollall Jo<erPUW©>ds | pripy (1) = P (2 — )]
= Efecllell o<t W>ds 1 (1) = P (2 — y)] = E[ecllell fo W31, (1) =< ey, PT Y (2 — y) >]
= Efellll o M@ 1Wr, (1) =< qar, 2 —y >).

In this form, we have reduced our problem to the one-dimensional one. Then we use the following regression
model. Let us define Z (¢ fo W1 )ds a zero mean Gaussian random variable. Thus we can write the regression

of Z(t) on Wy(t) 1nvolv1ng &(t), another zero mean Gaussian random variable:

Z(t) = COWL(E) +E(1), &) L Wa(b).

We have ((t) = W = % Then E[€2(¢)] = & — E[Z2(t)], thus 0 (t) = 4. It yields:

pV(ty’ Z) = e%t<a,z+y>E[e\\a\laf(t)]pt(y —2),

using the moment-generating function of normal law we get

llall2a2o2(t)
_ e%<a,z+y>e%

pY(t,y,2) pe(y — 2).

O

Proposition 2.3. Let V(y) = 1 Q2 y]|2, where Q = P~'DP with PPT = I; and D a diagonal matriz with
non zero real coefficients. For any « € C the fundamental solution of (2.3) is

d 1

V4 il 2

Vv =Tl mam] e o). (25)
Py sin(,/ap;t)

where the p;’s, 1 <i < d, are the eigenvalues of D, the function x(-) : [0,t] — C% solves
2" = —aDuz, (2.6)

with x(0) = Pz, z(t) = Py, and S(t,-) is the action functional defined by

D=5l [ Ieneas-a [ 1R (27)

for any smooth ~y : [0,t] — C<.
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Remark 2.4. In Proposition 2.3, note that Q2 = P~'D'/2P and that || - || denotes the norm induced on C%
by the usual hermitian product, as the coefficients in D/? are possibly complex numbers.

Proof of Proposition 2.3. Let u be the solution of (2.3). Using the (multidimensional-complex) Cameron-Martin-
Girsanov formula [1] we get, for any smooth function ¢ satisfying 1 (0) = 0,

ulty) = EVfed 102 BOIRS £(B(1))]
— E[e$ JENIQE ((s)+y+W ()12 dsg— [y ¥/ (s)AW (s)—% [ 1/ ( S)HQdS‘f(qp( t)+y+W(t))
= [yE[e? JENRE (B(s)+y+W ()12 dsg— [o ¥/ ()AW ()= 5 [y 19" (s)II? BSIW(t) =z —o(t) -y
F(2)pe(z = p(t) — y)dz.

Further, choosing ¥ s.t. ¥(t) = z — y and using time inversion arguments, we get
pV(t7y’ ) [62 fo \Q2 W(t—s)+y+W(t—s))||? dsefo (t—s)dW (t—s)— ||w (t—s)||? ds|W( ) 70]pt(0)
We set now z(s) = Py (t — s) + Py. Noticing that ¢’ (t — s) = —P~'2/(s), it holds

pv(t,y,z) _ E[e% fg||P*1D%(z(s)+PW(t s)I?dso— [g P~a!(s)dW (t—s)—3 [ [|P7 2" (s)[] d5|W( £) = 0]p,(0).

Using now successively (W (-)|[{W(¢t) = 0}) < (Wt - ){W(t) =0}) (0<s<t)and PPT = I, it follows
pv(t,y,z) — E[e% fot HP_lD%(x(s)+PW(s))H2dsef fot P_lx'(s)dW(s)fé OtHP_lml(S)||2dS|W(t) _ 0]pt(0)
t 1 2 t 1 P + 1 1
_ E[e% Jo ID2 PW (s))| ds, g Jo ID2 z(s))|1?ds+ [y a<DZz(s),D2 PW(s)>ds

= Jo @' (s)d PW (s)~ \II'(S)I\2dS|W(t) = 0]pt(0)~
Thus, considering the new standard Brownian motion W = PW we have

a [t 1.5 2 a [t 1 2 t 7
pV(t,y,z) _ E[ef Jo ID2W (s))]| dso % Jo ID2 z(s))|[?ds+ [y a<Dxz(s),W(s)>ds

(2.8)
o= J5 ¥ AW =3 [ 12/ 913 17 (1) = 0] py(0).

We now assume that z(-) satisfies (2.6) and recall that x(0) = Pz and x(t) = Py (note that Eq. (2.8) is
satisfied for any z(-) satisfying (2.6) and x(0) = Pz, x(t) = Py). Under the conditioning W (t) = W (0) = 0, we
have

/Ot o' (s)dW (s) = oz/t < Dx(s), W(s) > ds,

0
so that
PR e -
p¥ (ty,2) = E[e? o IP2WENIR 37 (7) = 0]e=5¢=0p,(0), (29)
where S(t,-) is the action functional defined by (2.7). We now turn to the computation of

E[ef Jo 102 W ()11 () — 0] = Efe® i Ji e W2 37 (1) = 0.
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Using the independence between the coordinates of the Brownian motion W we get

d
Ele? o I\D%W(S))Ilzdﬂﬁ/(t) —0] = HE[G% i Jo e WIS (1) = 0]

i=1

The conditional expectation for each term of the product can be computed using the following regression
model

Wi(s) = “Wi(t) + Zi(s),

| ®

where Z;(-) is independent of W;(t). In this form, we have that Z;(-) is a mean zero Gaussian process with covari-

ance function E[Z;(s1)Z;(s2)] = s1 A s2 — 2222, This process satisfies Z;(t-) < V/tb;(-), where b; are independent
Brownian bridges. Thus

ap;

Ele™

Jo W2 |17 (1) = 0)] = E[e!” 2 o ()],

It is known that the Brownian bridge admits the following representation

bi(s) = \/izzk% (2.10)
k=1

where z; is a sequence of N(0,1) independent random variables. Then, by using expansion (2.10) and the
moment generating function of the y3, we get:

0 2ap; ©© . 3
Efef” 8 13 200 = T Ble ] = [[ — e = (Y )
Pt Bapniys sin(,/ap;t)

k=1 (1 T w2k2

Here we have used the Weierstrass-Hadamard factorization formula of the sine function at the last inequality.
Therefore from (2.9) we obtain that (2.5) holds and the proof is completed. O

Remark 2.5. Our procedure is inspired in the seminal work of Azencott & Doss [1], we refer the reader
to this paper for more details. The potential V (y) = y?/2 corresponds to the Hamiltonian for the quantum
harmonic oscillator. For a deep and ingenious insight into this last computation see [7], pp. 72-73. The results
in Proposition 2.2 and in Proposition 2.3 are well known in dimension d = 1. If we take & € R* and d = 1 these
are the results obtained in [3], using the already quoted method of [6]. If & € R* and d = 1 these are the results
announced in Problems 3-8 and 3-9 of [7].

2.2. Application to the computation of the solution to a first class of Kolmogorov
hypoelliptic equations

In this section, we focus on the Kolmogorov hypoelliptic equation (KHE), that is we set o = 0 in (1.7). We
consider here two examples with d =1 and d > 1, with b = 0 and a linear or quadratic coefficient ¢(y). The
results are deduced from Propositions 2.2 and 2.3 after a Fourier transform with respect to the variable x.
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Linear case: the equation has the form

1
op(t,x,y,z',y') = §Ayp(t,$7y,x'7y')— <a,y > 0up(t,z,y,2',y'),
(t,z,y) € RY x R x R?

p(0,z,y,2" ) =6 (2) ®Sy(y),  (z,y) € RxR™

<a,y>(

Let us denote its solution by p t,x,y,2',y"). Then, taking Fourier transform with respect to the variable

z € R we get for any v € R

. 1o . .
atp(ta77y7$/7y/) = 5Ap(t,’}/,y,$/7yl) -1y <ay> p(t777yax/7y,)a
(t,y) € R% x R?

P07, 5.2,y) = e 5, (y), yeR.

Applying Proposition 2.2 with o« = —i~y and then the inverse Fourier transform we get the following classical
result (see [12] for the case d = 1).

Corollary 2.6. We have

’
(w/,z,t%ﬂ

2llal %o (D)

V2r|lalloe(t)

<ay>( e /

p ta$7y7xl7yl): pt(y _y)

with oZ (t) = t*/12.
Quadratic case: the KHE has the form

1 1
8tp(taxayam/)y/) = iAyp(taxayam/7y/) + ‘|D2y||2amp(tax7y7xlvyl)

p(07l’, y7x/7y/) = 6JE’ (SU) ® 6yl(y)’

with D is a positive definite diagonal matrix with eigenvalues p; # 0. The quadratic potential plays an important

1
role in the study of the harmonic oscillator. Let us denote by pl!P? ull® (t,z,y,x’,y") the solution of this equation.
As previously, we take the Fourier transform with respect to the variable x and the equation becomes

. 1, . . 1 .
op(t, v, y, 2", y') = §Ayp(t,%y,x’,y') +iv|[Dzy|*p(t, v, y. 2, y)

p((), 7Y, xla y/) = efi’yz 5y’ (y)
Applying Proposition 2.3 with o = 2i-y, and then the inverse Fourier transform we will get the following result.

Corollary 2.7. We have

1 2
pHD2yH (t,fﬂay@/;y/) = (P’idzlu(t7 7yzay;))(x - l‘/),
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where we have denoted by
d
Pi19i(x) = g1 % g2 % ... % ga()

the convolution product between d functions {g;}{_,, and where

1 i
u(t7x7y27y7{) = */ew"Lf(%Piaymyg)d’V
R

2
with

. ! = 1
fOv .90, 95) = Nors [Sin(\/mt)

(&

Proof. Applying Proposition 2.3 we get

d - 1
R o vV 2iypit 3 _ .
t, LY, /’ N — YT |: S(tz(+)) 0

where z : [0,1] — R? is solution of the equation
2" = —2iyDzx,

with boundary conditions x(0) = ¢’ and z(¢) = y and where

S(t,z(:)))
d t t d
= ;; [/0 zi(s)zl(s)ds — 2i7p¢/0 xf(s)ds] = ;;(x;(t)xz(t) — 2,(0)z;(0))

(((y9)? + y7) cosh(y/—2iyp;t) — 2yiy;).

1 de V=2tvpi
2 < sinh(y/=2iyp;t)

2

Noting that

d —
e~ H { 20pit Fe_s(t’w(‘))pt(o)
- Lsin(v/2iypst)

d T~ s 1 1 V2P N2 2 — ;o
1 o—ive’ H [ : V217pi }2 *Em(((%) +y2) cosh(v/—2iypit)—2yly:)
sin

(271')% Pl (v2ivyp;it) ¢

V2iyp ]% b e R ()40 coh (VR0 ~250) ) < <

677

(2.11)

(2.12)
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and applying the inverse Fourier transform we get
ID2y|? (4 '
p (t.z,y,2",y)

d 1

1 20yp;t 2 St

= 5 -n(0) / iy(a—a’ H[ V2iyp ]26 S(t.a()) gy
T - Lsin (v 2ivyp;it)

_ 1 / iy(z—az’
(2 ) Jrl

Defining f(7, p, yi, ¥;) as in (2.12) we have

\/21 3 1 Ve yh cos —2iypit)—2yiyi
[ e )}ze_ési[,},<\/mt)(((Ji)2+y?) sh(v=2iypit) ) 4.

ey sin(y/2iyp;t

zm

d
1, 1 (o
PIPEUIP (¢ 2y ol o) = %/e”@ il | IS RTRTANEY
R

=1

Defining u(t, x, y;, y;) as in (2.11) we get

12
PP (4 oy 2l y') = (P jult, - yi, yl)) (z — o).

;
Hence, the computation of pllP2vlI* (t,z,y,2’,y") amounts to the computation of the integral appearing in (2.11).
O

Remark 2.8. Note that in Theorem 3.4 of [3], a similar formula was obtained (for & = v € R) also expressed
by means of an integral of a complex valued function that is not explicitly computable.

3. ORNSTEIN-ULHENBECK GENERATOR

In this section we solve partial differential equations obtained via F-K formulas from the Ornstein—Uhlenbeck
generator. Once more the partial differential equations we consider are particular case of (1.1).

3.1. Fundamental solution to the Ornstein—Uhlenbeck parabolic equation with linear
potential

In all this section, we consider d = 1 and d = 0. Let us consider the Ornstein—Uhlenbeck process, defined as
the solution of the stochastic differential equation

dY (1) = AW (1) — CY(D)dt,  Y(0) = w. (3.1)
92 )

207 Yoy
u(t,y) = EY[e Jo VIY(Dds £y (4))] is solution of the following partial differential equation

The infinitesimal generator of this process is . We know from F-K formula that function

ou_ 10 o
ot 20%

u(0,y) = f(y)-
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We aim in this section at computing an explicit formula for the fundamental solution of the above equation
that we denote by ng. To easier the computations, we focus on the linear case V(y) = y. Our result is stated
in Proposition 3.1.

Proposition 3.1. Let V(y) =y. We have, for any o € C,

_Cz—ye=SH?

— —o—2Ct)
4 _ o0 E(1—e) 2 (z—ye ') tanh(§1t) ,Fa’0? \/Ze ¢
t,y,z) =e"¢ ec 53 Temy, 22 3.9
pov(t,y, 2) P =Tc (3.2)

. 1—e—St)3 t _ —
with 03,y = 0%y — ﬁﬁ and 0%, = C% Jo (1 —e=St=w)2qy,

Proof. We have
/ Pu(t,y,2)f(2)dz = BV Jo Y% (v (1)) = / BV Jo YOy (1) = 2] f () (2)dz
R R

where pf(t) denotes the density function of the random variable Y'(¢) with Y = (Y'()),~, is the process solution
of (3.1). It is well known that Y (t) = ye ¢! + f(f e ¢(t=)dW (s) so that Y is a Gaussian process whose mean
and covariance functions are m(t) = ye~¢* and r(t,t + h) = e_qh(l%;m) respectively. Thus the density of the
random variable Y'(¢) is

C(z—ye” 542
Ce (1—e—20F)

p"(2) =
T /1 — e~ 26t
! y
As previously, we use a regression to link the centered Gaussian random variable Z(t) := / Y(s)ds—=(1—
0
e ¢ / / e ¢TI (u = / WYAW (u) whose variance is 0% (t) = C% fg(l — e Ctmw)2qy

with the centered Gaussian random variable M (t) := Y (t) — ye~°'. With these notation, the regression model
writes

Z(t) = w(t)M(t) + (1), &) L M(2)

with
EZH)M(t)] _1[1-e 1 ¢
t) = =: = = tanh(2t
“O="gpre] T Cirew - ¢GY
I ¢ 1
as E[Z(t)M ()] = E[E (1 - efg(tfsl))dW(sl)/ e =32 q W (s5)] = 2—@(1 — e N2 and E[M?(t)] =
0 0
(1—e% 2 2 2 2 2 2 1 (1—e <)’
BT We also compute og,y := E[§°(t)] = E[Z7(1)] — w*(OE[M ()] = 0z — RN ET=OR Then
we get
B[ 1o Y1y (1) = 2] = e E 07 DR[O (1) = 2 — ye ]
Y(1—e=Ct) & (s_ye—St < Y(l_e—Ct) _a —ct < )
— eaC(l e )eC(Z ye )tanh(zt)E[eaf(t)] — eac(l e ) ¢ (z—ye™ ") tanh(51¢) 20‘ 0’€<t> which leads to

Formula (3.2) for pYy; (t,y, 2). O
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3.2. Application to the computation of the solution to the Ornstein—Uhlenbeck
Kolmogorov hypoelliptic equation

In this section, we consider the following partial differential equation

%_lﬂ_g@_ Ou
ot 202y Yoy Yo

’U,(O,l‘,y) = f(x,y)

This equation is a particular case of (1.1) with d = 1, d=1,V =0. We aim at computing its fundamental
solution, denoted by pOOU.
By taking the Fourier transform with respect to the variable z we obtain the parabolic equation

Wou _ L&Pouy CyapooU — ivypdy
ot 2 0%y Oy ou

—

pOOU(O7 ’77 y) = e_ix ’Y(Sy’ (y)
Using Proposition 3.1 we get

G —ye=H?
C e (1—e—26t)

T 1 —e 2t

_C —ye=ChH?
(1—e—261)

—

T () = 6% 6= e~ (S0l 47k

_ e—i’y [z’—&-%(l—e’ct)—%(y/—yefct)tanh(%t)] efé'yzo'g(t) ge .
T /1 —e 26t
Then, applying the inverse Fourier transform we get

w—a' — Y (1—e—Cty Ly —ye—Ct S )2 f—ye—SH?2
(z—a’'—F (e )+<f(3y ye ) tanh(5t)]) ef(((yli;;_e%t))

Pou(t,z,y, 2’ z/)=\/éx/ze_ 5 ——
OU\" 4y Yy ) 7Tt3/2 m

4. SMALL TIME APPROXIMATION

Let us come back to the study of the Kolmogorov hypoelliptic equation introduced in (1.7). In Section 2.2,
we focused on the study of such equations, in the particular case where d = 1, d > 1, b(-) = 0 and ¢(-) is linear

or quadratic. The aim of the present section is to study the more general case where d =1, d > 1, b(-) =0
but ¢(-) is not necessarily linear nor quadratic. That is we consider the solution p°(¢, x,y,z’,y’) to the KHE

otz y, 2 y) = A p(t, 2, y, 2 y') + c(y)Oup(t, ,y, 2/, y)),
(t,z,y) € RT x R x R? (4.1)
p(07$7yaxlvyl) :51’(55)@574’(3/)» ((E,y) ER XRda

with ¢(-) not necessarily linear nor quadratic. Then our main result, stated in Theorem 4.4, is an approximation
result in small time of the semigroup (Pf) defined as PP f(x,y) = foRd f@ y)pe(t, z,y, 2,y )da'dy’. Note
that this semigroup is associated to the SDE:

dX (1) = (Y (1))dt
Ay (t) = AW (t)
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with W a d-dimensional standard Brownian motion. It corresponds to Equation (1.4) mentioned in the intro-
duction, with b = 0. The proof of Theorem 4.4 relies on a conjecture giving an expansion in small time of p°

solution of (4.1). The computations leading to this conjecture are presented in the four steps below.

Step 1: Fourier transform. We first take the Fourier transform of Equation (4.1) with respect to the
variable x, and get for any v € R:

. 1. . . R
{ 0p(t, 71y, y') = S DD v,y s y') + ine(y)p(t, v. g, 2" y') (4.2)
B0y, 2, y) = e 8y ().

The solution of Eq. (4.2), given in (2.4), is recalled hereafter:
pAC(t,%y,x’,y’) _ e—i'yx/E[ei'y I c(y+W(s))ds|W(t) =y - y]pt(y’ —y).

Once more, we introduce a regression model:
S S
W(s) = SW(t) + Vb <¥> L0<s<t

where the equality is an equality in probability distribution and where b(-) is a multidimensional Brownian bridge
b(s) = (b1(s),...,ba(s)), having in each coordinate independent Brownian bridges that are also independent
from W (t). We get (see also [14], p. 45):

(7,7 y) = e py(y — B[ o bl i)V iRl ds)

We assume in the following that c is three times continuously differentiable and the derivatives satisfy
g
[l WV I @) VI ()] < C(A+ ||y|[?) for k =0,1,2,3 and C a generic constant.

Remark 4.1. Note that it is possible relax the above assumption to ||¢/(y)|| V [|¢" W] V I (W] < P(l|yl])
with P a polynomial with positive coefficients, leading to similar results but more complex expressions.

Step 2: a first Taylor expansion. The assumption that ¢ is two times differentiable allows to apply a
Taylor’s expansion, leading to:

| o st =)+ Vibe)as = o)+ 5 < )y’ =y > +VE [ < C0).bLs) > ds+ Flay Vib()

where we have denoted by F(y,%,vtb(-)) the integral form of the remainder term, that is

/O / (5" — ) + V() The" (y + (1 — W[ — v) + VEb(8)))(s(' — y) + Vib(s)))dhds.

Note that for ¢ affine, this remainder term is null. Therefore we focus in the following on the case where ¢ is
non affine. We then write:

Efet" Jo clwrts('—v)+Vib(s)ds) eit’Y(C(y)JF%<C'(y)7y,*y>)E[eit%’Y<C'(y)afol b(s)ds> ity Py, VIb()].



682 P. ETORE ET AL.

The variable < ¢/( fo s)ds > is a mean zero Gaussian random variable with variance equal to
E[(fy b1(s)ds)?][|¢'(y )II2 = 13/1¢'(y)|[?, leading to:
1,32 <! 2
EleftF 1< W)J3 bla)ds>] _ o= g (4.3)

Let us define F), v  : £ — F(y,y’, ¢v). For future use, we need to bound the function F), ,/ v and its derivatives.

We first write:
Fyyv(l) = / / (Y, by s, Ev)dsdh,
1<i,5<d

where
Lij(y, 4 hy s, 0v) := (s(y —y') + €v)ihe;(y + (1 = h)[s(y — ') + v]) (s(y — ¢') + £v);,

with the c;'j’s being the coefficients of the matrix ¢”. Below C denotes a generic constant which may vary from
one line to another. Using the hypothesis satisfied by the derivatives of ¢(-), we get the following inequality for
0<s,h<1:

|Lij(y, 9 hy s, 4V))| sty — o) + €v|[* sup,; |} (y + (1 = h)[s(y — ') + £v])]
C(lly = 'II> + 11ev]I*) (1 + [ly + (1 = h)s(y — y') + £v][?)
C(lly = 'I* + CIIVI*) (1 + 2]y + (1 — hls(y — y OIZ + 262 Iv|[?)
C(Ci(y,y') + Caly, ") I[P + Cs(y, v ) vI[*),

INIAINA A

where the C;(y,y’) are up to order 4 polynomials depending on y,y’. This yields
|Eyy (O] < C(Ci(y,y") + Caly, )P |IVI[* + Caly, y" ) [[v][*)
and finally
[E(y.y',VIb(-)[* = |Fy () (VD)2 < C(CF(y,y') + C3(y. )| b5 + CF (y, 9/ ) bl [5,). (4.4)

We now bound the derivative of F), s . This derivative writes

1,1
F@Z y’, v(g) = Z / /0 aZLij (yv y/a ha S, ev)de}%

1<i,j<d”0

with 9¢L;;(y,y', h, s,£v) denoting the first-order derivative of ¢ — L;;(y,y’, h, s, ¢v). Thus, to bound Fy " <0,
we first bound 0y Li; (y,y', h, s, £v):

10eLij(y, y's hy s, bv)| < |oihedi(y + (1= h)[s(y — ') + &v])(s(y — ¢') + £v);]
Hojhel(y+ (1= h)[s(y —y') + V) (s(y — y') + €v)i

H(s(y = )+ v)ilsly — o) + ) X5y helf(y + (L= h)[s(y — /) + v])url-
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Using again the bound for ||¢’(+)|| we obtain the following upper bound for the two first terms:
Ca(y, ) (Il + VI + v + Clfvll)

with C4(y,y’) a polynomial of order 4. For bounding the third term we use the bound on ||¢’(+)|]. It finally
leads to:

(s(y =) + v)i(s(y — ¥) + v); Yooy hefli(y + (1= h)[s(y — ') + £v]) vy
< Cs(y, o) (1+ C|[v]* + 4| v]|*)

with C5(y,y’) a polynomial of order 4. Summing up we have

|y v (O < Clysy) (LA IVIT+H VI + VI + (VP + v+ Cvl) (4.5)

with C(y,y’) a polynomial in y, 3/, of order 4.

Step 3: a second Taylor expansion. Now we consider the following expansion:

1 (pAC(t,% y, ' y) — e*ivw'eitv(C(y)+%<C’(y),y’*y>)e*%(ﬁtgf\Ic/(y)IIQ)) ey — o)
= e_iW”leit”l(c(y)-‘r%<c/(y)7y/—y>)E[eit%’Y<C/(y)vfol b(s)ds> e““’F(y’y';ﬂb('”—l]pt(y . y/)

= e*i’vfle”"f(C(y)Jr%@’(y)yy’*y>)E[e”%7<c’(y),f01 b(s)ds>(em””’z'y’ﬂb('))*TitvF(y,y'-,\/be)))]pt(y/ —y)

e (e < W)~y Efeit < 0S5 B> iy By, o, VIB()pe(y’ — y) = I + L.

Let us study each term in the above sum separately. Applying the following inequality, V¢ > 0, V € R, [e/® —
2, 2
1 —itz| < t; , we obtain:

|eit’yF(y,y/,\/Zb(~)) -1- Zt’YF(y7y/> \/ib()) ‘ < t’yQFg(yvyla \/Eb<)) . (4 6)
t - 2 '

Then we bound I; using (4.4), (4.6) and the integrability of ||b||& for a > 0:

|1 < ty*CE[(C(y, ') + C3(y, ¥ )£ blI5 + C5 (v, /) [[blI3)]- (4.7)

For bounding I, we use a Taylor expansion of F;

¥y’ b(-)*
1
Fyy by (V) = Fy () (0) + \/5/0 Ey b (2VD)dz.
Then, using (4.5), we get:

1
VS By (VD) s
< ViC(y.y) (1 + [[blloo + VI[b| 3 + /bl 2 +t[bI[%, +¢2|Ib]I%, +t2||b\|‘éo) : '
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with C(y,y’) a polynomial in y, 3’ up to order 4. Using again the integrability of ||b||%, we finally get:

) ’ 3 ’
E[ezt2'y<c (y)7f01 b(s)ds>(i7F(y, y/) \/Eb())] — Z’YF(y, y/, O)E[elt2’y<c (y)’fol b(s)ds>] + ,yo(\/%) (49)

Finally, gathering all the bounds in Step 3 we obtain:

S

(pAC(t,fy, y, 2’ y') — efivr’eitv(C(y)Jr%<C’(y)7y’fy>)e*%(rlzt3'yzHC’(y)IIQ)) pe(y — /)

— o~ gity(e(y)+E < (v).y —y>) {e—é(ﬁt%zw\c/(y>||2>wH(y, ') +~70O (\/g) 420 (t)} ply—v), (4.10)

1 1
“ﬁhH@wU:F@wﬂD:KLASad—yﬁmﬂy+ﬂ—m%y—ymy—yMMh (4.11)

Remark 4.2. Note that the multiplicative constant in the term O (\/i) writes as a polynomial in y,y’, up to
order 8. Here the remainder term in yO(+/t) comes from the contribution in yO(v/t) from I, and the contribution
in v2O(t) from I;. We will have to consider these contributions separately in the proof of Theorem 4.4.

Step 4: computing the inverse Fourier transform. From now on we assume that we are doing our
computations with y € R? s.t. ¢/(y) # 0 (see the forthcoming Rem. 4.5). Let us denote

_g@maDttlew+ g <e’w) ' —y>D?

V6e 311e (1)]12
Ve () |13

q(taxay7xlay/) = pt(yiy/) (412)

We have
Gt 7,y 7', y') = e~ (et 3 < W) —u>) o=z (TN W), () — o).
Now, from (4.10) and using then the inverse Fourier transform we conjecture that:

% (pc(t71‘7ya$/7y/) _q(tvxayazlay/))

et pAC(tmyﬂv’7y’)t—<§(tmy,x/,y/) )d

= % f]R Y
2 ’ / 6 3 (413)
== [Hy.y)+O (V)] pely — ) o) 2
_6@—a/+t(c()+ ] < 1)y —y>))?
x(a— '+ te(y) + § < W)y —y>)e ST
thus
Pty a'sy) 12— e iely) +5 <)y —y>) (Hyy) + O (Vi) (4.14)

qt,z,y, 2", y) IOl
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with O (V/#) a polynomial in y, 3/, up to order 8 (see again Rem. 4.2). Note that this result is only a conjecture
because we have no guarantee that the inverse Fourier transform of the remainder terms in (4.10), namely the
terms yO(v/t) and y20(t), leads to the term O(v/%) in (4.13).

Finally, Steps 1 to 4 lead to Conjecture 4.3 below:

Conjecture 4.3. Let H(y,y') and q(t,x,y,2',y") be defined respectively by (4.11) and (4.12).

e Assume c is affine non constant. Let (v,z',y,y’) € R? x R?4. Then,

pc(t7 z,Y, LIZ‘/, y/) = q(t7 z,Y, 'Tlv y/)

Note that in the case where c is linear we recover the result of Corollary 2.6.
o Assume c is three times continuously differentiable and satisfies ||’ (y)|| V ||¢" ()] V || ()] < C (1 + [|y||?).
Let (z,2",y,y") € R? x R?? be such that ¢'(y) # 0. Define

B¢ 2|’ ()12 —12(z—a' +t(c(y)+ <’ ()5 —y>) ) H(y,y’
Pt my, 2 y) =qlt,z,y 2, y) ( lle" (W)l (z—= t(20\|(cy/)(y)2\|2 () —y>))H(yy )>
= V12, L exp <_ ly—v'I> _ G(mw'“(c(?*?“'?)’y/y>>)2) (4.15)
@m)= (Pt = 2 3" ()]

x [l W)|I? =12 (z — 2" + t(c(y) + 5 < (), ¥ —y>)) H(y,y)] -

Then, for (z,2',y,y") € R?* x R* such that 12 (x — 2’ + t(c(y) + 3 < (), ¥ —y >)) H(y,y') # 0, we deduce
from (4.14):

p(t,x,y, 2, y') 1
E o020 d) 1o (VE) ——— 4.16
et x,y, 2, y) (\[) H(y,y') (4.16)

with O (ﬁ) a polynomial in y, y', up to order 8.

Let us define P f(z, y) = / Bt 2y, o) f (o )da' dy
R1+d

We now state in Theorem 4.4 below the main result of this section.

Theorem 4.4. Assume c is three times continuously differentiable and that ||/ (y)|| V || ()] V || (y)]] <
2 3
C (1+yl|?). Let f € Co(R x R?) such that f(-,y'), %(-,y’), %(~,y’) and %(~,y’) are square integrable for

ally'. Let (z,y) s.t. ¢ (y) # 0 and assume that for any polynomial C(y,y’) up to order 8 one has

0 0? o3
10wl IGE e+ 155 ol + I o =y’ < oo @)

Then we have, fort ] 0,

Vo

|Pt fla,y) — Py f(z,y)| = O(t2).
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Proof. Denote f(v,y') = Jre " f(x,y')dx. We first check that for any 3’ € R? we have f(-,y) € LYR). Indeed
we have that

(S @+ F () 2dy) 2 (fo (1 +42)"1dr)3

CUF )z + 115 2) < o

Jo 1 f (v 9)|dy

IN

(4.18)

IN

In the same manner we can show that g§(-,3’) € L*(R) for g(-) = af(, y') and g(-) = %(y'), using our
assumption on the partial derivatives of f. This will be needed in the sequel to control terms one may find in
integrals.

We recall that u(t,x,y) = P?f(x,y) solves

ou 1 ou
ot iAyu i C(y)% (4.19)

u(()? :r’ y) = f(x’ y)'
To solve Equation (4.19), we take the Fourier transform with respect to the variable z, leading to, for any ~,

i
ot

w(0,7,y) = f(v,y).

... "
= iAyu + ive(y)a

The solution of this last equation is (see Sect. 2)

a(t,yy) = E[ oWt f(y 4 W(t)]
_ f E ity fo c(y+s(y' —y)+vtb(s)) ds]f( )pt(yl _ y)dy/

Let us introduce the frozen solution
ﬁfr(t7%y) _ / eit'y(c(y)+%<c/(y)7y’_y>)e—%(%t3fy2Hc/(y)H?)f(%y/)pt(y/ _ y)dy’.
R4

We get, using (4.10):

a(tv Y5 y) - afr(tv Vs y)
t

eEWY VIO) ) L . .
; 1f (9 ey’ — y)dy

_ / Y (Cw) 3 < ) > it r<e ). f3 blo)ds> {
Rd
(4.20)
— /d (Wt z <’ W)y —v>) o= (VI WM iy (| y) (v, v )pe(y — y)dy'
R

+ [ ROMD +2200) Fns o - )y
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We now wish to take the inverse Fourier transform in (4.20). To compute the inverse Fourier transform, we
apply Fubini’s theorem. N .

Let us first consider the main term in the right hand side of (4.20). Using the relation ¢/(y) = iy¢(7y), the
control

af ) 9
[ 156l < UL+ 152l (a.21)

(obtained as in (4.18)) and hypothesis (4.17) allows to perform Fubini theorem. Then, using the relation
Y (1)B(7) = U * G(v) with ¢(v) = e/ W+3 </ W' =v>)e=3(HEPINCWI and (y) = f(v,1/), we get that
the inverse Fourier transform of the main term is

S ZHW ) Gt} (@ — a!) +tle(w) + 1 < ).y —y >))

_ 6((1—ﬂ"')-%—f[c(y)+%<cl(y),y/—y>]>2

we 1 (9)]12 F(&@ " pe(y' — y)da'dy’ .

In the same manner the inverse Fourier transform of 4y, (¢,7,y) is equal to

(z—a')+tle(n)+ 5 </ ()0 —y>]2

\/6676 t31]c’ (v)]12
i Valle(w)lle?

We then compute the inverse Fourier transform of the remainder terms in (4.20). Let us for example consider
the term

f@ Y )pe(y' — y)da'dy’.

/Rd FOWDF el — )y = [ LoDy )my — )y

Rd ?

We recall that the term O (\/i) writes as a polynomial in y,y’, up to order 8 (see Rem. 4.2). Using once

more &(7) = z'fyq/i;(fy), Eq. (4.21) and (4.17), one may again apply Fubini’s theorem and see that the inverse
Fourier transform is controlled by

LOWDCUNIL )l + 15 L) lpely! — )y

Rd ?

Using again (4.17) allows to perform dominated convergence and to see that this term behaves as O(v/t). We
may proceed in the same manner for the other part of the remainder term and see that it behaves as O(t).
To sum up we get

g (e—a) e+ 5 << (v),9' —y>]?

_ V6e 1’ W12 ’oor ’ N
u(t,xz,y) = x’, —y)dx'd
(t,z,y) = [pita NI @,y ey’ — y)da'dy

—t fava HHY ) mratge)? (@ =) + tle(y) + 5 < ).y —y >)

_ 8((—a’)+tle()+F <’ (w).v —y>)? 5
e 31/ (12 f@ ' )pe(y — y)da'dy’ + O(t2)
= le+d ﬁc(tu xa y7 xlv y/)de‘Idy/ + O(t%)
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Remark 4.5. If we consider a point (x,y) with ¢/(y) = 0 the approximated kernel p° cannot be defined by
(4.15). Tt is however possible to perform in this case an ad hoc Taylor expansion.

Example 1: As an example, let us study the result of the conjecture (4.13) in the special case c(y) = —3||Q2y]|2
for 8 =ior = —1. Then ¢/(y) = —28Qy and ¢’ (y) = —259Q. Furthermore, H(y',y) = —%ﬁHQ% (y—19')||?. Then

i —4'112 6(17I’7,3<Q — >))2
—BUREP (4 g o)) = — Y12 1 exp — (le=¥1° vy Y %
p ( y Ly Y, 7y) (277)% 23|\Qy||3t¥ p ( 2 4t3]|Qy]]2 )

1 1 1
(42712 )1* — 12(2 — ' — (B yI*+ < .y’ —y >)) (= 3812 (W —v)|* + O(VE))].
Example 2: Consider the system

dZ: (1) = Zo(t)dt
{Zz(t) = (W (1) (422

with the function ¢ satisfying the same assumptions as ¢ in Theorem 4.4, and being invertible with

smooth ¢~ 1.

Note that using It6 formula, (4.22) can be rewritten as

dZy(t) = Zo(t)dt
dZ>(t) = ¢’ 0 ™ (Za(t))AW (1) + 59" 0 ™' (Za(1))dt.

Thus if ¢’, ¢ are bounded and |¢’|? is uniformly strictly elliptic one sees that (Z;,Z,) is an hypoelliptic
diffusion.
Consider the function ®(x,y) = (z,¢(y)) and set (X,Y) = ®~1(Z;, Z3). It is clear that (X,Y) solves the SDE

dX(t) = p(Yy)dt
Ay (t) = AW (¢).

Denoting p?(t, z,y,z’,y’') the transition function of (X,Y") and using the change of variable (7, Z5) = ®(X,Y),
we get that the transition function of (Z;, Z3) is given by

PPt 21,07 (22), 21,071 (20) X (0 71) (23)]

Thus an approximation of this transition function is given by

PPt 21,07 H(22), 21, 07 (2)) X (971 (25)]
with p¥ given by formula (4.15).

5. NUMERICAL EXPERIMENTS

The aim of this section is to experiment on a simple example the practical efficiency of the approximation
stated in Theorem 4.4. We consider the hypoelliptic PDE

ou 10%u ou .
a = iaTy‘i’C(y)%a (taxay)€R+XRXR
u(0,2,y) = f(z,y), VY(r,y) eRxR.

(5.1)
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We recall that the fundamental solution to (5.1) and the associated semigroup are respectively denoted by
pe(t,z,y, ', y’") and (Pf). We recall that

ta) = Pef(ean) = [ 5 (b ) lal o o'y’ = B2V Vo) (5.2

with (X,Y") the hypoelliptic diffusion solving Eq. (1.4) with b = 0.
We aim at checking experimentally the validity of our approximation ?Z of Py, for small time i (Thm. 4.4).
More precisely the idea is the following. Take 0 < T' < oo, and N € N*. Then the solution u(T,z,y) =
Psf(x,y) = Pc% o... PC% f(z,y) of (5.1) should be approached by

P o...ﬁc%f(x,y). (5.3)

25 ©

Note that we could simply try to approach P%f(x,y) by P;f(x,y) (i.e. take N =1 in (5.3)). But this would
be valid only for small T". For large 7" one can expect that the approximation would be better if we iterate N
times the approximated semigroup PC% (as T'/N is small for large N). Also one wishes to check that the errors

will not accumulate by iterating the approximated semigroup ?C%.
In our simulation the integral that leads to a quantity of type

—c T
Proey) = | 5 (gaua ol y)da'dy (54)
R2

is approximated by some quadrature method (see details in Ex. 1; here ¢ maybe the initial condition f or some
previous approximation of P(?;WT [L1I<kE<N-1).

We need benchmarks to which we can compare our small time approximation.

First we use a finite elements methods (space discretization) together with a Crank-Nicolson scheme (time
discretization) to solve the PDE (5.1). This method will be referred to as Finite Elements (FE). We use a high
discretization order to ensure the FE is at convergence.

Second we use an Euler type scheme with time step T'/n for the simulation of paths of (X,Y") solution
of (1.4) with b = 0, starting from (z,y). We draw a large number M of independent realizations of (X, Yr)
and compute a Monte Carlo average to approach u(t,z,y) (through the Feynman—Kac representation (5.2)).
This method will be referred to as Monte Carlo (MC). We use a high discretization order n and a large number
of samples M to ensure the MC is at convergence.

Example 1: toy example. Here we take c¢(y) = i(—% + 6y) and

1 x2+y2
2mwo? exp(= 202 )

(6]

f(z,y) = (5.5)

with 02 = 0.2. The time horizon is T' = 2.5.

Note that on our example we have ¢/(y) = 0 for y = 6. But when computing the integral (5.4) (on even
solving the PDE by FE) we use a bounded domain K = (—14,14) x (—5,5) which does not intersect with the
line y = 6. Indeed with the initial condition (5.5) the mass remains concentrated at time 7' = 2.5 in K and is
near to zero at the boundary 0K.

In other words we first approach P:?/Nqﬁ(x, Y) = Jpe pc(%, x,y, 2y )o(2,y')da'dy’, by
Jx pc(%, x,y, 2"y )o(2',y')dz'dy’ and consider that on K the kernel p€ is correctly approached by p¢ (Conj. 4.3
or Theorem 4.4). Then the approximation by quadrature of [ ﬁc(%,x,y,x’,y’)¢(x’,y’)dx’dy’ should be a
correct approximation of P /Ngb(z, y), allowing the computation of w(T, x,y).
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TABLE 1. Relative error between the FE reference solution and the iterated semigroup (5.3)
with N =1 and N =5.

N =1 N =5
L'-error  0.1257883 0.01681095
L?-error  0.3115323  0.03828152
L%-error 0.1732925 0.01735233

0.05

0.04

0.03

0.02

F1GURE 1. 3D plot of the reference solution computed by FE.

Table 1 shows the relative LP-error, for p = 1,2, 00, between the FE reference solution and (5.3) com-
puted with N =1 and N =5 (in the latter case we then have T/N = 0.5). Note that given the discretization
grid (z;, yi)fv:”“’lx Nvof the domain K the relative LP-distance between a reference function f and an approximating

function g is defined by

(Zévzwlxjvy lg(@i, i) — f (i, yi)\p)l/p
(ngzmlxNy ‘f(%ymp)l/p

9

for p=1,2 and by

Ny XNy

max,_q 9(wi, yi) — f(xi,ys)]

Nox N, )
maXi:lx U1 f (i yi)

for p = oc.

As expected the result is much better with NV = 5. To illustrate this we plot several graphs. In Figure 1, we
present a 3D plot of the reference solution computed by FE. The solution computed by (5.3) with N =5 gives
a plot that is very similar to FE, so instead we plot the solution computed with N =1 in Figure 2.
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0.05
0.04
0.03
0.02

0.01

FIGURE 2. 3D plot of the solution computed by one iteration of the semigroup (i.e. (5.3) with

N=1).
T
g -
g L T T T T T
15 10 5 0 5 10 15
X

FIGURE 3. Plot of an approximation of the function z — u(T = 2. 5 3 74), by FE (red),
MC (orange), and the iterated semigroup (5.3) with N =1 (blue) an 5 (black).

Note that the solution computed with N = 1 shows some instability. To illustrate this more precisely we plot
in Figure 3 approximated graphs of the function z — u(T = 2.5, z,y = 3.74) computed with the four methods
(FE, MC with n = 10* and M = 5 x 10°, and the iterated semigroup (5.3) with N =1 and N = 5). We see
that the solutions computed by FE, by MC and by (5.3) with N = 5 are very close, while the one for N =1 is
different and obviously presents issues.
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APPENDIX A.

In this appendix, we come back to the connection between the solution to a KHE in the backward or forward
form and the probability transition function of processes governed by SDEs. As mentioned in the introduction,
the transition probability function of the process described by (1.4) is the solution to the Kolmogorov (hypoel-
liptic) equation in the backward form, that is (1.7). This is because the arrival point (2/,y) is fixed and we
see p(t,z,y,x’,y’) as a function of time ¢ and starting point (z,y).

If now we fix the starting point (x,y), it is well known that p(¢, x,y, 2, y’) solves, as a function of the arrival
point (2’,y’) and time ¢, the KHE in the forward form

atp(taxay,I'/»y/) = %Ay’p(taxay,:E/?y/) - Z?:l ayi [bi(y/)p(tvxayax/ay/)l
— < (), Vapt,z,y, 2", y) >, (t,2',y) € R x R? x R (A1)
p(0,2,y,2",y") = .(a')@d,(y), (2,y) € R xR%

This is because the formal adjoint of the generator
1
L= iAwa <b(y),Vy >+ <c(y),Ve >

of (1.4) is defined by

d
1) = 5B ) = 30,

i=1

'-[b(yl)f(x/a y/)]_ < C(y/), Vw’f(xlvy/) >

i

(see [8], Chap. 5; this is a consequence of Thm. 5.4.7 which can be adapted to the hypoelliptic case). Another
point of view is the following. Assume for simplicity that b = 0. Equation (1.7) is the KHE in the backward form
associated to the SDE described by (1.4), but it also corresponds to the KHE in the forward form associated
to

(A.2)

More precisely if for any (z’,y’) one gets the solution (¢,z,y) — p(t,z,y,2’,y") to (1.7), this defines a kernel
p(t,x,y,2’',y") which is the transition function of (1.4); but by setting p*(¢,2', v, x,y) := p(t,z,y,2’,y') one
defines a new kernel which is the transition function of (A.2). This is because the formal adjoint of the generator
L£*=1A,— <c(y), Vo > of (A2)is £L=1A,+ < c(y),Vy > (or by using directly [8], Thm. 5.4.7).

To sum up, solving (1.7) with b = 0 allows the computation of the transition function of (1.4) (with b =0)
or of (A.2). But in these notes we will focus on the transition of (1.4), as this will be more coherent with our
probabilistic computations.

Acknowledgements. This work was made with the support of the MathamSud FANTASTIC 20-MATH-05 project. The
authors also thank the anonymous referees and the AE for valuable comments.

REFERENCES

[1] R. Azencott and H. Doss, L’équation de Schrédinger quand ki tend vers zéro une approche probabiliste. Lect. Notes Math.
1109 (1985) 1-17.

[2] N.H. Bian, A.G. Emsile and E.P. Kontar, A Fokker—Planck framework for studying the diffusion of radio burst waves in the
solar corona. Astrophys. J. 873 (2019).

[3] O. Calin, D.-C. Chang and H. Fan, The heat kernel for Kolmogorov type operators and its applications. J. Fourier Anal. Appl.
15 (2009) 816-838.



A PROBABILISTIC POINT OF VIEW FOR THE KOLMOGOROV HYPOELLIPTIC EQUATIONS 693

[4] O. Calin, D.-C. Chang, K. Furutany and C. Iwasaki, Heat Kernel for Elliptic and Sub-elliptic Operators. Birkhausser (2011).
[5] O. Calin, D.-C. Chang, J. Hu and Y. Li, Heat kernels for a class of degenerate elliptic operators using stochastic method.
Complex Var. Elliptic Equ. 57 (2012).
[6] C. Morette-DeWitt, Feynman’s path integrals: definition without limiting procedure. Commun. Math. Phys. 28 (1972) 47-67.
[7] R.P. Feynman and A.R. Hibbs, Quantum Mechanics and Path Integrals (International Series in Pure and Applied Physics).
McGraw-Hill Publishing Company (1965).
[8] A. Friedman, Stochastic Differential Equations and Applications. Dover Books on Mathematics, Dover Publications (2012).
[9] H. Gzyl, J.R. Ledn, The Hamilton—Jacobi equation, the Feymann—Kac formula and the classical limit. Publ. Mat. Uruguay 17
(2019) 81-92.
[10] M. Kac, Integration in function spaces and some of its applications. Lezioni Fermiane. Accademia Nazionale dei Lincei, Scuola
Normale Superiore, Pisa (1980).
[11] I. Karatzas and S.E. Shreve, Brownian Motion and Stochastic Calculus, 2nd ed. Graduate Texts in Mathematics, Vol. 113.
Springer-Verlag, New York (1991) xxiii, 470 p.
[12] A. Kolmogoroff, Zufillige Bewegungen. (Zur Theorie der Brownschen Bewegung.). Ann. Math. 35 (1934) 116-117.
[13] L.S. Schulman, Techniques and Applications of Path Integration. Reprint of the 1981 original. Dover Publications, Inc. Mineola,
New York (2005).
[14] B. Simon, Functional Integration and Quantum Physics. Academic Press, New York (1979).

Please help to maintain this journal in open access!
s(XL\BE To

g O,%\ This journal is currently published in open access under the Subscribe to Open model
“ z (S20). We are thankful to our subscribers and supporters for making it possible to publish
@ gj this journal in open access in the current year, free of charge for authors and readers.
'5 ‘«:;? Check with your library that it subscribes to the journal, or consider making a personal
G,) & donation to the S20 programme by contacting subscribers@edpsciences.org.
& w
®LE ope™

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	A probabilistic point of view for the Kolmogorov hypoelliptic equations
	1 Introduction
	2 Feynman{rotect --}Kac formula, notation and first examples
	2.1 Fundamental solution to parabolic equations with linear or quadratic potential
	2.2 Application to the computation of the solution to a first class of Kolmogorov hypoelliptic equations

	3 Ornstein-Ulhenbeck generator
	3.1 Fundamental solution to the Ornstein{rotect --}Uhlenbeck parabolic equation with linear potential
	3.2 Application to the computation of the solution to the Ornstein{rotect --}Uhlenbeck Kolmogorov hypoelliptic equation

	4 Small time approximation
	5 Numerical experiments
	Appendix A 

	References

