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STOCHASTIC MEASURE-VALUED MODELS FOR POPULATIONS
EXPANDING IN A CONTINUUM

APOLLINE LOUVET!H?*

Abstract. We model spatially expanding populations by means of two spatial A-Fleming Viot pro-
cesses (or SLFVs) with selection: the k-parent SLFV and the co-parent SLFV. In order to do so, we
fill empty areas with type 0 “ghost” individuals with a strong selective disadvantage against “real”
type 1 individuals, quantified by a parameter k. The reproduction of ghost individuals is interpreted
as local extinction events due to stochasticity in reproduction. When k — +oo, the limiting process,
corresponding to the oco-parent SLFV, is reminiscent of stochastic growth models from percolation
theory, but is associated to tools making it possible to investigate the genetic diversity in a population
sample. In this article, we provide a rigorous construction of the oco-parent SLFV, and show that it
corresponds to the limit of the k-parent SLFV when k — +oo. In order to do so, we introduce an
alternative construction of the k-parent SLF'V which allows us to couple SLFVs with different selection
strengths and is of interest in its own right. We exhibit three different characterizations of the co-parent
SLFV, which are valid in different settings and link together population genetics models and stochastic
growth models.
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1. INTRODUCTION

Population expansions are common events occurring at all biological scales. The growth of a population in a
new environment generates interfaces with distinctive features [35, 38] and specific patterns of genetic variation
[31-33], both being a consequence of the stochasticity of reproduction at the front, where local population sizes
are small. The models which are used to study expanding populations can be divided in two main categories:
growth models, mostly used to investigate the front features, and models coming from population genetics,
which are more suited to study genetic diversity patterns.

Experimental approaches suggest that the dynamics of fronts of real expanding populations belongs to the
universality class of the Kardar-Parisi-Zhang (KPZ) equation introduced in [38] (see e.g. [35]). It has been
conjectured (and demonstrated in the case of the solid-on-solid (SOS) growth model [8]) that many growth
models generate similar interfaces. Among all stochastic growth models, the most well-known one is probably
the Eden model, initially introduced on a lattice in [20] (see also [36] for alternative update rules or [50] for
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off-lattice variants). This model belongs to a wider family of discrete stochastic growth models known as first-
passage percolation processes. More generally, percolation theory is very suited to the modeling of population
expansions: see e.g. last-passage percolation processes (such as the corner growth model, see [48]), or continuous
first-passage percolation processes, such as the space-continuous equivalent of the Richardson model introduced
in [15, 18]. However, these models are generally harder to use to study genetic diversity patterns in expanding
populations analytically (but see e.g. [1, 12, 16, 17]).

Conversely, models used in population genetics are generally associated with tools allowing one to investigate
these patterns. The analysis of the genetic diversity of a population often involves modeling the ancestral lineages
of a subset of individuals, and studying how these lineages coalesce into common ancestors [22]. In order to do
so, most classical population genetics models assume that populations have constant sizes and that individuals
are uniformly distributed over the area of interest. Therefore, they usually focus on the spread of a genetic
type favored by natural selection in an already established population. Such a question was already studied by
means of different models including a stochastic component, mostly in one dimension (see e.g. [5, 26, 41]). The
most classical one is based on the Fisher-KPP equation [29, 40], in which stochasticity is introduced through
a Wright-Fisher noise term. If 0 < p(¢,z) < 1 represents the proportion of individuals of the favoured type at
location z € R at time ¢ > 0, then p(¢, z) solves the stochastic Fisher-KPP equation if for € R and ¢ > 0,

dp

E(t’ x) = %Ap(t, x)dt + sop(t,z)(1 — p(t,x)) + \/plep(t, x)(1 = p(t, z))W(dt, dx), (1.1)

where W is a space-time white noise and p. an effective population density. In one dimension, the stochastic
Fisher-KPP equation exhibits traveling wave solutions [43], which describe how the advantageous type spreads
through space. However, equation (1.1) has no solution in higher dimensions. Many variants of the deterministic
version of the Fisher-KPP equation have been studied, including versions with individuals having different
motilities [10, 11], different growth rates (see e.g. [14]), other diffusion kernels, or other choices for the non-
linearity [7].

Other stochastic population genetics models with selection and a spatial structure can broadly be divided into
two categories: “individual-based” models and “reproduction event-based” models. The first category comprises
adaptations of classical population genetics models, such as the Moran model [19, 26, 34] or the stepping-stone
model [4, 5, 45]. They generally require to divide the space into subunits called demes, to which reproduction
events are limited and which are connected by migration.

On the other hand, “reproduction event-based” models, which are based on the spatial A-Fleming Viot
process (or SLFV, see [6, 21]), allow us to keep the spatial continuum. Their main feature is that they model
reproduction events affecting whole areas rather than reproduction individual by individual, by means of a
Poisson point process of reproduction events. Whenever reproduction occurs, a parent is chosen in the area
affected by the event, all or part of the other individuals die, while the descendants of the chosen parent refill
the now empty area. The Poisson point process encodes both the affected area and the fraction of individuals
dying during the reproduction event. The original version of the SLFV does not account for the presence of a
selectively favored genetic type, and the parent is chosen uniformly at random in the affected area. However,
it is possible to incorporate selection, for instance by sampling several potential parents uniformly at random,
and then choosing the actual parent among them. See [30] for different forms of fixed selection mechanisms,
[9, 13, 39] for ways to introduce fluctuating selection, and [27] for a rigorous construction of the SLFV with
selection. Most of the work on the SLFV with selection involved investigating scaling limits under different
forms of weak selection: in addition to the references mentioned above, see also [24, 25] for selection against a
specific type, and [23] for selection against hybrids in a diploid population.

As one of the underlying assumptions of the SLFV is that each spatial location contains a very large number
of individuals, this model can seem ill-suited at first to the study of expansion events. In order to overcome
this issue, we adapt an approach originating from interacting particle systems and first applied to population
genetics models in [19, 34]: fill empty areas with “ghost” individuals, which can reproduce but have a very
strong selective disadvantage against “real” individuals. In other words, we model a population expansion as
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the spread of the selectively advantageous “real individual” genetic type in a resident population of individuals
with the “ghost individual” genetic type. As a result, and contrary to other works on variants of the SLEV, we
will focus on introducing strong selection in the SLFV. In particular, we will consider a different limit, when
selection goes stronger and stronger, and neither time nor space are rescaled.

In order to modify the SLFV and incorporate strong selection, we consider that the population contains
individuals with a “ghost” type, and individuals with potentially different “real” types. The “real” type is
selectively advantaged against ghost individuals, but does not give a selective advantage against another real
type. In order to incorporate strong selection against ghost individuals, we will consider the two following
modifications to the original SLFV:

e (k-parent SLFV) Whenever reproduction occurs, k potential parents are chosen uniformly at random in
the affected area. If at least one of them is real, then the actual parent is the first real potential parent
chosen. Otherwise, the actual parent is the last (ghost) potential parent chosen.

e (oo-parent SLFV) Whenever reproduction occurs, if the affected area contains a non-zero fraction of real
individuals, then the parent is chosen uniformly at random among real individuals. Otherwise, the parent
is chosen uniformly at random among ghost individuals.

In both case, if the parent is real, then it was sampled uniformly at random among all real individuals in the
affected area. However, in the k-parent SLFV, if the area in which reproduction occurs is partly empty, then
the actual parent is not guaranteed to be a real individual. In other words, the k-parent SLFV features local
extinction events at the front due to stochasticity in reproduction, which become less frequent for increasing
values of k. Such extinction events no longer occur in the oo-parent SLFV, and this process can be seen as the
limit of the k-parent SLFV when k& — +oc0.

The k-parent SLFV corresponds to a special case of the SLFV with selection introduced in [30]. In this
article, we consider two different ways of constructing it:

1. As the unique solution to a martingale problem (see Sect. 2.1.1). The corresponding result is a direct
generalization to the case k > 2 of the construction of the SLEFV with selection considered in [27].

2. Adapting the concept of parental skeleton from [49], and sampling parental locations along with reproduc-
tion events (see Sect. 3.1). One of the main contributions of this paper is to show that this construction is
equivalent to the one based on the martingale problem, and that it can be used to couple k-parent SLFVs
for different values of k.

While this alternative construction of the k-parent SLFV is interesting in its own right, most of the paper
focuses on the construction of the co-parent SLFV. Indeed, the growth dynamics of the area occupied by real
individuals in the oco-parent SLFV is reminiscent of a space-continuous version of the Eden model, and bears
resemblance to the space-continuous equivalent of the Richardson model introduced by Deijfen in [15, 18].
However, in the oo-parent SLFV, compared to [15], the area initially occupied can have infinite Lebesgue
measure, and the growth rate at the front is higher. In particular, the co-parent SLFV is not guaranteed to be
well-defined. Moreover, in the model introduced in [18], reproduction no longer occurs in occupied areas, which
can potentially lead to different genetic diversity patterns.

Therefore, regarding the co-parent SLFV, our goals are twofold:

1. Provide a rigorous construction of the co-parent SLFV. We actually provide three different characteriza-
tions of the co-parent SLFV, which are valid under different conditions on the area initially occupied and
the distribution of reproduction events parameters.

2. Show to what extent the oo-parent SLFV can be considered as the limit of the k-parent SLFV when
k — 4o00. This convergence results sheds light on the strong selection limit of SLFVs with selection, and
links together population genetics models and stochastic growth models.

In order to do so, we will focus on the area occupied by the population, but future works will include genetic
diversity inside the expanding population, using for instance tracer dynamics [19, 34].
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The article is structured as follows. In Section 2, we define the k-parent SLFV and its associated dual
process, the k-parent ancestral process. We also give an informal construction of the co-parent SLFV and state
our main results. In Section 3, we provide a first construction of the co-parent SLFV and its dual, based on a
coupling between k-parent SLFV processes with the same initial conditions. This construction is valid for any
initial condition and for all distributions of reproduction event parameters which satisfy a classical condition
for SLFVs (see Condition (2.3) in Sect. 2). In order to do so, we introduce an alternative construction of the
k-parent SLFV based on the concept of parental skeleton from [49]. In Section 4, we first demonstrate that the
oo-parent ancestral process is well defined, and the unique solution to a specific martingale problem. We use this
characterization of the dual process to provide an alternative construction of the co-parent SLFV, which is valid
under a stricter condition on the distribution of reproduction event parameters (see Condition (2.4) in Sect. 2)
and if the area initially occupied has finite Lebesgue measure (conditionally on the martingale problem-based
construction being valid). We also show a convergence result regarding the dual processes associated to the
k-parent SLFV and the co-parent SLFV. Section 5 is devoted to the proof of the duality relation between the
oo-parent SLFV and its dual, which is then used to provide yet another characterization of the co-parent SLFV,
this time as the unique solution to a martingale problem. Section 6 contains technical lemmas used throughout
the paper.

2. DEFINITIONS AND MAIN RESULTS

2.1. The k-parent SLFV and its dual
2.1.1. The k-parent SLFV

All the random objects introduced in this section will be defined over some probability space (2, F, P). Before
introducing the k-parent SLFV, we need to set some notation.

Notation Let d > 1. Let C.(R?%) be the space of all continuous and compactly supported functions R? — R,
let C'(R) be the space of all continuously differentiable functions on R, let C}(R) be the space of all bounded
functions R — R that are C' and whose first derivative is also bounded, and let B(R?) be the space of all
measurable functions R — R.

We start by introducing the state space over which the variant of the SLFV with selection we consider is
defined. Let M, be the space of all measures M on R? x {0,1} such that for all f € C.(R9),

/ fx)M(dx,dk) = f(x)dx.
R4x{0,1} Rd

In other words, M » is the space of all measures on R? x {0, 1} whose marginal over R? is Lebesgue measure. By a

standard decomposition theorem (see e.g. [37], p. 561), for all M € M, there exists w : RY — [0, 1] measurable
such that

M(dz,dk) = (w(x)do(dk) + (1 — w(x))d1(dk))d. (2.1)

Such a w is not unique, but defined up to a Lebesgue null set. The state space we consider is the set M of
all measures M € M, such that there exists a measurable function w : RY — {0,1} (instead of w : R? — [0, 1])
satisfying (2.1).

We endow M » and M, with the topology of vague convergence. Moreover, let D, [0,+00) (resp.
D57,[0,+00)) denote the space of all cadlag My-valued paths (resp. M -valued paths), endowed with the
standard Skorokhod topology.

Let M € M, and let w : R? — {0, 1} be a measurable function satisfying equation (2.1). The function w can
be interpreted as the indicator function of a measurable set E C R? corresponding to the area occupied by what
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will be called “type 0” individuals, while R?\ E' corresponds to the area occupied by “type 17 individuals. We
will consider that type 0 individuals correspond to the “ghost” individuals mentioned in the introduction, and
type 1 individuals to the “real” individuals. Therefore, type 0 individuals have a strong selective disadvantage
against type 1 individuals, and E corresponds to the area not yet invaded by the real population (up to a
Lebesgue null set). In all that follows, any w : R? — {0, 1} such that (2.1) is true will be called a density of M,
and the notation wy; will be used to denote an arbitrarily chosen density of M.

For all f € C.(R%), F € C*(R) and w : RY — {0, 1} measurable, we set:

(w, f) = fl@)w(x)ds
Rd

and we define the function ¥ ; € Cp(M,) as:

VM € M)\,\I/FJ(M) =F </R f(x)]l{ﬁ_o}M(dx,dH)> (2.2)

dx{0,1}

F( y f(;v)wM(ac)dx)
= F ({wn, f)) -

For all f € C.(R?), we denote the support of f by Supp(f), and for all R € R, we set:

Supp™(f) == {y € R? : 3z € Supp(f), |ly — =[] < R}
and Vr = Vol(B(0,R)).

In other words, Vxz is the volume of a ball of radius R, and Supp™(f) is the set of all points which are at a
distance of at most R of a point in the support of f.

For all w: R? — {0,1}, R € R% and z € R? we define the functions @;R(w) : R* — {0,1} and
@);R(w) :RY — {0,1} by:

@;R(W) = 1B(m,R)c w + ]lB(w,R)a

@;R(W) = ILB(I’R)C w.

@;R(w) corresponds to filling the ball B(z,R) with type 0 individuals (or equivalently, emptying the ball
B(x,R) of all real individuals), while © »(w) can be interpreted as filling the ball B(z,R) with type 1
individuals. Notice that if M € M, then @;R(wM) € M and O, 5 (wnm) € M.

Martingale problem We now introduce the operator which will be used to define the specific SLFV with
selection we will consider as the solution to a well-posed martingale problem. Let k£ € N\{0, 1}, and let u be a
o-finite measure on R such that

/00 ReUp(AR) < +oo. (2.3)
0
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Let El’j be the operator acting on functions of the form ¥r; with f € C.(R?) and F € C'(R), defined in the
following way. Let f € C.(R?) and F € C*(R). Then, for all M € M,

civeson= [ [T g | Tewtw) | FEOLaton).0)

j=1

k

+ (1= JJwns) | FUO, R (wr), £))
j=1
— F((wm, ) | dyr...dygp(dR)dz.

In Section 6, it is shown that this operator is well-defined, and that it can be rewritten as

oo 1 k
k _ I | . +
E“\I’FJ(M) B /0 /Supp“(f) /B(I,R)’“’ V7§ WM(y]) F(<@w7R(WM)7 i

Jj=1

+ 1—HwM(yj) F((Or(wnm), f))

J=1

— F({wm, ) | dy1...dyedzp(dR).

Intuitively, an interpretation of this operator in terms of reproduction events is the following. Whenever a
reproduction event affects the ball B(xz,R), k positions yi, ..., yx are sampled inside the ball, and we take k
individuals occupying each one of these positions. Since the density of type 0 individuals wys is {0, 1}-valued,
we can consider that all the individuals occupying the position y; (resp. ys, ..., yx) are of type 1 — wps(y1) (resp.
1—wa(y2), ooy 1 —wpr(yg)). I Hle wa(y;) = 1, then all the individuals are of type 0, and we fill the ball
B(z,R) with type 0 individuals. Conversely, if 1 — H§:1 wa(y;) = 1, then at least one individual is of type 1,
and this time we fill the ball B(z, R) with type 1 individuals. Since type 0 individuals model “ghost” individuals,
they are supposed to have a selective disadvantage against “real” type 1 individuals, hence the formal exclusion
of the case kK = 1 which would not give any advantage to type 1 individuals. Moreover, k can be interpreted as
measuring the strength of the selective advantage of “real” individuals against “ghost” individuals, or in other
words, the capacity of “real” individuals to invade an empty environment.

Ifk =2, Ei is the operator introduced in [27] to define and characterize the “selection part” of the SLFV with
selection, in the special case for which there are no neutral events and all the individuals in the area affected
by a reproduction event are replaced by descendants of the individual reproducing (that is, all reproduction
events have an impact of u = 1). The proof in [27] of the existence and uniqueness of the D IR [0, +00)-valued

solution to the martingale problem associated to £i can easily be extended to the case k > 2, by restricting the

martingale problem to an increasing sequence of compact subsets of R? converging to R?. In Section 3, we will
show that this unique solution is in fact D4, [0, +00)-valued if the initial value belongs to M.

Theorem 2.1. Let k > 2, and let p be a o-finite measure on (0,400) satisfying condition (2.3). For all
M° € My, there exists a unique Dag, [0, +00)-valued process (Mf)i>o such that M§ = M° and, for all
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F € CYR) and f € C.(RY),

t
(wrs) — it - [ v as)
t>0

s a martingale. Moreover, the process (Mtk)tzo 18 Markovian, and the corresponding semigroup is Feller.

The proof of Theorem 2.1 is a straightforward adaptation of the proof of Theorem 1.2 from [27], combined with
Lemma 3.5. Indeed, by Theorem 1.2 from [27], the martingale problem (L'ﬁ, dpr0) admits a unique D/\A/TA [0, 4+00)-
valued solution, and Lemma 3.5 from Section 3 gives a Dy, [0, +00)-valued solution.

Definition of the k-parent SLFV  We can now define the k-parent SLFV using the characterization provided
by Theorem 2.1.

Definition 2.2 (Definition of the k-parent SLEV). Let k > 2, let o be a o-finite measure on (0, c0) satisfying
(2.3), and let M° € M. Then, the k-parent spatial A-Fleming-Viot process (or k-parent SLFV) with initial
condition MY and associated to u is the unique solution to the martingale problem (55, dpgo0) stated in Theorem
2.1. In particular, the k-parent SLFV is a strong Markov process with cadlag paths a.s.

Similarly, for all w : R — {0,1} measurable, the k-parent SLFV with initial density w and associated to u
is the unique solution to the martingale problem (Ellj, dM(w)) With

M (w)(dz,dk) := ((w(z)do(dk) + (1 — w(x))d1(dk))d.

Intuitively, the k-parent SLFV can be constructed in the following way. Let M° € M, and let 4 be a o-
finite measure on (0, co) satisfying (2.3). Moreover, let II be a Poisson point process on R x R? x (0, +-00) with
intensity dt ® do ® u(dr). Initially, the k-parent SLFV is equal to M°. The dynamics of the k-parent SLFV
(MF)>0 is then as follows. If (¢t,2,R) € I, a reproduction event happens at time ¢ in the ball B(x, R). We
sample k types according to the type distribution in the ball B(x, R) at the time t—. We interpret these types
as the types of k potential “parents”. With probability

k
1 /
— wysr (yi) | dys-..dys,
V,/é Bz R H Mt,(J)

Jj=1

the k types sampled are 0, so the k potential parents are of type 0. In this case, all the individuals in the ball
B(z,R) die and the k-th potential parent (of type 0) fills the ball B(z,R) with its descendants, which means
that we set:

Vz € B(z, R),wyr(2) = 1.
Conversely, with probability
1 k
b VT’{ /B(%R)k HWMgz (y5) | dy1...dyg,

j=1

at least one of the k types sampled is 1. As in the other case, all the individuals in the ball B(x, R) die, but
this time the first potential parent to be of type 1 fills the ball B(z, R) with its descendants, which amounts to
setting

Vz € B(z,R),wyp(2) = 0.
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The value taken by the density out of the ball B(z,R) at time ¢ is not affected by this reproduction event. We
repeat this for each (¢,z,R) € II.

This construction can be made rigorous using arguments adapted from [49], and will be used in Section 3 to
complete the proof of Theorem 2.1.

Remark 2.3. The k-parent SLFV process is a special case of the SLFV with selection from [30], with impact
parameter u = 1, selection parameter s = 1, and selection function F :  — = — . It is possible to modify the
definition of the k-parent SLFV in order to include an impact parameter. However, while this is straightforward
for the construction based on the martingale problem, this is not the case for the alternative construction
introduced in Section 3, which is the one we use to construct the limiting process. Indeed, this alternative
construction relies on the observation that when u = 1 a.s., for appropriate initial conditions, sampling a parent
is more or less equivalent to sampling a location. This is no longer true when u # 1 with positive probability.
Moreover, in this case, the limiting process obtained when k — +o0 is expected to exhibit significantly different
properties. Therefore, the introduction of an impact parameter is deferred to future work.

Remark 2.4. The condition (2.3) on p matches the standard condition for the existence of the SLFV [6]. It
comes from the fact that a point 2 € R? is affected by a reproduction event at rate:

—+o0

+oo +oo
/ / 1e po o u(dR)dy = / Veu(dR) o [ RUu(dR).
R4 JO 0 0

Remark 2.5. Since the density wy; is only defined up to a Lebesgue null set, the type of individuals present
in a given position y € R? cannot be uniquely defined. Therefore, even though intuitively we can first sample
parental positions, and deduce parental types from wj;, we cannot formally sample positions in order to sample
parental types.

A particularly interesting feature of this model is that there exists a dual process of potential ancestors
associated to it, which follows the locations of the potential ancestors of a set of individuals. In other words, the
genetic diversity in a sample of the population can be determined by going backwards in time, and reconstructing
the genealogical tree of the sample. For k = 2, the dual process is analogous to the Ancestral Selection Graph
(ASG) [42, 44], but with a spatial structure. We now introduce this dual process, called the k-parent ancestral
process.

2.1.2. The k-parent ancestral process
All the new objects introduced in relation with the dual process will be defined on a new probability space
(2, F,P). Let E denote the expectation with respect to P. As before, we let 1 be a o-finite measure on

(0, +00) satisfying condition (2.3), and we let II be a Poisson point process on R x R? x (0, +-00) with intensity
dt ® dz ® p(dR).

Definition Let M, (R?) denote the set of all finite point measures on R, equipped with the topology of weak
convergence. For all = = Zi.zl 8¢, € Mp(RY), for all 2 € R? and R > 0, we define

Lr(B) =={i e [1,1] : [z - &l <R}
and SR(E) :={z cR?: Ji e [1,]] : ||z — & < R}.
In other words, I, (=) is the set of all the indices of the points in = which are at distance at most R of z,

=

while S®(Z) is the set of all the points in R? which are at distance at most R of a point of =.
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Definition 2.6. (k-parent ancestral process) Let Z° € M, (R%). The k-parent ancestral process (Z§);>¢ asso-

ciated to p (or equivalently to ﬁ) and with initial condition Z° is the M, (R?)-valued Markov jump process
defined as follows.

e First, we set ZF = =0.

e Then, for all (t,z,R) € ﬁ if I R(EF ) # 0 and if we write

NE_

= 5 ki,
Z i
i=1

we sample k points y1, ..., yx independently and uniformly at random in B(x,R), and we set

k
=f = Z(sftk: = D St Y by,
j=1

i€l, = (EF.)

In other words, we remove all the atoms of ZF_ sitting in B(x, R), and we add k atoms at locations that
are 1.i.d and uniformly distributed over the ball B(x,R).

This process is well-defined, since NV; is stochastically bounded by the number (Y,;k)tzo of particles in a Yule
process with k children and with individual branching rate fooo Vrp(dR) < +oo (see [27] for a proof in the case
k = 2, which can be generalized to the case k > 2).

Martingale problem The k-parent ancestral process solves a martingale problem that we now introduce.
For all F € C}(R) and f € B(R%), we define the function @ ; : M,(R?) — R by:

¥= € My, 253 = F [ F0E@) = FE 1)

We now define the operator gﬁ on the set of functions of the form ®r ¢, which will be at the basis of the

martingale problem satisfied by (Z;);>0. Let F € C}(R) and f € B(R?), then for all Z = Y>'_, 6¢, € M, (R%),
we set:

k ,:,. oo z€SR(E) - .
G r () = // /Bm)kvR FlEn Z 1) ;f()

i€l R (

—F((E, f))] dyy - - - dygp(dR)dz

This operator is well defined. Indeed, for all = € M, (R?), by Fubini’s theorem,

+oo
Gors@l< [ [ [ Il dudan(aR)
x

“+oo
<2Fll | Vol(S™(E))u(dR)

“+oo
< 2||Floe E(RY / Viyu(dR)
0
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< 400

by Condition (2.3).
Proposition 2.7. Let Z° € M,(R%), and let (Z;);>0 be the k-parent ancestral process of initial condition =°

associated to y. Then, for all F € C}(R) and for all f € B(R?), the process

t
<(I)F7f(5t)_q)F7f(EO)—/ 95¢F,f(5s)d5>
0

t>0

18 a martingale.

The proof of Proposition 2.7 is a direct adaptation of the proof of Proposition 1.5 from [27].

Duality relation Intuitively, the k-parent ancestral process records the locations of the potential ancestors

of a given sample of individuals. However, because densities are only defined up to a Lebesgue null set, it is not

possible to assign uniquely a type to an individual located at 2 € R? looking at the value of the density at this

point. Therefore, as in [27], in order to give a duality relation between the k-parent SLFV and the k-parent

ancestral process, we will need to consider a distribution of sampling locations, rather than fixed locations.
More specifically, for all [ > 1 and z1, ..., z; € (R?)!, we define:

!
Elxy, ] = Zdﬂ“ € M,(R%).
i=1

If ¥ is a density function on (R?)! with respect to Lebesgue measure, let py be the law of the random point
measure 22:1 dx,, where (X1, ..., X;) is sampled according to ¥. If M € M, and E = 2221 6z, € Mp(RY), we
set:

l
D(M, =) = [ Jww ().
i=1

Notice that for all [ € N* and for all density functions ¥ on (R4),
!
/ D(M,Z) g (dE) = / U(zy, o) { [[wnr(a;) pdas...dzy
M (R) (R4)! j=1

!
:/ V(21 ..., ;) H]lo(nj) M(dxy,dkq)...M (dz;, dxp)
(Rex{0,1})! i

does not depend on the choice of a density wy; of M.
A straightforward adaptation of the proof of Proposition 1.7 in [27] to the case k > 2 leads to the following
proposition.

Proposition 2.8. Let k > 2. Let M° € My, let | € N*, and let ¥ be a density function on (R?)!. Let p be a
o-finite measure on (0,+0c) satisfying (2.3). Let (MF)i>o be the k-parent SLFV with initial condition M° and
associated to pu, and let (Ef)@o be the k-parent ancestral process and associated to p. Then, for allt > 0,

| Bl = M0lna () = BDOC,ZDIE ~ ol
My (RY)
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Equivalently, for all t > 0,

1 Ny
E 0 / N U(xy,...,2) H(JJMtk(Jjj) dzq..dz; | = / N V(z1, . 21) By 0] HwMo(ff’J) dxq...dz;.
(R ) j=1 (]R() j=1

In other words, informally, the individuals living in locations z1, ..., z; at time t are all of type 0 if and only
if all the potential ancestors at time 0 of this sample of individuals are of type 0.

2.2. The co-parent SLFV

When k — +o0, the k-parent SLFV is expected to converge to the co-parent SLFV. Before defining this
process rigorously in Theorem 2.9, we first introduce it somewhat informally.

Definition Let u be a o-finite measure on (0, +00) satisfying Condition (2.3), and let II be a Poisson point
process on R x R? x (0, +-00) with intensity dt ® dz ® u(dR). Let also M° € M. We start the co-parent spatial
A-Fleming Viot process (M;°);>0, or oco-parent SLFV, at M§° = M°. Then, if (t,z,R) € II, as before, we
consider that a reproduction event occurs in the ball B(z,R) at time ¢. However, this time we do not sample a
finite number of potential parents. Instead, we look at the value of the integral

/B(ac,R) (1 W (Z)) dz,

which amounts to sampling an infinite number of potential parents over the ball B(xz, R) and looking at the
proportion of them which are of the “existing” type (i.e., type 1).

If fB(I’R) (1 — W (z)) dz = 0, we consider that the parent which reproduces is of type 0, and we set:
Vz e Bz, R),wm=(z) = 1.

Conversely, if |, B(«,R) (1 —wpre (z)) dz # 0, there is a non-negligible amount of individuals of type 1 in

B(z,R). We impose that it is one of them which reproduces, and in such a way that its offspring invades the
whole region. That is, we set:

Vz € B(z,R),wmx=(z) = 0.

Formally, the oo-parent SLFV is constructed in Section 3 using coupled k-parent SLFVs, leading to the
following characterization.

Theorem 2.9. Let w: R? — {0,1} be measurable, and for all k > 2, let (M});>0 be the k-parent SLEV with
initial density w and associated to y. Then, it is possible to couple the random variables (M*)g>2 in such a way
that each admits a density (wf)i>o such that

Yt > 0,Vx € R (wF(2))s>2 is nonincreasing with respect to k.
For allt >0 and x € RY, we then set

Wi (@) = lim_wh(a)

and we define the oo-parent SLE'V (M{°);>o as the unique M x-valued process with density (wg®)i>o.
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Theorem 2.9 will be a direct consequence of Definition 3.7 and Lemma 3.8 from Section 3.

This first construction of the co-parent SLFV shows that this process can be considered as the limit of the
k-parent SLFV when k — +00, in the sense that the finite dimensional distributions of the sequence of coupled
k-parent SLFVs converge almost surely to the ones of (M7°):>o (see Lem. 3.9). In Section 3.3, we establish
the following convergence result, which states that the k-parent SLFV converges in distribution towards the
oo-parent SLFV in D, [0, 00).

Theorem 2.10. Let M° € My, and let p be a o-finite measure on (0,+00) satisfying Condition (2.3). Let
(M#®)i>0 be the co-parent SLFV with initial condition M° and associated to p. For all k > 2, let (MF)i>o
be the k-parent SLFV with initial condition M° and associated to p. Then, (Mk)kZQ converges in distribution
towards M in D, [0, 00).

The proof of this result can be found at the end of Section 3.3.

Remark 2.11. While this article focuses on the link between the k-parent SLFV and the co-parent SLFV, this
process is also conjectured to appear as the limit of SFLVs featuring different forms of strong selection against
ghost individuals, for instance if real individuals only reproduce when at least k1 < k potential parents sampled
are real (with ky constant when k& — +00). Other forms of selection are expected to yield different limiting
processes. For instance, if real individuals only reproduce when at least ok, o € (0, 1) potential parents sampled
are real, then we expect local extinctions to be still visible in the limit, when the density of real individuals
in the affected area is too low. The approach used in this article can possibly be applied to the study of these
other limiting regimes as well.

Remark 2.12. Since the density of type 0 individuals is {0, 1}-valued, the co-parent SLFV can also be seen
as taking its values in the equivalence class of all the measurable subsets of R?, where two measurable sets
51,8 € R are equivalent if and only if S;AS, has null Lebesgue measure. In this case, it will actually be
easier to consider that the subset represents the area occupied by real individuals. This corresponds to the
characterization of the oo-parent SLFV which will be introduced in Section 4 and Proposition 2.18.

Martingale problem Like the k-parent SLFV, the oo-parent SLFV (as constructed in Thm. 2.9) is solution
to a martingale problem. However, and in contrast with the case of the k-parent SLFV, Condition (2.3) on p will
not be sufficient to ensure that this solution is unique. Instead, we will need the following stronger condition.

Definition 2.13. Let ag > 0 be such that the minimal number of d-dimensional balls of radius 1 needed to
cover the boundary of an hypersphere of radius n in d dimensions is bounded from above by agq x n?~! for every
n > 1. A o-finite measure p on R is said to satisfy Condition (2.4) if it satisfies Condition (2.3), and if there
exists R > 0 such that

n—1)R

+o0 nR
Z (/( (R + r)d,u(dr)> (aan®™ +1) < 4o0. (2.4)

n=1

This stronger condition appears in Section 4.1, and is needed to ensure that the dual of the co-parent SLFV
is well-defined.
Examples of o-finite measures p on R satisfying Condition (2.4) are the following:

1. Measures p on R} having a bounded support.
2. Measures p on RY of the form a x (1 +7)731dr, with o > 0.

We recall that for all F € C}(R) and f € C.(R?), the function ¥ ; is defined as

VM € My, Wp (M) = F({wu, [))-
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We define the operator £ on functions of the form Wp; where F € C'(R) and f € C.(R%) in the following
way. For all M € M, we set:

+oo
,CEO\I/FJ(M) I:/ /
0 Supp™(f)

do (/ (1- WM(Z))dZ> F((07 r(wa), f))
B(z,R)

n (1 5 ( [ a wM<z>>dz>> F(O; (@) )
B(z,R)

—F(<wM,f>)] dzp(dR),

where the function dy is defined as dp : @ — 1oy (x).
Note that if dg (fB(w R) (1 —wnm(z2)) dz) =1, then for all y € B(x, R) except possibly on a Lebesgue null set,

O r (W) (y) = wm(y).

In other words, the ball B(z,R) is already completely void of “existing” individuals, and filling it with “ghost”
individuals does not change anything. Therefore, we also have

crvesn = [ - / o (1 — 5 ( /| o wM<z>>dz>>

% [F(O7 (@), 1)) = Fllwn, /)] dap(dR).

In Section 6, we show that this operator is well-defined, even if i satisfies Condition (2.3) rather than Condition
(2.4). If p satisfies Condition (2.4), then the associated martingale problem can be used to define and fully
characterize the co-parent SLFV. If p satisfies only Condition (2.3), then the co-parent SLFV is still solution
to the martingale problem, but we no longer know whether this solution is unique, as stated below.

Theorem 2.14. Let w : RY — {0,1}, let M® € My, and let p be a o-finite measure on (0,+00) satisfying
Condition (2.3). Then, the co-parent SLEV with initial condition M° and associated to p is a solution to the
martingale problem for (L3°, 6p0).

Moreover, if ju satisfies Condition (2.4), the martingale problem associated to (LyF,dp0) is well-posed, and
the oo-parent SLFV with initial condition M° and associated to pi is the unique solution to it in D, [0, +00).

The proof of Theorem 2.14 will be carried out in Sections 4 and 5, and comprises three steps. First, in
Section 5.1, we show that the martingale problem (ﬁzo, dpr0) admits at least one solution: the co-parent SLEV
constructed in Theorem 2.9. Then, in Section 4, we construct a candidate for the dual process associated to the
oo-parent SLFV (see Def. 2.15), and in Section 5.4, we establish the corresponding duality relation (which is
stated in Prop. 2.19).

Theorems 2.14 and 2.9 give us two distinct characterizations of the co-parent SLFV. If 1 satisfies Condi-
tion (2.4) and if the area occupied by real individuals has finite Lebesgue measure, then we can provide a third
construction of the co-parent SLFV, which is closer to stochastic growth models, and which can be considered
as self-dual. This third construction is introduced in Proposition 2.18.

2.3. Dual of the oco-parent SLFV

As for the k-parent SLFV, the oo-parent SLFV also has a dual process of potential ancestors, that we now
introduce.
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Definition Let £¢ be the set of Lebesgue measurable and connected subsets of R? whose Lebesgue measure
is finite and strictly positive. Let £/ be the set of all finite unions of elements of £¢. If E € £/ can be written
as B = UL_, E* where for all 1 <i <[, E' € £¢, we let m(E) = m(E*, ..., E') be the measure on R? defined by
m(E)(dz) := 1,.cgdz, and we set:

M = {m(E): E € £°7}.

Definition 2.15 (oo-parent ancestral process). Let p be a o-finite measure on (0, +00) satisfying Condition
(2.4). Let 1T be a Poisson point process on Ry x R? x (0, +00) with intensity dt ® dz ® pu(dR), defined on the
probability space (€2, F, P).
Let 20 € M/, Then, the M/ -valued oo-parent ancestral process (Z9°);>¢ with initial condition Z° and
associated to p (or equivalently to ﬁ) is defined in the following way.

e First, we set Z5° = =0.

o Then, if for all ¢ > 0, we write Z¢° as

B = m(EéXJ),
for all (t,z,R) € ﬁ, if E2° N B(xz,R) has a non zero Lebesgue measure,
EF =m(EX UB(x,R)),

while nothing happens if Vol(E® N B(z, R)) = 0.
Moreover, this process is Markovian.

In Section 4, we will show that the jump rate of this process is finite. Therefore, this definition gives us an
explicit construction of the co-parent ancestral process.

Informally, the process evolves as follows. Initially, the area covered by the oo-parent ancestral process is
E§°. Then, whenever a new reproduction event intersects the covered area, it is added to the process.

Remark 2.16. Note that the case E° N B(x,R) = B(z, R) is equivalent to E° U B(x,R) = E°, and hence
does not correspond to a visible jump of (Z2§°);>o.

In Section 4.2 (see Prop. 4.4), we will explain to what extent this process can be considered as the limit of
the k-parent ancestral process when k — 400, even though both ancestral processes are defined on different
state spaces.

Remark 2.17. Like the co-parent SLFV, the co-parent ancestral process can also be seen as taking its values
in the equivalence class of measurable subsets of R%. However, in order to keep the analogy with the k-parent
ancestral process, we consider it as a measure-valued process.

A third characterization of the oco-parent SLFV The definition of the oco-parent ancestral process is
very close to the informal definition of the oo-parent SLFV, the main difference (apart from the state space)
being the initial condition. And indeed, if the area initially occupied by real individuals in the co-parent SLEV
has finite Lebesgue measure, then the oo-parent SLFV follows the same dynamics as the co-parent ancestral
process, in the following sense.

Proposition 2.18. Let E° € £, and let u be a o-finite measure on (0,+00) satisfying Condition (2.4). Let
(E2°)i>0 = (M(E®))i>0 be the co-parent ancestral process with initial condition m(E®) and associated to u. For
allt > 0, we set

G =1-1px,
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and let (J\/J\fo)tzo be the M x-valued process with density (05°)i>0. Then, (]\/Ztoo)tzo is solution to the martingale
problem (L2, 0n,)-

By Theorem 2.14, this means that (]\Z"O)QO is then the co-parent SLFV with initial condition 1 — 1 go and
associated to p. This provides a third characterization of the co-parent SLFV, which corresponds to its original
informal definition and is close to models of continuous first-passage percolation.

The proof of Proposition 2.18 can be found at the end of Section 4, and uses the characterizations of the
oo-parent SLFV and its dual as the unique solutions to martingale problems.

Duality relation For all M € M, with density w and for all = = m(E) € M, we set:
D(M,E) := & (/ (1 —w(x))dx) .
E

If we know the value of l~)(M ,Z) for all = € M| since w is {0, 1}-valued, we know the value of w everywhere
up to a Lebesgue null set, and so we have completely characterized M. Therefore, the following duality result
shows that the solution to the martingale problem associated to £ is unique.

Proposition 2.19. Let p be a o-finite measure on (0,+00) satisfying Condition (2.4). Let M° € My, and
let (M{°)i>0 be a solution to the martingale problem associated to (Li°,dp0). Then, for all t > 0 and for all

E% e M¢T,
EMO 5(Mtoo,m(EO)):| = Em(EO) {E(MO?E(;O)} )

where (29°) is the co-parent ancestral process of initial condition m(E®) and associated to ju. Equivalently, for

every t > 0, if w® and wi® are {0,1}-valued densities of M® and MP,

Eppo {50 (/E (1 - w(2)) dx)} = B l&o (/Ew (1 - w(2)) dmﬂ .

In particular, this result implies that if the area initially occupied by real individuals in the oco-parent SLEV
has finite Lebesgue measure, then the process can be considered as self-dual. The proof of Proposition 2.19 can
be found in Section 5.4.

3. FIRST CHARACTERIZATION OF THE co-PARENT SLFV

In this section, we provide the rigorous construction of the process introduced in Section 2.2.

3.1. Alternative construction of the k-parent SLFV

In order to construct the co-parent SLFV rigorously, we start by introducing an alternative construction of
the k-parent SLFV, based on a variant of its dual. It relies on the sampling of parental locations along with
reproduction events, and is an adaptation of the concept of parental skeleton presented in Section 2.3.1 of [49].
This construction allows to couple k-parent SLFVs for different values of k, and is therefore also of interest in
its own right.

In all that follows, let 1 be a o-finite measure on (0, +00) satisfying Condition (2.3). Let U = B(0, 1)N, and let
@ be the law of a sequence of i.i.d random variables (P,,),>1 uniformly distributed over B(0,1). We will call an
element of U a sequence of potential parents. Let us now extend the Poisson point process II considered earlier
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by adding to each event a countable sequence of locations of potential parents. Indeed, let II¢ be a Poisson point
process on R x R? x (0, +-00) x U with intensity

dt®@dz ® :u(dR) ® ’[”(d(pn)nZI)'

Then for all (¢t,z, R, (pn)n>1) € II°

e as before, ¢ can be interpreted as the time at which the reproduction event occurs, and we can see B(z, R)
as being the area affected by the reproduction event.

e Forall n > 1, z + R X p,, is uniformly distributed over the ball B(x,R), and can be interpreted as the
location of the n-th potential parent sampled, if at least n potential parents have to be sampled.

We start by defining the variant of the k-parent ancestral process, on which the alternative construction of
the k-parent SLFV is based.

Definition 3.1 (Quenched k-parent ancestral process). Let k > 2, let Z° € M,(R?), and let £ > 0. The k-

—_

c 7 =0 -
parent ancestral process (:gt’t’“ )e>0 associated to I1¢, started at time ¢ and with initial condition =Y is the
M, (R%)-valued Markov jump process defined as follows.

c 5750

. =1
e First, we set =

e Then, for all (t,z,R,(pn)n>1) € II° such that t < ¢, recalling that for = = 2221 8¢, € Mp(RY),
LrE)={ie[L]:||lxr—-&l|| <R}, if

=0

—_ 4

c 7 =0
Ix,R(:g(%t_’:)_) # 0,
then for all 1 <[ < k, we set
Yy = x + Rp

—II°,.
and =000
HC,’E,E(L) =1

z'els R(Ey 775

It is straightforward to check that this process has the same distribution as the k-parent ancestral process
c7{750

associated to u and with initial condition Z°. Its interest is twofold. First, conditionally on II¢, (El,;lt )i>0 s
deterministic. Moreover, if for all = = 22:1 5z, € M,(RY), we denote the set of atoms of = by

A(E) :={=z; -1 € [1,1]},
then the process satisfies the following property, which will be useful in the coupling that we will introduce

later.

Lemma 3.2. Let 2 < k < K, let =0 € M,(R?), let t > 0, and let TI° be a Poisson point process on
R x R? x (0,400) x U with intensity dt @ dz ® p(dR) @ @(d(pn)n>1)-
Then, for allt > 0,

=1°,t,5° =¢850
A(:k,t ) C A(:k',t ).
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In particular, for allt > 0 and x € R?,

—1II¢,%,6, =11°,1,65
A(:Mt ) C A(E ¢ ).

Remark 3.3. Since A(Z) is a set, if there exists i # j such that x; = x;, then z; appears only once in A(E).

Intuitively, the idea behind this lemma is the following. Since the coupled k-parent and k’-parent ances-
tral processes are based on the same extended Poisson point process of reproduction events, their evolutions
are determined by the same reproduction events. Moreover, since k' > k, all the potential parents which are
involved in the dynamics of the k-parent ancestral process are also potential parents for the k’-ancestral process.
Therefore, we can consider that the k-parent ancestral process is embedded in the &’-parent ancestral process.

We now introduce an alternative way of constructing the k-parent SLF'V, by associating it to the extended
Poisson point process TI°.

Definition 3.4 (Quenched k-parent SLFV). Let k > 2, and let w : RY — {0, 1} be a measurable function. The
k-parent SLFV (M ,? : “)e>0 associated to ITI¢ and of initial density w is the M -valued Markov process defined

as follows.
e First, we set wg;’“ =w.
e Then, for all t > 0 and for all z € R?, we set

v @) = [ w. (3.1)

e We conclude by setting for all ¢ > 0,
M = ((wi ()80 (dr) + (1 — wiy* (2))d1 () )dar.

(w,?;’“’)tzo will be called the density of the k-parent SLF'V associated to II¢ and of initial condition w.

Note that w,gz’“’ (x) in equation (3.1) is thus equal to 1 if and only if all potential ancestors at time 0 of the
individuals at x at time ¢ are of type 0, i.e. are all ghosts.

We show below that this process corresponds to another way of constructing the k-parent SLFV using the
parental skeleton, and in particular, that (M, ,")i>0 € Das, [0, 400). This alternative construction will allow
us to couple SLEFV processes with different numbers of potential parents, using the same Poisson point process.
However, even though it is possible to define the k-parent SLFV for an initial condition M € M, instead of
an initial density w of M, this coupling can only be used if all processes are constructed using the same initial
density.

Proof. In order for the process to have a chance to correspond to the k-parent SLFV, we first need to check
that

(M}:tc’w)tzo S DMA [O, +OO)

Let ¢ > 0. Since w is {0, 1}-valued, by definition w,?;’w is {0, 1}-valued. Moreover, the values taken by w
are changed over balls of the form B(z,R) in order to compute w,{};’w. Therefore, as w is measurable, wg;’“’ is
measurable as well, and we obtain that for all ¢ > 0, MkH;w € M.

We now show that the process is cadlag. That is, we want to show that for all t > 0,

c
1. limM,?s"" exists,
sTt ’



238 A. LOUVET
. 11°,w . . 11°,w
2. hin M, ” exists and is equal to M, ,"".
stk '

Let (fin)men be a convergence determining class. It is then sufficient to show that for all m € N and n € N\{0},
we almost surely have that for all ¢ € [0, n],

1. 1ig1<w,13;’“,fm> exists,
s ’

2. liﬁl@),?;’w, fm) exists and is equal to <wknz’w, fm)-
. , :

Therefore, let m € N and n € N\{0}. For all ¢t € [0, n], we set

7™ (t):==sup{t' <t:3IR >0,3z € Supp” (fm), I(pi)is1 € U, (', 2, R, (pi)i>1) € I}
and T_f_m) (t) :=inf {¢' > ¢: IR > 0,3z € Supp™(fm), Ipn)n>1 € U, (t', 2, R, (p;)i>1) € I°}.

Observe that if Tim)(t) <t and Tj_m) (t) > t, then
. I1°,w o II°w
15111}2<wk75 s fm) = <wk,max(o,Tﬁ’”>(t))’ fm)

and lig(w,g:’w, fm) = (wlg;’“, fm)-

Moreover, if the support of f,, is affected by a finite number of reproduction events over the time interval [0, n],
then for all ¢ € [0, n], 7 (t)<t< TJ(rm) (t). As there exists C™ > 0 such that for all R > 0,

Vol(Supp”(fn)) < CU™ (R V1),

the support of f,, is affected by reproduction events at rate

/ ~ Vol(Supp® (f,0)) < €™ / TRV Dp(AR)
0 0

< 400

since p satisfies Condition (2.3). Therefore, the number of reproduction events affecting the support of f,, is
almost surely finite, allowing us to conclude.
O

Lemma 3.5. Under the notation of Definition 3.4, (M,?;’w)tzo has the same distribution as the k-parent SLF'V
associated to p and with initial density w.

Proof. We set M% = M ,? ;’“’, and we use the characterization of the k-parent SLFV by the duality relation in
Proposition 2.8.
Let [ € N*, let ¥ be a density function on (Rd)l, and let t > 0. Then,

:/ \If(.’L‘h...,xl)EMo Hw,l;[;’w(xj) dxq...dx;
(
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:/ U(xq,...,z)Eppo
(R)!

:/ \I/(l‘l,...,l’l)EMo
(R4)!

:/(Rd)L\I/(:Cl,..., )EH[I17 Lz

with (2F);>0 the k-parent ancestral process associated to p with initial condition Z[z1, ...,

I I

w(y)| day...dx;
j=1 _TIC,t,65
yEA(:'k,t ’ )

H w(y)| day...dx

(‘fz

yEA(\_k + i )

H w(y)| dzy...d=y,

YEA(EY)
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]. We used the

definition of the quenched k-parent SLEV to pass from line 2 to line 3, and the fact that w is {0, 1}-valued to

pass from line 3 to line 4.
k .
Writing ZF = Z;V:tl €87 we obtain

This concludes the proof.

H “(x)

dxq...dx

[w1 L) H w ’J dzy...dx;.

O

This lemma has two direct consequences. First, (M,fI ; “)t>0 is Markovian. Moreover, since this process is
M y-valued, we have proved the second part of Theorem 2.1, that is, that the unique solution to the martingale
problem characterizing the k-parent SLFV is M y-valued.

The interest of the coupling lies in the fact that given a sequence of coupled k-parent SLFV constructed
using the same extended Poisson point process I1¢, their corresponding densities, as constructed in Definition

3.4, satisfy the following property.

Lemma 3.6. Let 2 < k < k', and let w : R* — {0,1} be a measurable function. Let TI° be a Poisson point
process on R x R x (0, +00) x U with intensity dt @ dz @ u(dR) @ @((pn)n>1)-

Then, for allt > 0 and x € R?,

Wy ¢

me

In particular, for allt >0 and x € R, (w, ,“(2))k>2 converges to some wi®(z) € {0,1} as k — +o0.

Proof. Let t > 0 and = € R?. By Lemma 3.2,

—TI° 6,
A(:k,t

Therefore, as w is {0, 1}-valued,

II1°w

Wit (z) =

“(2) < wiy ¥ ().

) C A= ).
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< I ww

_TIC .84
yeA(:ki ¢ )

< wi (@),

The second part of the lemma is a consequence of the fact that (wgz’w (2))k>2 is a non-increasing {0, 1}-valued
sequence. O

3.2. Definition of the oco-parent SLFV
We can now construct the co-parent SLFV as in Theorem 2.9.

Definition 3.7. Let M° € M, with density w : R? — {0,1}. The oco-parent spatial A-Fleming Viot process,
or oo-parent SLFV, with initial density w and associated to the extended Poisson point process II¢ is the
M -valued process (M7°);>o defined the following way.

First, we set M§® = M°. Then, for all t > 0 and = € R?, we set

. e,
w(z) = kEToo wy ()

and we set
M (dz, drk) == (wi®(z)do(dr) + (1 — wi®(x))d1(dk))de.

IT° will be called the associated extended Poisson point process, and (ws®);>o will be called the density of the
oo-parent SLFV associated to II¢ and of initial density w.

In its more general form, the oo-parent SLFV is defined for an initial condition M° € M, and a o-finite
measure p. However, we construct it using a density w of M?, and an extended Poisson point process II¢, and
in the following, we will need both the initial density and the extended Poisson process used in order to prove
some properties satisfied by the oo-parent SLFV. Therefore, we considered two complementary definitions of
the process, one based on the initial condition and the measure p, and the other one based on the initial density
and the extended Poisson point process, both definitions corresponding to the same process. In the following, we
will use one or the other of the two definitions, depending on whether the initial density and extended Poisson
point process used to construct the process are needed or not.

As in the proof of Definition 3.4, we can show that (M°);>0 € D, [0, +00).

Lemma 3.8. Under the notation of Definition 3.7, (M°)i>¢ is Markovian.

Proof. First, notice that the definition of (M{°);>¢ implies that we only need to demonstrate that (wy®)¢>o is
Markovian.
Let 0 < s <t and let 2 € R%. Our goal is to show that

w(z) = _lim H w(x').
k—+oo =II¢,t,5,
wrea (2000

le,tfs

Indeed, if this result is true, since A (Eg:?) depends on events occuring during the interval [s,¢], it is
independent from (w3)o<s<s and we can conclude.

By definition of the co-parent SLFV,

. e,
wi(z) = kEI—ir-loo wy ().



STOCHASTIC MEASURE-VALUED MODELS FOR POPULATIONS EXPANDING IN A CONTINUUM

Using Lemma 6.10 from Section 6, we obtain

. e,
wfo(m) = kgrfoo ];[C 3y wk)sw(g;/).
z'eA(g] 10)

Let k > 2. By Lemma 3.6 and since for all k > 2, w,?;’w is {0, 1}-valued,

w(z) < lim H w,ﬁé’w(m")
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Here we used Lemma 6.11 to pass from the first to the second line, and the definition of the co-parent SLFV to

pass from the second to the third line.
Since this is true for all k£ > 2,

w®(z) < lim I ez

I;—H-oo

Then, starting back from the equation

wE(e)=tm I w26,

e A(ERS )

as for all x € RY, (w,?csw(x’)) is decreasing, we obtain that
' k>2
e o] > 1 e} /
@z I e
weA(E] 00

and we can conclude.

3.3. Convergence of the k-parent SLFV towards the oco-parent SLFV

We now show Theorem 2.10, that is, that the oco-parent SLF'V can be considered as the limit in distribution

of the k-parent SLFV in Dy, [0,00) when k — +o0.

In all that follows, let (M;®);>0 be the co-parent SLFV with initial density w associated to II°. By definition,

for all t > 0, (M,EZ’“);CZQ converges almost surely to M7°, as stated below.

Lemma 3.9. Conditionally on I1¢, for allt > 0 and k > 2, M,?:w s deterministic, and (M]1;{27w)k22 converges

. e
vaguely to M° as k — +o0o. Moreover, as a sequence of random variables, (M, )i>2 converges almost surely

to M as k — +o0.
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Proof. Let t > 0, and let wy® be the density of the oo-parent SLFV with initial density w associated to II°,
considered at time t. Let f € C.(R?). Then f is integrable and

Vo € RY, f(@)ufly* (@) = f@)w ()

va € RY [ f@)wpl, (@) < |f(@)]

Therefore, by the dominated convergence theorem,

Jm fl@)wy (z)de = | f@w@)de

and  lim F@)wp (y)dz = / f(y)w(y)dy.
k—=+oco JB(2,R) B(z,R)

We now consider f € C.(R? x {0,1}). Then, there exists fo, fi € Co(R?) such that

V(z, k) € R x {0, 1}, f(z, k) = fol)Lioy (k) + fi(a) L1y (w).

Therefore, for all k > 2,

/ f(x, /@)M]l::’k(d.’l},dli) = / fo(x)w,?:’k(x)dx + fi(x) (1 — w,?;k(x)) dx
R4x{0,1} ’ R ’ R ’

fo(@wi*(z)dz + [ fi(x) (1 —wi*(2)) dz
R4 R4

k— o0

= / f(z, k)M (dz, dk)
R {0,1}

and we conclude that (M ,1: ; “)k>2 converges (almost surely) vaguely to M when k — +o0. O

Combined with Lemma 3.5, a direct generalization of Lemma 3.9 gives that the finite dimensional distributions
of the k-parent SLFV converge (weakly) towards the ones of the co-parent SLFV.

We now focus on the convergence of the k-parent SLFV as a cadlag process towards the oo-parent SLFV.
In order to do so, let (M k)kzg be a sequence of k-parent SLFVs with initial density w and associated to p,
which are independent from (M, : “)t>0. Moreover, let (M{°);>0 be the co-parent SLFV with initial density w
associated to II°. ’

Lemma 3.10. The sequence (M*)y>s is tight in D, [0,00).

Proof. We adapt the proof of Theorem 1.2 (step (i), item (c)) from [27]. Since M equipped with the topology
of vague convergence is compact and since the set of functions of the form U ¢, F' € C1(R), f €% (R?) is dense
in C(M,) (see e.g. Lemma 1.1 from [27]), by Theorem 3.9.1 from [28], the relative compactness of (M*);>o is
equivalent to the sequence (Vr (M*));>2 being relatively compact for all FF € C*(R) and f € C.(R?).

Therefore, let F € C}(R) and f € C.(R?). By the Aldous-Rebolledo criterion [2, 47], it is sufficient to show
that

1. For all ¢ > 0, the sequence (¥ ¢(MF))>2 is tight.
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2. For all T > 0, given a sequence of stopping times (7% )r>2 bounded by T, for all € > 0, there exists § > 0
such that

TL+0
limsup sup P / £ﬁ\PF7f(MS’€)ds >e| <e
k—s-+o0 0€[0,0] T

3. In the same notation as in 2., for all € > 0, there exists § > 0 such that

Tr+60 0o 1 2
limsup sup P / / / / vE (F((@;’R(wa),ﬁ) — F(<WMlic7f>)>
k—+o0 0€]0,6] Tk R4 JO B(z,R)k VR

+ (PO rlwars). 1)~ Fllws. 1))’

k
X HwM_éc (y;)| dyi...dypp(dR)dzds > e) <e.
j=1

Point 1. Let ¢t > 0. Then, for all k£ > 2,

[@arg )] < 1171l Vol(Supp(£)).
Since F' is continuous, this implies that

|Wpp(MF)| < F(z)],

max
2€[—||flloo Vol(Supp(f)), || f[loe Vol(Supp(f))]

from which we deduce that the sequence (Vp ;(M[))>2 is tight.

Point 2. Let T > 0, let (7%)r>2 be a sequence of stopping times bounded by 7', and let € > 0. In the proof of
Lemma 6.4, we show the existence of a constant C'r,y depending only on the choice of F' and f such that for all
t>0,k>2and M € M,,

e s (0] < Cry [ Reu(aR)

Therefore, for all £k > 2 and 8 > 0,

T +0
< / |£hw g (ME)] ds

Tk

Tk +0
/ LyUpp(MF)ds

k

<0Cr; [ RUuaR).
0

and setting § = (e/2) C’;} (Js° Ru(dR)) =" yields the desired result.
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Point 3. By Lemma 6.3, there exists C~'F7f depending only on the choice of F and f such that for all k > 2,
s>0,z€R*and R >0,

(FUOZ r(@ars). 1)) — Fl(wars. 1)) < Cry (REA 1)’

and  (F(O; g (wars). 1))~ Fllwass. 1)) < Ory (R A1),

Therefore, for all £k > 2 and # > 0, we can bound from above

/ / /ooo /B@,R)k vi (FUO rlwrs). £) = Fllwass, 1))

by

Tk+6 oo 1
/ / / . / . W CF,f(Rd A 1)2dy1dykde(dR)dS
Tk 0 JSupp®(f) /B(=,R)* VR

TE+60 oo 5
< / / / Cr (R A1)dzp(dR)ds
Tk 0 JSupp®(f)

TrL+0 oo
< / / Cipy (RY A1) Cy (RO 1)dspu(dR)
Tk 0
gacgéF,f/ RA4pu(dR).
0

Here we used the fact that 0 < RY A1 < 1 to pass from the first to the second line, and equation (6.1) to pass
from the second to the third line. Setting § = (3/2) C; ! C’;& (f,° Ru(dR))~" allows us to conclude. O

We can now show Theorem 2.10.

Proof. (Thm. 2.10) As the finite-dimensional distributions of (M”);>2 converge to the ones of M> and as
(M¥);>s is tight (by Lem. 3.10), we can use Prokhorov’s theorem [46] and conclude. O

4. THE 0co-PARENT ANCESTRAL PROCESS: DEFINITION AND
CHARACTERIZATION

The goal of this section is to rigorously construct and study the dual process associated to the oco-parent
SLFV, called the co-parent ancestral process. In Section 4.1, we exhibit sufficient conditions under which the
oo-parent ancestral process is well-defined, and state that it is the unique solution to a martingale problem. In
Section 4.2, we show to what extent the co-parent ancestral process can be considered as the limit of the k-parent
ancestral process when k — 400, the main difficulty being that the two processes are defined on different state
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FIGURE 1. Initial state of the co-parent ancestral process (dashed line), and a covering of its
border by balls of radius R.

spaces. Then, in Section 4.3, we use the oo-parent ancestral process and its associated martingale problem to
provide another characterization of the co-parent SLFV.

4.1. Definition and first properties

In order to show that the co-parent ancestral process (E2°);>0 introduced in Definition 2.15 is well-defined,
we start by observing that the only reproduction events affecting Zf° are the ones intersecting its boundary
=2°\E°. Therefore, it is sufficient to consider only the reproduction events affecting its border, or the ones
affecting a well-chosen space containing it. _

In order to control the rate at which the co-parent ancestral process jumps, we start by taking R > 0 satisfying
some condition which will be introduced later, and we cover the border ?\E%C of Z§° with balls of radius R

(see Fig. 1). Then, informally, whenever a reproduction event overlaps what we will call the ﬁ—covering:

e if this reproduction event has a radius of at most ﬁ, it is included in the ball of same center but of radius
R. We add this ball of radius R to the covering. B

e Otherwise, we cover the border of the area of the reproduction event by balls of radius R, and we add
these balls to the covering.

See Figure 2 for an illustration of this dynamics.

Note that since the covering contains the border Z° Efo of Z2° but is not equal to it, there are more
reproduction events affecting the ﬁ—covering than reproduction events affecting =2°.

Constructed this way, the ﬁ—covering contains only balls of radius ﬁ, each one being overlapped by a
reproduction event at rate

/0 h VA(R +r)%p(dr).

Moreover, since the covering is constructed using the same Poisson point process as for (£5°);>0, at any time
t the current state of the covering contains the border E°\Z° of Z°. Since the rate at which (2°);>0 jumps
is bounded by the rate at which the covering we just constructed is updated, we can show that (2°);>¢ is

well-defined by controlling the rate at which new balls are added to the ﬁ—covering.
Let us now define the border covering process we just introduced rigorously.

Definition 4.1 (Border covering process). In the notation of Definition 2.15, let R > 0 be such that 1 satisfies
Condition (2.4). Let 21, ...,xx € R?, N > 1 be such that initially the border of Z° is entirely covered by the N



246 A. LOUVET

(b) The oco-parent ancestral process is updated,
and a covering of the border of the reproduction

(a) Reproduction event (grey disk) affecting the event by balls of radius R is added to the R-
oo-parent ancestral process at time ¢ > 0. covering process.

(c) Since the ﬁ-covering process is bigger than the

border of the co-parent ancestral process, it can be (d) Updated ’ﬁ,—covering process after a reproduc-
affected by reproduction events (grey disk) which tion event affecting it while not intersecting the
do not intersect the co-parent ancestral process. oo-parent ancestral process.

FIGURE 2. Nlustration of the dynamics of the co-parent ancestral process (dashed line) and its

associated R-covering process.

balls of radius R (B(z, ﬁ))1§i§N~ Then, the ﬁ—covering process (C})i>o associated to (2£°);>¢ is constructed

in the following way.

Let II be a Poisson point process on R x R? x (0,+00) with intensity dt ® dz ® u(dr). First, we set
Co = {x1,..,an : 1 <i < N}. Then, for all (t,z,R) € II, if C,_ N B(z,R) # 0, let n € N* such that
(n—1)R < R < nR. We construct a covering of the border of B(z, R) by at most ag x n?~! balls of radius R,

and Cy is obtained by adding the center of these balls to Cy_.

The interest of the border covering process lies in the fact that, as we argued earlier, for all t > 0,
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Therefore, the jump rate of Z¢° is bounded from above by

Card(Cy) x /OO V(R + r)u(dr).
0

Lemma 4.2. In the notation of Definitions 2.15 and 4.1, (Card(Cy))i>o is bounded from above by (Y})i>o the
number of particles in a branching process in which each particle branches independently of the others at rate

o0
| R+,
0
and in which at each branching event, the number of descendants is equal to agn® ' + 1, n > 1 with probability

f(n N7 (R +r)u(dr)
fo R+T) w(dr)

Moreover, for allt >0, Yy < +00 a.s, and E[Y;] < +oo.

Proof. How to construct the branching process (Y;)i>0 from (Ct)i>o is clear. The jump rates and transition
probabilities come from the fact that for any pomt x € Cy and for all n > 1, the ball B(z, R) is affected by a
reproduction event of radius (n — 1)R < R < nR at rate

nR
/ ViR +R)u(dR),
(n—1)R

and such a reproduction event generates agn% ! new balls in the border covering process.

Then, if ® is the probability generating function of the number of descendants,

400 nR .
(1) = Z (/( Vi(R + T)du(dr)> (agn® ' +1) < +o0

n—1 n—1)R

since p satisfies Condition (2.4). Therefore, by Theorem II1.2.1 in [3], Y; is finite for all £ > 0 a.s, and E[Y;] < 400
for all ¢t > 0. O

We can then conclude that (29°);>0 is well-defined using the fact that the jump rate of Z¢° is bounded from
above by

Y: / Vi (R+R)u(dR) < +o0 as .
0

We now introduce how to characterize the co-parent ancestral process as the unique solution to a martingale
problem.

In all that follows, let F € CL(R) and f € B(R?). We extend the definition of the function ® . ; to the space
of measures m(E) € M/ setting

D (m(E)) :=F ( ) f(x)m(E)da:)

_F (/E f(m)dx) .
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Moreover, for all E € £¢/ and R > 0, we set
SR(E) :={zeR?:3y e E,|lz—y|| <R}
Note that this definition is reminiscent of the definition of S®(Z) with = € M, (R?).

Let p be a o-finite measure on R satisfying Condition (2.4). We define the operator G;° on functions of the
form ®r ; the following way. For all m(E) € M/ we set

Groesm(B) = [ [ (BB R).0) - F (), 9) deulaR)

We show in Section 6 that this operator is well-defined, and give some properties that it satisfies. The co-parent
ancestral process is then solution to the following martingale problem.

Proposition 4.3. Let pu be a o-finite measure on (0,400) satisfying Condition (2.4). Let Z° € M¢T, and let

(E°)i>0 be the co-parent ancestral process associated to p with initial condition =°.

Then, for all F € C(R) and for all measurable function f: R* — {0,1}, the process

(¢Ff(~t) Pr (2 /gu Qpp(E7)d > .

The proof is a direct adaptation of the proof of Proposition 4.1.7. from [28].

is a martingale.

4.2. Convergence of the k-parent ancestral process towards the co-parent ancestral
process

As in the case of the co-parent SLFV, the co-parent ancestral process can be considered as the limit of the
k-parent ancestral process when k — +o00, though since the dual processes are defined on different state spaces
(that is, M, (R?) in the case of the k-parent ancestral process and M¢/ in the case of the co-parent ancestral
process), the result we obtain is weaker than the corresponding one on the oo-parent SLFV.

In all that follows, let p be a o-finite measure on (0, +00) satisfying Condition (2.4). We recall that for all

E= 221 5z, € M,(R?), the set of atoms of Z is denoted A(Z). Our goal is to show the following result.

Proposition 4.4. Let E° € £, and let (P2)n>1 be a sequence of i.i.d. random variables sampled uniformly at
random in E°. Let (23°);>0 = (m(Ef®))i>0 be the oco-parent ancestral process with initial condition m(E®) and
associated to w, and for all k > 2, let (Ef)tzo be the k-parent ancestral process with initial condition

~o—Zf5n

and associated to p. Then, it is possible to couple (22°)i>0 and (EF)i>0, k > 2 in such a way that for all t >0,

A( k) ﬁ EOO a.s.
—+o0

in the sense of Painlevé-Kuratowski and as compact subsets of R?.

The proof of Proposition 4.4 can be found at the end of the section.
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Looking at the convergence of the support of the measures allows us to circumvent the facts that the k-
parent and oco-parent ancestral processes are defined on different state spaces, and that the mass of the k-parent
ancestral process becomes infinite when k — +00. We also need to consider specific initial conditions for the
sequence of k-parent ancestral processes in order to obtain a limiting set with nonzero Lebesgue measure.

In order to show Proposition 4.4, we first construct the corresponding coupling, which relies on the use
of the same extended Poisson point process to construct all processes. Let II¢ be a Poisson point process on
R x R? x (0, 4+00) x U with intensity dt ® dz ® u(dR) @ @ (d(pp)n>1)- Let (Efo’nb)tzo be the co-parent ancestral

c

Ef’n )i>0 be the k-parent

process with initial condition EY constructed using I1¢. Moreover, for all k > 2, let (

ancestral process with initial condition Zﬁzl dpo constructed using II°: whenever the process jumps, if the
corresponding reproduction event is (t,z, R, (pn)n>1), then the locations of the k potential parents are given
by « + Rp1, ...,& + Rpg. The following result is a direct consequence of the coupling and of the choice of initial
conditions.

Lemma 4.5. 1. We have

in the sense of Painlevé-Kuratowsksi.
2. Forallt >0, forallk' > k > 2,

A (Ef“) CcA (Ef’ﬂc’) .

Moreover, we also have the following result.

Lemma 4.6. Let T > 0. Then, the two following assertions are true a.s.:

VO <t<T VR 24 (2") C B

and VO <t<TVk>2, if B2 = BN then =P = k17

Proof. For t = 0, by definition, A(Elg’nc) C Ey M for all k > 2. Then, since all ancestral processes are con-
structed using the same underlying Poisson point process, each jump of a k-parent ancestral process corresponds
to a jump of the co-parent ancestral process, unless the corresponding reproduction event affects an area B(x, R)
such that

B(z,R)NEX™ £0  but  Vol(B(z,R)NEX™) =0,

which almost surely never occurs. O

Therefore, due to the coupling, each jump of the k-parent ancestral process corresponds to a jump of the
oo-parent ancestral process, as well as of each k’-parent ancestral process, k' > k (by Lem. 4.5). Moreover, since
w satisfies Condition (2.4), for all T > 0, the number of jumps of the co-parent ancestral process over the time
interval [0,7T] is finite a.s. As a result, in order to show Proposition 4.4, we can show that the convergence

c

property is preserved whenever (27 = )i>0 jumps.

Lemma 4.7. For allt >0, if

A (Ef’_ﬂc> ﬁ EXT in the sense of Painlevé-Kuratowski, (4.1)
—+00
—k,IT° oo, I
then we also have A (:t’ ) — E> a.s. (4.2)
k——+oo
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Proof. Let t > 0. Assume that (4.1) is true. The result is clear if E;X”HC = Etof’nc. Otherwise, let (t,z, R, (pl,)n>1)
be the corresponding reproduction event. This implies that

Vol (E;’SHC N B(x,R)) £ 0.

By (4.1), this means that there exists k' > 2 such that A(E,}fi’nc) N B(z,R) # 0. Such a result can be extended
to all k > k* by Lemma 4.5. Moreover, for all k > k?,

A (Efﬂc) - (A (Ef;“°) \Lo.x (Ef’_ﬂc)) U {z+Rpl, :n € [1,4]}

— 5 EXT UB@,R) = BT
k——+o0

O
We can now show Proposition 4.4.

Proof. (Prop. 4.4) Let t > 0. We set to =0, and let 0 < t; < {2 < ... < tiy < ¢ be the times at which (E?’HC)SZO
jumps (such a sequence of jump times exist almost surely). First, we observe that by Lemma 4.6, it is sufficient
to show that

A (Efn ) — B2 as
N k— 400 N

in the sense of Painlevé-Kuratowski. In order to do so, we will show by induction that

Vn € [0,N], A (Ef’nc) —— B as
") kodoo T

The case n = 0 corresponds to Lemma 4.5. Then, let n € [0, N — 1], and assume that

—k,TI¢ e
A (:?’ ) — B> a.s.
" k—4o0 "

Again by Lemma 4.6, we obtain that

A (:k,HC 00,I1°¢

‘_‘t"*l_) k— 400 tnt1—

and we conclude using Lemma 4.7. O

4.3. Another characterization of the oco-parent SLFV
We can now show Proposition 2.18, which provides another characterization of the co-parent SLFV.

Proof. (Prop. 2.18) Let F € C*(R) and f € C.(R?). Our goal is to show that

t
(s (1) = i 0857) = [ 50w (075005
0 t>0

is a martingale. In order to do so, for all = € [—||f|[Vol(Supp(f)), || f||Vol(Supp(f))], we set

Fi(z)=F < . f(z)dz — x) .
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We extend ﬁf to R in such a way that ﬁf € C}(R). Then, let ¢t > 0. We observe that

Similarly,

We also have

1—4do </B(w,R)(1 - @f(z))dz) =1-10g </B(x,7a) 1pe (z)dz)
=100 ( [ tmem @ ():).

which is equal to 1g= Eoo)(x) for Lebesgue-almost all 2 € R?. Therefore,

L0 (01°) = 6oy, (22).
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This implies that for all ¢ > 0,

and we conclude using Proposition 4.3. O

5. UNIQUENESS OF THE SOLUTION TO THE MARTINGALE PROBLEM
CHARACTERIZING THE oco-PARENT SLFV

The goal of this section is to provide another characterization of the co-parent SLFV as the unique solution
to a martingale problem, as stated in Theorem 2.14. In order to do so, we show that the co-parent SLFV (as
constructed in Def. 3.7) is a solution to the martingale problem associated to L7 Then, we will extend the set
of functions over which the operators £° and G;° are defined.

In all that follows, let 4 be a o-finite measure on (0, +00) satisfying Condition (2.3), and let M° € M, with
density w : RY — {0,1}. We recall that U = B(0, 1) and that @ is the law of a sequence of i.i.d random variables
(Ppn)n>1 uniformly distributed over B(0,1). Let II¢ be a Poisson point process on R x R? x (0,400) x U with
intensity

dt @ dr @ p(dR) @ @ (d(pp)n>1) -

5.1. Existence of a solution to the martingale problem associated to L',Iof

We recall that the operator £ is defined by

+oo
LEVp (M) = /o /Suppn(f) (1 —do </B(1,R) (1-— WM(Z))dZ>>

X |F((O7 r(wm), 1)) = Fllwns, /)] dep(dR).

The goal of this section is to demonstrate the following result, which is also the first part of Theorem 2.14.

Proposition 5.1. Let (M®);>o be the oco-parent SLFV with initial density w, associated to II¢. Then, for all
F € CY(R) and f € C.(R?),

t
(‘I'F,f(Mf"> s (5) ~ | Lf\PF,.f<M5°>ds)
0

t>0

is a martingale.

In other words, (Mp®);>o is a solution of the martingale problem (L, dpge), but this solution is not nec-
essarily unique. In fact, we will show in Section 5 that this solution is unique when g satisfies the stronger
Condition (2.4), but the question of uniqueness when p does not satisfy Condition (2.4) remains open.

We start by justifying why the operator L7 is a suitable candidate for an operator characterizing the limit
k — 400 of the k-parent SLFV.
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Lemma 5.2. Let w: R? — {0,1} be measurable, and let x € R. Then, for all R > 0,

k
1
1) / 1—w(z))dz | = lim —/ w(y;) | dyi...dyg.
([ amsteas) = g [ (Tt

Proof. For all k > 2

k k
1/ 1
— w(yy)| dyrody, = / w(y)dy |
Vi JB(ar)r H ! Vr JB@,R)

Jj=1

AS V7€1 fB(ZE,R) W(y)dy € [05 1]a

Moreover,

k
. 1
kEI—iI-loo Viﬁ /B(I’R)k H w(yj) dys...dye =0

Jj=1
1
— —/ w(y)dy < 1
VR JB(a,R)
= (1-w(z))dz >0,
B(z,R)

and we can conclude.
Let F € CY(R) and f € C.(R?). For all M € M,
|F ((war, f))] < max{|F(2)| - & € [=Vol(Supp(f)), Vol(Supp(f))]},
which means in particular that for all z € R? and for all R > 0,

[F((©
and |F((©

r(war), )| < max{|F(z)] : © € [=Vol(Supp(f)), Vol(Supp(f))]}
r(war), )| < max{|F(2)] : @ € [=Vol(Supp(f)), Vol(Supp(f))]}-

+
Z,
‘,1;7

Therefore, a direct consequence of the dominated convergence theorem is the following lemma.

253
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Lemma 5.3. Let M € My, and let (M,)nen € My be such that M,, converges vaguely to M. Then, for all
x € R and for all R > 0,

F((wn,, f)) m F({wnm, f))

F((©F ). 1)) ——— F(OF rlwn). /)
F((©; (@) 1)) ——— F((O; r (). /)

In contrast with EZ\I/ F.,f, the function £7°Wp ¢ is not continuous. However, we have the following result

Lemma 5.4. Let M € My, and (My)nen € My such that M, converges to M in the topology of vague
convergence. Assume that there exists a density w of M and densities wy, of M, for alln € N such that:

Vn € N,Vz € RY, w(2) < wn(2).
Then,

lim ,C \prf( ) ,Coo\lfpf(M)

n—+oo
Proof. First, since (M,,)nen converges vaguely to M, by Lemma 5.3, for all R > 0 and for all z € Supp™(f),

F(O7 rwn), ) —— F{(O; (W), [))-

n—-+oo
Then, let R > 0 and n € N. Since for all z € B(z, R), w(z) < wy(2),

/B(x,R) (1-w(z)dz = / (1 —wn(2))d.

B(z,R)

Moreover, since

lim 1—w,(z dz:/ 1 —w(z))dz
Jm [ aceea= [ 0w
> [ -
B(z,R)
if nll)rfoofB wn(2))dz = 0, then for all n € N, meR) — wp(2))dz =0, and thus:

ngrfoo do (/B(x,R) (1 —wn(2)) dz> =dp (/}3(1,72) (1-w(2)) dz) .

Conversely, if nEIJIrloo fB(m’R) (1 —wn(2))dz # 0, since do(e) is continuously equal to 0 over R ,

ngrfoo do </B(w,R) (1 —wn(2)) dz) =Jp (/B(LR) (1-w(2)) dz) .

We conclude by using the dominated convergence theorem.
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Lemma 5.5. Let (M;®);>0 be the co-parent SLFV of initial condition MP, constructed using the initial density
w and I1¢. For all k > 2, let (MF Ju>0 be a sequence of coupled k-parent SLFVs associated to 11° and with initial
condition w, constructed as in Definition 3.4. Then, for all F € C1(R) and f € C.(R%), for all 1 > 1, for all
0<t;<..<ty<t<t+s, forall hy,....,h; € Cp(M)),

Iim E

k—+4oc0

(‘IIF,f(Mtk-Q—s) W (M) — /tHS LXWp g (MF) du) (Hh Mk >] —

Proof. For all k > 2 and u > 0, let w® be a density of MF.
Let 1 >1,0<t <.. <tl§t<t—|—sandh1,.. hlECb(/\/l)\).Therl,foralllczQ7

t+s
E [(@FAMHS) W (MF)

o) fno)
=E [<\IlFf(Mt+s) Vrg( Mk / Ek\PFf Mk du> (Hh Mk >]

t+s
( LEWp (M) — L300 p (M du> (Hh Mf )]
t

+E

Since (MPF),>¢ is solution to the martingale problem associated to (£*,§ M), the above is equal to

(/ttﬂﬁﬁqu,f(Mk) LT p(M)) du> (Hh (MF) )]

From Lemmas 6.4 and 6.5 in Section 6, we can apply the dominated convergence theorem to

E[(/tmwwpf( ) = LW (M) Idu) <H )]
lim E

t+s l
pHm <‘I’Ff(Mt+s) Up r(Mf) —/t ﬁ,‘io‘I’F,f(Mf)dU> X <11:[1 hi(MtIi)ﬂ

t+s l
_E K/t + Jim (Chwe (M) = £ r (M) du> « ( i TTh, (Mk)ﬂ

k— o0
=1

0+E

and we obtain

assuming that the different limits exist.
Now, let k > 2 and u € [t,t + s]. We have

Ek‘I’Ff(Mk) — L2V p (M)

/ / F((O} r(wh). /) = F((wh, £)))
SuppR(f)
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)

k k
wy (Y;) B L
X /B(%R)k E ( Ve ) dy;...dyx — do </B(m,72) (1 u(y)) dy)
+ (FO7R (k). 1) ~ F(wh. 1))
) o _
—wh - wa(y5) N
’ _50 </B<zﬂz> (1 = waw) dy) /B(:C,R)kjl:[1< Vr )dyl”'dyk_ dop(dR)

-/ h / ooy, (FOIR (D)1 = PO ). 1)

k k
wy (Y;) . o )
g [‘/B(I,R)kH ( Vr >dy1mdyk & </B(z,72) (1= wu(v)) dy)] dzp(dR).

The term inside the integral is bounded in absolute value, by Lemma 6.1 in Section 6. Moreover, as (M}) E>2
converges vaguely to M by Lemma 3.9, we can apply Lemma 5.3 and we obtain

lim F(OF z(wy): f) = FUOLr(wi). [) = FUOT »(wi), ) = F({O7 r (i), f)).

k— 400

Therefore, we have to show that

(W) "
=2 ) dyy..dyg — 6 / 1—wgi(y))dy | =0.
B(x,a)ka( ) ) . by o k)

We cannot apply directly Lemma 5.2, because the density also depends on k. However,

k k
wu(yj)>
——= ) dy...
/B(ac,R)kjl:[l( Vr .

lim
k— 400

IN
—
ol
&
ISES
&

k
wol (Y
+ / H (“V(yj)> dy;...dyx — do (/ (1- wf(y))dy) .
B(z,R)F 521 R B(z,R)

We can apply Lemma 5.2 to the third term. Since for all y € R, w®(y) < wk(y), we showed in the proof of
Lemma 5.4 that

_ Wk B e o
8 (/B(M)(l u(y))dy> 8 (/B(m)(l u(y))dy>| 0

lim
k—+oo
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Regarding the first term, we distinguish two cases. If Vi fB(m R) W wS(y)dy = 1, since

[e%s} k
/ wy (y)dy s/ wu(y)dy <1,
B@zR) VR B@xR) VR

we obtain that in fact for every k > 2

k k
W) ) 4y, ay,, =
/B(I’R)kjl;[l 1;[ Y1y,

Conversely, assume V5! [ BlaR) Y > (y)dy < 1. Since,

we (y w(y
/ L, _ / L)y,
B(z,R) YR —t+oo JB(z,R) R

there exist 0 < M < 1 and k&’ > 2 such that:

k
vk > k’,/ Mdy < M.
B(xR) VR
Therefore,
k k
k( . k o (,,. k )
u yﬂ) (wu (yj)) d / wy (y) / w (y)
- — | dyi...dyr| = dy | — dy
/ B(z,R)* i ( Vr H Vr B@zR) VR BzR) VR
k—+o00 O

and we can conclude. O

We can now show that the oo-parent SLFV is solution to the martingale problem introduced in
Proposition 5.1.

Proof. (Prop. 5.1) Let F € C1(R) and f € C.(R%). For all k > 2, we set (M[);>0 = (M,E:’w)tzo. Let I > 1, let
0<t1 <..<t;, <t<t+s,andlet hy,.., h € Cy(M)). By Lemma 5.5,

lim E

k—+o00

(\I/F,f(Mtk-&-s) — g (Mf) - /tHS LrVp (M, ) (H hi (M) )] =0.

=1

Since (M[ )k>2 (resp. (MF)y>2) converges vaguely to MY, (resp. M7°) by Lemma 3.9, we can apply
Lemma 5.3 and we obtain

lim \IlFf(MtJrs) \I/Fyf(MtOis)

k——+oo

and lllil \I/Ff(M) U p (M),
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Moreover, by Lemma 5.4, for all u € [t,t + 5],

lim LWp (M) = LXUpp(M?),

k— o0
which is uniformly bounded in M € M, by Lemma 6.5 in Section 6. Since for all ¢ € [1,1], h; € C,(M.),

Vi € [[1,1]],khrf hi(Mf) = hy(M:®).
—+00 :

i

Therefore, by equation (5.1) and by Lemmas 6.4, 6.5 in Section 6, we can apply the dominated convergence
theorem and obtain

E

t+s l
<‘I’F,f(Mt°is) = Wp (M) —/t EZO‘I’F,f(MSO)dU> X (H hz‘(%ﬁ"))] = 0.

We conclude that

t
(‘I'F,f(Mtoo) w015 - [ cm,f(M::O)du)
0 t>0

is indeed a martingale. O

5.2. Extended martingale problem for the co-parent SLFV

For all o € R, we set F* : x — 1(,1(), and for all £ € £l we set f¥:x — 1,¢cp. The goal of this section
is to prove the following result.

Lemma 5.6. Let M be a solution to the martingale problem associated to (Lfﬂ dpro). Then, for all E € gel,

t
(\I]FVOI(E),fE (Mt) — \I/FVol(E),fE (Mo) — / EZO\IIFVQI(E)7fE (Mg)ds>
0 t>0

is a martingale, where W pvoe) pr @ M € My — Y pvas) re (M) is the function defined by

VM € My, ¥ pvaim o (M) 0 = FY'E) ((wyy, f))

= Livoum)y (war, f))
= 8o (VOI(E) — (war, f)).

This lemma is a direct consequence of the following lemma.

Lemma 5.7. Let M be a solution to the martingale problem associated to (Lff,éMo). Then, for all E € £°7,
foralll > 1, for all0 <ty < ..<t; <t <t+s, forall hy,...,h; € Cyh(M)),

E

. N t+s — L
<\IIFV()1(E)7fE (Mt+5) - \I/FVQI(E)JE (Mt) - c;:o\I/FVol(E)7fE (Mu)du) X (H hz(Mtl)>‘| = 0
t i=1
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Let E € £, Let (FVOI(E)) € CYR) and (fF)nen € Ce(RY) be two sequences satisfying the following

conditions.

(A FVOI(E —+> FVoUE) pointwise and in L',
n—-+0oo

B) f¥ ——— f¥ pointwise and in L,
n—-+o00

)

(B)

(C) ¥n € N,Vz € R,0 < FY°'P) () <1 and FY'P)(Vol(E)) = 1,

(D) VneN,Vz e R, 0< fP(z)<1landVze E, fF(z) =1,
)
)
)

(
(F)VneN Vol(Supp(fE)\E) <n~", and Supp( 54_1) C S’upp(ff)

(G) Vn € N, EY'E) (Vol(E) +n~!) > 1 —n~" and F)"® (Vol(E) —n~') > 1-n"

First, we observe that since FVolE) and (F, VOI(E))

M € My and n € N*

| pvorce o (M)

jxpﬂyol(m, fE(M)’ <1

)\IJFXOI(E))MJ (M)‘
Moreover, there exists Cg > 0 such that for all R > 0,

Vol(S®(E)) < CF x (R Vv 1),
where we recall that S™(E) is defined by
S*(E):={z eR?: Jy € B,|lz —yll <R}.

Therefore, we have the following lemma.

Lemma 5.8. For all E € £, there exists C¥ > 0 such that for all M € M), and n € N*,

Proof. Let M € M.
1— 6y (/ o —wM(z))dz>

}ﬁu \I/FVOI(E)’fE / /Sn(E
% ‘FVOI(E) (<@;,R(WM)afE>) _ FVol(E) (<WM f

< / / 2dzp(dR)
0o Jsrm)

E) Vn € N, FY°U®) s increasing over ( 00, Vol(E)| and decreasing over [Vol(E), +00),

1

)| dau(dR)

nen= are bounded by one (by Hypothesis (C)), for all

(5.5)
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<2 / e (R4V 1) u(dR)
0

<+ 00

since y satisfies Condition (2.3). Here we passed from line 1 to line 2 using the fact that FV°!(¥) is bounded by
1, and from line 2 to line 3 using equation (5.5).
Setting CF =2CF x [* (R4 V 1) u(dR), we obtain

|L5°W pvam) i (M)| < CF.

Similarly, we can show that for all n € N*,

‘;CZO\I/FXOI(E)’fE (M)‘ < C2E

and ‘ﬁ;oxpww’ ff(M)‘ < CE.
0

This lemma, along with equations (5.2, 5.3, 5.4, 5.5), will allow us to use the dominated convergence theorem
in the proof of Lemma 5.7.

Since by Hypothesis (A) the sequence ( nen- converges pointwise to FVOUF) | we obtain that

VM € My, ‘I/FT\L/OI(E)’fE (M) — VU pvoum) ro (M). (5.6)

n—4o0o

We want to show a similar result regarding (\IIFVDI(E) P (M)) .
n 2WIn nGN*

Lemma 5.9. For all M € My and E € £,

\I]F‘,\L/ol(E)7ff (M) — \I/F:L/ol(E),fE (M) — 0.

n—-+oo

Proof. Let M € M. We distinguish two cases.
Case 1: [, war(z)dz = Vol(E).
Let n € N*. Then, since by Hypothesis (D) we have E C Supp(fF),

Vol(E) < (war, ) < Vol(E) + /S IR ACEIONE
upp(fF

< Vol(E) + Vol(Supp(f2)\E)

1
< Vol(E) + —
n

using Hypotheses (D) and (F). Therefore, since EY"E) s decreasing over [Vol(E), +00) by Hypothesis (E),

1
FYUE) (Vol(E)) > U pvorm) (M) 2 FYoUB) (Vol(E) + )
n rIn n
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or, in other words,
1
1> \IJFTYol(E>’an(M) >1- -

by Hypothesis (C) and (G). Moreover,

Vv (M) = F/1® ( / wM(z)dz>
’ E

= F°1®) (Vol(E))
=1

by Hypothesis (C), and we can conclude.

Case 2: [, war(z)dz < Vol(E).

Let N € N* be such that N=* < 27! (Vol(E) — [, wa(z)dz). Then, for all n > N, using Hypotheses (D)
and (F),

0< o £5) < [ ezt [ wnr(2)dz

Supp(fE)\E

g/ war(2)dz 4+ Vol(Supp(fE)\E)

so by Hypothesis (E),

\I’FTYOI(E>,ff (M) m} 0.

Moreover, since (wyr, f¥) < Vol(E), again by Hypothesis (E),

\IIFT\l/ol(E)ﬁfE (M) 4)n_>+oo 0,

and we can conclude. O

We now prove a similar result involving £7°.

Lemma 5.10. For all M € My and E € £,

£ZO\I/FT\L/01(E)’fE (M) — EZO\I’FVOI(E)’JCE (M) — 0,

n——+00

ﬁZO\I/FT\L/ol(E)’fE(M) — 'CZO\I’FT\,,IOI(E),J“E(M) — 0.

n——+0o
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Proof. Let M € M, and let n € N*. We have

X
s (FY) (107 pwn). 1)) = FYUE) (s, £7))) dap(dR)
. /Ooo /SR(E) (1 6 (/B(M) (1- wM(z))dz>>
y ( EYOIE) (@;R(W), fE>> _ pVel(n) <<®;,R(WM)’ fE>)) dzp(dR)
X

1-— 60 (/B(x773) (1 — UJ]\/[(Z)) d2>>

(FVOI(E) (<wMa fE>) - Fr\L/Ol(E) (<WM7 fE>)) dxﬂ(dR)
By equation (5.6), for all z € R% and R > 0,

—— 0
n—-+oo

EYUE) (07 g (wa), 15)) = FYAE) (0 g (war), 1))
FYUE) (g, £7)) = BV ((war, 7)) ——— 0.

and

n—-+oo

Therefore, using the bounds from the proof of Lemma 5.8, we can apply the dominated convergence theorem
and obtain

EZO\IIF)L/O](E) FE (M) - ,CZO\I/FVM(E) JE (M) m 0.
We can similarly show that

EliolIIFXol(E)’fE (M) — £EO\I/FTYOI(E)’f£ (M) m} 0
using Lemma 5.9 instead of equation (5.6).

O
We can now prove Lemma 5.7, from which we will directly deduce Lemma 5.6.
Proof. (Lem. 5.7) Let I >1,let 0<t; <..<t; <t <t+sandlet hy,...,h € Cyp(M)). Let n € N*. Then,

\I/FVOI(E)’fE (M+S) :\IJFVOI(E)ny (Z/\Z+S) — \I/FXOI(E)’fE <M+S)

+ qJF’\L/ol(E),fE (Mt+5) — \IIFXOI(E)7ff (Mt+s) + qJF’\L/ol(E),ff (Mt+s)
U vol () fE (Mt) :\I/FVQI(E)VfE (Mt) — \IIF'\L/QI(E)7fE (Mt)

+ \I/FTYOI(E))](.E (My) — \IIFT\L/OI(E)7f§ (My) + \IIFXOI(E)7f1)? (My),



STOCHASTIC MEASURE-VALUED MODELS FOR POPULATIONS EXPANDING IN A CONTINUUM 263

and for all u € [t,t + s],

LW pvore) g (M) =L pvore) g (My) — LW pvoice) fE(zTi)
—I—ﬂ ) FYeIE) fE( ) L‘ \\ FYIE) fE( u)“rEZO\IJFy\l/ol(E)’fE(Mu).

Since M is a solution of the martingale problem associated to (L£;°,dp0), for all n € N*,

E

—~ . t+s ~ l ~
(WF',\L/OI(E)MJ(-E (Mt+s) — \I/FTYOI(E)yff (Mt) — ACZO\IJFT\LM(E)JE (Mu)du) X <H hz(Mt1)>‘| =0
=1

t

Therefore, since all the equations written above are true for all n € N*,

—_— l —~
LT pvors), fE(Mu)du) x (H hi(Mtl.))]
(‘I’FVOI(E),fE (Z/\Z+S> - Vol(E) fE Mt+5 ) (Hh Mt )]

l
FY® g Mt+s) — \I/FXOME)JE (Mt+5)> X (H hz(Mtl)>]

i=1

t+s

]E (\I]FVol(E)JE (M+s) - \I/FVul(E)ny (M) -

= lim E

n—-+oo

+ lim E

n——+oo (
— lim E (

n— 00

lim E

n——+00

l
U pvol (k) E Mt) \IJFy\l/ol(E)’fE(Mt)) X <H hz(MtL)>]

l
FYOIE) 15 Mt) \I/Fyol(E)’ff(Mt)) X <H hi(Mti)>

lim E (/ /:, W pvol(m) fE( w) — [: v FYolE) fE(M )du

n—-+4oo >
— lim E (/ /:, v FYelE) fE( w) — [: v FYelE) fE(Mu)du>

n——+oo

under the condition that all these limits exist.
By equation (5.6), Lemma 5.9 and Lemma 5.10, all the terms inside the expectations converge to 0 when
n — 4o00. Using the bounds given by equation (5.2), (5.3), (5.4) and Lemma 5.8, we can apply the dominated
convergence theorem and obtain the desired result.
O

5.3. Extended martingale problem for the oco-parent ancestral process
In this section we prove the following result.

Lemma 5.11. Let u be a o-finite measure on (0,+00) satisfying Condition (2.4). Let =0 € M/, and let
(E2°)i>0 = (M(Ef®))e>0 be the co-parent ancestral process associated to p and with initial condition Z°.

Then, for all measurable function f:R? — {0,1},

t
(‘I’éo,f(Ei’o) — 5,7 (25°) */ gﬁ"%o,f(E?")dS)
0 >0
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is a martingale, where ®g, y : M € M — s ¢(Z) is the function defined by

Vm(E) € M, s, 1 (m(E)) = < /E f(ac)d:c) .

Proof. Let (Fi)i>0 be the filtration generated by (2°);>0. Let (F,)nen+ € C(R) be a sequence of functions
converging pointwise to 1oy such that

(A) Vn € N*, F, is increasing on R_ and decreasing on R,
(B) ¥n e N*, F,,(0) =1 and Vo € R,0 < F,,(z) < 1,
(C) ¥n € N*, Supp(F,,) C [-n"3,n77].
The interest of this sequence lies in the fact that for all n € N* and for all measurable function f : R — {0, 1},

t

<<I>Fn.,f<af°> (=) - / Gf%,fe;“)ds)

t>0

is a martingale.

Let f:R? — {0,1} be a measurable function, and let 0 < s < t. ®s,.r is bounded by 1, and by Hypothesis
(B), the functions (®p, ¢)nen+ are bounded by 1 as well. Moreover, since u — Vol(Z3°)) is increasing, and as
there exists Cy > 0 such that for all R > 0,

Vol(S®(E°)) < Cy (REV 1),

we can deduce that for all s € [0,¢] and for all n € N*; by Hypothesis (B),

670, /()] < [ 2VOIS™E(aR)
</ " 2Vol(SR(2)u(dR)
<20y /OOO (REV 1) u(dR).

Similarly, we obtain that

ygfcp%,f(agﬂ;gzct/ (R V1) p(dR).
0

Since p satisfies Condition (2.3), both quantities are finite. Therefore, by Fubini’s theorem, for all n € N*,

t
B | @1,5(22%) ~ 050/ (55) - [ G (=) 7
0
=B (3, (Z5%) ~ @i, (5] Fol + B[, g (ZF) — @3, 1 (EF)] 7

t
4 / E [ ®r, 1(2) — G ®s,1(Z)| o] du
0

t
1B [%n,f(a?) 00, (5F) - [ G

7.
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Using Proposition 4.3, we obtain that

t
E [‘I’éo,f(Efo) — @5, 1(557) —/ G P, £ (E0)du
0

]-"S]
—Bp, (EF) — B, 4(5T) / G, f(E)du
LR [B5, f(5°) — Bp, (5°)| Ful + E @5, 1(Z5) — @s s (55)| F

t
+/E[g;°<1>Fn,f<Ez°> G, (27| Fo] du.
0

Since this is true for all n € N*,

E |:(I)50 f(‘dt ) (1)50 f ‘—‘0 / g (I)lso f( )du

= lim @F j( )7 lim @F f( )7 lim g:jo@me(Euoo)du

n—-4oo n—-+400 n—+oo Jq
+ tm B[®s, (57°) = p, g (EF)| Fs] + lim E[®r, (55°) — a7 (267)] F3]

t

+ lim E[GX®r, f(BX) — G ®s, £ (EX)| Fe] du,

n——+00 0

under the condition that all these limits exist.
First, since ®, ¢ converges pointwise to ®s, ¢,

lim ®p, ¢(E°) — Pr, f(EF) = Ps,, £ (ES) — Ps,,£(EF°)  almost surely,

n—+oo

and by the dominated convergence theorem,
lim E[®s5,(57°) = r,s(EF)| Fs] = lim E[®51(55°) — 2r,.r(55°)| F5] =0

n—-+oo

Moreover, since for all n € N*,
/ 16505, 4(Z)| du < 25 C / (R4V 1) u(dR),
0 0
again by the dominated convergence theorem, we obtain

ngrfw/ G ®F, (2 du—/ G s, (E7)du.

Then, let n € N*. Recalling that Z2° is also denoted m(EZ°),

—u

/t (G @p, f(BY) — G s, (E0)| Fa] du

I

L g, (P (3 0 B RY), ) (B3 U B, ). ) d(0R)

J"s] du
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t
+[E
0

Since for all z € RY, u € [0,¢] and R > 0,

[ GolmEe). ) — Fu ln(EE), 1)) dxu(dR)’ fs] du.
o JsmE)

lim F, ((m(EF U B(z,R)), f)) = o ((m(E U B(z,R)), f))

n—-+4oo

n—-+o0o

using the dominated convergence theorem, we obtain that

t
lim [ E[Gr®r, (2X) = G Ps, 1 (EX)| F] =0,

n—-+oo 0

and we can conclude that

t
B [%AE?) — 0, f(EFEF) — [ G2 fs]

—d5, 1 (E) — By, (ZF(ET) — / G s, £(53°)du.

O

5.4. Uniqueness of the solution to the martingale problem characterizing the co-parent

SLFV

We now use the extended martingale problem in order to prove Proposition 2.19, i.e., that the oco-parent

ancestral process is the dual of the co-parent SLFV.

Proof. (Prop. 2.19) In order to ease notation, for all t > 0, we will denote as w; the density of M we will be

considering, and let (E¢);>¢ be such that

For all s,t > 0, we set:
F(s,1) = Earo [Epn(zo) [D(MZ, E7)]
Then,
F(s,t) = Enpo [Epygo) [Psy,1-w. (E7)]]

and by Lemma 5.11,

t
F(s,t) =Eppo [Em(EO) [@50,1,(% (Eo)]] + E0 |:Em(EO) |:/ g;O(I)(;OJ,wS (Eio)du:H .
0
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By Fubini’s theorem, we obtain

t
F(s,) = F(s,0) + / Earo By [0 B0 10, (2] du.
0
Then,

F(s,) = Bpu(eo) [Earo [DOMEE,Z5°)]

= Enmo) [Eno [Wpvoice, gz, (MF)]]

and by Lemma 5.6,

F(S,t) = Em(EO) [EMO [\I/va(Et)’fE,, (MSO)H +Em(EO) |:EM0 [/ EZC\IJFVol(Et),fEt <M50)du:|:|
0

= F(0,t) + Em(EO) |:EM0 [/ ﬁzo\IJFVol(Et)’fEt (M;fo)du” .
0
Again by Fubini’s theorem, we obtain

F(s,t) = F(0,t) + / Eppo [Em(EO) I:;CZO\IIFVOI(Et),fEt (Mio)]] du.
0
Combining both expressions for F(s,t), by Lemma 4.4.10 in [28], we obtain:
F(t,0) — F(0,t)
¢
:/ (EMO [Em(EO) [ﬁ,ﬁo\l/Fvol<Et_1L>’fEt_u(Mf)” — Epgo [Epo) [Q,T%O,l_wu(E?iu)H) du.
0
Let u € [0,t]. We have

gﬁo (I)Cso,l*wu (Etoiu)

B /Ooo /SR(Etu) <5O </EtuuB(x,R) el dZ) o </Etu (1~ () dz)) dzp(dR)

and

;CZO‘IJFVOI(E,:,“) fEt,u (Muoo) :/ / (1 - (5() </ (1 - wu(z))dz>>
’ 0 S’R’(Etfu) B(1’7R)

x [50 (vo1(Et,u) — (0 » (@), ]lEt_u)) — 5o (VOl(Ey_) — {wa, nEt_u>)} da

_/OOO /sw”) (1_50 </B(I$R) (1—wu(z))dz>>

5o (VOI(Et—u) - <@;,R(WU)’]1E““>) —% (/E

X

t—u

(1 —wyu(2)) dz)] dz.
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For all R > 0 and = € S®(E;_,),

5o (Vol(Et_u)—(6;7R(wu),]lEt_u)) = 5o <V01(Et_u) /E . wu(z)dz>

t—w\B(z,R)

=6 <V01(Et_u NB(z,R)) + / (1 — wy(2)) dz) .
E
Since z € S®(E;_,), Vol(E;_, N B(z,R)) # 0, and hence

o (VOl(E-) = (67 (@) s, ,)) = 0.

Moreover, notice that

00 (/EMUB(M) (I —wu(2)) dz) = do (/E (1 —wy(2)) dz> 8o (/B(m) (1 —wy(2)) dz> .

Therefore,

£EO‘IIFV01(E1,—U,)7fEtfu (Mlio>

= h o (1 —wu(2))dz | do (1 —wy(2))dz | dzp(dR)
0o JsR(E,_.) B(z,R) Jo
[ o ( [ - dz> dep(dR)
[ ] teesnnin [50 ( L 0 wu<z>>dz> ~ g ( JRCEEAC) d)] dop(dR),

which is equal to G3°®s, 1w, (72,,). Thus

F(t,0) = F(0,¢)

i.e. Epso {Em(EU) [ M, E8) } Epso [ m(E0) [D(Mo =n )H
R 7S 7 o |
Therefore

B0 {50 </E (1= wi(2) dx)] = B {50 (/E (1 = wo(x)) dxﬂ

and we can conclude. O

Finally, we can prove the second part of Theorem 2.14, i.e., the uniqueness of the solution to the martingale
problem satisfied by the co-parent SLFV when p satisfies Condition (2.4). The first part of this theorem was
proved in Section 4 (Prop. 5.1).
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Proof. (Thm. 2.14)
Let (M{")¢>0 and (M})¢>0 be two solutions to the martingale problem (£3°,8370). Then, due to the form of

the operator L7, there exists densities (w0 and (w?)y>0 of (Mf);>0 and (MP);>o such that
vt > 0,Vr € RY wi(x) € {0,1} and w!(x) € {0,1}.

Then, let t > 0, let E € £ and let (£°);>0 be the co-parent ancestral process started from m(E). We have

o (80 ([ a-t@nac) =1) =5an oo ([ 1=t as)]

= EMo [D(MF,EF)]
m(E) [ (M°, :too)] by Proposition 2.19
= E o [D Mtb, :80)] by the same proposition

= Eppo {5 < (1-wl(z ))dxﬂ
=Pp0 (50 (/E (1 —wf(x))dx> = 1),

using Proposition 2.19 to pass from line 2 to line 3, and from line 3 to line 4. We can conclude that (M{);>o
and (M});>o have the same distribution. O

6. TECHNICAL LEMMAS
6.1. Properties of the operators L:ﬁ and [,ZO

The goal of this section is to show that the operators L’ﬁ and £7° introduced in Section 2 are well-defined,
as well as to prove some properties they satisfy.

In all that follows, let F' € C1(R), f € C.(R%), and M € M. Let w : R? — {0, 1} be a measurable function,
let ;1 be a o-finite measure on R* satisfying Condition (2.3), and let £ > 2. Since f is of compact support, there
exist constants C7,Cy > 0 such that for all R > 0,

Vol(Supp™(f)) < Co (REV 1), (6.1)
and for all @ : R — {0, 1} measurable,

|(Lp@r) @, )] < CLllfllec (REAT). (6.2)

Lemma 6.1. For all z € R? and for all R > 0,

(O (@), 1) = w0, /)] < 11 1loe Vol(Supp())
and  |(©; r(), £) = (@, )| < ||l Vol(Supp()).

Proof. Let x € R? and R > 0.

(O r(W), f) - <w,f>‘ <|Wp@ryw, f) + {Ip@r), ) = Lp@r)w, f) = Lper) @, f)|
<|(Lpa,r) (1 —w), f)]

A
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<

[ a-w) sy
B(z,R)

d
< /B LY
<||flloo x Vol(Supp(f)).

We can similarly show the corresponding result for (O % (w), f) — (w, f)|. O

Lemma 6.2. For all R > 0, for all z € R4\ Supp®(f),
(OF (@), ) = (W, f) = (O7 (@), ) — w0, f) = 0
Proof. Let R > 0, and let z € R\ Supp(f),
(OF (W), ) = .| = [(Lp@m) (1 =), )
< LY
=0
since z € R\ Supp™(f). Similarly,
(©; = (@), 1) = @, )] = (Mb)@, f)]
</, Wi
=0

for the same reason, and we can conclude. O]

Lemma 6.3. For all z € R? and for all R > 0,

’F (<@;R(W)a f

)) = F @ /)| < Cilifllee (RTAL) O f)
and |F (07 (), ) = F (. )] <

) Cilfllee (RYA1) C(F, f)
where

C(F, f) = sup [F'(2)] -
2€[= 11100 VOl(Supp(£)).||flloc Vol (Supp(£))]

Proof. Let 2 € R? and R > 0. First, we notice that as in the proof of Lemma 6.1, we only need to show the

result for @;R(w).
By Taylor-Lagrange inequality and by Lemma 6.1,

|F (©F @) 1) = F (. f)

IN

(02 @), ) = (w, f)] CEF f)
|<1B(w7R) X (l_w)af>| C(F’f)

IN
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< Ci||flle (RTAL) C(F, f)

by equation (6.2). O
We can now show that the operator ﬁk is well-defined.

Lemma 6.4. The operator ‘Cu is well-defined. Moreover, the function E,’j\llp,f : My — R is bounded.

Proof. Let M € M. Then

LoV, (M)]
L1 /B(LR)kvlgg (Hw(yﬁ) (F (107 s, 1)) = F (fonr, £))) .. dypa(AR)

L —meyj)) (F (105 xwss). 1)) — F (e, 1)) - dppp(dR) e

S v (@ 1) = F e 1) i apen(iR) i

LT (P (O, 0) = (G ) i apsaRya

o /| o e 7 (P (1020020, 1) = F (G, ) dyl...dykdmam’

SuppR () J B(z,R)* V5

(7 (©7rlwr) ) = F (wrr. 1)) dyl...dykdxumn)i .

Using Lemma 6.3,
L3 Fp (M)

0 2
s/ / / = Oy [[fllse (REAT) C(F, £)dys...dysdap(dR).
0 Jsupp®(p) JB@R): VR

< / T aVol(SuppR (1) 1 1/l (R A1) C(F, fp(dR),

and by equation (6.1),

|LhWp (M)

< [ 20l CR ) (RAL) (RTV 1) u(dR)
0

<20,Cy||floe C(F, 1) / RAp(dR)

<+ o0

since p satisfies Condition (2.3).
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The second part of the lemma is a direct consequence of the fact that

21| || C(F, f) / Rp(dR)

does not depend on the choice of M. O

A consequence of this lemma and of Lemma 6.2 is that for all M € M, LE\PFVf(M) can be rewritten as:

cpensn=["f
. S Supp®(f) szVk

HWM y;) F(OF r(wn), )

" k
+(1- HwM(yj)) F(©, z(wm), f))
— F({ww, f>)] dyy...dyrdzpu(dR).

We now prove that the operator £ is well-defined.
Lemma 6.5. The operator L7 is well-defined. Moreover, the function L7Up f: My — R is bounded.

Proof. Let M € M. Then,

LW g (M)

s/ooo /SWRU) (1_50 </B(E’R)1—wM(Z)dz>> [F (102 r(@rn). 1)) — F (wrr. )]
< [T el (R OO )

< /O Vol SuppR(1))Ch | flle (R A1) C(F, F)dap(dR)

dzu(dR)

<CGOE DS [ T (RIAT) (RYV 1) p(dR)

<CLOO(F, £)[[flloe / RYu(dR)

<+ 00

since p satisfies Condition (2.3). Here we used Lemma 6.3 to pass from the second to the third line, and
Lemma 6.1 to pass from the fourth to the fifth line.
As before, the second part of the lemma is the consequence of the fact that

CLC2O(F, 1) |1]]oc / Réu(dR)

does not depend on the choice of M. O
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6.2. Properties of the operator QZ°

In all the following, let 4+ be a o-finite measure on R satisfying Condition (2.4), let F' € C}(R) and let
f € B(R%).

Lemma 6.6. The operator G;° introduced at the end of Section 4.1 is well-defined, and the function G°®p
s bounded.

Proof. Let m(E) € M¢f. Then,
G s (m(E)] < [ h / F ((m(E U B(x.R)), /) — F ((m(E), f))] dzp(dR)
0 SR(E)NSupp™(f)

<[] 2| || sodp(dR)
0 SR(E)NSupp™(f)
<2llFll [ VOIS™(B) N Sups (1))
<allFll [ Vol(Supp™(P)n(aR)
<Pl [ o (R1V 1) u(aR)
< + 00, :
since p satisfies Condition (2.3). O

Lemma 6.7. Let & € M, and let (Et)i>0 be the co-parent ancestral process associated to p with initial
condition Z. Then, for allt >0,

t t
E l:/ g/‘f’@F,f(Es)ds] = / E [QZOKI)FJ(ES)] ds.
0 0
Proof. In the proof of Lemma 6.6, we showed that for all u > 0,
0502|201l [ Co (R 1) ulaR),

Therefore,

t oo
E [/ ’gﬁo‘l/F,f(Es)‘ds} 32\|F|\oot/ Cs (R4 V 1) u(dR)
0 0

< 4o0.
We conclude by applying Fubini’s theorem. O

Lemma 6.8. Let = € M, and let (Et)i>0 be the co-parent ancestral process associated to p with initial
condition Z. Then, for allt >0,

- d -
E[Gror(E)] = 2 E[2rs(Eu)]

u=t
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Proof. Let t > 0. We have

d
L E[®p (= —GX0p (2
du [ F,f( t)] o g,u F,f( )7
so for all s € [0,¢],
%) —_ d —_\|=
E[GX®Fs(Es)] =E @E[@F,f(:t)|:s] :
t=s

Since F” is bounded, by the dominated convergence theorem,

B [G0r(E.)] = BB [0r(E)E.]

t=s

S ST IEN)

t=s

and we can conclude. O

6.3. Properties of the densities of coupled k-parent SLFVs

The goal of this section is to prove technical lemmas about the density of coupled k-parent SLFVs, which
will be used in Section 4 in order to construct the oo-parent SLFV.

In all that follows, let p be a o-finite measure on (0, +00) satisfying Condition (2.3), and let TI¢ be a Poisson
point process on R x R? x (0, +00) x U with intensity

dt ® dz © p(dR) @ @ (d(pn)n>1) -
We recall that for all E = 22:1 8z, € M,(RY), we denote the set of atoms of = by
A(E) :={=z; 1 € [1,1]}.
Lemma 6.9. For allk > 2, for all0 < s <t and for all x € R,

—I°t6, ) =I1°,5,5,/
A (‘:k,t ) = U A (“k,s ) :
veA( )
Proof. Let k > 2, let 0 < s <t and let = € R?. Let y€eA (Egz’t"s”). Then, we can construct a chain of
reproduction events linking the point x at time ¢ to the point y at time 0. We can split it into two chains:
e one linking the point x at time ¢ to a point ¢’ € R? at time s,
e one linking the point 3’ at time s to the point y at time 0.

—II° .5, —I1¢,5,6, .
Therefore, y' € A (:g;f*) andy € A (:k ss v ), which means that

ye U A (EE;’S’(S“') .

x’EA(EE;f’ém )
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Conversely, let y belonging to this set. It means that there exists 2’ € A (Efszz) such thaty € A (:g6 S:0a1 )

Therefore, we can construct two chains of reproduction events, linking the point x at time ¢ to the point =’ at
time s, and the point 2’ at time s to the point y at time 0. Hence y € A ("H, 0e ), and we can conclude. [

Lemma 6.10. For all k > 2, for all0 < s <t and for all x € R4,

II, e,
wp i (x) = H wy. JO(2).
T EA(”HCf ,5”)

s

Proof. Let k> 2,1let 0 < s<tandlet x € R4, By definition,

Wiy (z) = H w(y) (6.3)

and

Since by Lemma 6.9

I’GA(EE;;’S’S&” )

the same terms appear in both products. However, some terms may appear more than once in equation (6.4),
while they can appear only once in equation (6.3). But w is {0,1}-valued, so for all y € R? and j € N*,
w’(y) = w(y), and we can conclude. O

Lemma 6.11. For all k > 2, forall0<s <t and for all x € R¢,

. 11w, I°w, 1
| I ’ < I | .
klg,[-loo “k,s (l‘ ) - kgr-lr—loo “k.s (l‘ )
- EA('—H ot 6,) w,eA(Egc,t,éz)

k,t—s ,t—s

Proof. Let k> 2, let 0 < s <t and let x € RY. Since both quantities are {0, 1}-valued, we only need to show
that if

H lim w,?s (@')=0

k—+oco

’ =I1¢,t,6,
T GA(HM_S )

then

li H 5w, 1 —0.
Jm Wy, (27) =0
w’eA(EI.TC’t";’/)

E,t—s



276

A. LOUVET

,S

’

Assume that the first equality is true. Then, there exists 2’ € A (Eg;’t’éz) such that i lim w,?c"”(x’) = 0. But
—+o0

since (wl?;’w (x’))k is decreasing and {0, 1}-valued, there exists k' > 2 such that for all k& > £/, wg;’w(x’) =0.
’ 22 )
Therefore, for all k& > &/,

H w,l;{cs’w(x’) =0,

a:’EA(E{IC’t’ém)
k

which means that

. 11°,
kEToo H Wi (@) = 0.
e A (=Pt [
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